ARMIN KARGOL
Semiclassical scattering by the Coulomb potential

Annales de I'l. H. P, section A, tome 71, 1n°3 (1999), p. 339-357
<http://www.numdam.org/item?id=AIHPA_1999 _71_3_339_0>

© Gauthier-Villars, 1999, tous droits réservés.

L’acces aux archives de la revue « Annales de I'I. H. P,, section A » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1999__71_3_339_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré,

Vol. 71, n° 3, 1999, p. 339-357. Physique théorique

Semiclassical scattering by the Coulomb
potential
by

Armin KARGOL'!

Department of Physics, Eastern Mediterranean University, Famagusta, N. Cyprus,
Mersin 10, Turkey

Article received on 7 October 1997

ABSTRACT. — We consider quantum evolution generated by a hamil-
tonian —%A + V, where V is a Coulomb potential. For a certain class
of wavefunctions with a Gaussian probability density we construct an ap-
proximate semiclassical time evolution. We show that the modified wave
operators can be approximated in the leading order in 7 using the corre-
sponding classical Mgller transformations. © Elsevier, Paris

RESUME. — Nous examinerons 1’évolution quantique générée par
I’hamiltonien —%—ZA + V, o V est un potentiel de Coulomb. Pour une
certaine classe de fonctions d’ondes avec une densité de probabilité
gaussienne, nous construirons une solution approximative semi-classique
dépendante du temps. Nous montrerons ainsi que les opérateurs d’ondes
modifés peuvent étre approchés a ’ordre dominant en % grice a
I’utilisation des transformations classiques de Mgller correspondantes.
© Elsevier, Paris
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340 A. KARGOL

1. INTRODUCTION

In quantum mechanical scattering theory one distinguishes two classes
of potentials: short and long range. While for short range potentials the
theory is fairly straightforward, in the long range case it can sometimes
cause considerable difficulties. It has been long known that in this case
the standard wave operators do not exist and the definitions need to
be modified. The first such construction was given by Dollard [4] for
the Coulomb potential. Since then several other approaches have been
developed [2,17,11].

Classical scattering has been, rather surprisingly, a subject to much
fewer papers than its quantum counterpart. One might mention here [16]
for short and [9] for long rang problems, or a review of current results by
Dereziniski and Gerard [3]. In the classical case we see similar problems
with the long range potentials and a suitably chosen free dynamics needs
to be used.

In the present paper we consider the semiclassical approximation to
the quantum scattering of a particle by the Coulomb potential. The
idea is a generalization of the technique developed in [6,15] for the
short range potentials. This approach is based on a certain Gaussian
wavefunctions [6] called the semiclassical wavepackets. The quan-
tum evolution of such wavepackets can be approximated in the lead-
ing order in 4 by a similar Gaussian “following” the classical tra-
jectory of a particle with an appropriate phase change and spread-
ing. It is interesting to note that such approximation to the free quan-
tum evolution is in fact exact [6]. The result can be extended to
an arbitrary order in # if the approximating state is taken as a su-
perposition of products of Gaussians with certain generalizations of
Hermite polynomials [8]. Also more general states can be consid-
ered [15].

For systems with Coulomb, or in general, long range interaction
this technique encounters several difficulties. As already mentioned,
in order to ensure the existence of the wave operators in both the
quantum and classical case one needs to modify the free dynamics.
This affects the semiclassical limit and a suitable modification is de-
fined in this work. Even more important, it seems that under the long-
range forces the propagation of a Gaussian state cannot be well ap-
proximated by merely scaling and translating it. Nevertheless we show

that the error (albeit growing in time) is of the order O(h%). Con-
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COULOMB POTENTIAL 341

sequently we construct an approximation to the Dollard wave opera-
tor.

The semiclassical approximation is a problem of its own, but our
interest in it stems from the fact that it is a part of a rigorous treatment
of the Born—Oppenheimer approximation [7]. The Born—Oppenheimer
scattering for short range potentials is analyzed in [12,13], while the long
range scattering is still an open problem.

