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ABSTRACT. — We introduce spatial disorder in a large system of
interacting particles that evolve according to a non-reversible dynamical
law. We show that if the regions where the components strongly interact
are scarce, several general properties of the discrete and continuous time
dynamics remain unaffected by the disorder.

For the discrete time dynamics we prove that the unique invariant
measure is Gibbsian, its two-point spatial correlation function decays
exponentially fast for increasing distances and, for a restricted class of
models (i.e., directed probabilistic cellular automata), we prove almost
sure and disorder-averaged upper bounds for the rate of relaxation
towards equilibrium. Moreover we show, by an example, that under our
conditions these bounds are (almost) optimal.

For the continuous time dynamics, after showing the existence of
the infinite volume limit, we derive approximations by a discrete time
updating system, valid uniformly in time. © Elsevier, Paris
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446 G. GIELIS ET AL.

RESUME. — Nous introduisons un désordre spatial dans un systéme
étendu de particules en interaction, €voluant suivant une loi dynamique
non reversible. Dans le cas ou les régions de fortes interactions sont rares,
nous montrons que plusieurs propriét€s générales ne sont pas affectées
par le désordre.

Pour la dynamique discrete, nous montrons que 1’unique mesure
invariante est une mesure de Gibbs, dont les functions de corrélation
décroissent exponentiellement vite avec la distance. Pour une classe
réduite de modeles (les automates cellulaires stochastiques orientés)
nous déduisons des bornes supérieures valides, presque siirement et en
moyenne sur le désordre, pour la vitesse de convergence vers 1’équilibre.
De plus, nous montrons au moyen d’un exemple que sous les conditions
que nous avons imposées, ces bornes sont presque optimales.

Quant a la dynamique continue, aprés avoir montré I’existence de
la limite hydrodynamique, nous déduisons des approximations par des
systemes dynamiques a temps discrét, uniformément dans le temps.
© Elsevier, Paris

1. INTRODUCTION

One of the interesting aspects of travelling is to find people interacting
differently in other places. Looking back in time one realizes that these
spatial variations are often much more pronounced than the changes
that have occurred as time passed. The same can be said of ecosystems
in which various species are interacting. The strength and/or nature of
these interactions sometimes very much depends on the spatial location
in the system but remains there unaltered over long times. Similarly
in physics, the study of disordered systems (amorphous materials,
doped semiconductors, spin glasses) concentrates on the effect of spatial
non-homogeneity. It is therefore also natural to ask what remains of
various general and specific studies in the theory of interacting particle
systems (IPS) when the parameters governing the local interaction
between the various components is varying spatially. One standard way
of incorporating this is to choose random jump intensities (transition
probabilities) whose realization remains fixed in time.

In the present paper we have investigated the effect of this modification
on the standard theory of IPS close to independence. More precisely, we

Annales de I’Institut Henri Poincaré - Physique théorique



RANDOMLY INTERACTING PARTICLE SYSTEMS 447

consider the IPS in a regime where the particles on most places hardly
feel each other, but on the other hand, the randomness implies that there
are finite, but arbitrary large regions of all shapes, where the particles
are strongly interacting (low noise, almost deterministic updating, low
temperature, ...). Looking at the system in space-time these regions
become infinite cylinders in which the relaxation may be much slower
than for the uniform system in the uniqueness regime (high noise, ...).

We will restrict ourselves to discrete time (probabilistic cellular
automata = PCA) and continuous time spin flip processes. However we
wish to confront the dynamical problem directly and do not therefore
consider the stochastic Ising model for which, via arguments based on
reversibility, the theory can benefit from strong results clarifying the
equilibrium statistical mechanics of disordered Gibbs systems in the
Griffiths’ regime. Relaxation behavior of the disordered stochastic Ising
model is the subject of a series of other papers [4,5,9,10,17]. Hence we
are obliged to look here for quite general dynamical arguments to answer
quite general questions related to the uniqueness regime of randomly
interacting particle systems (RIPS).

The questions we address have to do with the almost sure existence
of a unique invariant measure for the RIPS, the characterization of that
measure and the convergence to it, starting from arbitrary initial data. For
this we concentrate mostly on PCA but we also discuss the existence and
the construction of the continuous time analogues. Finally, we wonder
how well a RIPS can be approached by a random PCA.

Our methods are based (naturally) on a combination of coupling
techniques and domination arguments which lead to the analysis of
percolation processes with random parameters.

Our results give criteria under which the RIPS share most of the
properties of the corresponding IPS in the 'uniqueness regime. The
most important difference concerns the bounds on the relaxation speed.
Generally speaking, we both improve and extend the results that appeared
in [8]. :

Our main results are stated in Section 3. Proofs can be found in
Section 4. We start however in the following Section 2 by giving
examples and by discussing the general set-up. '

2. EXAMPLES OF RIPS

We consider the evolution of spin configurations o = {o(x) = +1, x €
Z%} on the regular d-dimensional lattice Z¢. The set of all possible
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448 G. GIELIS ET AL.

configurations is denoted by £2. A Probabilistic Cellular Automaton
(PCA) is a parallel updating dynamics o, n =0, 1,..., starting from
some initial data o9 = ¢ € £2. It is a Markov process defined by the
transition probabilities p, (o (x)[¢), ¢ € §2. For any finite A C Z9,

Prob[0,(2) =£(2),Vz € Ao =¢] = [[ p.(E@)I¢), (1)

zeA

for &, ¢ € £2. We get a random PCA, when the transition probabilities are
themselves random variables. By Q we denote the distribution function
of these random variables and E is the corresponding expectation value.

