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ABSTRACT. — By means of a certain conformal covariant differentiation
process we construct generating systems for conformally invariant tensors in
a pseudo-Riemannian manifold and use these invariants to derive necessary
conditions for the validity of Huygens’ principle of some conformally
invariant field equations as well as for a space-time to be conformally
related to an Einstein space-time. © Elsevier, Paris

Key words: pseudo-Riemannian manifold, conformally invariant tensor, conformal
covariant derivative, moment, Huygens’ principle, conformal Einstein space-time.

N

RESUME. — Grace a un certain processus de différentiation covariante
conforme, nous construisons des systémes générateurs de tenseurs invariants
conformes dans une variété pseudo-Riemannienne et nous utilisons ces
invariants pour en déduire les conditions nécessaires a la validité du
principe d’Huyghens pour quelques équations invariantes conformes de
champ et pour I’application conforme d’un espace-temps a 1’espace-temps
d’Einstein. © Elsevier, Paris
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314 R. GERLACH AND V. WUNSCH
1. INTRODUCTION

Let (M, g) be a pseudo-Riemannian C*° manifold of dimension n(n > 3)
and gap, 9°°, V4, Rabeds Rabs R, Capea the local components of the covariant
and contravariant metric tensor, the Levi-Civita connection, the curvature
tensor, the Ricci tensor, the scalar curvature and the Weyl curvature
tensor, respectively !. We consider polynomial tensors, i.e. tensors whose
components are polynomials in g and the partial derivatives of g,s. These
tensors are just the elements of the tensor algebra R generated by the tensors

Gab, gab7 V(i1 --'VirRir+1|ab|ir+2)a r= 0’ 17 2v (11)
by means of the usual tensor operations [Scho; dP; GiiW1].

A tensor T[g] € R is said to be conformally invariant (or more
briefly a conformal tensor) with weight w if T[g] has under a conformal
transformation

Tap = €%9a, @ € C=(M) (1.2)
the transformation law [Scho; GiiW1]
T(g] = **TYg]. (1.3)
Example. — The Bach tensor
1
Biyi, = 9493C% ;. "+ ——C% ;. "Ry (1.4)
122. n—2 -
is a polynomial conformal tensor with w = —1 if n = 4 [Scho; GiW1].

General algebraic and differential properties of conformal tensors
were investigated by Thomas [Tho], Szekeres [Sz], du Plessis [dP] and
Gunther/Wiinsch [GiiW1,2]. In [Sz; dP] particular sequences of tensors
satisfying (1.3) are given which generate all tensors with this property.
However, in general the elements of these sequences are not polynomial.
Conformal transformations and in particular the polynomial conformal
tensors have a great variety of applications, e.g. for a Lagrangian formulation
with locality principle of both general relativity and conformal field theories
and in the propagation theory of conformally invariant field equations
[AMLW; B@; Gii; McL; @; PR; Wiil-5]. It is an important problem to
give a survey of all polynomial conformal tensors or, with less pretension,
to give a method for constructing special classes of such tensors. Such a
method was developed in [GiiW1,2; Schi] using the infinitesimal generator
and the conformal covariant derivative of a tensor T € R.

LAl investigations in this paper are of local nature.
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CONTRIBUTIONS TO POLYNOMIAL CONFORMAL TENSORS 315

The paper is organized as folows. In Section 2, the basic ideas and results
of [GiiW1] are given with the help of which we derive further classes of
generating systems for conformal tensors in Section 3-5. In Section 4 we
transfer this method for the physically important case n = 4 to an extended
tensor algebra by involving the Levi-Civita pseudo tensor. In Section 5 we
consider the pseudo Riemannian space of dimension 3. In this case one has
to replace the Weyl tensor by the conformal tensor Sup. := v{cLs),. Finally,
in Section 6 we use generating systems for the conformal tensors for the
derivation of further explicit moment equations for conformally invariant
field equations for space-times and necessary conditions for a space-time
to be conformally related to an Einstein space-time.

REMARK 1.1. — The Sections 3 and 4 are an English version of results
which have already been published in [GeW1,2] in German, however,
the journal “Wissenschaftliche Zeitschrift der Padagogischen Hochschule
Erfurt/Miihlhausen” has ceased publication and can neither be found at
the Libraries and report organs nor be orderd. On the other hand some
colleagues working on this field recommented the publication of these
invariants in an international renowned journal.

2. SOME KNOWN RESULTS

In Section 3-5 we use the following basic ideas and results (see
[GiiW1,2]):

ProposITION 2.1. — (i) T € R has, under the conformal transforma-
tion (1.2), a transformation law of the form

i1 = o2 (7l + 3 Pl 3]

k=1
where the Py[g, ®] are tensor-valued homogeneous polynomials of degree k
in the derivatives of ® up to a certain order.
(i) T € R is conformally invariant iff this is true under infinitesimal

conformal transformations, i.e. iff
L1
Pifg, ®] = lim —(T[e**"g] - e***T[g]) = 0.
E—

REMARK 2.1. — Because of this proposition it follows from Py[g,®] = 0
that Pi[g,®] = 0 (k = 2,...,m), i.e. for the construction of conformal
tensors it is sufficient to calculate only “to the first order in the derivatives
Of @ »”
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316 R. GERLACH AND V. WUNSCH

Example. — For the Schouten tensor L., defined by

Loy = —Rop + Rgay @2.n

1
2(n—1)

we have

n—2 n—2
Pilg, 4], = TVaVb‘I’, Pslg, 9], = T(gabglk — 26,65)v 1Py ®.

Let 7 be the subalgebra of those elements of R which contain only first
order derivatives of @ in their transformation law and let ¢ be the ideal of
R which is generated by the tensors

v(i1"‘vikLik+1ik+2)7 k = 0,1,2,.‘. (22)

Now we define two linear operators in 7: The first one comes from
infinitesimal conformal transformations, the second one comes from
differentiation.

It follows from Proposition 2.1 that T'[g] € 7 iff P;[g, ®] has the form

Pi[g,®] = X"(T)v,%. 2.3)

DEFINITION 2.1. — The linear operator X defined on 7 by (2.3) is called
the infinitesimal generator of 7.

