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ABSTRACT. — For the stationary transport equation on a bounded open
convex set £2, one can study the following inverse problem: recovering
the absorption coefficient and the collision kernel from the albedo
operator on the boundary. In this work we will consider the question of
stability for this inverse problem. © Elsevier, Paris

RESUME. — Nous étudions le probléme inverse suivant concernant les
équations de transport stationnaires sur un domaine ouvert convexe £2 :
comment retrouver le coefficient d’absorption et le noyau de collision a
partir de I’opérateur d’albedo sur le bord du domaine ? Dans cet article,
nous considérons la stabilité de ce probleme inverse. © Elsevier, Paris

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In this article we are concerned with stability estimates of an inverse
boundary value problem for the stationary linear transport equation. Let
2 C R3 be a bounded open convex set with C! boundary 9£2. We assume
that V is an open set in R* and V € {v € R*: 0 < A; < |v| < Az}

1 E-mail: jnwang @math.ncku.edu.tw.
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474 J-N. WANG

Additionally, let I'y = {(x,v) € 382 x V; n(x) - v = 0}, where n(x) is
the outer normal to 02 at x € 9£2. Now consider the following boundary
value problem

{—v Ve f(x,v) —0,(x) f(x,v) + [, k(v,v) f(x,0") dv' =0,
(1.1)
flro = f-.

Here o0,(x) is called the absorption coefficient and k(v’, v) is called the
collision kernel. Further, we impose widely used admissible conditions
on o,(x) and k(v', v).

(1) 0< 0,(x) € L>®(£2).

(i) 0<k(',)e LY (V) forae. v €V and Jy k@', v)dv:=0,() €

L>®(V).

To make sure that the boundary value problem (1.1) is uniquely solvable,
we will assume that

ltopliLe <1, (1.2)

where 7 = 1_ + vy and to(x,v) = min{r > 0: x & tv € 982}. In
fact, besides (1.2) we also need ||to,|;~ < oo. But this condition is
trivially satisfied under admissibility of o, and our V. Now given an
admissible pair (o, (x), k(v', v)) satisfying (1.2), one can show that (1.1)
is uniquely solvable whenever f_ € L'(I"_, d&) (see [1]). Here d& =
[n(x) - vldu(x)dv is a measure on Iy, where du(x) is the Lebesgue
measure on d£2. We then define the so-called albedo operator A for (1.1)

A:f-—= flr,. (1.3)

In [1], we can see that A is a bounded operator from L'(I"_,d£) to
LY(I'y, d€). Now the inverse problem for (1.1) is to recover o,(x) and
k(v',v) from the knowledge of .4. Applying Choulli and Stefanov’s
results in [1] to our case here, one can show that o,(x) and k(v/, v) are
uniquely determined by the albedo operator .A. Note that Choulli and
Stefanov considered more general o, and & in [1] and they also gave a
reconstruction procedure. In this work, we are interested in the stability
estimate of this inverse problem. One would like to know how o,(x) and
k(v', v) depend on A. This is a very important question from numerical
point of view. To state the results, let us first introduce some notations.
Hereafter, o,(x) is replaced by o (x). Also, let | - ||, be the operator norm
LY(I'_,d§) — L'(I'"y, d&). Now we are ready to state the results of this
article.

Annales de I’Institut Henri Poincaré - Physique théorique



STABILITY ESTIMATES OF AN INVERSE PROBLEM 475

THEOREM 1.1. - Let

M= {u(x) € H¥**"(£2): u(x) >0, suppu C £2,
and ||u| g3+ < M}

for some ¥ > 0 and M > 0. Further, let

N ={0<k,v): k(v',-) e L'(V) fora.e. v €V,
k(-,v) € CO(V) forallveV,

lopliLe < o0 and ||to,|lLe < 1}.

Assume that (0;(x), k; (v, v)) € M x N and A; are the associated aldedo
operators, i = 1, 2. Then for absorption coefficients we have

oy — oallganer < ClLAL — Aol (1.4)

where 0<r <r, 0 =7 —r)/(F +2), and C =C(82, A, Ay, 1, T), while
for collision kernels we get

ki — kall L1y vy < CllAL — Azl (1.5)

where C = 5(9, M, A, Xp).