For the simplest illustration of the problem at hand we turn to one of
the oldest examples that have appeared in the study of IPS. It is the so
called light bulb PCA or also called

Stavskaya’s example. On the linear chain Z we have lamps o (x),

x € Z, which can be ‘off” (o (x) = 1) or ‘on’ (o (x) = —1). The transition
probabilities are given by
1 if () =¢(x+1)=+1,
(1) = g
Px(+118) {e‘ﬁ“ otherwise. @

Here, B > 0 is a fixed parameter and {y,, x €Z} is a family of
independent and identically distributed non-negative random variables
whose distribution Q can be chosen freely. If we choose y, = y fixed
(deterministic case) we recover the original Stavskaya PCA for which
there is a phase transition as By gets large.

The question we ask here is what happens for 8 small in case the {y,}
are not uniformly bounded (e.g., exponentially distributed).

A similar modification can be made to

Toom’s PCA. We now have a two-dimensional PCA and the config-
uration space is 2 = {—1, +1 }Zz. The only further change with respect
to (2) above is that now

12 —e Py if sgn(C(x) + C(x +e)
px(+1[5) = +(x +e)) =+1, 3)
1e7Pn otherwise.

e; and e, are the unit vectors in Z2. The non-disordered (or regular)
Toom model (y, = y) shows a phase transition. Again, we can ask when
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RANDOMLY INTERACTING PARTICLE SYSTEMS 449

there is an almost sure (with respect to the distribution of the {y;}) unique
invariant measure, what is the speed of convergence to that measure and
how to characterize it?

The above two examples are well-known PCA, sharing an impor-
tant feature which we will use in our first Theorem 3.1 below; they
are spatially asymmetric. More generally, let A, be the set of sites
y € Z% such that the single site transition probability py(o(x)|¢) =
(@ (x)|C(y), y € A,) only depends on the ¢(y). Note that we restrict
ourselves to nearest neighbor updating. Then, we call the PCA directed
if A, ={x+ae, a=0,1, i=1,...,d}, for e; the unit vectors of Z% in
the positive i-direction.

The continuous time spin flip dynamics is defined in terms of transition
rates c(x, ¢) such that for the spin o,(x) at time 7, and ¢ € £2,

Prob|[o; (x) # ¢ (x)|og = ¢ | = c(x, O)t + o). “4)

We refer to Liggett [11] for details. Analogous to the random PCA the
continuous time RIPS has transition rates ¢(x, ) determined by random
variables with a distribution function that we will denote by Q. Also the
definitions of E, A, and the concept of directed are adopted from the
PCA.

The Majority Vote Process. This random version of the Majority
Vote IPS takes into account that some voters are more inclined to take
over the opinion of their neighbors than others are. It is defined by

1o—Byx if £(x) = (
e if¢(x) =sgn(®_,, ¢(2)),
C(x,g):{z §(x) = sgn(P,~r £(2)) )

12 —e ) otherwise. )

The sum runs over all nearest neighbors z ~ x, i.e., z and x are connected
via a bond of the regular lattice Z¢. Also here B > 0 is a positive number
and {y,, x € Z%)} is a set of independent and identically distributed non-
negative random variables. These are finite with Q-probability one, but
they are not uniformly bounded.

This is all also true for

The disordered contact process. This model describes in a concep-
tually simple way the spread of an infection (or of a particular feature),
taking into account the dependence of the spreading rate on the local en-
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450 G. GIELIS ET AL.

vironment:

e Prs if ¢(x) =1,
«.0={5 —e )T, (14 2Q) i (@) =—1.
Conditions that imply the survival (or extinction) of the population are

already intensively studied, e.g., in [7,1,13] and the references you can
find there.

(©6)

Stochastic Ising model. A disordered version of the stochastic Ising
model consists in taking a random interaction potential determining the
spin flip rates. For example,

c(x.§) = min{exp(—zz nyC(x)C(y)>, 1}, @

y~x

corresponds to the Metropolis algorithm for simulating the Ising model.
Here the {J,,} are independent identically distributed random variables
associated to the bonds (the nearest neighbor pairs) of Z¢. The sum runs
over the nearest neighbors y ~ x of x.

Stochastic Ising models were considered in [4,5,9,10,17] and we refer
to them for the detailed results on the relaxation behavior.

From these examples it should be clear what we mean by adding
disorder to IPS. In what follows we will not always be explicit about
the precise way in which the interaction is random but we will continue
to write the transition probabilites of PCA as p.(:|-) without even
indicating explicitly that these contain random parameters.

The following random variables k, € [0, 1] play an important role in
the statement of our results;

kx=n;e}x|px<+1|¢)—px<+1|5)l, (8)
1
= x+1 . x,+1
q 221 Nx@)p( l;o)z:gzp(mzn;] )
1, ) : ~
_ — D, 1 . x,+1 9
Nx(;>”_(+ |;o)ngzp(zz(z)|;I ) 9)

with ¢*“ the configuration such that {*“(z) = ¢(z) when z # x and
%% (x) =a,a==l1.

N.@) =Y petalte) [ p(e@Ig) (10)

a==1 2D XEA,

Annales de Institut Henri Poincaré - Physique théorique



RANDOMLY INTERACTING PARTICLE SYSTEMS 451

is a normalizing constant.

Now we can formulate our main assumptions for the discrete time

dynamics
(i) locality; A, contains only nearest neighbors of x,

(ii) the {k,} is a set of jointly independent and stationary random

variables,

(iii) k, < 1, but sup, k, =1 is not excluded.