For X7 the Leibniz rule holds and one has X7(g,;) = 0.

CoROLLARY 2.1. — T'[g] € R is conformally invariant iff T|g] € T and
X (T) = 0.

Examples.

X’Y(Cabcd) = 07 X’y(vucuabc) = (n - 3)C’Yabca (24)

X7 (Ve Cabcd)zz["(se ’YCabcd + 6[(1 ’be]ecd+6[c|’YCab|d] e Gela Cb] 1d—ge [e Cab|d] .’Y]
2.5)

If T € 7, then we have in general v, T & 7.

Annales de UInstitut Henri Poincaré - Physique théorique
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DEFINITION 2.2. — For T € T the tensor

c

1
Vol = v, T — meX'y(T) (2.6)

is called the conformal covariant derivative of T 2.

. . . . c . .
ProproSITION 2.2. — (i) The conformal covariant derivative v, is linear,
obeys Leibniz’s rule and commutes with contractions.

(i) éa T > T
(iii) If n > 4, then T is generated by the tensors
Gab, gabv g"(il e éirczr+li,+2,)bv r= 0, 17 27 2.7
(iv) R is generated by the tensors (2.7) and (2.2).
(v) For every T' € 'R there exists one and only one element Ty € T with
(T —T) €. Itis TNi = {0}, and R/i is isomorphic to T.
(vi) If T € 7 has the weight w, then

X5(9aT) = vo(X*T) = 2w8*T + o*T, (2.8)
where
Aﬁ(]ﬂz]lm) = Asi:rij“.smm+A§:1T'j...l8m .. ._Aszsjmlm..._Al;;Tvis.“lm... .
2.9
and

tgs 1= 0587 + 676 — gaig™.
(vii) The Ricci-identity for éa has the form
9198y = (C,T)ag — YiaLp, X (T), (2.10)

n—2
where (C,T),; is the term one obtains from the right hand side of the
usual Ricci identity

V[avb]T = (R, T)aﬂ
by substitution of R by C.

Examples. = (i) vCabed = vkCabea

(i) Bab = viv:C*,! (Bach tensor) (2.11)
Using (2.5) and (2.8), we get X*(B,;) = 2(n — 4)v,Ck, 7.

2 This definition is different from the definition of the conformal covariant derivative
introduced by Weyl and du Plessis [dP; Scho].

Vol. 70, n° 3-1999.



318 R. GERLACH AND V. WUNSCH

When latin indices with subindices (e.g. 41, ..., %) appear in the sequel,
we assume that symmetrization has been carried out over the indices. If T’
is any tensor with covariant rank 7 (r > 2), then we denote the trace-free
part of T by T'S(T). For a symmetric tensor T;, ,; with r > 2 we write

1 2 ) 1 2
Tii.ip = Tiy..iv it TS(Ti i —Ti..i) =0.
In [Wii5; GiiW2] the following was proved:

Lemma 2.1. — If T;, . ;,_, is a symmetric, conformally invariant tensor
with covariant rank (k — s) and weight w, then

c c

X" (viyevi, Ty

Zs+1'..ik

)= s(2w + s =2k +1)6] \712 v, T

’Ls+1‘.,’ik M

DEFINITION 2.3. — A conformally invariant tensor T is called trivial if T
is generated by

{gabagabv Cabcd}' (212)

Let S, (w,n) be the set of all nontrivial conformal, symmetric, trace-free
tensors of R with weight w and covariant rank r.

LEMMA 22. - If a monomial in S.(w,n) contains o factors
{Viy-9iy_sCix_,abiy } and q operators <, then
r—2w=2a+q and w<O0. (2.13)
The number « is called C-order of a monomial of T € S,.(w,n).
Lemma 2.3. — A tensor in S,(w,n) contains a monomial with o = 1,
if and only if
n—2

r=2, nisevenandw:—z—.

Let Sﬁa)(w,n) be the subset of those elements of S,.(w,n) whose
monomials have the C-order «. The Propositions 2.1, 2.2, Corollary 2.1,
Definition 2.2 and Lemma 2.1 are very useful for the construction of
nontrivial conformally invariant tensors. In [GiiW2] generating systems are
constructed for S,(w,n) in the cases (r,w) = (2,-1), (1,-2), (0,-3),
(2,-2), (4, —1). In particular the following results were proved (see [Wiil,
Giw2, Gii]):

ProposITION 2.3. — If S;.(—1,4) € S.(—1,4) then one has

3
Sp(-1,4)=0 for r=0,1,3,5(-1,4)=aB, Sy(-1,4)=Y_ B W™,

m=1

Annales de I’Institut Henri Poincaré - Physique théorique
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where B is the Bach tensor,

W.(l) . =TS vaCb. °9aClizise + 16v,C% . %v,C" ira
34 .13

11...74 .ll'iz. .ilig,

+4C% ; b{2vavu0.1z%3i4b - Cai3i4-cLbC}]? (2.14)

22122

W(z) L= TS[ZVH C% bvucﬁzbu + zquu VVOV .

11...24 ‘i2i3. .iliza .i3i4‘
_C.c;lig.b{zvisquZbu - C.Cabig L., }] (2.15)
W . = TS[C®*CaiyinaCrizie]

and «, ﬂla ﬁ2a /83 € R

3. GENERATING SYSTEMS OF Sg(—1,n) FORn > 4

For a conformal tensor T} the Ricci-identity (2.10) reduces to
vy Te = —% abe." T 3.1
Furthermore, we use in the sequel the Bianchi identity
v1aChejij + n—i_3[gj[a|vu0uilbc] — 9i[a]7uC"jjbel] = 0. (3.2

Because of Lemma 2.3 and (2.13) the sets Sél)(—l,'n) and Sé4)(—1,n)
are empty. Thus it follows from (3.1) that

Ss(=1,n) = 8P (~1,n) USP (~1,7n). (3.3)

Firstly, consider the case o = 2: Then on account of (2.13) ¢ = 4.
Because of (3.1) and (3.2) a tensor of SéZ)(—l,n) has to be a linear
combination of the following linearly independent tensors >

1(2) c ¢ ¢ ¢ b
C; i =T S[Coabeiy iy VigVig vis C% %)

11...76
2 (2) c ¢ ¢ ¢
_ a b u
Cili _TS[C.i in. VizVigVisVulY abi ]
1 6 112 6
C C Cc C

3
BD =TSO P65

il---iG .Zl’iQ.
3 One can show the linear independence by means of the methods developed in [GiW2].

