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ABSTRACT. — The constraint equations for Yang-Mills and Dirac fields
are investigated for the extended phase space consisting of the Cauchy
data A € H*(R®), E € H'(R?), and ¥ € H?(R3). The solution set is a
smooth submanifold of a dense subspace of the extended phase space. It is
a principal fibre bundle over the reduced phase space with structure group
consisting of the gauge symmetries approaching the identity at infinity.
© Elsevier, Paris
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RESUME. — Les équations de contraintes pour les champs de Yang-Mills et
Dirac sont examinées dans 1’espace de phases prolongé composé de données
de Cauchy A € H%(R®), E € H*(R®), et ¥ € H?(R3). L’ensemble de
solutions est une sous-variété d’un sous-espace dense de I’espace de phases
prolongé. C’est un espace fibré ayant pour base 1’espace de phase reduit
et pour groupe structural le groupe de symétries de jauge convergeant vers
I’identité a ’infini. © Elsevier, Paris

1. INTRODUCTION

This paper is second in a series devoted to a systematic study of a
classical phase space for minimally interacting Yang-Mills and Dirac fields
Research partially supported by NSERC Research Grant SAP0008091.
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278 J. SNIATYCKI

in the Minkowski space-time. The structure of such a phase space plays
an important role in the quantization of the theory, independently of the
quantization techniques employed. An analysis of a possible phase space
for the theory involves:

1. A determination of a space of Cauchy data admitting solutions to the
evolution component of the field equations,

2. An analysis of the constraint equation in the chosen space of the
Cauchy data,

3. A determination of the reduced phase space and an analysis of its
structure,

4. An analysis of the physical consequences of the given choice of the
phase space.

There are several papers devoted to the first point, that is a determination
of various spaces of Cauchy data admitting unique solutions of the field
equations, Ref. [1-7]. A complete analysis of the constraint equation was
given by Moncrief, [8]. However, there are no existence and uniqueness
theorems for the space of the Cauchy data used in [8].

We consider here the Yang-Mills-Dirac theory for the internal symmetry
group G with the Lie algebra g admitting an Ad-invariant positive
definite metric. The Yang-Mills potential A, describes a connection in
the principal fibre bundle R* x G with respect to the trivialization given
by the product structure. It is a g-valued 1-form on R%. The curvature
form of the connection given by A, is described by the Yang-Mills field
Fu, = 0,A, — 0,A, + [A,,A), where [.,.] denotes the Lie bracket
in g. The 3+1 splitting of the space-time leads to a decomposition of
the Yang-Mills potential A, into its time component Ay and the spatial
component A = (Aj, Az, A3). Similarly, the Yang-Mills field F,, can
be decomposed into its electric components E = (Fyy, Fya, Fy3) and the
magnetic components B = (Fb3, F31, F15). From the point of view of the
evolution equations it is convenient to consider A, F and B as g-valued
time-dependent vector fields on R®, and A, as a g-valued time dependent
function on R3. The vector potential A describes the induced connection in
R? x G. The matter is described by a Dirac spinor field ¥, that is a time
dependent map from R3 to C*®V/, where V is the space of a representation
of G. The field equations split into the evolution equations

A =E + grad Ay — [Ao, A
E = —curl B — [Ax, B] — Ao, E] + U4 T, 0T* (1)
U = —70(71'8]» +tm + ’YOAO + ’yjAj)\Il
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REGULARITY OF CONSTRAINTS IN YANG-MILLS-DIRAC THEORY 279

and the constraint equation
div E = [A; E] + VI T, 0T (2)

where [.;.] is the Lie bracket in g combined with the Euclidean scalar
product of vector fields in R3, {T*} is an orthonormal basis in g, and the
Latin indices are lowered in terms of the Ad-invariant metric in g.

In the preceding paper [9] we have proved the existence and uniqueness
theorems for the evolution component of the field equations, Eq. (1), with
the Cauchy data (A, F) for the Yang-Mills field in the space

P,, = H*(R*, g ®R’) x H'(R*, g ® R?),
and the Cauchy data U for the Dirac field in
Pp=H*R*C*®V).