The semiclassical scattering has been also studied by Yajima in the
short [18] and long range case [19]. Yajima’s approach is based on
integral operator techniques developed by Hormander [10] and Asada
and Fujiwara [1,5]. The results are stronger than ours since he constructs
an approximation to the wave operators and the scattering operator of
order O(%). Yajima’s technique is, however, restricted to the momentum
representation, while our paper presents an approximation of order
o(1) to the wave operators in the position representation. We use only
basic functional analysis tools and a quadratic approximation to the
potential. Therefore we find our method not only much simpler, but
also more intuitive, with the role of the classical trajectories much more
apparent. '

The rest of this paper is organized as follows. In Section 2 we explain
the notation and state our main result, while the details of the proofs are
given in Section 3.

2. NOTATION AND RESULTS

We consider the quantum dynamics generated by the hamiltonian of
the form:

h2
H(h)=—3A+V (D

on L2(R",dx),n > 3.Here V(x) = ﬁ is the Coulomb potential. We also
denote the free hamiltonian by:

h2
Hy(h) = —?A. )

In particular we are concerned with the time-evolution generated by the
hamiltonian (1) of so-called semiclassical wavepackets introduced by
Hagedorn [6]. The definition is the following:

Vol. 71, n° 3-1999.



342 A. KARGOL
DEFINITION 1. - Let A and B be complex n x n matrices satisfying:

a) A and B are invertible,

b) BA~lis symmetric,
(3)
c) Re BA™' = J[BA™! + (BA™")*] is strictly positive definite,

d) (Re BA )1 = AA*.

Also let a e R", n € R", n # 0, i > 0. We define the semiclassical
wavepacket as:

O(A, B, h,a,n,x)=n"ih"(detA)"?
— =1y _ _
9 exp(— ((x —a), BA™'(x —a)) i (n,x —a) ) @

i
2h h

Remark 2. -Let Fy f (or f ") denote the scaled Fourier transform of

f,ie.:

fHE) = (Faf)(E) = Q2nh)~2 / e F8) £ (x) dx. (5)

Rn

Then [6]

(Fad(A, B, h,a,n,))(E) =e " "¢(B, A, h, 7, —a,£).  (6)

Remark 3. — From (6) one can see that ¢ is concentrated near position
a and momentum 7 with widths determined by matrices A and B,
respectively.

The quantum propagator associated with the hamiltonian (1) is:

TH (1) f (x) = e HHO £(x), )

As we mentioned the wave operators exist if we replace the free
propagator (generated by the free hamiltonian (2)) by a suitably defined
modified free evolution. For a state f with f b e CPR" \ {0}) we define
it as follows:

there is 7y > O such that for || > #,:

TH@) £ (o) = Fy (e7H 7 THED g ) (x), @®)

Annales de I'Institut Henri Poincaré - Physique théorique



COULOMB POTENTIAL 343

Here

log(4&2
Xp(6,1) = sgrx(t)%(h,ji ©

is callgd a modifier. In fac} what matters is the value of the modifier on
supp . Assuming supp f" € ann(0, ¢y, c;) and denoting by x (ci, ¢z, §)
the characteristic function of the annulus ann(0, ¢y, c;), we can replace
(8) by:

Th @) = F (e HTHE (0, 00,6 f1®)) ). (10)

Eq. (10) can be used to define the modified free evolution for an arbitrary
state, not necessarily compactly supported. In particular this applies to
the semiclassical wave packets. It is easy to see that:

i 2, i 2 2
/ ‘e_ﬁif-ﬁxh(s,t)(ph(A,B,h,a, n,S)‘ d§
|E1<c
=K1h_% / ’e_@;n%l—(tm’st
[€l<c
[l<cr

as ¢; — 0, uniformly in 7. Similarly:

i 82t In ’
.e_i%__ﬁxh(s,t)(l,h(A, B,h,a,n,§)| d§ -0

[€l>c2

as ¢, — 00, uniformly in z. It follows that:

lim Tp. .()¢(A, B ha,n,x)
oo D1,

c1—0, ca—
exists uniformly in . We denote the limit by
Tp(t)$(A, B, h,a,n,x)
(X 2h
=F (eTHTTANE0G A, B, ha,m, §)) (0, (1)

always remembering that a limiting procedure of the above kind is
understood.