Vol. 70, n°® 3-1999.



320 R. GERLACH AND V. WUNSCH

c C

0(2) _TS[v“Cb Cvisvi4§acbi5isc]

1182

c c

5 (2) c ¢ abc
Cii..is=T S[v4; Cabeir Vig vy 935 C2 ) ig]

6(2) c c ¢ ¢ wab
Ciy is=TS[vi, Cainighviy vis v O 4]

c c c

C(Z) : —TS[VH RPYES bvuvav"‘czslﬁb]

c C c

8
2 ¢ uab
CEI)@ :TS[VUC... 11 Vi VigVig Caisisb]

(2) _ a€ c
Czl 16 TS[V 1122 vlzvuv Cz516a]

c

0(2) _TS[W1 v Cm3 Vz4VaCbz5zec]
11 c
0512) s ZTS[gn giz Cabcig §i4 gis Cab i6]

12(2) c ¢
Cil,..iGZTS[vilvizo.i3i4 stv Cabzs]

c c

13(2) € va b u
Cil.,,iGZTS[Vi1vi20.i3i4. vavuc.ig,isb]

Cil ._TS[v“vu inis. v“v Clslea] (3.4)
We put
1
2)y ¢ ¢ ¢ (abe (2)'7 — &7
QP = 6794,9aChiyiyevi, O™ i, Q = 87 9i,9aChigiyev®Cl;, ©
3 c ¢
2y _¢ove ¢ a (2)7 v a
Qil...ie - 5i1vi2vucabz3vl4C15L6 Q = 6 vaVuC' 2213bv1402516
5 c
2y _ u v (2)7 — £ uab
Qil...ie - 6 vlzvuczgz V Czrzea Q - 6 Vzgvzgcauzsbvuc ig
7 > (& [ (&
@y _¢ ¢ Yy £ rva b (2)7 _ & Y e b
Q21Z6 - v7;1 Vi2 C.abi3vl4 Cls’te Q - vllvaC.i2i3bvl4 04516-
9
2)y c & ¢ (rvab (2)7 _¢c ¢ b
le.)..is = vilvlécaiai‘lbvisc.,.i(; Q g Vzlvzzcazg,“bv 01516
5(2)7 _S S0 Sou e 12 59 L.
irode — Vi Vi2Migisa Ve isie. Qh...iﬁ = VHV szzsa Czszﬁ
13
@7 _ v bE € € o g e e
Qil...ie - 6 szz;, VigVisVull abig Qz(l.),’.yis = 67 C(izm Vi4VaVuC.i5i6b
15
@ _ i 16 2)y c b
Qil"'ie Cl”z v%vuv Cl”‘w ng ig Cﬂhwbvlsvuv Czsze
17
(2)y ¢ a b 18 o c ¢ ¢ b
> .= . . R . . aoc
Qzl"'lﬁ C bia V12VZ3V14C %- Qz(l) i 6xCabCi2Vi3vl4vlsc . 6
19
2)y e & & yab 3.5
Qz(‘l g Cai1i2bvi3vi4visc... ig (3.5

Annales de IInstitut Henri Poincaré - Physique théorique
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Using (3.1), (3.2) and the transformation formulae (2.4), (2.5), (2.8),

we obtain
(2
X’Y(C’Ll "'6)
(2)
X’Y(C’Ll 26)
where

A(GZ)(_lvn)=

0 0 0 0 0 0 0 0
0 0 0 0 0 0o 0 0
0 0 0 0 0 0 0 0
-2 —-12 4/a O 0 -¢ 4 2
-30 0 30/a O 0 0 6 0
0 0 -10 0 0 0 a O
0 0 1 -6 0 0 0 a
0 0 0 0 0 -18 0 0
0 0 0 0 -12 0 0 0
-4 -10 -6/a 0 0 2 -6 -10
-32 0 32/a O 0 0 -8 0
0 0 -10 0 0 -4 0 0
0 0 0 -10 0 1 0 0
0 0 0 0 -10 0 0 0

Q(2)’7
11...16
2

AP (=1,n)

Q(Z)’Y

21...26
0 0 0 0
0 0 0 0 -18
0 0 0 0 1
-6 28 2 -t
-6 0 0 0 0
0 0 0 2 —4
0 0 0 -5 0
0 0 -3 0 0
0 0 a 0 0
6 2 % 2 9
8 0 0 0 0
a 0 1 -2 0
0 a -4 2 0
0 0 0 2 0

witha=n—-3,b=n—-4,c=n-—2>5.
For n > 4, rank Ag®(—1,n) = 12. If n = 4, one gets more identities
concerning the tensors (3.4) and (3.5) (see [RW]; [Thi]). We obtain the

following result:

.LOO
'S

cocococoolocoo

| N
coococosor Loglwe

cocococococcoo oo

coccoocos oommooéo

—24

(=}

cocoocococol lo
o

PROPOSITION 3.1. — (i) If n > 4 then S¢®(—=1,n) is generated by the

tensors

SO(~1,m) =T(n - 3C ,, - 286D, ~180C%
— 45(n — 3) &P —a1(n- 3P .
+ 102602, +630C2 . +228¢2 .
+ 90&” 3 cﬁf’ o+ 54— 3)CP
—(n 0P, - 102602, - 37802,
- 10822 E g; c? .
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oo

S

U
coococococoeco, e




322 R. GERLACH AND V. WUNSCH

§P(~1,n) = —2(n - 3)CD ,6+4scff) io +16(n —3)CP
8(2) 8 (2) 360 9,2
— 2160, ;, —48C57 4, —m b1oie