Here, for any vector space W, we use H*(R3, W) to denote the Sobolev
space of maps from the source space R? to the target space W which are
square integrable together with their derivatives up to the order k. In [9]
we omitted the target spaces in our notation for the sake of brevity. In the
present paper we have several intermediate target spaces and use the full
notation for Sobolev spaces in order to avoid a confusion.

The aim of this paper is to study the structure of the constraint set, that is
the solution set of Eq. (2). The main results obtained here are summarized
in the theorems below.

THEOREM 1. — For minimally interacting Yang-Mills and Dirac fields, the
constraint set

C = {(A,E,¥) € P | divE + [A; E] = U1 (I ® T*)UT,}
is a C*°-submanifold of the Banach space
P°={(A,E,¥) € P |div E € L¥*(R%,g)} (3)
with the norm
(A, E, @)l po = [I(A, B, V)| p + [|div E|| o5 gs g)- (4)

Similarly, in absence of Dirac fields the set of the Cauchy data (A, E)
satisfying the constraint equation is a C*-submanifold of

{(A,E) € Py | div E € L¥°(R®, g)}.

Vol. 70, n® 3-1999.



280 J. SNIATYCKI

Using the Implicit Function Theorem for Banach manifolds, [10], and
the results of Eardley and Moncrief, [4], one can show that Theorem 1
is a consequence of

THEOREM 2. — For each A € H?(R3, g ® R3), the operator
Divge = div e+ [A;e]

maps
D ={eec H*(R®,g ® R®)|div e € L*°(R® g)},

onto the Banach space
B = H'(R? g) N LY/5(R3, g).

Outline of Proof. — It follows from the results of Ref. [4], that the Laplace
operator restricted to the space {¢ € H3(R?, g)|A¢ € LS/5(R®, g)} is onto
B. Hence, taking e = grad ¢, we see that the divergence operator div maps
D onto B. Now, the covariant divergence operator Dive = div e + [A; €]
is a perturbation of the ordinary divergence div by a multiplication
operator e — [A;e]. We show that, for A € H?(R3, g ® R3), the operator
D — B : e~ [A;e] is compact. Since div e is onto and [A;e] is compact
it follows that Div4 is semi-Fredholm, which implies that it has closed
range, [11]. Next we show that the annihilator of the range of Div,4 vanishes
which implies that Div4 is onto B. This will complete the proof.

The problem of regularity of the constraint set in the extended phase
space Py s was studied in [12]. However, the argument given there was
based on an invalid assumption that the range of grad from H(R3,R) to
L?(R3,R3) is closed. Therefore, even though the operator grad+ [A, ] is a
compact perturbation of grad, we cannot conclude that it is semi-Fredholm,
which would have implied that Div4 were semi-Fredholm. This difficulty
is overcome here by the restriction of the target space for our operators by
the condition that the divergence is contained in L%/5(R3, g).

The extended phase space
P =P vymMm X P, D

is weakly symplectic, with the weak symplectic form w = df, where

<0(A7E’ lIj) | (aae”‘ﬁ)) = /'%3 (E -a+ \I’T’lﬁ)dg,x

The pull-back we of w to C has involutive kernel ker we. The reduced
phase space P is defined as the set of equivalence classes of points in C
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under the equivalence relation p ~ p’ if and only if there is a piece-wise
smooth curve in C' with the tangent vector contained in ker wc. If kerwe

is a distribution, it is clearly involutive and the equivalence classes coincide
with integral manifolds of ker wc. We denote by p : C — P the canonical
projection associating to each p € C its equivalence class containing p.

In [9] we have studied the gauge symmetry group G'S(P) of the extended
phase space P. It consists of time independent gauge transformations,
represented by maps @ from R® to g , such that the action on the Cauchy
data (A, E, V) given by

A ®AD 4 Bgrad®~t, E > GED™, U OV, (5)

is continuous in P. We have shown that ® € GS(P) if and only if the
Beppo Levi norm

16 I%= /B |6 daot || gradg |2 e o)
1

where B; is the unit ball in R® centered at the origin, is finite. With
the topology given by this norm, the gauge symmetry group of P is a
Hilbert-Lie group.