Note that for the case of pure absorption, i.e., kK = 0, we can obtain
the same estimates (1.4) by some elementary arguments (see Section 3).
The interesting point of our result is that the estimate (1.4) is derived
when k is nontrivial. And moreover, the constant C in (1.4) turns out to
be the same as in the case k = 0. Additionally, we are able to obtain the
stability estimate for the collision kernel here. This is the most difficult
part of the whole business. The main step in the proof of Theorem 1.1 is to
choose appropriate approximations of the identity and cut-off functions.
The key to this approach is that the kernel of .4 has a special structure
(see Section 2).

Previously, some stability estimates for inverse problems involving the
stationary transport equation have been obtained by Romanov in [4].
He used different observable data from ours. Furthermore, his results
required smallness assumptions on the absorption coefficient and the
collision kernel. For stability estimates for different inverse problems,
the reader is referred to a review article by Isakov [2].

This paper is organized as follows. In Section 2 we will review some
results in [1] which are needed in our work. In Section 3 we prove
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476 J.-N. WANG

the stability estimate for the pure absorption case, i.e., k = 0, which
is closely related to the stability estimate for the X-ray transform. We
include this result here for completeness. Section 4 is devoted to the proof
of Theorem 1.1.

2. PRELIMINARIES

Under the assumption that o(x) and k(v',v) are admisible and
satisfy (1.2), we obtained that the albedo operator A is a bounded
operator L' (I'"_, d&€) — L'(I'"y, d&). In fact, one can show that the kernel
a(x,v,x’,v') of Ais of the forma =a + 8 + y, where

T—(x,v

a=e Jo )U(x_pv)dpfs{x—r_(x,v)v}(x/)‘s(v '),
T—(x,v) /
B = / o f(;a(x—pv)dp e Ot_(x_w'v )G(X—XU—PU')de(v/, v)
0
X 8{x—.s'v—r_(x—sv,v’)v’} (x/) ds,
(&) -y € LI LT d8)),

where §,/)(x) is a distribution on 052 defined by

By ) = / Sy (WP ()i (x) = P(x')

and 8 is the standard delta function in R? (see [1] for details).
Next we give two lemmas, which will be needed in many occasions.

LEMMA 2.1.— Let f € L'(2 x V), then

4+ (x',v)
/f(x,v)dxdv:/ / f(x' v, v)drdé(x',v).
2xv s 0

Proof. —See [1]. O
LEMMA 2.2.— Assume that f_(x',v) € L'(I'"_, d€). Then

/f_ (x — 7_(x, v)v,v) d&(x, v) =/f_(x’, v)d& (x',v). 2.1
Iy r

Annales de I’Institut Henri Poincaré - Physique théorique



STABILITY ESTIMATES OF AN INVERSE PROBLEM 477

Proof. — Note that

/f_ (x — - (x,v),v) d§(x, v)

Iy
= [ e e ew ) deed.
\%4

{x: n(x)-v>0}
It suffices to show that

fo(x ——(x, v)v,v) (n(x) - v) dpu(x)
{x: n(x)-v>0}

= [ )R oldu),
{x': n(x")-v<0}

for any fixed v € V. Let us denote f(x,v) = f_(x —1_(x, v)v, v) for all
x € £2. Then one can see that (v- V,) f(x, v) = 0 a.e. Therefore, we have

0=/(v Vo) f(x,v)dx =/f(x, v) (n(x) - v) du(x)
2 992

= / fo(x == (x, v)v,v) (n(x) - v) dpu(x)

{x: n(x)-v>0}
+ / fo (@ v) (n(x) - v) du(x'). (2.2)
{x": n(x")-v<0}

Now the formula (2.1) follows from (2.2). O

3. THE PURE ABSORPTION CASE

In this section, we will prove the stability estimate for o (x) in terms of
A when the collision kernel k is zero.

THEOREM 3.1. — Assume that the collision kernel k = 0 in (1.1).
Let M be defined as in Theorem 1.1. Then for o;(x) € M and their
associated albedo operators A;, i = 1,2, we have the estimate (1.4).

Proof. — Consider

{—v-fo(x,v)—a(x)f(x,v):O, (x,v)eR22xV, 3.1)

flr = f-(x',v) e L\(I'_, d§).
Vol. 70, n° 5-1999.