11 432 14
—15(n-3)0? . +216C2 , + o) 2t

(i) S6®(—1,4) is generated by the tensors

SO (-1,4) = 22882, — 18082, —456? . + 102602,
+63002 ,, +22862 , +540%) , — 102602,
—3780%) ,.
§P(-1,4) =488? ,, 21607, — 480D . = 3600
+ 21605? i +43209)

Now let be a = 3: Then on account of (2.13) it is ¢ = 2. Because of
(3.1) and (3.2) a tensor of S¢®(—1,n) has to be a linear combination of
the following linearly independent tensors ¥

C

Cl(?) .ig = TS[CadeClllfz VizVig Ccisis d]
C’E?) a6 TS[CaCd"/l Cb 3 v13v140(2525 ]
3

0513)16 = TS[CacduOb 12v13v14ol516 b]

4 c
c® .. =Ts[cs PClacdiyviyvi, Oyt |

1113,

c

5
0(3) —-TS[CW2 acdzsvuvzscb 15]

1.
CD . = TSIC%, , "Cucary 50505,
ég)ze = TS[sz boczm éiséiﬁ Cacbd]
55?.)..1‘6 = TS[sz chm dgaéchisisd]
O 4y = TS[C% 1, "Cutis 51,54,
e ., = TS(C8,.,! cabméuéucz,-;]
161'513)16 = TS[C%,s, *CaiyirevsvuCY ;. ©]

C® . = TS[Cuupa%s, .. PonC5.. 4]

.1213 15 le
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1035?)16 = TS[Cacngzzsz stcbafe]

E‘IE?)ZG = T'S[Cacdir i, C%y1, 294 G5,

1055?)..,'6 = TS[Cacdirvis C%s, "95C%4i ]

O o = TS[C%1, "%iy Cactin 715 G,

ICZS') i = T5[C% 1, 94, Cacaiy i, C%,

OO o =TS[C ;. ¥, Cucais 96 C%, i, ]

lcgz(‘?) i = TS[C% .. VacczdebCzs,G 4

O . = TS[C% . 251, C i, *is Cact]

C& . =TS[CY,, viaczds.débcmm]

G o = TS[Coatir 912 0%, 0u 1, ]

O oy = TS[CY,1, "0, %y Ceatiy]

3’5?’,,i6 =TS[C%,., v C,314 °94Chigige)

gi?)zs = TS[C%, 1, "uC i, 9iy Chigio °]

O 0 = TS[C%,1, "0uC%, %6, Chigiy ]

C® = TS[C%,, P5uC 050 Cin): (3.6)

We set

QO = 870, Cuigin SuChesy QO = 61.C% 1 MCoariy9uCli, €
OO =% 20T Chs QP = % PCaigiat O,
OO, = 67 O Creaiy66,Cois® QP = 610,54, Crigea:, Ol
Q(‘”” = 0%, %0, . %%, Chigige 225?)76 =C%,;, 20 i, 9i,Crigis.?

Vol. 70, n® 3-1999.
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9 10

(3)y a ¢ Y ¢ (3)
Qil,..ie - 01122 Ccabi3vi4 C-i5i6~ Qil .ig
11

3)y — 87 (e c c d (3)’)‘
Qil...is 5 sz Cacdei4 C.isie. Q
13

3 a c Ye (3)'7
Qil...ie - C’Lllg CaiB'L’&ICviS C.b. i6 Q
15

G _ pa by ¢ (3)7
Qil.“ie Onn Cz3z4 cCai5i6b Q
1 3)y 67 ce . boed & o 18 )
Qil..‘is = dziz. Za.igVbLeisicd Q) 7,

we obtain
where
AP (~1,n) =
ro 0
0 0
0 0
0 0
0 0
0 0
12/a 0
0 0
-4 0
0 -5
1 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
8/a 0
0 o0
0 -4
0 -3
0o 1
-4 0
-4 0
Lo o
with a =

Q% = 86,08

ocroXoocococoo

4213

21...26

b cd €
C, %%, Vis Coedig -

Using (3.1), (3.2) and the transformation

1
x(c? )

27'
xX1(C® .

e

(=)

-1/a
—1/a
0

2/a

|
-
COCOOCOOCCOOOO—RHROOOOOODOCOO

—-10
-10

U
cCoococococoococooo L, oc0o0000c00

L (=N
o

c
avi4 Cb- . c

— . Y
= abczlc 1 .i516.

.22i3 .

= 67.C%:,"Cl iy 9 eClaabig

12@3 2415

b
0(113 i4 chC

1112

= ¢ bC’Y

.21 12 .13 'L4

z57/6

VaCbisiec
67 O‘:’.zi;; bCac 14 vis deczﬁ
3.7
formulae (2.4), (2.5), (2.8),

Q(3)’Y
1...16
3
=AP(-1m) |,
*
QO
11...16

0 -4 0 -10 O 0 0 0 0 0
0 4 0 0 0 0 0 0 0 0
0 4 0 0 0 0 0 0 0 0
-2 0 =2 0 0 2 0 0 0 0
0 0o -2 0 0 0 0 0 0 0
1 -1 -3 0 0 0 -1 0 0 -5
0 0 0 0 12 0 0 8§ -8 0
0 0 0 0 -4 0 4 -6 -4 0
0 0 0 0 0 a 0 0 0 0
0 a 0 0 0 0 0 0 0 0
0 0 0 0 0 0 a 0 0 0
0 0 -4 -8 0 0 0 0 0 0
0o -1 1 0 0 0 0 1 -1 0
0o -1 1 0 0 0 0 1 -1 0
1 -2 0 0 0 0 0 1 0 -4
2 0 0 0 0O -2 0 -2 2 0
0 0 0 0 0 0 0o -2 2 0
0 0 0 0 0 1 1 -4 3 =3
0 0 0 0 0 0 -4 -4 4 -4
0 2 2 -2 8 0 0o -2 2 0
1 -1 3 -1 4 0 0 0 1 0
0 0 a 0 0 0 0 0 0 0
0 0 0 0 0 0 0 a —-a 0
0 0 0 0 0 0 0 0 a 0
a 0 0 0 0 0 0 0 0 0
a 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

csocococolcocol,ovcoocoococo ] lvoocoo
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It is rank Ag®(—1,n) = 17 if n > 4. For n = 4 there are more identities
concerning the tensors (3.6) and (3.7) (see [Thi]). So we get

