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et Statistique de I’Université de Rouen
76130 Mont Saint-Aignan

ABSTRACT. — Conditions of recurrence and positive recurrence are
obtained for a general single server queue with impatient customers. A
renewal phenomenon is brought out.

RESUME. — Des conditions de récurrence et de récurrence positive sont
obtenues pour une file d’attente générale a un seul serveur dans laquelle
des clients impatients quittent la file. Un phénoméne de renouvellement
est dégage.

0. INTRODUCTION

We consider a general single server queue with impatient customers.
That is, some customers leave the system if their waiting time exceeds a
specified time interval (« rejection interval »).

Relatively few papers have been devoted to this subject. The most
important result is that of Daley [4] who studied the waiting time distri-
bution in a queue of impatient customers and the probability of rejection
of such customers. His assumption is that the rejection interval is the
same for all impatient customer.

We assume that these time intervals form a sequence of independent,
identically distribued random variables. The purpose of this note is to give
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400 F. CHARLOT AND G. PUJOLLE

conditions of recurrence and positive recurrence (ergodicity) for such a
system.

In practice, the most important condition is positive recurrence which
physically means the stability of the queue.

A renewal phenomenon, which is very useful for limits theorems, is
brought out.

1. MODEL AND NOTATIONS
Let:

— R, be the set of non-negative real numbers.

— Ry, =R, u{+mo}. ‘

— By, (resp. Bg,) be the o-field of Borel subsets of R, (resp. R,).
— o, f§ be two probability measures (p. m.) on (R, %,).

— ybeap m on (R, %,)

— N be the set of integers: N = {0,1,2, ... }.

— N* the set of positive integers: N* = {1,2,3, ... }.

(Q, o, P) is the fundamental probability space of our problem:

— Q=(R, xR, x ROV
— oA = (B, @ By, ® By, )
— P=(@xpxyV

(A, B,, C,) is the n-th coordinate function of Q. ® from Q to Q is the
shift: vn > 1, A,-® =A,,,, B,-®=8B,,;, C,o0 =C,, ;. We define
Q,=1dy, ® =06, 0,=0,_,°0.

sy ={¢,Q}; Vn>= 1, o, is the o-field generated by (A, B,, C,) for
1<p<n:d,=0{A,B,C,;1<p<n}. IfTis an integer valued
random variable, ®; is defined by (O1)(w) = O, ().

A, is the inter-arrival time between the (n — 1)-th and the n-th customer.

B, is the service time of the (n — 1)-th customer.

C, is the « impatience » time of the (n — 1)-th customer.

The assumption is that these three sequences of random variables (r. v.)
are independent, and each is a sequence of independent identically dis-
tribued random variables.

The customers are indexed by N = {0, 1,2, ... }. The 0-th customer

arrives at time 0. The n-th customer, for n > 1, arrives at time A;

i
i=1

Let W, be the time that the n-th customers has to wait for beginning
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RECURRENCE IN SINGLE SERVER QUEUES WITH IMPATIENT CUSTOMERS 401

his service. min (W,, C,,,) is then his real waiting time and he leaves
the service at time min (W, + B,,;, C,.). We have then:
(Wn + Bn+1 - An+l)+ if Wn + Bn+1 < Cn+1
Wn+1 = (Cn+1 - An+1)+ if Wn < Cn+1 < Wn + Bn+1
(Wn - An+ l)+ if Cn+1 < Wn
For xe R,, we define a stochastic sequence W* on (€, </, P) by:
W) = (Wi(w); ne N) = (W,(x, w); neN)
Wolx, w)=x
+ l(xa CO)= [(Wn(x’ (D)+ Bn+l(w)) /\ (Wn(x, (D) V Cn+1(a))) - An+1(w)]+
=(W,(x, @)+ B, (@) — A+ 1(®))+
AT(Wy(x, 0) = A,y 1 (@)1 V(Cpi 1 (@) = Api (@) 4]

where a V b = max (a, b), a A b = min (a, b), (@) = a V 0.

a { W

LEMMA 1.1. — Define f : R, x R, x R, x R, — R, by
fla,b,c,x)=((x+b)A(xVec)—a), =(x+b—a), A[(x—a), V(c—a).]

i) f is increasing in b, ¢, x and decreasing in a.
ii) Y(a, b, c, x), V(a', b’, ¢’, X')

|f(a, b7 c, x)_f(al,b,’claxl)‘ < max(lx_x,l, Ia_a’ls lb-bll)lc—c,|)

Proof. — i) Is trivial and
ii) By the mean value theorem [/].