Vol. 71, n°® 3-1999.



344 A. KARGOL

The modified (Dollard) wave operators are defined as:
F_ o 1 he h
Rt =g t_l}gcnooT (=D Tp(2). (12)

The existence is a standard result [14].

Now we proceed to define the semiclassical dynamics. Let A_, B_ be
n x n complex matrices satisfying (3) and a_, n— € R" such that n_ #£ 0.
Let a(t), n(t), A(t), B(¢), S(t) be a solution to the system of coupled
ODE’s:

da_

dar "

d

d’t’ —vO(a),

dA

— =iB, 13
Pt (13)
dB

== iVP@)A,

ds n?

Q.

(where VO denotes the gradient of V and V@ is the Hessian matrix)
satisfying asymptotic conditions:

lim |a_ +n_t+ log ( - Il) (t)‘

t—>—00 | _|3 e?

Jim |- —n(0)]=0,

dim [[A-+D_+itB_+ F_log (4n2lt]) — A0)|| =0, (14)
Jim ||B_ - B(®)|| =0,

2 2
im |0+ % 1og (4n_lt|> —S(t){:()’
t—>—00 2 |TI_| o
where
(D—)kl = —2i(B_3kl + 81 Z](n—)k(n;)j(B_)ﬂ,
In-I> In_| 5
(B 3X;(-)e(n=);(B-)ji
(Fu = P n_> .
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COULOMB POTENTIAL 345

Remark 4. — The first two equations (13) are the Hamilton’s equations
for a classical particle with position a(¢) and momentum 7(¢). It is well
known that such a particle moving in a Coulomb force field reaches
an asymptotic momentum, but the asymptotic time parametrization of
its orbit differs from the free motion with constant momentum by a
logarithmic factor (cf. (14)).

Remark 5. — S(t) is the action along the classical trajectory.

The semiclassical interacting time evolution of the wavepackets (4) is
then given by:

U®)¢(A(0), B(0), k,a(0), n(0), x)

iS(t)
=e " ¢(A(), B(t), h,a(t), n(t), x). (16)
The corresponding semiclassical modified free dynamics is:

Cntt 2y
Up($(A_, B_,hya_,q_, x) = et (Tririoe (757))

x¢(A_+D_+itB_+F_log (4n% 1)), B_, h, (17

n- 4773It|> )
Xa_+n_t+ lo ( ,N—, X

for |t| > 1/4n?%.

Remark 6.—TFor |t| < 1/4n? or if one is interested in the approxima-
tion to quantum dynamics on a finite time interval only, the logarithmic
terms in (17) should be dropped.

Now we can state our main result, which we prove in the following
section.

THEOREM 7. - Let 2% be a quantum wave operator defined in (12).
Given e >0

12*6(A_, B_, h,a_,n_,) — $(A(0), BO), h,a(0), n(0),)|| <&
(13)
for h small enough.

Remark 8.—The statement of the theorem and estimates in the
following section are concerned with the ¢+ — —oo limit. The proofs for
large positive times are analogous.

Remark 9. - Theorem 7 simply says that the action of the quantum
wave operator on Gaussian states (4) can be approximated by a corre-

Vol. 71, n® 3-1999.



346 A. KARGOL

sponding classical Mgller transformation (a-, n-) —> (a(0), n(0)). For

short-range potentials the error in (18) is of order O(% 7) [6]. Moreover in
this case the estimate is uniform in time in a sense that:

suplle” 7 2Y¢p(A_,B_,h,a_,n_,")

teR
isS@)

—e" ' $(A@), B(), h,a(t), n(®), )| < Ch1.