ProPOSITION 3.2. — (i) If n > 4, then S¢®)(—=1,n) is generated by the
tensors

1 1 2 3 4
§9(~1,n) = - 346¢¥) , +3602 , —234C , +140C

5 6 7 8 280 9
— 3100, —240C . - 5603 4520 22 0B

‘il...ia il‘..ie n — 3 21...16

448 1063) 448 L) 12(3) )
o3l T —_—30i1...i6 + 40505, i, — 22005 i
14 15 21
+680C ;. +3000) ,, +220C%)
_ 560 22 1030 )

n — 3 11...96 (n _ 3)2 11...2¢

2 1 2 3 4 5
59 (<1,m) = — 640, —40® . —400P , +4C® ;5608

il...is il...ie il...‘ts 1:1...1:6

6 7 8
_ 320(3) L 120(3) + 40(3)

il...ls lll6 Z’]...’ie n— 3 ’il‘..’ie

48 ) 48 U 12(3) =10)
T3l ;;__301'1...1'5 +75C; i T 12003
15 20 60 22 130 27
(3) (3) 3) 3)
+40C;;" i + 2003 s — n—__30i1...i6 - mcil...ie
3 2 3 4
$9(~1,m) =3(n - 3)0%, — 3(n =)L, +5(n =T 4,
5 3 9 3 13 3)
—5(n—3)C ,, —100%) ;, — 10(n = 3)CY
143 265 10 273
+10(n = 3)0), + 1005 i, + —5CP,

4 1 2 3
58 (=1,m) = +20(n — )0, +120(n = 3)CL) 5, — 120(n = 3L,
4 5 6
1+ 232(n — 3)CP . — 168(n—3)C ;. — 96(n — 3)C)

11...16 11...16

7 8 9
+4(n—-3)CP . +12(n-3)C? ., —464C

i1...1¢ i1...%6

10 11 12
+1440P . —144C® , —25(n - 3o

i1..06

13 14
— 440(n - 3)C® , +360(n —3)CY

i]...ie i]...ig
15 22 25 170 27
+120(n — 3)CP ;. — 1800, + 440C = o®

’il...ie n — 3 il...ie
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2 3
$®(~1,n) = — 5960, — 788D, —1860P . — 760

?1. 7'6

_ 25605;") 27205;“’) o +4C,1 i T 1205;” ig
n 152 5(3) 3 560 103 560 113y

n — 3 t1...16 n— 3 11...16 n — 3 21...16
15
+ 74505:” i #2200, 458009, + 1200,

(3) 700 22(3) 1810 27(3)
+2ZOC,l io T 30 m ir...i

2
$9(=1,n) = - 636¢P . —98¢? . —386CP . — 1000

1. 7/6
- 5800, 52005;” Wm0, 1269,
240 8(3) 912 1&’(3) _ 912 113y

n— 3 1. 16 n — 3 il..‘ie n — 3 i]..‘is

14
+ 79509 22000 i +1180CY .+ 3200 o
1140 22 2250 27
+aa000, - —DEO 20 Fo)
1---26 n—3 1.6 (’fl _ 3) 1--.16

S(S)( ) 6865:13) i 1205?) i 360z13) ig + 1205?) R 880(3)

1. 16
~9669 . +40© , + 1200

G145 n____3 11...16
144 10 144
—_505?.)..i6 - Cff) i+ 85CP , + 800

i1...16 11...%6

53 73) 180 22(3) 390 20
+ 1200’zl i T 800’Zl g m i1ig (714‘-3—)20,-1._%

8 2
S (~1,n) = — 680, + 7128, ~1200% , +920®

1. ZG

~ 1680 . 9605’) o HACD 41269,
24 9 144 10(s) 144 B

n — 3 11...26 n — 3 21...7¢6 n— 3 21...%6

+85C%) . 28009 43600 , + 1208 .
180 22 390 27
+8000, — = f-f’?..iﬁ - 2C
n—3 (n—3)
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$9(=1,n) =20(n - 3¢, — (n=3)C .. —10(n -3,
+<n—3>c£?) 4o~ 14(n— )05?) o =8 =3)CY,

3
+4(n-3)CP 16+12(n 3C® . —20® . 416609
—25(n — 3)C® +30(n 30
60 27(3)

560(3) l1 ’Le
15

11...16 i1...16

§9(=1,n) =332(n — 3)0® . +12(n - 3)CP .. +120(n — 3)CP

11...16 1...16
—12(n -3, +168(n - 3)CP . +96(n - 3)CP

—4(n-3)0P , —12(n—-3)C . +2109

11...%6

— 415(n — 3)0®

11 '6

+2060P , + 1440

i1...16

—120(n - 3)CP . —700(n — 3)CY.

i1...16

— 360(n — 3)C®

i1...16

270 27
+ 4400(3) 0 (3

i1...16 n_3 i1...06 "

(ii) 86(3)(—1, 4) is generated by the tensors

89 (~1,4) =8¢, — 709 . +1040D , +100©) . - 21809
+ 7208, —1069 .
23
40051” it 1005?) i

9 24
§9(-1,4) =320, — 300, —240® . —140P . +300P
5605?’ W 1c

16 23 24
- 705?? 42409 . 48209, — 3409

4 3
S((33)(— ) C( ) i

i1...%6

+ 1840(3)

1. 16 11 7‘6
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(3)( 1 4) CS?) .16 + 465?) .ig + 205?) g 1005? 16 + 605?) ig 205?) ig

c c

S(g)( 1,4) O C’aimbvcvua’f €,

11t2 1516 -
We summarize our results in the following

THEOREM 3.1. — (i) If n > 4, Sg(—1,n) is generated by

{(82(-1,m), @ (~1,n), 58 (~1,m), .., S (~1,m)}.
(i) Se(—1,4) is generated by *

(52(-1,4), §2(-1,4), $P(-1,4), .., S (~1,9)}.