In the same way, for continuous time processes we will simply
write the spin flip rates as c(x, {) even though they are determined by
realizations of an underlying random field. Again we introduce some
positive random variables A,,§, € [0, 00) that are derived from the
transition rates.

ax=i;n5f{c(x,c)+c<x,5>, r(x) #L(0)}, (11)
he =sup{lex, £) —c(x, D), £(x) =Z(x)}. (12)
(419

We suppose that
(iv) the c(x, ¢) are local; A, contains only nearest neighbors of x,
(v) {4,} and {XA,} are both sets of jointly independent and stationary
random variables, moreover, 8, and A, are independent when
x#Y,
(vi) Ay < o0 and §, > 0, but sup, A, = oo and inf, §, = 0 is not
excluded.
Note that for the stochastic Ising model condition (v) is’ not verified,
because the spin flip rates are not independent for nearest neighbors.
But, because they are independent for next nearest neighbors, if wished,
a slight modification sufffices to include also this example in the results.

3. DEFINITIONS AND MAIN RESULTS

We endow the configuration space §2 with the product discrete
topology. By C(£2) we denote the set of continuous functions on §2.
A function f is called local if it depends only on a finite number of spin
variables. The location of these spins is then denoted by supp f. || fIl =
sup, f(n). The oscillation at site x is given by A, = sup, | f(n*) — f(n)],
with n* € £ such that n*(z) = n(z) if z # x and n*(x) = —n(x).
NIl = > ,eze A f is the total oscillation. The distance between two
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sites x = (x'), y= () € Z¢ is

d . .

dx,y) =) |x' = y|. (13)

i=1 ‘
x and y are nearest neighbors (x ~ y) if d(x,y) = 1. The distance
dist(A, B) between two subsets A, B C Z¢ is defined as

dist(A, B) =inf{d(x,y), x € A, y € B} (14)

and for two functions f, g, dist(f, g) = dist(supp f, supp g).
The boundary d A of a volume A C Z is the set

dA={ze€ A, z~x, x € A}, (15)

with A€ =74\ A.
The transfer operator P of a PCA is defined by

PNf)=PP (1), (16)
with for a local function f
Pr@o)y=>_r® J] pr.EQ@I). (17)
te2 zesupp f

A measure y on £2 is invariant with respect to this dynamics if
uP =pu. (18)

In [8] conditions are given on the k, implying that for Q-almost every
realization of the disorder, the PCA has a unique invariant measure wu.
Moreover, for some m > 0, v > 1 and for every local function f, there
exists Q-a.s. a finite constant Nog = Ny({k,}, f) such that for N > N

[P f — u(f)|| < exp[—m(log(1 + N))’]. (19)

For directed PCA, we can improve this result (Theorem 1) and in
addition, we can bound from above the disorder averaged relaxation
(Theorem 2).

Introducing a constant 8 > 0, we find it convenient to make the
following change of variables:

ky=1—ePr (20)

Annales de I’Institut Henri Poincaré - Physique théorique
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where the {y,} are now jointly independent and form a stationary field of
possibly unbounded non-negative random variables.

THEOREM 1. — Consider a directed PCA. Let 0 < 6 < 1 and suppose

that
K 1
E X — 21
[1 —kg] ~d 1)
and
Q{yx > R} <exp(—aR"), (22)

withv > 1 and a > 0.

For every v > 1/v or for v=1/v and a/B large enough, there is a
constant 0 < A < 1 so that for every local function f there exists Q-a.s.
a finite constant No = Ny(f, 0, v, B, {yx}), such that for N > Ny

|PY f = n(f)|| <exp(—N exp(—r(log N)')). (23)

THEOREM 2. — Consider a directed PCA.

Suppose
k, 1
E| - 24
[1 = kx] ~d @
and ‘

Q{yx > R} <exp(—aR"), (25)

for somev > 1, a > 0.

When v > 1 or when v =1 and «a/B is large enough, there exists
a A > 0 such that for all local functions f there is a finite constant
No = No(f, B, a, v, L) such that when N > Ny,

E||PY f — u(f)| < exp(—r(log N)*). (26)

Remarks. —
1. (23) is faster than any stretched exponential decay

e““’a, A>0,6<1.

2. The hypotheses of Theorems 1 and 2 do not allow for a much better
upperbound. Indeed, consider Stavskaya’s PCA starting with as initial
conditions oy the all —1-configuration. Note that o (x) = —1 impies that
oy_1(x)=—1oroy_;(x +1)=—1. Hence,

Vol. 70, n°® 5-1999.



454 G. GIELIS ET AL.

Prob oy (x) = —1|op(z) = —1, Vz]
> Prob[aN(x) =—l,on_1(x)=—1,...,01(x) = —1|og(z) = —1,‘v’z]
> i?fProb[aN(x) =—1lloy_1(x) =—=1,0n_1(x +1) =¢]

x Prob[oy_1(x) = —1,...,01(x) = —1|op(z) = —1, Vz]. 27

This is larger then (1 — e #%)N. Hence, when the {y,, x € Z%} are not
uniformly bounded, an exponentially fast relaxation of the form e™*V,
with fixed A > 0, is not possible.

In the same way, we can bound the disorder-averaged relaxation from

below. Suppose that we consider a distribution Q such that
Qyx>R) > e MR (28)

A >0, v>1,then

E[(1-e)"] > eQ{(1—e#)" > ¢}

v
= 8exp<—§; <10g<1—__181/_N>> ) = 8CXp(—5t(log N)V)’ 29)
forany 0 <e <1, > A/B", when N is large enough.

Note that this argument does not exclude a faster decay for some
other model in the class of directed PCA. It only shows that under the
conditions stated no better bounds than (23) and (26) are possible in
general.