The action in P of an element ¢ of the Lie algebra gs(P) of GS(P)
is given by the vector field

§P(A7E7 \IJ) = (—DAﬁa _[E7€]7 \Iﬁf)v

where
D& = d€ +[A,€]

is the covariant differential of ¢ with respect to the connection A. The
action of GS(P) in P preserves the 1-form . Since w = df, this action
is Hamiltonian with an equivariant momentum map J such that, for every

¢ € gs(P)

(T(4,B,0) | = (0| €(A B, W) = | (~B-Dag+vie)da. (6)
The closure, with respect to the norm || @ ||%,, of the group of smooth maps
& which differ from the identity only in compact sets is a normal subgroup
GS(P)o of the gauge symmetry group GS(P). The constraint manifold C
coincides with the zero level of the momentum map J restricted to the
Lie algebra gs(P)o of GS(P)o,

(A,E,¥) € C <= (J(A,E,¥) | &) =0forall £ € gs(P)o. (7)

Vol. 70, n°® 3-1999.



282 J. SNIATYCKI

The action of GS(P), in P is proper, [9].

THEOREM 3. — The action of GS(P)o in C is free and proper. The
reduced phase space P coincides with the set C/GS(P)o of the orbits of
the GS(P)y-action in C,

P =C/GS(P),.

It is a quotient manifold of C endowed with a weak Riemannian metric
induced by the L* scalar product in P, and with a 1-form 0 such that

p*0 =6,

where Oc is the pull-back of 0 to C. Moreover, & = df is weakly symplectic
and
P = we.

The constraint manifold C is a principal fibre bundle over P with structure
group GS(P)o.

The existence of a symplectic structure in the reduced phase space is
a folk theorem based on the assumption that the reduced phase space is
a manifold. For the symplectic strata in the bag model it was proved in
[13]. The existence of a weak Riemannian structure in the space of orbits
of a subgroup of the gauge group acting on the space of connections in a
compact manifold was shown in [14].

2. RESULTS OF EARDLEY AND MONCRIEF

The following results can be found in the Appendix to Reference [4].
They will be needed in the sequel.

Let 1
K(z)=——
(z) 4r|z|
be the Green’s function for the Laplace equation in R3. For every
p € HY(R®, g) N LY>(R3, g), the convolution
¢=Kxp

is a solution of the equation

Ad = p.

Annales de I'Institur Henri Poincaré - Physique théorique
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For 1 < p < 0o, and s = 3p/(3 — 2p), the following inequalities hold
for an appropriate choice of constants c:

|K * pl|Ls(re,g0r2) < cllK |3 v2 82|l e B2 g0R2) 5

llgrad(K x p)|

L*(R%,goR3) < c||grad K“Li/?(m,m@m)”p”L”(R319)7

where, for every normed vector space W, the space L% (R, W) is the weak
LP space, see Ref. [15]. Let y denote the Euclidean measure in R® defined
by the Euclidean metric. A map u : R® — W is said to be in L%, (R, W)
if there exists a constant C' < oo such that

wlz | Ju(z)|ly >t} < Ct™P vVt > 0.

For u € LE (R W),
llull 2z, s,y = Stgg(tpu{w’ | llu(@)lly > 7.
This implies that
pe LPR% g) = K +p € L*(R% g) and grad(K * g) € L*(R®, g).

Moreover,

llgrad(K * p)||m: gs sere) < llpllz2me,g) +clloliosmes — (8)
and

llgrad(K * p)||g2rs gomrs) < llpllmwe,g) +cllpllzors@me,gy-  (9)
Hence, H!(R®,g) N L%5(R3,g) is in the range of the Laplace operator

A acting on H?(R3,g). Moreover, the kernel of the Laplace operator
restricted to H3(R3, g) vanishes.

The last of the estimates from [4] needed here is
1[4 E]l| o/s re ) < C||A||H2(R3,9®R3)”E”Hl(na,g@m)- (10)
Similarly, we can prove

a 2
10T (I @ T*)UTL || ossrog) < ell Wl o coov- (11)

Vol. 70, n°® 3-1999.
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3. PROOF OF THEOREM 1

For A € H*(R3, g@R3), E € H'(R? g®R?), and ¥ € H?(R®,C*®V),
all the bilinear terms in the constraint equation

div E + [A; E] - ¥ (I @ T9)9T, = 0

are in H'(R3, g). Moreover, estimates (10) and (11) imply that they are
also contained in L5/°(R3, g). Hence, if (A, E, V) is in the constraint set
C, then div E is contained in

B = H'(R? g)nLY5(R3, g). (12)
It follows that the constraint set C' is the zero level of the smooth map
F:P°— B:(A,E,¥) — div E+[A; E] - V(I ® To)9T,,
where P? is given by Eq. (3). For each (A, E,¥) € C and (a,e,) € P°,
DF(4ew)(a,e,v) = div e+[A; e]+[E; a] - (IQT*) VT, — U (IQT*)YT,.