4. ADDITION CONFORMAL TENSORS FOR n =4

In a four dimensional pseudo Riemannian manifold (M, g) with a smooth
metric of the signature (+---) the moments of some conformally invariant
field equations are symmetric, trace-free conformal tensors (see Section 6
and [Gii; Wii5]). In case of odd order these moments also depend on the
Levi-Civita pseudo tensor e,ncq. Thus for a general construction of such
conformal tensors we have to extend the tensor algebra R (see 1.1) by
the pseudo tensor e,pcq. Let R* be that tensor algebra which is generated
by the tensors (1.1) and e,pcq. Then all the results of Section 2 remain
valid with exception of Proposition 2.2 () where the tensors (2.7) have
to be extended by eapcd-

The Bianchi identity for the dual Weyl tensor

*

1
abed *= EeabEfCCfcd (41)
has the form
v[a*cbc]ij + gj[alvu*0.1;|bc] — gi[a|vu*02|bc] = 0. (42)

Let S,*(w) be the set of all nontrivial conformal, symmetric, trace-free
tensors of R* with weight w and covariant rank r. Let S,*(*)(w) be the
subset of those elements of S,*(w) whose monomials have the order a.

4 This generating system for Sg(—1,4) is the same as the one derived in [GeW2] and has
already been used in [Wii5], in detail $* (6")(—1, 4) is equal to Sé”’k)(—1,4) of [Wii5], where
(k,v) € {(2,1), (2,2), (3,1), (3,2), (3,3), (3,4), (3,5), (3,6)}.
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In [Wiil] it was proved

PROPOSITION 4.1. — The sets S1*(—1), S3*(—1) are empry.
Now we consider the case r = 3:
Because of v, vy *C4 ;.2 =0 (see [KNT]) and Lemma (2.3) §,*®)(-1)

is empty and we have
S5* (1) = S5 P (=1) U Ss*®(=1). 4.3)
Firstly, let @ = 2: Then on account of (2.13) it is ¢ = 3.
Under consideration of (4.2),

;,’1 "'gir_l*cﬁécir gir‘+1 ...éi,_lCabcis =0 (7‘, S = ]., 2, 3, ) (44)
and of some more identities with respect to the derivatives of C... and *C...
which one can show by means of the spinor formalism (see [Thi; GeW1])
a tensor of S5*®(—1) has to be a linear combination of the following
linearly independent ¥ monomials ([GeW1; Ge])

C® = TS[C%, 58,5 9uC ]
GO = TS[C% 1, i aouCli)
CP) = TS[5:,C%, P50, 5uCl,]
CP = TS5, 0%, PouuC i)

5 c c
c? . =TS[k.C" Vi29i 0%, 7]

11...25 abiy
gﬁf)zs - TS[vu zlnavlzv 01415 ]
(Z’z(-lz).is = TS[v*C4,, "%i;vaCaiist]
*61'512)15 - TS[ Cl]'LQ v13;l4guc.l«‘1bi5]

2 be
*dZ) = TS[ Czlzg viséag Cuzsb]

i1...85

2) *x~va b € u
dl s TS[VH C’Lzlg VigVu .abi5]
2) € %x/,va
Cfl a5 Ts[v’t] 01213 vﬂv Cz4z5b]
d2) TS[ *C Ca, b]
11...15 Vu ab11v7'2 vlS [i415.
2) * ¢ v a
dl a5 TS[VU Czlz avlsvvc.iu's. ]

&), = TS0, oS uCasi)

1112
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Q(2)‘Y
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[

= 61C%,. 290, vuC%,, ng” = 670 29a9uCY iy
=C%, béisgac‘z@sb Q(2)7 = C’ab“v,?vhcl‘;ds'b
C“,Lz stguc.cima. Q(2)’Ys _ 6"/ l-‘dcuzﬂ3 Vdcai4i5b
(5 v”C’wl‘1 béqu;,,is Qf?)Wls — 57\7 Cz:ﬂwv 01;415 a
vi: C%iy 910 Ol 5§f?3.5 = 94,C%:, 590,000
éilclzla C”:4150
6170 P, O, = 67708, P,
*Cilzz vlaéac.’zygisb 512)7 =*C(;1z2 v23§'14cj¢yzbi5
=*Gzl,xéuv Chie QDT = 818,700, Y500,
*sz C.Z4i5b Q(z)’y =vAll*012z3 V 01:425a

Using the transformation formulae (2.4), (2.5), (2.8), one gets

with

1
[ x(¢? )

)
x1(c® )

s 452 (-1)
X0 )

X C(z) i)

. A0
As("’)(—1)=[0 B
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and
~10 0 0 1 2 0 0 0 0 0 0]
1 -6 1. 0 -5 0 0O 0 0 O O
-4 0 0 0 -1 0 -4 0 1 0 1
A=|0 -4 0 0 1 0 1 0 0 1 -4j,
0 0 0 1 0 O -1 0 0 0 -2
0 0 0 o0 1 0 0O -50 0 1
|-4 0 -4 0 0 -5 -4 0 0 -4 0]
—10 0 0 1 2 0 0 0]
1 -6 1 0 -5 0 0 0
-4 0 0 0 -1 -4 0 1
B=|0 -4 0 0 1 1 1 -4
0 0 0 1 0 10 0 2
0o 0 o0 0 1 0 0 -1
| -4 0 -4 0 0 6 6 2

Because of rank A = 7, rank B = 6 we obtain

PROPOSITION 4.2. — S5*(?)(=1) is generated by the tensor

Sé?)(_l) — 4*5{2) _ 6*&&2) + 26*852) + *af?..is. (45)

21...1:5 'l:l...i5 1...i5

Finally, in the case @ = 3 we have ¢ = 1 because of (2.13). A tensor
of 85*®)(—1) has to be a linear combination of the following linearly
independent ¥ monomials

1 c
c® = TS[CY% ;. PCuiyis v uClai)

11,35 4112

2 c
C® . =TS[C Crediyviy,C%yi, "

.’i4 i5 .
3 c
P i =TS[C4 CrigeaviyCyi, "]
1 c
*0(3) is — TS[*Czlig.bOai3i4-dvu :L;)dzs]

9 € x,va
O i, = TSI, Creaiyvis* Cliy 1]

a..iq “i415.
3 C
0¥ =T1s[rcsl CrizeavisCyiy]

..ty
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After using the transformation formulae (2.4), (2.5), (2.8) and
consideration of further identities [Thi], we obtain

3 c .3
X’Y(C( ) ) = 1,122 az314 Cba5 - Qzl ’715

1. 25

X’Y(C(3) ) — _12Q(3)’7

i1...05 11...%5

X’Y(C(3) ) - SQ@)'}’.