3. The estimates (23) and (26) are similar to the bounds that are
obtained in [4] and [5] for the stochastic Ising model. In the case that
the interactions J,,, x ~ y, are uniformly bounded the dynamics decays,
for intermediate temperatures, Q-a.s. as (23) with v =1 — 1/d, or if we
average over the disorder as (26) with v=d/(d — 1).

4. We expect that the bounds for the relaxation of directed continuous
time dynamics in [8] can be improved in the same way.

Once we know that there is a unique invariant measure (and we know
how fast it is reached by the dynamics) it is natural to ask for a detailed
characterization of this state. This will be the subject of Theorem 3. The
results are also valid for non-directed PCA.

To state the theorem we need the notion of a Gibbs measure. Denote
by £24 the restriction of the configuration 2 to the finite set A € Z4. 2,
contains the configurations o4 = {o(x) = %1, x € A}. An interaction @
on £2 is a collection {®@ 4} 47« of real functions indexed by finite subsets
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ACZ4,
Dy 24> R, 30)
with
> sup|®a(n)| <00 Vx. (31)

Asx
A measure pu on £2 is called a Gibbs measure with respect to the
interaction @, if its conditional distributions satisfy (u-almost surely)

> ). G

puloa =€plope =Epc] = — exp(
ANA#D

with Z, the normalizing partition sum for every finite A C Z¢.

THEOREM 3. — Take f, g local functions on §2 and a constant K >

842 If
S

then we can find for every m > 0 constants 0 < cy, c; < 1 such that when

Qg >cal < (34)

there exists Q-a.s. a finite constant C = C(f, g, {qx}) such that

lu(fg) — n(fHu(g)| < Cexp(—mdist(f, g)). (35)

Moreover, if

0<pe(+110) <1 (36)

for all x € Z¢ and every configuration { € §2, then the unique invariant
measure [ is Gibbsian for Q-almost every realization of the disorder.

Remarks. — _

1. In [8], under the same conditions ((34) and (36)), but then for the
variables {k,, x € Z%} the uniqueness of the equilibrium state is proven.
However, since k, < g, the conditions of Theorem 3 are more restrictive.

2. Note that Stavskaya’s PCA does not satisfy (36)

3. In [12] and [15] similar results are proven for non-disordered dis-
crete and continuous time dynamics. There the decay of the spatial corre-
lation function (35) is immediate from the exponential decay of the time
correlations.

Vol. 70, n°® 5-1999.
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The remaining two theorems are dealing with continuous time RIPS.
First of all we consider conditions on the spin flip rates c(x, ¢) implying
that the infinite volume dynamics P, constructed with these random rates
is well defined.

Define the positive numbers Ay, E;, E; and E; as

My =y + Ay, 37)
E = E[(log(l +maxe(x, ;))d“}, (38)
Ey =E[(log(1+ ) ], (39)

1\ K
E3=E[<log(1+6—>> ], (40)
with K > 8d2.

Let {A,},=12,.. be asequence of d-dimensional boxes with diameter
2r, centered at the origin. Consider the infinite volume semigroup P/
with generator

L.f@Q)=> ez O(fE) - f©), ¢e,

with rates ¢, (x,¢) such that ¢, (x,¢) = c(x,¢) if x € A, and zero
otherwise.

THEOREM 4. — Suppose that
max{E;, E;, E3} < 00, 41)

then there exists a constant Cy such that when

) K
E[(log(l—l—%)) ] < Cy, (42)

there exist for any m > 0 and every local function f, Q-a.s. a finite
constant B = B(f, {Ay,}, {x}) so that

|P{f — P/ f|| < Be™, (43)

forall k > 1 > Iy, with supp f C Ay,

Annales de I’Institut Henri Poincaré - Physique théorique
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Remark. — This bound implies that the infinite volume dynamics with
semigroup lim, ;o P} = P’ exists and is Feller, i.e., P' f(¢) € C($2) for
every time ¢ > 0 for every f € C(£2).

In the final theorem we show that in the regime that we consider the
continuous time RIPS can be very well approximated by a discrete time
parallel updating random PCA. The difference between the two dynamics
can be bounded uniformly in time, which means that the bound also
applies to the difference between the invariant measures. An application
of such results (for non-disordered systems) can be found in the context
of constructive criteria for ergodicity, see, e.g., [6].

The random PCA we have in mind, can be constructed as follows. First
we define a new RIPS with spin flip rates

P RO ORI 102 44)
’ c(x,¢%) i L) #L(),

depending on some fixed ¢.

Denote by P; the corresponding semigroup with kernel p,(do|¢)
corresponding to the probability to find configuration ¢ at time ¢t when
the process was started in configuration ¢:

P @)= / FE)P (L) (45)

P,(d€|¢) is a product measure as there are single spin transition prob-
abilities {p; . (0 (2)|¢), z € Z} so that formally

P01 =] Pr.:(c@)I2). (46)

We consider now the PCA with transition probabilities
{ps.(-1), z€Z4}, 8>0,

and with corresponding transition operator Pjs defined by

Pf@)=P f(0). (47)

Vol. 70, n° 5-1999.
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THEOREM 5. — Suppose that max{E;, E,, E3} < 00, then there exists
a constant Cy such that when

(o) e

then there exists for every local function f with Q-probability one a finite
constant C = C(f, {Axy}, {8x}) such that

P f— P f||<68C (49)

uniformly in t, for 8 small enough.

|7 ] is the largest integer smaller than r.