PROPOSITION 1.2. — W* is a homogeneous Markov chain, with respect
to (,, n = 0), on (Q, o7, P), starting from x, with state space (R, %)
The transition function is given by: for all bounded measurable function g
from R, to R

(Pg)x) = J

R+

g(y)P(x, dy) = J a(da)(db)y(dc)g(f(a, b, ¢, x))

R+ xR4 xR+

For results and notations on Markov chain see [7].

The canonical space of the chain is (RY, #gN, P,).r, Where P, is the
distribution of W*. We write again (W,, n > 0) the coordinate of this
space and, if #, = 0 { Wy, W;, W,, ..., W, }, W = (W, n > 0) is a homo-
geneous Markov chain with respect to (#,, n > 0) such that for all xe R,
P.(W, = x) = 1, the transition function being P. We do not distinguish W,
from Wy
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402 F. CHARLOT AND G. PUJOLLE

2. INEQUALITIES, MINIMAL POINT

From (1) we have, for n > 0:

Wn+1 <(‘R]n-i_Bn-i-l ~—An+1)+1{Cn+1= +oo)+(WnVCn+1 —An+ 1)+1{C
wn+1 >(Wn'i_Bn-i-ll{Cm.1= +oo)_An+ 1)+

n+1<+o0}

Let:
W0=Wo
{ W, 1=(W,+B,, —A,, Dilici= 4wyt W, VG —ALy)s L, <o
Wo=W,
{ Wit =(WatBoi il = vy Api 1)+

(W,; n>0) and (W,; n > 0) are homogeneous Markov chains with
respect to (4, n > 0), starting from the same point as W. We have for all
neN, W, < W, <W,.

Let:

G =Clc cion (0 x + oo = 0 by convention)
B, = Bnl{c,.=+oo}
Then:
Wi =W,V Chy + Blii — Auii)s

and it is easy to see that:
i=n i=n—1

Wn = (Z(Bt’ - Az) + Z (Cl{+1 - Wi)+ + x V Cll) Ipx a. e
+

We assume that y({ + o0 }) <1, «({0}) <1 and that A and B are
not P a. e. the same constant.

Let:
a=ess.sup A; =inf {r>0, «[0,¢]) =1}
b=ess.inf B, =sup{t>0,p(t + o) =1}
¢ =ess.inf C,
LEMMA 2.1. — If min (b — a; ¢ — a) > 0, the set [c — a, + o0 [ is an

absorbing set (i. e. Vx> ¢ —a, P(x,[c —a, + 0 [) = 1) and there is a
stopping time & such as:

i) Vk > 1, EE*) < +
ii) VxeR,, Ve N, Wein=c—a P, a.e.
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RECURRENCE IN SINGLE SERVER QUEUES WITH IMPATIENT CUSTOMERS 403

Proof. — Suppose that ¢ — a > 0, otherwise there is nothing to prove.
Letx = ¢ —a.
For all weQ

Wix,w)=W(c—a,0)=(c—a+b)A(c—a)V(c—a=c—a

Let i=n
= nf(n :Z(Bi —-A) = c——a>.
=1

As B, — A; > 0,  satisfies E(¢*) < + oo, Vk > 1 and it is clear that:
W, (x, w) = W;0, w) = B1 — A1

Wi i(x, ®) = Wo_ 10, w) > E(B - A)

Wlx, ) > (E(B A+ Bs = Ac) A ((zus —A) - Ar>

s— Ay =c—a.
3. IRREDUCIBILITY

LemMa 3.1. — i) If min (b — a, ¢ — a) < 0, then:

VxeR,, Px<U{W,,=0}>>O
nz0
ii) If min (b — a, ¢ — a) = 0, then:

VxeR,, Ve>0, (U{c—a W, < c—a+s}>>0.