‘ itH(h)

19

For the Coulomb potential the norm in (19) apparently diverges as log¢.

3. TECHNICALITIES

We split the proof into several lemmas. The basic 1dea 1s very stralght-
forward: we replace 2% by its finite time analog £, = Th(— t)TD (¢) and
approximate the quantum interacting and free propagators by the corre-
sponding semiclassical ones.

LEMMA 10. - Givet} A_, B_, a_, n_ as described above, there is a
solution to the system of ODE’s (13) satisfying (14). In fact:

2
n_lt|> (10g(|tl)>

= 1
Aa(t) a_+n- t-l—l _|3 0g< %) +0 ] ,

n() =n- +O(It|>

20)
- ) loglthy
A(t)=A_+ D_+itB_+ F_log(4n>|t|)+ 0O )
1
B(t)=B_ +O<It|>
Proof. — We denote:
4n? |t|
a-(t)=a-+n- t+| _|31 g( 2 >
n-@®)=n-,
A_(t)=A_+D_+itB_+ F_log(4n’t]), @1)
B_(t)=B_,
2 4n2 |t
s-0="5+ e (5).

Consider a Banach space Cr of bounded, continuous functions y such
that:

Annales de UInstitut Henri Poincaré - Physique théorique
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Iylic, =

9

.. <
log([#]) ™ lloo,
where || - ||0,7 means a supremum over the interval (—oo, T'). Let

t

p(y®) := /dr/dG[V(”(n_O)—V(l)(a_(0)+y(6'))], (22)

—0Q

then

t T
n- 477319I> ’
< do 1 :
lo(y(@))| /dr/ ‘In-P 0g< 2 ) T +yO| s
—00 —00

If ||lyllc, < oo, then

It]
log(lz])

leG@)|le, =

o0yt ))H

i.e., ¢ maps Cr onto itself. Similarly for y;, y, € Cr:

le(r) — ()]

t

/dr /de [V (a_(8) +y10)) — VP (a_(©6) + y2(0))]

—00
t

< [ar / doC[6) = 32)|

—00

log(161)
n-6> "

Hence

o) —e()|l¢, < sup le(r1) — ()|

||
7 log(|t])

(Iw(yl) ()|

< sup| ! )
4 [1 og(It]) s<i log(| D

2
x / dr / decloglgﬁl) ]
log<|0|)2]

t T
|| / /
< - sup| ——— [ dt | dO6C
lly1 szICTt<¥l10g(|t|) 017
—00 —00

Vol. 71, n° 3-1999.
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i.e., @ is a strict contraction for T sufficiently negative. By the contraction
mapping principle the equation:

y®) =¢(y@®)

has a unique solution, which we denote by u(f). One can immediately
see that a(t) = a_(t) + u(t) solves the equation

d*a
_ m
ﬁ ==V (a),

) = O<10g(|tl)>

lt]

and

as t —> —oo. Moreover:

In@ =n- '_’| p i) = <|t|>'

Next we want to show:

AWy = A_(D) + O(IOg("')),

|1
B(t) = B_(t) +o<|ll)

Let Y7 be a space of matrix valued functions Z such that:

I Zlly; = sup

t<T

Io g(|t|) zt )”

where ||M|| is the Euclidean norm of matrix M. We consider the
mapping:

G(zw): /dt /de[ V®(a(9)) (A=) + Z()) +

—00

In_163]’
(23)
where

(G)k,=i(B-)k,—| |2 Z(n )e(n-);(B-)ji.
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Using assumptions on the potential and asymptotics of a(¢) that we just
proved, we show:

2]
log(|z[)

1G(Z@N]ly, = sup 1GZ@)|

and

IGZ@))| < /dr/dez(e, Z()).