4. PROOF OF THE MAIN RESULTS
4.1. The Toolbox

We start by summarizing some of the standard techniques dealing with
the uniqueness regime of IPS and by discussing their applications in the
case of RIPS.

4.1.1. Various percolation processes

Two kinds of percolation processes are essential in our study of the
uniqueness regime of the discrete and continuous time spin flip dynamics:
an independent site percolation on the so-called space—time graph of the
PCA and a ‘continuous’ percolation process on Z¢ x R.

The space-time graph £ of a PCA has vertices (x, N) € Z¢ x Z and
edges between (x, N) and (y, N — 1) with y € A,, and between (x, N)
and (z, N) if there is a v € Z¢ such that both x, z € A,. Consider a set
of densities {0 < px < 1, x € Z?}. We independently put every vertex
(x, N) € Z x Z ‘open’ with probability p, and ‘closed’ with probability
1 — p,. Note that the density p, at a point (x, N) is independent of the
time coordinate N. We say that there is an open path from (x, N) to
(y,M) on L if there is a sequence of open vertices

(x, N) = (20, n0), z1,11), ..., @, ) = (y, M), k>0,

that, consecutively, are connected via an edge of L. The probability that
this happens will be denoted by G((x, N), (v, M)). GN=M(x, y) is the
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probability that the points (x, N) and (y, M) are connected by a time
oriented path, this means that n;;; =n; — 1.

When the densities {p,, x € Z¢} are independent and identically dis-
tributed random variables with distribution Q, Klein [7] and Campanino
and Klein [3] proved (a slight modification of) the following result:

PROPOSITION 1.— Let K > 8d2. If

el ]

then there exists av(K,d, I') > 1 such that forevery 1 <v <v(K,d, I")
and m > 0, we can find constants 0 < ¢y, ¢; < 1 such that when

Q{px >c1} <ca, 51

there exists, with Q-probability one, a finite constant L = L(x, {p,}) such
that

G((x,N), (y, M)) <exp(—m[d(x, y) + (log(1 + N — M|)’]) (52)

when |x —y| > L or |N — M| > el

Note that if we want to, use Proposition 1 with the densities g, as
defined in (9), we should extend this proposition to the case where
the densities at nearest neighbor sites are correlated. The necessary
modifications to the proofs are mentioned in [8]. In the rest of the paper
we will always refer to Proposition 1, even when we deal with non-
independent densities.

The continuous percolation process on Z¢ x R is constructed as
follows. Consider two sets of positive numbers

{8,, x€Z and {Ay, x~y, x,y €Z%}.

On each line {x} x R, x € Z¢, we put cuts according to a Poisson process
with intensity 8,, and place arrows from y ~ x to x with intensity Ay.
A path is a connected set of uncut segments of vertical lines and arrows.
G'=5(x, y) is the probability that we can walk from (x,1) to (y,s) via a
time oriented path (with non-increasing time coordinates) following the
direction of the arrows. Suppose that the §, and the A, are both sets of
independent identically distributed random variables with distribution Q,
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that in addition are mutually independent, then Klein [7] has proven the
following result.

PROPOSITION 2.— Let K > 84>, If

r'= max{E[(log(l + kxy))K],E[(log (1 + (%))KJ } <00, (53)

X

then there exists a v(K,d,I'") > 1 such that for every 1 < v <
v(K,d, I'") and m > 0, we can find constants C, such that when

)\' K
E[(log(l-{——gg)) ]<c1, (54)

there exists, with Q-probability one, a finite constant
L =L(x,{Aq}, {6:})
such that

G'*(x,y) <exp(—mld(x,y) + (log(1+ |t —s]))"]) (55)

when |x —y| > L or |t —s| > el

Note that if we want to use Proposition 2 with intensities &, and Axy
as defined in (11) and (37), we should extend the result to the case where
the intensities are correlated when they have one lattice site common in
their indices. The necessary, but small modifications to the proof of Klein
are mentioned in [8]. In the rest of the paper we will always refer to
Proposition 2, even when we deal with non-independent intensities.

4.1.2. Various couplings

The major key to the proofs of our results is the connection between the
coupling of two spin systems and the percolation processes we defined
above. Let Pi(0), P,(o) be two probability ‘measures on §24, A C Z2.
A coupling of the spin systems (P, §24) and (P,, £24) is given by a
probability measure Prob(o, o’) on the product space 2, x £24, with
marginals P; and P;. In this paragraph we will define three different
couplings that, abusing the notation, we will all denote by Prob. To which
one we refer will be clear from the context.

(i) Let ¢, ¢’ € §2 be two configurations coinciding outside some A C
Z4, ie., {(z) = ¢'(z), when z € A°. The basic coupling between two
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copies o, and o, of the same PCA with as initial conditions ¢ and ¢’
gives rise to a new PCA with the properties that

Probloy (x) #oy(X)|oy_1 =, 0y =]
<var(pe(-1€), px(1¢), (56)

with, var( -, -) the variational distance and

Prob oy (x) # 0, ()2, ¢'] <Y GV (x,2). (57)

z€A

Here GV (x,z) is the probability to find a time oriented open path
from (x, N) upto (y,0) in the independent site percolation process on
the space—time graph £ with densities k, as defined in (8).