478 J.-N. WANG
It is readily seen that
—fr_(x'v)a(x— v)d
fx,v)=e"Jo PR (x —1_(x, v)v, V)

is the unique solution to (3.1). Let o (x) and 05(x) be any two functions
in M. Also, let A; and A; be the associated albedo operators. Therefore,
forany f_ e L'(I'_, d&) we have

—(x,v) 7 (x,v)
—_ — d _ _ d
(A, _AZ)f—”Ll(&,ds):/‘e fo o1(x—pv) P_e fo 02(x—pv)dp
I

X | fo(x — 7_(x, v)v, v)| dE(x, )

T—(x,v)
=[] [ @i-on@ - purap
I 0
X | fo(x — T (x, v)v, v)| d&(x, V), (3.2)

where n(x, v) is some point between

—(x,v) - (x,v)

/ o1(x — pv)dp and / o2(x — pv)dp.
0 0

Now since 0; € M, i =1, 2, we get that
T’(x, U) 2 _Md/)"la (3.3)

where d = diam £2. By substituting (3.3) into (3.2) we have that

T—(x,v)
[ = A - lra > €1 [ | [ 1= o9 = prrap
!
X | fo(x = - (x, v)v, v)|dE(x, v), (3.4)

where C; = e M4/*1 Now since supp o;(x) € £2, we can see that

T—(x,v)

[ @ —ont-pvp= ﬁX(al - Uz)( . |) (3.5)

Annales de Institut Henri Poincaré - Physique théorique



STABILITY ESTIMATES OF AN INVERSE PROBLEM 479

where X means the X-ray transform, i.e.,
(Xg)(x, ) = / ¢(x +sw)ds, Vo eS8

Note that the value of Xg(x, ) remains the same if we move x along the
direction w. Therefore, we have

X(01—02)< B |> X(01—02)<x—t_(x v)v, ﬁ)

Now we can obtain that

1
/—-1X(al —02)(x, l>’|f_(x —1_(x,v)v,v)|dE(x, v)
v v
_/I l’X(al 02)<x—t_(x V)V, )‘|f (x — T_(x,v)v,v)| d§

=IZ le(al —07) (x’, m) \If_ (x',v)| d&(x', v), (3.6)

where the second equality follows from Lemma 2.2. Combining (3.4) and
(3.6), we have

1AL = AD -l iy a2 Coll X @1 =0 f-ll gy BT

where C, = C;/A,. The inequality (3.7) now implies that

lA = Al >Co sip X =) f-lligr gy G
"f—"Ll(r_ydé-)sl

Next it is not hard to show that

sup 1X (01 =0 f-||irae) = 1X (01 = 02)|| oo g2y, (3-9)

”f—"Ll(l‘_,d5)<l

where I'S?2 = {(x', w) € 82 x §?: n(x') - w < 0}. Further, we can see
that

HX(JI 02)||L2(TS2) C3HX(Ul GZ)lILOO(rS2), (310)

Vol. 70, n°® 5-1999.



480 1.-N. WANG

where

2
HX8||i2(Ts2) = / X8, w)”L2(wJ-) dw.
S2
For the X-ray transform, we have the following estimate (see [3])

gl g-12 < Call Xgll L2(7s2), (3.11)
for g € H~'/2(£2) and supp g C £2. Combining (3.8)-(3.11), we get that
loy — ozl g-12 < Csll Ay — Azl (3.12)

Now by the interpolation formula, we have

1-6 0
llor — o2l par+r < Collor — 02l apasi lor — 02l 12
0
< Crllor — o212, (3.13)

where 0 <r <rand 6 = (r —r)/(F +2). By using (3.12) and (3.13), we
immediately obtain the estimate (1.4) and Theorem 3.1. O

4. PROOF OF THEOREM 1.1

We will divide the proof into two parts. One is for o’s and the other is
for k’s.

Part 1. — To begin with, let us choose
0< ¥ e CP(RY), /w(x)dx_l and ¥ (0) = 1.