The integrand satisfies
Z(6,Z2©®) <||[VP(a®) = VP 0-0)|||A-©0) +Z®)|
+[W(6,2©®)],

where W denotes a matrix with entries:

. .92
Wy = Z[ Skj 3(77—)k(7]—)16 (A_(6) +Z®) — iB_O)j,.

~Lin-pe>  [n_63
Then
Clog(|0
7(6,Z(9)) < ——%HA_(O) +2ZO)|
o .
+1gpllA-© +26) -iB-6].

This shows that G maps Y onto itself. Similar estimates show that:

16(Z1) = G(Z) |y,

t T
|£]* / / ) log(|6])
<|1Z; = Zaly, su dr [ do||V®(a(e
” 1 2"YT t<¥ lOg(ITI)_ J || ( ( ))” |9|

o0

for any 0 < < 1. Therefore for T sufficiently negative G is a strict
contraction. As before, by the contraction mapping theorem the equation
Z = GZ has a unique solution U (¢). One can easily verify that

A)=A_@)+U®)

satisfies
d?A
—7 ="V?(@®)A®,

Vol. 71, n° 3-1999.



350 A. KARGOL

and

B~ B =

F_ . 1
‘T*U“)H:O(m)-

Finally we consider the phase. Let:

t

_ [ [n@? .
K(t)—/[ : —V(a(t))—7+2V(n_t)Jdt.

—00

2
By the energy conservation "7“ = 17(;—)2- + V(a(t)) for any ¢, so that:

log(|z[)

<C
|¢]

K(1)| = |2 / dt[V(a(®)) = V(1_7)]

Then |S#) — S_(#)|=|K@#)|—>0ast— —co0. O
LEMMA 11. -
fh(UD(t)d)(A—’ B_,h, a,n-, ))(s)
‘g2 : 2 _
—exp (_ﬁ ) exp [1 [log(4n_|t|) _E—nm)

2h AL In- In-I
<lo <4n2_lt|>_(€ —n-,§—1-)
e 2In-P
Xlog(4n3|tl> _(E-n_,n)?
e 2In-1°

x (8 — 3log(4ni|t|))”$"(A_, B_,h,a_,n_,€). (24)

Proof. — By explicit calculations using (6) and (17). O
We use Lemma 11 to prove:
LEMMA 12. -
174 [T50)$(A-, B_, b, a1, 0)] ()
—Fn [Uul(t)¢(A_, B_,h,a_,n_,x)]()| < Clog(jt))* (25)
for any A € (0, 1/2) and t sufficiently negative.
Proof. — Clearly it is enough to show:

Annales de I’Institut Henri Poincaré - Physique théorique
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| Fn [Th ,.c; D(A_, B_, B a_, n_, )] (-)
— Fa[Up@)p(A_, B_, hya_,n—, 0)] Ox (e, ¢z, )|
< Clog(|t)R* (26)

with the constant C independent of ¢; and c,. The left hand side of (26)
equals:

oxp (_ﬁ ilog(48211))

e )x(cl,cz,S)é"(A_,B_,h,a_,n_,s>

irg? i[log@nZle]) (6 —n-,n-) (4nl|t|
( )e"plh[ n] s os(M5)

E—n-k-n) <4n3|t|>
2In-P &

B 2
_ (52|+|;7—)_(8 — 310g(4773|t|))H

X X(Ch C2, g)d’;h(A—s B—’ h’ a_,n—, g)H

1
< | 1% 0~ ¥ae. 1o Dlx (12 8)

x $"(A_, B_,h,a_,n_,s)ﬂ Q7

Yy (€,n_,t) denotes the second order Taylor expansion of X(£,t?)
around £ = n_. By standard estimates:

|Xh(";:7 t) - Yh(s’ ﬂ—,t)|

K Ko|logdp?lt))|
<IE—n- sup (-—4 ___4__) 28)
pelén-1\ 1Pl |pl
for some constants K;, K. Here [£, n_] is the line segment connecting &
and 7_.
Let
1+A
Bi={§ g —n-|<h*In_I}, a=——,