1 ‘L5 11...25

X’Y( 0(3) —*Ce Cma“ chczs :*Q(3)’Y

1. 15 1112 21 5
vy 3) _ (3)y
X ( dl 15 - Qil...is

3) —_ *)3)
X‘Y( dl 25) : 8 Qzl 715
Thus we get

PROPOSITION 4.3. — S5*(®)(—1) is generated by the tensors

$O(-1)=127¢P P, (46)
$9(-1)=8C®, —o© . @.7)
§9(-1)=1209, +CP,. 4.8)

§9(-1)=8c®, - P ... (4.9)

It follows from the Propositions 4.1, 4.2, 4.3.

THEOREM 4.1. — S5*(—1) is generated by the tensors °

8P(=1), 5(~1), ..., 59 (~1).

5 This generating system for S2(—1) is the same as the one derived in [GeW1] and has
already been used in [Wii5], in detail we have

1 4
(82 (=1), 8P (-1), ..., $P(=1)} = {82 (-1), 8V (=1), ..., 8 (= 1) }wss) -
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5. THE CASE n = 3

If n = 3, the Weyl tensor vanishes. However, the tensor
Sabc = g[cLb]a 6.1

is a conformal tensor of the weight 0 [Sz]. It is Sy = 0 iff (M,g) is
locally conformal flat. One can show easily the following properties of
Save [Scho,Gel:

5% =S% = Sa’ =0 (5.2)
V[i|Sa|bc] =0, v“Suab = 0, vuS[ab]u =0 (5.3)
Siabgelj|9ar = 0. (54)

LEMMA 5.1. — For the tensor Sq. it holds the identity
T2 ped = 5[];5b]cd — Gbfe/Sala)’ + Gaje|Sejq? = 0. (5.5)

Proof. — The tensor Tflbcd satisfies the conditions
T.{zbcd = —le;acd = _T{lbdc
and Tflkc.’“ = 0. Consequently we have T{lbcd = 0. (see [Lo]).

COROLLARY 5.1. — It is

V[aSbled = Gb[e|VuSald)." = Gale|VuSb|d]."- (5.6)

All results of Section 2 with exception of Proposition 2.2 where one has
to replace the tensors (2.7) by
gab7 GJab, gil'"gz}siﬂ_lab T = 0,1,2,... (57)
remain valid. In particular we have

X7(Sape) =0, 9iSabe = viSape (5.8)

Xﬁy(éisabc) = —36]Sabc—0 Sibc—0] Saic—06) Sabit9iaS ho+Giv S e+ icSap”
(5.9

X(5"Sub) = ~25,5) (5.10)
X’Y(giéjsabc) = - 85’(‘2VJ) Sabe + gijV7 abe — 25ZV(iSj)bc
= 26,9 i1 Salj)e = 2009 (i Savls) (.10
+ 294(iv5)She + 96(75)Sa e + 9e(i9j)Sab 5
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The tensors of S,{*)(w,3) are representable as a sum of monomials
containing « factors {éil ~-~§ik Sixi1ab} and ¢ := 7 — 2w — 2 — 2 operators
v (with respect to Sgpe).

In the following we construct generating systems for S,(¥(w,3) in the
cases (r,w) = (0,—4), (1,-3), (2,-3), (3,-2), (4,-2).

Firstly, let be » = 0:

Because of (5.2),..., (5.4) and (5.6) a tensor of 80(2)(—47 3) has to be a
linear combination of the following monomials:

L a gbed
S = vaSbcdv S
2 b qacd
S = vaSbcdv S

3 abcfdC

S = Sm 974 Sape-

Using the transformation formulae (5.8),..., (5.10) and the identifies
(5.2),..., (5.4), (5.6) one obtains

1

X7(8) —6 —4 L
2

XV(S) =|-2 -8 1217
3 -5 4

X7(8)

with the transformation terms
1
T’Y = Sabcvfysabc
2 b
TV = Sapev?S7°C.
The transformation matrix has the rank 2 from where we get
PROPOSITION 5.1. — So(?)(—4, 3) is generated by the tensor
1 2 3
5P (~4,3) = =125 + 115 + 108.

Now, let be r = 2:

Considering (5.2),..., (5.6) the following linear independent terms are left
L b 2 b
Si1i2 - TS[Vil Sa 'C_ Vig Sabc] Si1i2 - TS[VaS v"Sabu]

c

3 b 4 c
Siviy = T8[vi, S vaSipbe]  Siyin = TS[S™ 94,94, Save]

1112.

c [ c,C

5 abe 5 b
Siviy = TS[S" vi,vaSisbe]  Sivin = TS[S;,” 9*vaSiybe]-

With due regard to the identities (5.2),..., (5.6), to those following out
of them and the transformation formulae (5.8),..., (5.11) we obtain after a
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conformal transformation

1 (-2 —4 -8 O 0 0 1
X’Y(Sil'h) _% % 1 _% -1 _4W TZ”'?
' |1 -3 -6 -3 -2 0
¥ =12 4 8 0 0 0
, 6 -6 0 12 3 -6 0 6
X(Saidd {0 2 0o -5 2 4] T
with the transformation terms
l’Y ¥ abce 2’7 ~yab
Ti]’ig = 6ilsabcvizs. .. Ti1i2 = Silabvizs. ..
3 4
T, = Sabiyvin S T3, = Siyar®’ S, "
5 6
T;'Ym = 521 Sabcvasigb.c. TZ”-Z = Sabv.vasiliz ‘b~