(ii) When we start a PCA with as initial configuration oy = ¢
and remember the configuration o, on every time step n we get a
configuration w = {0,},-0,1,.. on the space-time graph L. If we choose
the initial configuration according to any invariant measure w, we obtain a
measure g on the space-time configurations. Take V C Z4*! and W, W C
d(V°) such that WU W = 3(V°). Let w, o’ be two configurations on the
space—time graph L, such that w(z,n) = w'(z,n) when (z,n) € W. Van
den Berg and Maes [2] constructed a coupling between the conditional
measures u(-lw on V) and u(-|w’ on V) such that for every (x, N) € V¢,

Prob oy (x) # op(x)|w on V, o on V]

< D GG N, (zm). (58)
(z,n)eW
G((x,N), (y, M)) is the probability to find an open path from (x, N)
to (y, M) in the independent site percolation process on the space—time
graph £ with densities g, as defined in (9).
(iii) Finally we consider the basic coupling between two copies of
a continuous time RIPS o;,0, with initial conditions ¢, ¢’, such that
£(z) = ¢'(z), when z € A¢ for some A C Z¢. In this way we obtain a
RIPS with the property that ,

Prob[a; (x) # 0/ (x)|¢, '] <D G'(x,2). (59)

€A

G'(x, z) is the probability to find an open path from (x, ¢) to (z, 0) in the
continuous percolation process on Z¢ x R with intensities 8, and A, as
defined in (11) and (37).
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4.2. Proofs
In the proof of Theorem 1 we will use the following proposition.
PROPOSITION 3. — For every local function f

IPYf—uHlI< > ard GY0.2), (60)

yesupp f 7€Z4

with w any invariant measure for the dynamics.

Proof. —In the basic coupling we have that for all initial conditions

£, ¢
[PY @)= PN FEE)] <Y A fProblon(z) # oy (2)IE, L] (61)

Combining this with (57) and using that there is at least one invariant
measure for the dynamics yields Proposition 3. O

Proof of Theorem 1. — Define the box AY, x € Z4, as
={z, X < <KX+ N, i=1,....d}. (62)

A time oriented path w on the space—time graph L is uniquely determined
by its projection @’ on Z¢ and the number of steps [; = 1, 2, ... the path
spends on each site x; € . Note that ' is spatially directed. Let @ be
any path from (x, N) to (y, M), with d(x,y) =m, then y € AY~M and
the number of sites in &' is || =m + 1.

Hence,
m
N I (1-0)N
GV, Y > Tk <k Z H1—k9’
o ix—y lot++Hm=N i=0 x>y i=0
o/ |=m+1 10slm>1 ol

(63)

with ke = max,{k;, z€ AN} and0 <6 < 1.
We will use the Borel-Cantelli lemma to prove that for some § > 0
there exists Q-a.s. a finite time N; such that for all N > N; and Vz € AY

k1N L exp(—N exp(—8(log N)Y)), (64)

whenever v > 1/v, or v=1/v and «/8 is large enough.

Annales de I’ Institut Henri Poincaré - Physique théorique



RANDOMLY INTERACTING PARTICLE SYSTEMS 463
Consider indeed,
Q{3ze AY, k7 > exp(—exp(—8(log N)"))}
<1 = [1-Q{Byx > 8(logN)"}]
<1 [1—exp(—a(3ogN)*)") M, (65)

for all 0 < @ < 1. This is summable when

(N+1)¢

. d+1 _ 8\V v\ __
Jim N exp(~a(5) (logN)™) =0, (66)

e.g., when vv > 1 or when vv = 1 and o/ is large enough.
Using this together with Proposition 3, we see that there exists Q-a.s.
a finite N,, such that for N > N,

PN £ — w(H|| <IIflIlexp(—N exp(—38(log N)"))

d(x,2) k?u’
< swp 3, > Il ;e 60
XESUPPS o 7d o x>z =0 ]

o' |=d (x,2)+1

Finally, we observe that we can use condition (21) and the Chebychev
inequality to show that

d(x,z) kZ/ )
Q{ > I 1_}69,>e‘“"’<"~z>}<e—“d<“>, (68)

W x>z i=0 ;
|o'|=d(x,2)+1

for some o, «’. Hence, we can apply the Borel-Cantelli lemma to
conclude that the sum in (67) is Q-a.s. finite.
Theorem 1 follows for 0 <8 < A < 1, when Nj is large enough. 0O

Proof of Theorem 2. — We first calculate an upperbound for E(kY).
Therefore we define k* = k*(N) =1 — e #" as follows

(Y = (1 =) = e0oe, (69)

for some § > 0.
Then,

E[kY] =E[(1-¢*)"ly <y*]Qly <¥*

+E[(1—-¢)"ly > y*]Qty > v*)
Vol. 70, n° 5-1999.
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<exp(—8(log N)") + Qfy > y*)
<exp(—é&'(logN)"), (70)

for ' < min{§, «/B"} and N large enough. Later on in the proof we will
use the fact that we can take § > 1, and hence, when 8 > 0O is small
enough, 8’ > 1.

To prove Theorem 2 we rewrite Proposition 3 as follows

B[IPYS —uOI <A % E[G(o.2)]

z: d(xp,2)<(log N)¥

+ > E[GN(xo,z)]>, (71)

z: d(x9,2)>(logN)¥

with x¢ a fixed site in supp f.

We now follow the method of the proof of Theorem 1 and consider the
projection @’ of the space~time path w.

In the first case where d(xp,z) < (logN)”, we know that in each
possible space—time path w from (xg, N) to (z, 0) there is at least one site
x; € " where the path stays at least during /; > N/(log N)" timesteps.
Hence,

> E[G" (x0, 2)]

z: d(xp,2) <(log N)¥
d(xp,2)

< X > > I Ekg]

2 d(x0.)<U0gN)’ o 1xg—>z lot-H=N =0
|w’|=d(x0,z)+| gy l'w/|>l

< Y @+l S E[R]

z: d(x9,2)<(log N)Y [>N/(log N)¥

X2 (E[l kax])d(m

o' x9—>2
|o'|=d (x0,2)+1

N v
<exp— (8” (log (g N)”) ) ' (72)

for 8” < & and N large enough. Note that condition (24) guarantees that
the sum over the paths is finite and that in the case v =1 the sum over [
converges when §’ > 1.