Next let (x, vy) € I, i.e., n(xy) - v < 0, be fixed. We now define

v ) = o (),

&

Now we choose ¢ > 0 sufficiently small so that
Q°(xy) x supp 1//56 (W)cr.,

where Q°(x)) := B®(xy) N 952, where B*(x)) is the e-ball in R" centered
at x;,. Next let qb;(,) (x’) be such that:
o supp @S, () € 0°(xp);

Annales de IInstitut Henri Poincaré - Physique théorique
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£ (! no_
d fo(x(’)) ¢x6(x )dpu(x") =1and

liII(l)/ f(x’)¢§6(x’) du(x') = f(xp), forall f(x')e Cc%3).
E—>
To see that ¢§6 (x") do exist, let us argue in the following way. Let O° be

an open set in R? such that p: O¢ — Q°(x() is a coordinate function
of 882 near x{, and D(y) := py, X py, # 0, Yy = (y1, y2) € O°. For
simplicity, we also take p(0) = x;. Assume that 0 < w(y) € C§° (R?),
suppw(y/e) C OF and satisfies [ w(y)dy =1, w(0) = 1. Now let

e 1 o1 (x")
%) = FDe @) w( e )

Then we have qu(/) (x’) >0 and

1

/ ¢ (') d#(x/)=/8—zl—lry)|w(§>|D(J’)|dy

0% (xg)
—/ dy =1,

tim [ f ()6 () dnx)

e—0

0(x})

= lim / )

and

2|D( Y (E)ID(y)ldy
= lim [ 1em)w(Z)dy. @.1)

Since p is at least a homeomorphism, we get that f(o(y)) is a continuous
function. Therefore, we obtain that the limit in (4.1) is equal to f(0(0)) =
f (xg). Finally, we define

& / N 1 & ! & /
fx(’),v(')(x » U ) - |n(x,) . U’l¢x‘l)(x )w ! (U )

Yo
Now we need to choose an appropriate cut-off function. Let

X o (X 0) = 65 () 0y (V).

Vol. 70, n° 5-1999.



482 J.-N. WANG

where
bF, (x/) _ I, x'e Qa(x(/)),
*o 0, otherwise,
and
/ &
7o () = { 1, v esuppwvé,
Yo 0, otherwise.
Now let f_ = j(,),v(,) then we have
(A= A £ o (x, 0) 42)
= / (a1(x,v,x", V') —az(x, v, %, v/))f;(/)yv(/) (x',v)du(x") dv'.
r_ .

Further, let us set x°(x,v) = )A(j(,)yvéy(x — 17_(x,v)v,v) for (x,v) € I',.
Our plan here is to multiply x°(x,v) on both sides of (4.2) and then
integrate the new formula over ;.. We first deal with the right-hand side
of (4.2) and prove the following two claims.

CLAIM 4.1. -

lin(l)/xs(x, V) /(al — ) (x, v, x, v/)fjé l)(,)(x/, V) dp(x") dv' dé(x, v)
£—> ’
Iy r

2 (x(’). v(’)

r+(x’-,u' )
o —eJo "V ealitrpdp @.3)

=e JO

Proof. — Note that

/(a1 —a)(x,v,x", V) ff(,)‘v(,) (x", V") du(x") dv’
r-

)
o1(xy+pvy) dp

— () —(x,
— (e_fo “Y o1 (x—pu) dp —e for : v)frz(x—pv)dp)

X f(),v{) (x — _(x, v)v, ). (4.4)
Next we observe that
T—(x,v) T+ (x—7-(x,V)V,0)
/ o(x —pv)dp = / o(x —t_(x,v)v+ pv)dp. (4.5)
0 0

Let us denote

— T+(_X/'y,) , , _ 1.’+(x/,v/
R(oy —02)(x/’ v/) —e Jo @ +pydp [

o )az(x’+pv’)dp

Annales de I’Institut Henri Poincaré - Physique théorique
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Then combining (4.4) and (4.5), we have that

[ X0 [ (= 0) (500, 0) £y (60 sl d e )

0°v0
I r
= /)ﬁ(f(,)’vé (x — 7—(x, v)v, V) R(01 — 02) (x — T_(x, V)V, v)
Iy

X fi o, (x — t_(x, v)v,v) d&(x, v)

—_ Iyt / _ / & / /
= /Xx(’],vé, (x", v)R(o1 — 02) (', v) f; oy (5, ) dE (&, v)
I

= /R(al —07) (%, v)¢w§6 (x’)x//jé(v) dp(x') dv. (4.6)
r

The second equality in (4.6) follows from Lemma 2.2 and the third

equality is a consequence of choices of x5 , and f% ,. Since R(oy —
X"o"’o X0+ Yo

0,)(x’, v) is continuous in (x', v), we get (4.3) by taking e — 0. 0O
CLAIM 4.2. -