n=0
Proof. — 1) Let b — a < 0.
It is clear that W,,, < (W, + B,s1 — A,i1)+-
If we define (Z,, n = 0) by :

{ Z0 - WO
Zn+1 = (Zn + Bn+1 - An+ 1)+
then for all ne N, Z, > W, and the condition, as for the G1/G/1 queue,

implies that px<u (Z,=0 }) > 0.

nz0

2) Let ¢ — a < 0. For all n we have:
Wn+l < (Wn - An+1)+ \% (Cn+1 - An+ 1)+
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404 F. CHARLOT AND G. PUJOLLE

If we define (Z,, n > 0) by:

{ Zo =W,
Zn+1 =(Z, - An+1)+ \ (Cn+1 - An+1)+
then VneN, Z, > W,.
If « > 0, so that P(A; > a) > 0, we define n = [E] + 1 for all xeR,
: o

and we have:

(U{w 0}>>[P><U{Z,,=0}>>[F°(ﬁ{Ci—Aiso;AiZoc}->

n=1 i=1

Px( }) [P(C, — A, <0;A, >0)]">0.
=

3yLet b—a>0,¢c—a Oand ¢ >0 so that 2e<a If x>c—aqa
andn:[(l;c;é)i:l+ 1 then

a—é&
n+2

Fo( \{C-A<emate}e (W, <c—ats}o{Ws<cmate)

i=1
and
Px({Wn+2<c—a+e})>P(F) (PC, —A;<c—a+¢g)?>0.
LEMMA 3.2. — Assume that min (b — a, ¢ — a) > 0.
Let ¢ > 0 be such that 2¢ < g, and

D,={B,>a+¢;C,—A,<c—a+¢}.
Define S by:

{S=0} =D, {S=n}=D,... D,D:,,.
Then for every x, verifying ¢ —a < x < ¢ — a + ¢ we have:

i) {Sznjc{Wi<c—a+e ... Wi<c—a+e}
={Wi=C,-A<c—-a+e...,W=C,—A, <c—a+e¢)
forall n> 1.
ii) the map v from %, to R,, defined by

p=S

vE) = E<Z1E(w;)>

p=1

is a measure independent of x, with 0 < v(R,) < + o
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Proof. — If

we{B,>a+¢;C,—A <c—a+ze}
and if

c—as<xsc—a+te

then

x+ Bjw) — Ajw)=c—a+e

x—Aw<c—a—(a—-2)<c—a
Therefore

W (x, w) =Ci(w) —Ajlw)<c—a+ce

and so the inclusion in the statement of the lemma is proved. S is an integer
valued random variable geometrically distribued, so E(S) < + oo and the
remainder of the proof is easy.

PROPOSITION 3.3. — The chain W = (W,, n > 0) is irreducible and
aperiodic.
Proof. — (For the definition of irreducibility, see [7], p. 71.)

1) If min (b — a, ¢ — a) < 0, the proposition is trivial from lemma 3.1.

2) If min (b — a, ¢ — a) = 0, let v the measure defined in lemma 3.2.
It is clear from lemma 3.1, the definition of v and the strong Markov pro-
perty that if v(E) > 0 for all x e R, there exists n € N such that P(W,eE)>0.

Indeed the measures u, defined for all ne N* and all Ee %, by
u(E) = P(W,eE;S > n) are all equivalent to v and p,(E) = 6" ',(E)
where 6 = P(C; — A, <c—a+e¢).

For all xe[c —a, ¢ — a + €], P(W,€E) > 6" 'u,(E) and then, there
exists a non empty borel set C, C = [c — a, ¢ — a + ¢] so that Vne N*,

dP,
VxeC, VyeC, 6—3 (x, y) = 6" L. The aperiodicity follows from the defini-
231

tion ([7], p. 159).
4. TRANSIENCE - RECURRENCE

ProOPOSITION 4. 1. — 1) If P(C, = + 20)E(B,) > E(A,), then li'{n W,=+w0
P, a. e. for all x and the chain W is transient.

2) If P(C, = + o0)E(B,) = E(A,), then
VieR, VxeR,, li'{n PW,<1t)=0.