Finally, we again use condition (24) to find a bound for the second term
in the RHS of (71)
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> E[G"(x,2)]
z: d(x9,z)>(log N)V
d(x0,2)

< ) > > Il Ek]

z: d(x0,2)>ogN)Y o' :x9—>z lo++lp=N i=0
|0 |=d(xg,2)+1 05 lm>1

kx (d(xg,2)+1)
< > v (e

20 d(x0,2)>(ogN)’ o :x9—z
| |=d(x0,2)+1

<exp(—8"(log N)"), (73)

for some 8" > 0 when N is large enough. The combination of (72) and
(73) proves Theorem 2. 0O

Proof of Theorem 3. — Consider the space—time measure g (as intro-
duced in paragraph 4.1.2(ii)). The projection of this measure to any time
layer is again the invariant measure u.

Denote by Vy = V x {N} a copy of the set V C Z? on the time N-
layer of the space—time graph £ and by fy a copy of the function f on
this time layer.

Using the space-time coupling (see paragraph 4.1.2(ii)) we can
estimate the truncated correlation function as follows:

ln(fe) — n(fHug)|
_ \ [ @ £© (sl on supp 1) - u(e)] .

< £l sglgplu(gzvlé on supp fy) — i(gnl&" on supp fy)

0

<IfNgll sup > G((x,N), (v, N)), (74)
XESUPPE y esupp f
for any N. Applying Proposition 1 gives (35).
To prove that u is a Gibbs measure it suffices to show that for every
x € Z there is a version of the conditional probability

nlo(x) =)o (y) =&(y), fory #x] (75)

which is strictly positive and continuous in €. (See, e.g., [16].)

The positivity is guaranteed by (36). To prove the continuity we define
a sequence of d-dimensional sets A, C Z¢, r =1, 2, ..., containing the
site x, such that A, C A, and filling up whole Z¢. We also consider
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two associated sets of configurations {£,},-;,, . and {£/},=; >, .. such that

£(2) =§/(z) for z € A,.
Then for any time N, for all finite V D A,,

|ufo(x) =)o (y) =£(y) on V, for y #x]
—pfox) =& x)|o(y) =&(y) on V, fory #x]]|
= |rlon(x) =&x)|on(y) =&(y) on Vy, for y # x]
—plon(x) =& (x)|on(y) =&'(y) on Vy, for y #x]|.

(76)

Using again the space-time coupling we see that (76) is bounded by
2Prob oy (x) # oy (X)|on (¥) = & (), oy (y) = §-(y) for y # x]
<2 ) G(&x, N), (2, N)), (77
Z€ALX{N}

uniformly in V. Proposition 1 implies that this tends to zero when A,
approaches Z¢. O

Proof of Theorem 4.-Let G'.(x,y) be the connectivity function
that corresponds with the infinite volume dynamics P! (cf. paragraph
4.1.2(iii)). To prove Theorem 4, we show that the sequence P! f(¢),
r=1,2,..., is a Cauchy sequence that converges uniformly in the
Banach space of continuous functions C(£2), || - ||.

Take [y such that supp f C Ay, and let k > [ > [,.

\PLf@) — PLFE)| = ‘ [ase - L:)P,;‘f(s“)’
0

<[as ¥ c@olPf©) - PIE)
0 Z€M\A;

t

<UAN [ds 3" sup supetz.®)

0 zeAR\A YESUPP S &

x Prob|o; () # 0, (9)I¢. £7]. (78)

In the 'last step, we introduced the basic coupling between two copies of
the semigroup P/, o; and o, with as initial conditions ¢ and ¢*. Now,
note that G%(x, y) < G'(x, y) when x # y. Then, (59) and Proposition 2
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tell us, that for any m > 0 there exists Q-a.s. a finite constant B = B(f)
such that for all times ¢ > 0 (78) is bounded by

B e—mdist(aA,,suppf) maxc(z,
> D> maxe(z, )

r>l 7€ A,
< Be (=) Z e "™ Z maxc(z, ). 79)
r>0 Z€0AI—p+r d
So, when the sum over r is Q-a.s. finite, the sequence P}, r =0, 1,...,1is

a Cauchy sequence and the infinite volume dynamics P’ is Feller Q-a.s.
Therefore we are left with estimating

Q{ max maxc(z,§)>e’"’}
2€0A1-1p+r &

<1- Q{ m{axc(z, ;) <e",vze 8A,_,0+,}
:|2d(2(l—lo+r)+1)d‘1

<1- [1 —Q{(log(l +m§IXC(z,§)))K > (mr)K}

(80)

E[(log(l + max, C(Z, ;)))K]] 2d(2(I—lp+r)+1)4-1
(mr)X

When K > d + 1, we can use the Borel-Cantelli lemma and condition

(41) to conclude. O

<i-i

To prove our last result, we will use the following lemma. Let,

cx=m§aXC(x,§), ny=m§1XIC(x,€)—C(x,§y)|- (81)

LEMMA 1.— The basic coupling between the RIPS P' and P 44)
obeys

Prob|[a; (x) # o/ (0)1¢, ¢]
2
< 5_[21“”(@4-21}2(1+cz)+c§> —l—cﬁ]. (82)
yx sy

The proof of Lemma 1 is postponed to the end of the paper.