}ijq)/xe(x,v)/(ﬂl = B)(x,v,x", V)
Iy I
X f)f(’),v(’) (x',v)du(x") dv' d&(x, v) = 0. 4.7

tim [ 1) [ 6n =) (x5 0)
Iy r

X ff(/),v(/) (x',v)du(x") dv' d&(x, v) = 0. (4.8)
Proof. — We first prove (4.7). Let us denote
Ei(s,x,/,v) =€ Jy oite—pvrdp - fo’*(""‘”’”,)a,-(x—su—pv’)dp7
i=1,2. 4.9)

Using the fact that o; € M and Fubini’s theorem, we have that

[ 1) =55 g dunlx) do' dsx,v)
-

Iy
7—(x,v)
</x£(x,v)/ / |\Evki — Exkol (s, x, v, )
ry o

Vol. 70, n® 5-1999.
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X 8(x —sv—t_(x—sv,0)0') (x’)f/ ds dudv' dg

T—(x,v)
< CS/Xe(xs U)/ / (ky +k2)(v’, U)
Iy vV 0

X fr o (6 — 50— T_(x — 50,0 )V, v') ds dv' d§

T—(x,v)
<af [o [ @)
VI 0
) / / / /
X S (X = 50— T_(x — 50,00, V') ds d& dv
= CgT. (4.10)

Now by Lemma 2.1, we can see that

T :/ / {Ej(,)(v)(kl + ko) (v, v) ;('),v(’) (x — 7 (x, )V, V) dx dvdv’

V 2xV

/ fx, v, (x — 71— (x, ' ’)/Jjé(v)(kl + ko) (v, v) dvdx dv'.
v

2xV
(4.11)
Applying Lemma 2.1 to (4.11) and from k; € N, i =1, 2, we get that

4 (x,0)

T = / / (x', v /w () (ki + ky) (v, v) dvdr dg (x', V')

—sup/ws W) (k) + k) (v, v a’v/fx (X', V) dE (x',0)

)\l v'eV
< — sup / w (v)(kl + k) (v, v) dv (4.12)
A-1 v'eV
uesuppw//e0

Now combining (4.10), (4.12) and taking ¢ — 0, we have (4.7).
Next, we want to establish (4.8). Note that

/ ®(x, v)/(y1 y2) (x, v, x', v)f (x v)du(x') dv' dé(x, v)

ry

/X (X U)/ln lyl V2|(x, U,x/, U/)

Annales de I’Institut Henri Poincaré - Physique théorique



STABILITY ESTIMATES OF AN INVERSE PROBLEM 485

x ¢f (x) i, (v) dp(x) dv'dE(x, v) =T (4.13)

Since |n(x’) - /| 'yi(x, v, x', V") € L®(I_; LYy, d§)) fori = 1,2, we
obtain that

T< sup x“(x,v)|n(x") - v’|_1|y1 — ¥l (x, v, x", V') d&(x, v)

(x’,v’)eF_r+
& i £ / ! i
x [ 4, ()w5 () dialx) dv
I_

& / / -1
= sup x“(x,v)|n(x") |
' v)er-
Iy
X [y1 — yal (x, v, x", V) d&(x, v). 4.14)
Now in view of (4.13) and taking ¢ — 0 in (4.14), we immediately get
4.8). O
After establishing Claims 4.1 and 4.2, we are in a position to derive the
estimate (1.4) in Theorem 1.1. Let x°(x,v) and f ;6’v(,)(x’, v’) be defined
as above. Then

X" CAr = A 5yl ae)
[ [x [ —anss, aulx)av as
ry I
+ / / (B — B2) 5 din () dv' d
r, I
+ / X / (1 = 720 5 dit(x') v’ dE|. (4.15)
ry I

For the left-hand side of (4.15), we have
||X€(AI - A2)f,\f(’),v(’)||L'(F+,d§) < H(Al - A2)fx8(’,,v(’)nu(r+,ds)
<AL= A2”*’H Jf(’),v(/)HLl(l“_,dé)
= [|A; — Azl (4.16)

Now taking ¢ — 0 on the right-hand side of’ (4 15) and using Claim 4.1,
Claim 4.2, and (4.16), we obtain that

1’+(x6,v(/)) T4 (x(’).v(’))

ie— o o1(xy+pvy) dp —e Jo 02(xy+pvy) dp < "Al ——AZH*’ (4.17)

Vol. 70, n° 5-1999.