According to the Implicit Function Theorem C' = F~1(0) is a submanifold
of PY if, DF 4 g,v) maps P° onto B for every (A, E,¥) € C and its
kernel splits, [10].

Theorem 2 asserts that, for every A € H%(R?, g ® R?), the covariant
divergence Div,4, with respect to the connection A, given by

Divae = div e + [A; €],

maps
D = {e e H*(R? g ® R®)|div e € L%5(R?, g)} (13)

onto B. Since
DcD={eec H (R’ g®R®) |div e € B},

it follows that Div, maps D onto B. This implies that DF(4 g ¢) maps
P° onto B.

Moreover, if (a,e,1) € P and
div e+ [A;e] + [E;a) — T(I @ T*)OT, — UH(I @ T*)YT, = 0,

then div e € L%°(R®,g) and (a,e,®) € P°. Hence, ker DF 4 p v is
a closed subspace of PP. Since the L2-scalar product is continuous and
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non-degenerate in PP, it follows that the L?-orthogonal complement of
ker DF(4 g v) is closed in PP and its intersection with ker DF 4 5w is
zero. Thus, the assumptions of the Implicit Function Theorem are satisfied
and C = F~1(0) is a smooth submanifold of P°.

Clearly, the same results hold in absence of the Dirac fields. This
completes the proof of Theorem 1.

Since P° is a dense subspace of P, it may appear that the manifold
topology in C is finer than the topology in C induced by the embedding
C C P. This is not the case.

LeMMA 1. — The topology of C as a subset of P coincides with its
manifold topology.

Proof. — The topology of C defined by the norm (4) is finer than
the topology induced by the embedding C' C P. On the other hand, if
Pn = (An, En, ¥,) is a sequence in C convergent in P to p = (A, E, V).
Since C is closed in P, as the zero level of a continuous function then,
then p € C. The constraint equation (2) yields

div(E — B,) = [An; En] — [A; B + 01 (I @ T*)T, - i (I 0 T*)0,T,
= [(An — A); B] + [An; (Ba — B)] + (¥ - ©,) (1 © T%)97T,
+ Ul (I® T*) (¥ - ¥,)T..
Taking into account the estimates (10) and (11) we get
\|div(E — En)I|L6/5(R3,g) <clldn - A||H2(R3,9®R3)“EHHl(Ra,g@na)

+ cl|Anllr2re,90r) [ En — Ell g1 s goro)
+ el O — Vo || 2 ve ey [ |2 (o cov)
+ o[ Vallm2@e con) ¥ = Yall 2 @e,cov)-

Hence ||div(E — En)||po/sgs,y) — 0 @ n — oo, which implies that the
sequence p, converges to p in the topology induced by the norm (4).
Therefore the manifold topology in C coincides with its topology induced
by the embedding C C P.

4. PROOF OF THEOREM 2

LEMMA 2. — For A € H%(R3, g ® R?), the map
H*R®, g ®R®) — LY°(R®, 9) : e = [4;¢]
is compact.

Vol. 70, n°® 3-1999.
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Proof. — Tt follows from (10) that A,e € H%(R®, g ® R®) implies that
[Ase] € L5/5(R®, g). Let {e,} be a bounded sequence in H2(R3, g ® R®)
with a bound M. Then, for every m,n € N,

llem — enllm2ms gors) < 2M.

Let U be a bounded domain in R* with complement V, and yy and Xv
the characteristic functions of U and V, respectively. Using the triangle
inequality and (10) applied to functions in domains U and V, we get

I[4; ex] = [As emllzors e ) = lI[A;ex — emlll o5 m
= lIxv([A;ex — en]) + xv([A; ex — em))ll o5 @ )
< A5 ex — emlllLersw,g) + 45 ex = em]llLorsvg)

< c||Allr2 @ gore)ller = emllm (v,gor?)