Proof of Theorem 5. — The proof is an extension of a result in [14] for
non random IPS. Take t =né+s, 0 <s <6,

1P f = B < P F = PR F 1P = PRSI 83)
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The first term of the right hand side is bounded by

SILAILS s 3 A f maxc(z, ¢). (84)
Because,

Pn5 _ P3 ZPBn r P(r 1)5 (85)

the second term of (83) is bounded by

Z > A(PU f)Prob[os(2) # 05 (2)l¢, ¢ . (86)

r=Izez4

Prob is the basic coupling between the probability measures induced by
the original process P’ and the auxiliary dynamics P (as defined in (44))
respectively. Using (59) to bound A, (P13 ), we can show that (86) is
smaller than

> Y A Gy, 2)Problos(z) £ 0j(2)E, ¢]. (8T)

r=l y,zeZd

Under the conditions of Theorem 5, there exists, for some v > 1,
m > 0, Q-a.s. a finite constant B, = B, (x, {Axy}, {8x}) such that (see
Proposition 2)

o0

> G (x,y)

r=1

< Beexp(—md(x,y)) Y exp(—m(log(1+8(r — 1)))"). (88)

r=I1
Moreover,

Zexp —m(log(1+38(r — 1)))") [ ]Zexp (—m(logr)¥). (89)

r=1
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Applying Lemma 1, gives, together with (87)—(89) the following upper
bound for (87)

8 ~ —md(y,2) 2 2
EC sup Y e ”(Zl‘zu(cu+21“uv(l+cv)+cu>+cz),

yESUPPfZGZd u~z v~u
(90)

with C = C(f,d,m, (A}, {8,}) < 00 Q-ass.

Theorem 5 is proven if we can show that for every y € Z¢ the sum
in (90) is finite. Therefore we apply the Borel-Cantelli lemma to the
probabilities

of ¥ (Eru(etXrmarer+d)+e)=em] o

z2d(y,5)=L “u~z vu

which are summable over L.
Indeed, introduce I'(z) as

r@=Y ru(a+X e c)+d. o

u~z v~u

then, (91) is not larger than

emL
Q{Elz. d(y,z)=L, I'(z) > m}

del emL
<2dQ2L+1) Q{F(z)> 2d(2L+1)d—1}’ 93)
by subadditivity.
Repeating this argument for all the sums and using that I'y, < c,, we
easily see that all the terms that appear, are, for large L, dominated by

E[(log(1 4 ¢,))**']

— d+1 -
CiL4'Q{(log(1 +¢)"™ > CL4+12} < ¢, L T

94)

for some constants Cy, C,. Condition (41) implies that the sum over L
converges. [

Proof of Lemma 1. - Following [14] we construct for both IPS a
random PCA with transition probabilities parametrized by § > 0:

® _ [e7D if o(x)=2¢(x),
Px ("(")'C)‘{l—e—w“ if o(x) # L),
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and

§d(x,¢) 1 =
49 (o ()|g) = { P if: Zg;?éggg (96)

The Trotter—Kurtz Theorem implies that

hmp“/‘SJ P f(0), 181?(}?;’/“ =P f0). (97)

In the same way the basic coupling between the two RIPS P, and P,
is equal to the limit towards infinite small timesteps ¢ | O of the basic
couplings between the associated random PCA. E*¢ is the corresponding
expectation value in the coupled process with as initial configurations ¢
and ¢.

Define, for the configurations ¢ and ¢”, the indicator function 7 {oc (x) #
o’(x)} that gives one when o (x) # o’(x) and zero otherwise.

d
—Prob[o,(x) # 0/ (0)l¢. 7]

.1 ’
=E" [151151 5 (ar(pClon., qP Clo))) = How(x) # o)) ] 98)
By the triangle inequality, this is smaller than

E%¢ [11m (Zmaxvar (PP C1E), PP Cle9)) H{o1(2) #0/(2)}

510 8 \ &
+ m;lX(VM(p(a)( 10), PP C1e%)) — I)I{Ut(x) #0/(x)}

+var(p;5’(-|a,’>,q§5>(~|o,’>)]. (99)

In the limit § | O this yields

d
77 Problon(0) # o/ ()1, £] < > " I;Prob|o,(z) # 0/(2)1¢, ¢]

— m{in|c(x, ) + clx, £¥)|Prob[o; (x) # o/ (x)|¢, Z]
+E|e(x, 0)) —d(x,0))]]. (100)
The last term is bounded by
E>¢[|e(x, 0)) —d(x, o)) |1{o](x) =¢(x)}
+le(x, o)) —d(x, 0 {o](x) # ¢ (x)}]
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< 3" IProblo! (2) # £(2)] + exProblo](x) £ £ ()] (10D

Consider for any x € Z4
d d
EProb[a,(x) #LIg, ¢ = EEM [1{o/(x) # ¢ (x)}]
=E" [d(x,0,) (I{0/(x) =¢(x)} = I{o/(x) # (1) })]
< G- (102)

Hence,

Prob[o, (x) # ¢ (X)]¢, ] <t (103)

When we substitute this in (100) and integrate both sides between 0
and &, we get

~x

§
Problo(v) #0}(0)Ic, €] < 3 T [ dsProblon(2) #0216, ¢]
0

32
+ E(Z T e, + cﬁ). (104)

~x

Expanding the integral term in a Taylor series for small § gives

5
/ds Prob|[o,(z) # 0,(2)1¢, ¢]
0

2

8° d /
= = 2 Prob[0,(2) # 0/ @I¢. ¢ ], g (105)

for some 0 <6 < 1.
So, we can use (100) for the second time to conclude. O
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