The rank of the transformation matrix is 5 from where we get

PROPOSITION 5.2. — So(®)(=3,3) is generated by the tensor

@ 1 2 3 4 5 6
857 (=3,3) = 18844, +128i,5, — 18544, — 9S40, +884yi, + 128414,
In an analogous manner we obtain

PROPOSITION 5.3. — S4®)(—2,3) is generated by the tensor

1 1 2 3 4 6
S4(—2,3) = —88i,.is — 28i,..iy — 5Siy.is T 281y + 45460

2 ) 1 2 3 5 6
S4(—2,3) = =128, i, — 7S4y.iy — 1284y iy + 284,04, 1280, i)

where

é’il...“ = TS[vi, Siis.*v" Siyaul §i1i4 =TS[v:,S;, s Sisat)

g’ilu.u = TS[v*Si,ir"vaSigisb) g'il...z;l = TS[SiliQ.agigéuSuau]

g’il...u = TS[Silfﬂ? iy iy Sisab) gil...i4 = TS[SiliQ.aébngmw}
PROPOSITION 5.4. — The sets $1®)(=3,3) and S5 (—2,3) are empty.

Remark 5.1. — One can show the linear independence of the in this
section occuring tensors either by means of the spinor formalism for three
dimensional manifolds [I1] or with the help of suitably choosen test metrics.
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6. APPLICATIONS ON SPACE-TIMES

1. Huygen’s principle for conformally invariant field equations

Let (M, g) be a space-time, i.e. a 4-manifold with a smooth metric of
Lorentzian signature. The following conformally invariant field equations
are considered ([Gii; Wii5; CMcL; McLS]:

1
Scalar wave equation gPvavpu — gRu =0 E;
Maxwell’s equations VaFr) =0, v F% =0 E,
Weyl’s neutrino equation vApa =0, E;

where F,;,dz®dz® is the Maxwell 2-form, ¢ a valence 1-spinor and v 4 x the
covariant derivative on spinors. For any of the equations F;-F3; Huygens’
principle (in the sense of Hadamard’s “minor premise”) is valid if and only
if the tail term with respect to F,, o = 1,2, 3 vanishes ([Gii; Wii; CMcL]).
Since the functional relationship between the tail terms and the metric is
very complicated, the problem of the determination of all metrics for which
any equation F, satisfies Huygens’ principle is not yet completely solved
(see [Gii; Wiil-5; CMcL; McL; McLS; AMLW; RW]).

The usual method for solving this problem is the derivation and the
exploitation of the moment equations ([Gu; Wii5])

I . =0 o0=1,23 1r=012.., ME?

i1.in
where the moments I7 = I . are symmetric, trace-free, conformally
invariant tensors of the weight —1. They are derived from the tail terms
with respect to E,, 0 = 1,2,3 by means of the conformal covariant
derivative (2.6) ([Gii; WiiS]). If ¢ is analytic, we have the following
relationship between the moments and the validity of Huygens’ principle:
The equation F,, 0 = 1,2, 3 satisfies Huygens’ principle if and only if all
corresponding moments vanish on M ([Gii; WiiS5]). Using the results on the
theory of conformal tensors, in particular the results on generating systems
of Sections 3 and 4, one obtains information about the general algebraic
structure of the moments for 0 < r < 6 ([Gii; Wii5]).

The following proposition was proved in ([Gii; Wii2,5]):
PRrOPOSITION 6.1. — One has
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() I7=0if (r,0) € M :={(k,1) : kodd} U {(m,0) : m € {0,1, 3},
o €{1,2,3}},
(i) I7 € §,(-1,4) if r is even,
(iii) I? € S(-1) if r is odd.
The propositions 2.3, 6.1 and the Theorems 3.1 (ii), 4.1 imply
PROPOSITION 6.2. — There are real coefficients

- ) 3,
o, BT, 4 ®, 7, 55, %)

with
3
=a®B 1= W
k=1
2 l
17 =798 (-1) + 34> s O(-1)
=1
2 m 6 P
=3 60780149+ 685 P(-1,4)  (0=1,2,3).
m=1 p=1

Detailed information about the coefficients of Proposition 6.2 are given in
[Wii5]. The following proposition was proved in [Wii2,3,5; McL; CMcL;
MCcLS; Gii]:

PropoOSITION 6.3. — If g is an Einstein metric, a central symmetric metric,

a metric of Petrov type N or D, then it follows from the moment equations
I7 =0, 0€{1,2,3},0<r<6

that g is conformally equivalent to a plane wave metric or to a flat metric .

2. Conformal Einstein space-times

2

The conformal tensors B (see (2.11)), W2 (see (2.15)) and Séz)(—1,4)
(see Proposition 3.1(ii)) vanish in a special Einstein space-time, i.e. a
space-time with R, = 0, if n = 4. Thus we have:

PrROPOSITION 6.4. — In the case n = 4 the conditions

2
2 2
B=0, WP=0, §?(-1,4)=0
6 A conjecture is that the moment equations I¢ = 0 (r = 2,4, 5, 6) are also sufficient for the
validity of Huygens’ principle for E,, 0 = 1,2,3 and that these equations are fulfilled if and

only if g is conformally equivalent to a plane wave metric or to a flat metric [W2,5; CMcL].
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are necessary for (M, g) to be conformally related to a special Einstein
space-time.

Remark 6.1. — H.W. Brinkmann [Bri; Scho] studied necessary and
sufficient conditions for Riemannian spaces to be conformally related to
Einstein spaces. However, since his arguments involved the existence and
compatibility of differential equations, a constructive set of necessary and
sufficient conditions is very difficult to infer. Kozamek, Newman, Tod
[KNT] and the second author [Wii4] solved the problem in the physically
interesting case n = 4 for all space-times excluding space-times of Petrov
type N, using the conditions B = 0, W = 0. In the case of N-type
the derivation of a constructive set of necessary and sufficient conditions
for (M, g) to be conformal to an Einstein space is much more difficult
[KNT; Wud4].
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