Vol. 71, n° 3-1999.
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Bz={$‘ €l <mln-1}, O<p<l,
={&: &l > pln-1,1& —n-1 = h%In_1}, (29)

and let x;, x», x3 be the corresponding characteristic functions. Then
1 = x1 + x» + x3 and we split (27) into a sum of three terms of the form

1
I = |1 Xa&. 1) = ¥aE, n- Dl x(er, e2. ) xe6)

x&h(A_,B_,h,a_,n_,g)H. (30)

Each term is estimated separately. On B; we use (28). By the triangle
inequality

sup < (Im-1 =15 = n-|
pel§.n- ]|P|4 ( )
Also

0< sup |log (4p*r])| < Clog(lr])

pelé.n-]

for t < min(—1, infgep, (—1/4£?)). Hence:

log(|z)

n <=L lg = n-P(In-1— 1§ = 1-) " ®

X X(Cl’ 2, S)é\)h(A—’ B—’ hv a_,n-, S)“
< Clog(jt))h**~!||¢"(A—, B_, h,a_, 1, &)|
< Ch*log(|t]) 31

with a constant depending only on |5_|. Here and in the rest of this work
C denotes a generic constant.
An estimate for I, uses explicit forms of Xj and Y. Then

| log(4€>12))]
&1

1 N
+ |11 1 D@ x (e e )M A-, B haz, 1, )| (32)

1
L<—

h’ x2(&)x(c1, 2, 6)P"(A_, B_, i, a_, n_,s>H

On the first term in (32) we use the Holder’s inequality:

l‘ | log(4&2|2))|
h €]

0 @x (1, e )F(A_, B_ h,a_, n-,S)‘

Annales de IInstitut Henri Poincaré - Physique théorique
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1| [log(4&2(2))|
g_ - = -
h‘ @],
x || x2&)x (1, €2, €)™ (A, B_, h,a_, n_, &) oo (33)

The first factor in (33) can be computed explicitly:

2 2 %
’ =( | log(482|1))| d§>
L2
B

&1
< Clog (t1) (34)
for some constant C = C(n-) and [¢t| big enough (J¢t| > max(l,
(4n% u®™1)). Also from (4)

|IX2(§)X(cls 2, éj)q;h(A_, B_, h, a_,n-, ‘s)”Loo
<@ A, B_ ha_, n_,&)| 1
< Ch"%e"chi (35)

for constants C, C’ depending on |n_|, || B—|| and . The estimate for the
second term in (32) is now straightforward:

| log(4&2]))
1§

x2(8)

1 R
EIHYH(S? n-, t)|X2(€)X(C1a 629€)¢h(A—7 B_, h,(l_, n-, S)”

1 ~
< 5 Clog (i1)) |12 §)¢" (A, B—.ha-,n-, £)]|

< Clog (|t|)h~4'e™F (36)

for C = C(n_), |t| > max(1, (4n_)~!). Combining (34), (35) and (37)
we get:

I, < Clog(|t])m™ (37

for |¢| large enough, m arbitrary.
The remaining term /3 can be written in a form analogous to (32). For
the part involving X, for instance, we have:

1] log(4&2 2
h" %@ﬁmxx@x(cl,q,sw"(m, B-.ha-, "—’5)”
1 | log(4&%1ED| _ 1151 —noyp?
<= 1T7or ™ P —aplB-
A x3(§) | ¢ Lo

X “n_%h‘% (det(B_))_%63_4']'?“3:'(5"")|2

. (38)

Vol. 71, n® 3-1999.
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By assumption 452 |t| > 1, so there is T depending on w and |5_| such
that 4£2|¢t| > 1 for |¢t| > T and & € B;. Then (38) is bounded by:

1 2y 1 o
ﬁClog(Itl)e_“l_h"B‘" - EClog(Itl)e_ge,

where ¢ = 1 — 2« > 0. We note that C again depends only on |7_|. The
estimate for the rest of I3 is analogous. 0O
LEMMA 13. -
|T" 0 (A©), BO), h,a©),70),)
—e T $(AW), BO,h,a@), 10, )| <Cewr*  (39)

forany 0 < A < %, where

g(?)
im = const. (40)
t=-o0 log(|¢])