18)

+ || All a2 (vigers) llex — em||mr (v gere)
< cl|Al|lm2rs gors)ller — emllmr v gor?)

+ cll Al (vigera ller = emll gy gers)-

Repeating the argument in [12] we see that, for every n € N, there exists
U, such that ||A||g2(v, gors) < 1/4cMn which implies that

cllAll 2 (v, gors) llex — el (v, gore) < 1/2n.

Moreover, we may choose the sequence of domains U,, such that U, C U,,
for £k < m.

By the Rellich-Kondrachov Theorem, see [16], the embedding of
H?*(U,,8 ® R?) into H'(U,,,g ® R®) is compact. This implies that, for
every n, the sequence {xu,er} has a subsequence {e}'} convergent in
H(U,, g ® R*). We can choose this subsequence in such a way that, for
m < n, {eg} C {e'}.

If n is chosen so that C”A”H2(Vn,g®R3)”ek - em”Hl(V}l,g®R3) < 1/2n, let
N, be the integer such that, for all k,m > N,, |lef — e || m (v, gors) <
1/2nc||A||H2 (R3,gQR3) - Then,

IlA4sex] — [Asemllorsre gy < 1/n for all k,m > N,,.

The subsequence {[A;e}; ]} of {[4;e,]} is convergent in L%/5(R3,g).
This implies that the map H?*(R% g ® R®) — LS/3(R3,g) : e — [A;¢]
is compact. H
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LEMMA 3. — For k> 1, and A € H*(R?, g ® R®), the map
H*(R®, g) — H*'(R%,9) s e — [4;€]
is compact.

Proof. — For k = 1, we follow the argument given in [12]. Let {e,} be a
bounded sequence in H'(R3, g). By the Sobolev Imbedding Theorem, this
sequence is bounded in L*(R?, g), and there exists M > 0 such that

“en - em”L“(IFN,g) < M.
For any bounded domain U C R® with complement V' = R3 - U,
A4, en] = [A; em]ll 2@ 0)

- / 1A, (en — em)]*dsz
R3

- / 1A, (en — em)]*dsz + / 4, (en — )] *dsz
U A%

2 2 2 2

< ”A||L4(U,g)”€n - em||L4(U,g) + ||A||L4(V,g)”en - em||L4(V,g)
2 2 2 2

< ||AHL4(R3,9)”@n - em||L4(U,g) + ”AllL“(V,g)”en - em”L“(IR3,g)
2 2 2

< ||A||L4(R3,g)”€n - €m||L4(U,g) + M2”A||L4(V,g)'

Since || Al (R3,g) 18 the limit of A%, (.g) a8 U increases to R3, for every
k > 0, there exists an open bounded set Uy C R3 such that

M| A7 vi ) < 1/2K,

where V;, = R® — Uy.

For a bounded domain U, in R3, the Rellich-Kondrachov Theorem
implies that the embedding H'(R®,g) — L*(Uy,9) is compact, [16].
Hence the sequence {xu,en}, consisting of the restrictions of e, to Uy,
has a subsequence convergent in L*(Uy, g). Following the argument in the
proof of Lemma 2 we construct a subsequence {ef;, } of {en} such that
{[A4;e% 1} converges in L*(R% g).

For k > 1, we can proceed as follows. Let {e,} be a bounded sequence
in H*(R®,g). We have -

k-1
1A, en] = [A, emlll -1y < Y IID[A, en] — DA, em]llz2me) <
=0
k-1 1 ) .
eSS IIDIA, D e,] - (DI A, D' el z)-
i=0 j=0

Vol. 70, n® 3-1999.



288 J. SNIATYCKI

In order to avoid a cumbersome notation, in the description of the norms
we have omitted the target space. Since A € H*(R®), it follows that
DA € HY(R®) for 0 < j < k — 1. Similarly, D'~Je, € H'(R?). We can
apply the results for £ = 1 to each of the operators [D? A, D"~7¢]. Hence,
there exists a subsequence {e7;, } of {e,} such that {[A, e} ]} is convergent
in H*(R?, g). This implies that the map H*(R®, g) — H*"1(R3, g) given
by e — [A;e] is compact. W

It follows from Lemmas 2 and 3 that, for A € H%(R3, g ® R3), the
operator Divy : D — B : e — div e + [A;e] is a compact perturbation of
the divergence operator div, where B and D are given by Eq. (12) and Eq.
(13), respectively. Since the results of Eardley and Moncrief discussed in
Section 2 imply that the divergence maps D onto B, it follows that Div 4 is
semi-Fredholm. Therefore, the range of Div 4 is closed, [11]. It remains to
show that the annihilator of the range of Div 4 in the dual B’ of B vanishes.