Proof. — From W, > W, and the classical results on G1/G/1 queues.
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406 F. CHARLOT AND G. PUJOLLE
LEMMA 4.2. — Let:

{Vz{O} if min(b—a,c—a)<0
V=[c—a,c—a+¢] with ¢>0 such that e<2a if min(b—a,c—a)=0

T=inf (n>1, W,eV).

If YxeR, P(T < + o) =1, W is recurrent in the Harris sense.

Proof. — 1) If min (b — a, ¢ — a) < 0, the result is trivial from the
definition of recurrence.

2) If min(b—a,c—a)=>0, note that T=T, is a (¥#,;n > 0) (and
therefore an (o7, ; n > 0)) stopping time.

Let S, be defined by:

{S$;=0}={Brsi<a+e}u{Cr1 —Ar >c—a+te}

Vn>1{Sl=n}=m{BTl+i>a+s;CT1+i—ATl+i<c—a+g}

i=1

N0{Brsns1Za+¢;Crips; —ApspiSc—a+e}

S, is a geometrically distribued random variable independent of .y .
Define (T,, S,) ... (T,, S,) as follow:

V=1 T,1=TeOg 45,41+ T, +S,+1=inf (k=T,+S,+1; Wy <c—a+e)

Sus1=5101, 45, +1 L&

{Sar1=0}={By,, 1 2a+&;Cy 41— Aq, s Sc—a+e}
i=k

{Sn+1:k}:m{BT,.+l+i 2a+e;Cy,, +i —Ar,,,+iSc—ate}
i=1
mc{BT,.+1+k+1>a+8;CT,.H+k+1—AT,.+,+k+1<C_a+€}
For all ne N* S, is independent of .«/; and the sequence (X,, n > 1)
X,=0 if S, =0
{ Xo =80 Wr,, o o> Wr,4s)
is, from lemma 3.2, a sequence of i. i. d. . v.

(X,, n=1) is well defined since for all xeR,

and all neN* P(T, < + o) =1, and S, is geometrically distributed.
Then the measure v of lemma 3.2 verifies, for all xe R, all ne N* and
all Ee %,

P=Sn

WE) = uz(z 1E(an+p))

p=1
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RECURRENCE IN SINGLE SERVER QUEUES WITH IMPATIENT CUSTOMERS 407

Then if v(E) > 0

o ¥ pP=Sn
EIE(Wk) = (Z IE(WT,.+p)> =+ ©
k=1 n=1 p=1

since the right term is a sum of non negative i. i. d. r. v. Therefore W is a
Harris chain. ;
For proof of recurrence, we can show that, for all xeR, :

li};nian,j‘:O Pa.e. if minb-ac—a<0

iminf Wy =c—a Pa.e if mnb-ac—a=0

Indeed if min (b — a, ¢ — a) < 0, we see easily that the condition
lim inf W,(x, w) = 0 implies that there exists an infinity of n such that
W, (x, w)=0. If min (b—a,c—a)=>0, the condition li’xln inf W,(x, w)=c—a

is exactly the recurrence in the set [c — a, ¢ — a + ¢] for all &€ > 0.

LEMMA 4.3. — lim inf WX is P a. e. a constant independent of x.
Proof. — 1t is easy to see that, if w(x, ) = li;n inf W)(x, ), we have:

w(x, w) = (W(x, w) + b — a), A (wx, ®) V ¢ — a),
and then, if w(x, w) < + o©

min(b—-—a,¢c—a <0 implies w(x, w) =0
minb-a,c—a =0 implies wx, w)=c —a

i. . w(x, w) takes only the values + oo or (¢ — a),.

As x ~» w(x, w) is continuous (Lemma 1.1) w(x, ) is independent
of x.

On the otherhand: w(x, w) = w(W,(x, ); ©,(w)) and w(x, w) is P a. e.
constant from (0, 1) law.

THEOREM 4.4. — If P(C, = + 0)EB,) < E(A;) W is recurrent in the
sense of Harris and aperiodic.

If P(C;, = + 0)EB,) = E(A,) and if C;1,, ., is a bounded random
variable, then W, is recurrent in the sense of Harris and aperiodic.

Proof. — From lemma 4.3 it is sufficient to prove
P (lim inf Wy < 4+ 0) > 0.