486 J.-N. WANG

for any (x;, vy) € I'_. Note that

Ty (), vh) o (xh vl
le_fo+ 0'°0 gl(x(’)+pv6)dp _ e_f0+ *0"% az(x6+pu6)dp|
74 (x> vp)
2 Cy / (01 — 02) (xg + pvp) de. (4.18)
0

Combining (4.17), (4.18), and the relation (cf. (3.5))

T4 (x4, v9)

1 l)/
’ / / X ’ 0
g X [v l /7 g('[ ’ )7
( 0 0) [vol 0 o]

we have

X (01 — 02) | Loo(2xs2) < Croll AL — Az|l4,
ie.,

X (01 — 02|l oo (rs2) < Croll A = Aslly. (4.19)
Having established (4.19), the remaining arguments of the proof are the

same as in the proof of Theorem 3.1. The proof of the estimate (1.4) is
now complete.

Part 2. — Here we will prove the estimate (1.5) in Theorem 1.1. As
before, we want to choose appropriate approximations of the identity
and cut-off functions. Let (xgy, vy) € I'_, i.e., n(x) - vy < 0. Assume that
wf{,)(v’) is replaced by w]fé (v') and ¢§6 (x') is replaced by q&jg (x"), where
€; and &, are chosen sufficiently small so that t/fj(,: and ¢i(2, satisfy all
conditions for 1//56 and ¢§6. Note that here we will take &, — Oand &, — 0
in a different order. Also, the following condition is imposed

Q%2 (xg) x supp ‘/’j(; cr..

Now let P be a plane in R? containing the vector v). This is a plane
in the velocity space. Let us denote P,; = P N V. Assume that m is the
normal vector to P. Let S, be the intersection of 32 and the plane having
the normal m and passing x’ € supp ¢Z (x"). Next we denote

m,= J S

x'esupp ¢€?
*0
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Then [T, forms a band on 942 since $2 is convex. We now define a cut-off
function on 02

1, onlI]
€2 — ’ €29
XX = { 0, otherwise.

Further, let V¥ (respectively —V#3) be a closed &3-conical neighborhood
of vy (respectively —vg) on Py, where &3 is the degree of the angle for

yes (also —1783). Next we set
Ve = VB U (= V),
and
Iy ={(x,v)er:ve (Py\V?)}
Here we will take the measure on f‘+ to be

dgy (x,v) =n(x) - vldu(x) dHy,

where d H,,(/) is the Lebesgue measure on P, .
Similar to Part 1, we proceed our proof with several claims.

CLAIM 4.3. -
tim [ 10 [ lon = aal
T r
x (x,v,x', v’)qﬁjg (x’)wj(/: (v)du(x') dv' d&, (x,v) =0, (4.20)

for all &5, &3 sufficiently small.

Proof. — Set
—fu”) o1(x—pv)dp —ft_(“) o2(x—pv)dp
G(x,v) :=‘e 0 —e Jo .

Note that
[ 5 [l - calagzy du() av agy,
F+ - .
= [ X766 o3 (s — v ) ) dey. @2D)

ry
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Now we can take € to be sufficiently small so that
supp Y5{ 0 (P \ V") =

Therefore, the right-hand side of (4.21) vanishes as we first take g — 0.
Thus we get (4.20). O

CLAIM 44. -
11m1nf/ Sz(x)/ly, yal(x, v, X, v') 922 (x)
ry
X wvé (v') du(x") dv'dg, (x,v) = Jf‘/:jé < 00, 4.22)
and
lim Jf? 5,2 =0, (4.23)
ey—>0 "o’
V83.

Proof. — Remember that
nG) vy e LO(r LNy dg)), i=1,2.