Since B contains the Schwarz space S of rapidly decaying smooth
functions on R3, it follows that elements of the dual B’ of B are tempered
distributions. For each € B’, and ¢ € D,

(u|Divae) = (p|div u+ [A,e]) = —(gradp + [A, plle),
where the last equality follows from the ad-invariance of the metric in g.
Hence p annihilates the range of Div,4 if and only if

gradp+[A,ul =0

in the sense of distributions.

The space Let B = L?(R?, g) N L%>(R3, g) be endowed with the norm
1fllz = IIfllz2me,g) + || fllLoss(ms g)- It is the completion of B with respect

o [Ifllz-

LemMA 4. — For A € H%(R3, g @ R®), let i € B’ satisfy the distribution
equation grady + [A,u] = 0. Then p extends to a continuous linear
functional on B.

Proof. — Since A is onto B, it follows that every f € B can be expressed
in the form f = A¢, where ¢ = K * f € H>(R?, g). Hence,

(ulf) = (u|Ag) = —(gradulgradd) = ([A, u]|grade) =
= <[A7 :u']v grad(K * f)) = —</~"7 [A;grad(K * f)])a

where the last equality follows from the ad-invariance of the metric in g.
Moreover,

I[A; grad(K* )]l a1 re gors) < | All g2 ms gore)l|grad(K * )| m1 (me gors)-
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Similarly, (10) yields

I[A; grad(K * f)]llLessge,g) < cllAlla2®s,gore) lgrad(K * )| a: g2 gore)-

Since the norm in B is given by

||f||B = ||f||H1(R3,9) + ||f||L6/5(R3,g)»

it follows that

el A < el I[A; grad(K « fllls =

= llulls {[I[A; grad(K = )|l rs goms) + 1145 grad(K  f)llloss o 5} <
< lulls Al a2 ge sere) lgrad(K  f)l|m ge gers) {1 + c}-

Taking into account (8) and the definition of the norm in B we get

llgrad(K « f)ll @ sere) < Ifllz2me ) + ¢ fllzors@o,g) < L+

Therefore,
el )] < | All e me gome) el 5 || f1l 5,

which implies that x extends to a continuous linear form on B. W

LEMMA 5. — For A € H2(R?, g ® R®), let u € B’ satisfy the distribution
equation grady + [A,u] = 0. Then p = 0.

Proof. — The Yang-Mills potential A defines parallel transports in B
and B’. The distribution equation gradu + [A,u] = 0 implies that p is
invariant under the parallel transport in B’.

Let fo be any smooth compactly supported function with values in g, and
a the diameter of the support of fo. For n > 1, let P, fo be the parallel
transport of fo by distance na in the direction of the z-axis. Define

fn:% nafo and f:z Jn-

Then
VallZeesy = 5 folliauns
and
171w = 3 5l ollan gy < o0
Similarly,

6/5 _ 1 6/5
“f’fl||L6/5(R3)g) - E&‘/g“fOHLe/s(Rs’g)v
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and 1
6/5 6/5
12675 s.g) = D 761 foll Zo7eqas gy < 00

Hence, f € B.

On the other hand, since p is a continuous linear functional on B,

(. f) = <u, > %meo> = Y (. Paao).

The invariance of y under the parallel transport implies that

</«L7 PnafO) = <:u'7 f0>
Hence, 1
(Mv f) = Z ﬁ<:u’7 f0>

Since the series > 1 diverges, it follows that (u, fo) = 0. Hence, the
distribution p vanishes on the space of all compactly supported functions
in S. Since this space is dense in S, it follows that u = 0.

This completes the proof of Theorem 2.

5. PROOF OF THEOREM 3

LEMMA 6. — The action of GS(P)g in P is free.