Vol. X1V, n° 4-1978.



408 F. CHARLOT AND G. PUJOLLE

On the otherhand we have seen in & 2 that P, a. e.
w, =<Z(B{ - A) + Z(C{+1 - W), +xV C;)
+
i=1 i=1

If C, is a bounded random variable and if li}p inf W, = + oo then

Z( 1= W), < + © Pa.e.

i=1

and therefore E(B; — A;) > 0.
If C, is not bounded, we replace C; by C*:

Ck=+ if C;>k
Ck=C; if C; <k

Since Cf > C; for all i, the chain (W, ,; n > 0) is greater than the chain
(W,; n>0) where (W, ,; n>0) is the chain constructed from (A,, B,, Ct),cne
just as the chain (W,, n > 0) is constructed from (A,, B,, C,)pen+: VREN,
Wen = W, and so, lim inf W < + oo P a. e. if there exists k such that

P(C; > K)E(B,) < E(A,) and therefore if P(C; = + o0)E(B) < E(A,).

5. POSITIVE RECURRENCE

LEMMA 5.1. — 1) F,(t) = P(W? < t) is a decreasing sequence of distri-
bution functions.
2) If W is recurrent then

F(t) = lim F,(¢) = lim P(Wy < 1) forall xeR,
and all continuity point t of F.
Proof. — 1) Easy by the Markov property and
P(Wr <) < P(W, <1)
2) The same as in 2, Theorem 2.8.

THEOREM 5.2. — 1) If P(C; = + 0)EB;) < E(A;), W = (W,, n > 0) is
positive recurrent,

VEe %, VxeR  lim P(W,eE) = u(E),

u being the unique invariant probability measure of the chain.
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2) If P(C, = + 0)E(B,) = E(A,) and if the chain is recurrent, the
recurrence cannot be positive.

~ Proof. — 1) Follows from Proposition 4.1.
2) We must check that F is a probability distribution function. Let k be
such that P(C,; > k)E(B,) < E(A,).

Then, as in theorem 4.4:

Wiy SW, + Bty —Api)ilic o + (Cos tWo — A )i Liens i<
< (Wn + Bn+1 - An+1)+1{Cn+1>k} + (k V Wn - An+1)+1{C"+1<k}
S(W,Vk+Bilic, 20— A1)+

Let:
{ Zo =W, V k
Zyiy=Z, +B,iilic,, 59— Awrd) VK

As in the G1/G/1 model, it is clear that

i=n

lim P(Z, < t) = P[sup<k+<Z(B,~l{Ci>k, - AJ)) < r]
" n=0
i=1

i=

As

i=n

su (k + E(Bilfcak} - Ai))

=1
isa P a. e finite r. v. and as P(W? < t) > P(Z, < 1), F is a probability
distribution function.

Let be the p. m. whose the distribution function is F. If f is a bounded
continuous function from R, to R, x ~» E(f(W,)) is also a bounded
continuous function (i. e. P is a Feller kernel).

Then, by the Markov property, the weak convergence of W, to u and the
Lebesgue convergence theorem, for all xe R, we have:

L S (u(dx) = lim E(f(W,,)) = lim E(Ew,(f(W1))
= L E.(f(Wi)u(dx) = L (Pf)x)u(dx)

and therefore uP = p i. e. pu is the unique invariant measure.

The end of the theorem is a consequence of Orey’s theorem ([7], p. 169).

Vol. XIV, n® 4-1978.



410 F. CHARLOT AND G. PUJOLLE

6. RENEWAL PHENOMENON

As in [3] or [5], the chain has a curious renewal phenomenon. This
phenomenon allows us to find various kinds of limit theorems as in [6], [3]
and [5).

Let (T, S,; n > 1) be as in the proof of lemma 4.2, and

K,=infn=>1S,21)...K,=inf(n>K,_,S,=>1)
and L, =Tg, +1... L, =T, + L It is easy to prove the following [5].

THeEOREM 6.1. — The random variables

Xl = (Lla Wla cee WL,)

Xn = (Ln—Ln—l’ WL,._1+15 SR WL,.)

is a stationary sequence of two-dependent random variables.
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