So we have

/ / v = IS Y dudv d,

/ /l" "y - Valln(x') - v |¢€2w \dpdv'dg
<k sup [ x®2{n(x) V| =l ds / G2y dudv’
(' v)er- 0" Yo
Iy I
=2 sup [ x2|n(x') 0| 1y -yl de. (4.24)
‘ (x’,v’)ellr

+

It is easily seen that (4.22) follows from (4.24). In view of the definition
of x*2, we obtain (4.23) from (4.24). O

Now we are ready to prove (1.5). To begin with, we know that

(A1 = A)PFY (0 = I + L+ I, (4.25)
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where

11=/(Oll —ap)(x,v,x' v)¢z(x)wjé (v)du(x")dv,

r-

L= /(,Bl B2) (x, v, x’ v)¢82(x)w,(v)du(x/)dv',

L= /()/1 = y2) (%, 0.5, 067 () ) (v) din(x') dv'.
I

Therefore we have

[ xelcA = Apgi | dey . )

ry

=[xl + b+ Bl dgg v, (4.26)
Iy
We first deal with the left-hand side of (4.26). We have
/X£2|(¢41 - <A =

+

€] 52 El

&2
’
v

,d§)

< ”A] AZ” ||¢82¢ ”Ll(r_ dg)
<Azl A = Azl (4.27)
From (4.26) and using (4.27), we get that

[ by <ol Aol + [ (101 + 0] ey @28)

I, ry

Now let E; (s, x, v, v), i =1, 2, be defined as in (4.9). Then

T—(x,v)

12—/ / (Ey(s,x, V", v)k; (v, v) — Ex(s, x, V', v)ka (v, v))

X 8{x45v—r7(x—sv,v/)v’] (x/)(pii (X/) 1/fj(/; (U/) ds d[L (x’) dv’

T—(x,v)
—/ / (Ei (s, x, v, 0)k; (v, v) — Ea(s, x, V', v)ka (v, v))
x¢x6(x—sv—r_(x — sV, v’)v’)lﬁvo( v)dsdv'. (4.29)
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According to (4.28) and (4.29), we have

[ xhas,
ry
Sl = Aol + X101+ L) dsy + [ 1T dey, @30
Ty Iy
where
T—(x,v)
L= / / Ei(s,x,v,v)(ky — k) (v, v)
v o0
x ¢§§ (x —sv—1_(x — s0, v’)v’)t/fﬁé (V)dsdv'|, (4.31)
and
T—(x,v)
J= / / (Ey — E3)(s,x,v', v)ka (v, v)
Voo
X ¢j§ (x —sv — 17— (x — s, v/)v/)wjé (V)dsdv'|. (4.32)

We now focus on the left-hand side of (4.30). It is clear that the integrand
of (4.31) is continuous in v’. So by Fatou’s lemma we have

liminf [ x*2 1, d&, > / x°2 liminf I, d&,/
0 £1—0 0

e1—0
I I
T—(x,v)
=[xt~k 0)l| [ Ei(sxvh,0)
I, 0

x d’if) (x = sv —7_(x — 50, v5)vp) ds| dy (x,v) == Ry. (4.33)

With the choices of d))fz and f+, we can see that

qbig (x —sv —1_(x — sv, v5)vp) =0
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for all (x,v) € [~’+, x ¢ M,,and 0 < s < 1_(x,0). Also, note that the
integrand inside fo‘(x’”) is non-negative. Therefore, from (4.33) and
using Lemma 2.1 (with V being replaced by Py \ V*) we obtain that
T—(x,v)
R, =/|(k1 — k2) (v, V)| / E;(s,x,v),v)
Ty 0
X ¢§(,2) (x —sv — 17— (x — sv, 1) vp) ds d&y (x, v)

- / |kt — ko) (v v) | Ex (x, 0, v)
(P \V3)x2

X ¢iz (x — 7—(x, vo)vp) dx dHy, = Ry, (4.34)

where

T4 (x,v)

r_(x,uE)) ,
Ey(x,vy,v) = e Jo AP dp o= Jo PR,

Since o1(x) € M, we get
—udM / € AW,
Ry >e ™ / |(k1 — k2) (v, v)|dH"6/¢x§ (x — —(x, vp)vp) dx
Py \VE3 Q
0
= Rj. (4.35)
Now observe that

[ 976 — v (x, v ax
[

1:+(x’,v(’))
= [ [ )6 wildu)
{x'€382: n(x")-vy<0} 0

- / () (— () )8 () du(x'). (4.36)

{x'€082: n(x")-vy<0}
Since 74 (x', v})(—n(x’) - vp) in (4.36) is continuous in x’, we have

_uM
EliLnOR3 =e M 1y (xh, vp)|n(x5) - v / (k1 — k2) (vg, v) | d Hy -
’ Py \VE
4.37)
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Now it is helpful to summarize what we have done. By taking
liminf, _,o on both sides of (4.30) and using Claim 4.3, we get that