Proof. —

is()

IT" (0 (A(0), B(O), k, a(0), n(0),-) —e' "
x $(A(), B4), h,a(t), n(0), )|
< [ #(A©), B(©O), h, a(0), n(0), -) — T"(—)e"+"
X ¢(A@), B(1), h,a(t), n(),")|

ds

< %O/H(H(h) - ih%)‘*%ﬁ‘l’(f‘“)’ 95, #,4(0), 1(s), ')‘

1 t
= / 1IVE) = Waiy O[(AG), B(s), . als), n(s). )| ds. (41)
0

The last equality follows from
. d iS(s
in— (%" $ (A(s). Bs). B a(5). n(s). )

h? is(s
= (= 58+ Wao ) (4 (46). B6),h ), ). ).
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where W, is the second order Taylor expansion of the potential around
a(s). From (41) we see that if:

V() = Wage) ()| d (ACs), B(s), B, a(s), n(s), -) || < f()R'™ (42)

for f such that g(z) = f(; f(s)ds satisfies (40), then (39) follows. The
proof of (42) is a slight modification of a proof of analogous result for
short range potentials [6]. O

LEMMA 14. — Given ¢ > 0:

|Up()¢- — U0 <& (43)

for |t| sufficiently large and h sufficiently small.
Proof. — After a change of variables from x to x — a(t) the left hand
side of (43) it becomes:

“ei‘ﬁ%(A_(t), B_(t), h,u(t),n-(), ")

—e T $(A®, B®,1,0,7(0), )]

where u(t) = a(t) — a_(t) (cf. Proof of Lemma 10).
Now we choose T « 0 and consider sets:

By = {x: |x| <ct},
By ={x: |x| > ct}

for some constant ¢ (t < T). Let x; and x, denote the corresponding
characteristic functions. Denoting:
f(x9 t) =e h ¢(A—(t)7 B—(t)v h’ u(t)s n—(t), )
iS(1)
—e 7 p(A®t), B(t),h,0,n(2), )

we have:

”f(x’t)”LZ = HXl(x)f(x’ t)“ + ||X2(x)f(x7t)|| = Il + 12-

First term can be estimated as follows: expand f(x,?) in Taylor series
in parameters a, 1, A, and B. It is easy to see (from Lemma 10) that
f (x,t) — 0 as t - —oo pointwise in x. By the dominated convergence
theorem || x; (x) f (x, t)|| = 0 as t — —oo and the convergence is uniform
in A. It remains to estimate I,. We note that it is an integral over the “tails”
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of the Gaussian wavepacket. Using the Holder inequality in a manner
similar to (38) we show:

fo
L<Ce ®, O

Proof of Theorem 1. — Denote:

¢— :¢(A—a B—7 h’ a—,n-, ')’
o) =¢(A®), B, h,a(t),n(), ).
Then:
12— — p(0)]| < [|[2F - — T"(=1)Tp()$-||
+ | T =DTHO)p- — ¢ O)|| < I + 1,

where I can be further decomposed into:

1=|Th®)p- — T" )¢ (0|
<|Th®d- — Up(t)p-|| + ||[Up(t)p- — U()$(0)|
+|[U@®)p0) — T"(0)p(0)|| < b+ I+ L.

A standard existence proof for 2% (see, e.g., [14]) Theorem IX.9 where
we merely inserted 74 in appropriate places) shows that there is 7 > 0
such that for t < —T I < &/4 uniformly in /. From Lemma 14 I3 < ¢.
We choose t < —#~" for some y > 1. Then by Lemmas 12 and 13:

I, < Clog (|n77|)a*,
Iy <Cg(h™7)h.
Choosing # sufficiently small we prove (18). O
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