Proof. — In [9] we claimed that the action of GS(P)y in P is free,
however our argument proved only that it is locally free. Let ® € GS(P)o
be in the stability group of p = (A, E, ¥) € P. It follows from (5) that

grad® + [A, @] =0,

that is ® is covariantly constant with respect to the connection A. Hence,
for every z # 0 in R®, and ¢ # 0,

%(I)(tx) = [A(tz) - =, ®(tz)]. (14)

For A € H?*(R3, g ® R®) we can define a gauge transformation I" such
that the transformed gauge potential

A=TAI"! 4+ Tgrad T1
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satisfies the Cronstrom gauge condition
A(z) -z =0,

see [5] and [17]. Under this gauge transformation ® — & = ['dI'~! and
Eq. (14) implies that ® is constant along the rays emanating from the origin.
Since at infinity ® — identity € G, it follows that ®(z) = identity for
all z € R®. Hence, ® () = identity for all z € R® which implies that ® is
the identity in GS(P), . Therefore, the action of GS(P)g in P is free. W

Since the action of GS(P), in P is free and proper, and the manifold
topology of C' coincides with the topology induced by the embedding of
C into P, we obtain

CoROLLARY 1. — The action of GS(P), in C is free and proper.

Theorem 3 is a consequence of smoothness of the constraint set, the
properness and freeness of the action of GS(P), in C and several results
which can be found in the literature. For each p € C, we denote by O,
the orbit of GS(P), through p. Since the action of GS(P), is free and
proper, the isotropy group of p is trivial.

LemMA 7. — For each p € C,
1,0, = {u € T,C | w(u,v) =0 V wveT,C}.

Proof. — Tt is a consequence of the equality of the constraint set and the
zero level of the momentum map J, Eq. (7), and the identity

17,0, = {u € T,P |w(u,v) =0 V v € kerdJ,}

established in [19] for momentum maps of equivariant actions of Hilbert-Lie
groups. W

LEMMA 8. — For each p € C, there exists a smooth submanifold S, of
C through p such that

17,C =1T,5, ® T,0,,
7,0 =T,5,+T,0, Y q€ S8,
ifq € S, and ® € gs(P)o, then
®q € S, = ¢ = identity

Proof. — This lemma is a special case of the Slice Theorem established
in [18] for actions of non-compact Lie groups. This result was extended
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to Hilbert-Lie groups in [13]. In the case under consideration the result is
trivial. The extended phase space P = H?(R3, g®R3) x H'(R3, g @ R3) x
H?(C*® V) can be considered as an affine space with a weak Riemannian
structure defined by the L2-scalar product in P. For each p € P, and a pair
of vectors (a,e,®) and (a’,€e’y’) in T,P,

O M e

The action of GS(P)y in P is affine and it preserves this Riemannian
structure. Hence, we can take S, to be an open neighbourhood of p in the
intersection with C' of the affine subspace of P which is L2-orthogonal
to 7,0,. A

COROLLARY 2. — It follows from Lemmas 5 and 6 that kerwc is a
distribution on C and its integral manifolds coincide with the orbits of
GS(P)o in C. The reduced phase space P is a quotient manifold of C.

Since the action of GS(P), in P is free, the fibres of p : C — P are
diffeomorphic to GS(P)o. A proof that a smooth, free and proper action
of a Lie group Gy on a manifold M gives rise to a Go-principal bundle
structure in M is given in [c-b]. It extends without any changes to smooth,
free and proper Banach-Lie group actions on infinite dimensional manifolds.
Hence, p : C — P is a GS(P),-principal fibre bundle.

The weak Riemannian structure in P induces a weak Riemannian
structure in C which is preserved by the action of GS(P)o. Hence it gives
rise to a weak Riemannian structure in the quotient space P = C/GS(P),,
[14]. Similarly, the pull-back 6c the 1-form 6 to C is preserved by the
action of GS(P)y. The tangent bundle spaces of the orbits of G.S(P),
are spanned by the vector fields {p for £ € gs(P)o. Egs. (6) and (7)
imply that 8¢ annihilates these vector fields. Hence ¢ projects to a 1-form
6 in the reduced phase space P. Clearly, @ = df pulls-backs under the
projection map p to the pull-back of w to C, and Lemma 5 implies that
w is non-degenerate, [13]. Hence, w is weakly symplectic. This completes
the proof of Theorem 3.
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