<liminf [ xF, d,
8]—)0 J 0

I

<hllAp = Aqlls + J‘o‘ o2 I llmmf/ *"ZJdS,, (4.38)
ry
Next let £, — 0 in (4.38) and use Claim 4.4 and (4.37), we have

o (g )ln(xp) -l [ 1k =) (0, v) |
P\

<Ciy <HA1 Aol + lim llmmf X% fdsv(/)). (4.39)

82—)
Iy
The inequality (4.39) is what we have obtained up to this point. Now
we continue our proof by taking &3 — 0 in (4.39). First of all, we note
that

lim / [k — ko) (v), v)| dHy = / [k — ko) (v, v) | dHy, - (4.40)

P, VF:* P
UO\ Y

by the Lebesgue’s convergence theorem. Hence, we have

+(x0,v0)|n(xo Uol/l(kl k2) (v, )'dH’

()

e3—>0e—0 g0
Iy

< Ci (HA. — Aalls + lim lim liminf X€2J~d§U6>. (4.41)

Now we need to estimate

lim lim lim mf x2JdEy =
83—>086—0 £—=0 0

Iy
One can see that

R4 = lim lim lim 1nf ngfdgv()

e3—=0e—-0 ;-0
ry
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< lim lim sup fdg < lim [ limsup J~d§‘
—>

&0 e1—0 g1—0
"+ Iy
7—(x,v)
< lim / |Ey — E|(x, v), v)ka (v, v)
g2—0
ry 0
X ¢ (x — sv — 1_(x — 50, vy)vy) ds dE. (4.42)
0
Next we observe that
|Ey — Ea|(x, v, v)
r_(x.u’) T4 (x,v
- ’e— Joo TV ac—pypp e—fo+( Yo1(e+pv) dp
T—(XVU()) , T4 (x,v)
—e o o2 (x=pvp)dp o= |, 02(X+Pv)dp‘
T—(le'é)) , T4 (x,)
— e—fo o1(x—pvy)dp e Jo o2(x+pv)dp
T4 (x,v _(x,v))
% ‘e 0+( )(62—01)(X+Pv)dp _ efo 0 (a;—aﬁ(x—pvé)dpl
74 (x,v) T—(x,vp)
<C2 (02 —o1)(x + pv)dp — / (o1 —0'2)(?5—PU6)dP|
0 0
< Ci3l| X (o1 — 02) || Lo (2582 -
We now recall the estimate (4.19) and obtain
IE1 — EzllLo@xvxv) < Ciall A — Azl (4.43)

By substituting (4.43) into (4.42) and using Lemma 2.1, we have

T—(x,v)

Ry < Cusll Ay — -A2||*€1im0/ / k2 (v, v)
2——)
Iy

0

X d)ig (x —sv —1_(x — sv, v})vy) ds d§

= CusAr = Ay, lim / k2 (vg, ”)¢§(2) (x — 7_(x, v))vy) dx dv
>
2xV

= Cul A = Aal, [ a0, v) dv
|4
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mm/w T (x, vp)up) dx. (4.44)

g0
According to (4.36) and k, € N, it follows from (4.44) that
R4 < Cisll Ay — Aslls. (4.45)

Therefore, combining (4.41) and (4.45) we have

(x5, ) x5) v [ 10kt = ko) (v v) B
%
< Ciell A — Azl (4.46)

where the right-hand side of (4.46) is independent of (x, vy) € I'_. Most
importantly, the inequality (4.46) is uniformly in the class of Py Note
that the region formed by the union of P, for any fixed Vg is in fact V.
In view of the spherical coordinates, we can see that

(s 00 (39) - o5 [ 106r = k) (0. ) v
v
< (wA2)Cigll A — Azl (4.47)
Now since (4.47) holds for all (xg, vo) € I'_, we have
Vol($2) |k — k2|l L1 (v xv)
= [ Itk =k (0|’

2xV

—(x',v')

=/ / ||(ky — ko) (v, ')”LI(V) drdé (x',v")
r- o ‘

= [ o)) vl = kD (V) i dislx) v

Ir—

<mmmm&—mm/wwww (4.48)

The estimate (1.5) follows immediately from (4.48). The proof of
Theorem 1.1 is now complete.
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