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RESUME. — On démontre que la validité du principe de Huygens pour
I’équation des ondes scalaires non-auto-adjointe sur un espace-temps général
de type III de Petrov implique que 1’équation est équivalente a 1’équation
invariante conforme des ondes scalaires. © Elsevier, Paris
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260 W. G. ANDERSON, R. G. McLENAGHAN AND F. D. SASSE
1. INTRODUCTION

In this paper we consider the general linear second-order hyperbolic
equation on a four-dimensional curved space-time Vj, with C'*° coefficients:

Pu := g°*V,Vyu + A%(2)0,u + C(z)u = 0, (1)

where ¢ is a contravariant pseudo-Riemannian metric with signature
(+ — —=) on V4, u is the unknown scalar function, V, denotes the
covariant derivative with respect to the Levi-Civita connection, A* is a
vector field and C is a scalar field in V. All considerations are restricted
to a geodesically convex domain. The equation (1) is also called the
non-self-adjoint scalar wave equation.

Huygens’ principle is said to be valid for an equation of the form
(1) if and only if for every Cauchy initial problem, and for each point
zo € V4, the solution depends only on the Cauchy data in an arbitrarily
small neighbourhood of S N C~(x), where S denotes the initial surface
and C~(x,) the past null conoid of z,. Such equations are called Huygens’
equations.

Necessary conditions for the validity of Huygens’ principle for (1) are
given by

1. 1. .1

I C:=C—-=A";—~A;A"—=R =0, 2

(I 5 4%~ 6R 0 (2)

(I1) H* ) =0, (3)
1 1

(I11) Sabk,* — §ckab’Lkl = - (HakHb’“ - Zgaka,H“), (4)

(IV) TS(?)Sakakc-f-Ckabchk;l) =0, (5)

(V) TS(3C*u" . Creatym + 8C*ap'cSkia + 408" Sear — 8C* b Skicya
— 24C% 34" Scary + 4C* ' Ci" ek Lam + 12C* 4 C™ cat L,
+12Hg b HY g — 16 Hyoo HY g — 84H ,Crpr H' 4
—18HyH" Lea) = 0, (6)

(VI) TS (36Ckablclcdm;kae - 66Vkabl;cc’ldeml:-{km - 138‘Sabkckclele
+ 6SabkaH'kc;de + 6CVkabl;cITI.kd;le - 24Sabk;chd;e
+12C* o' Lye Hig.e — 9C* o' Lya Hye — gsabkLcdee) =0, (7)
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HUYGENS’ PRINCIPLE ON PETROV TYPE III SPACE-TIMES 261

where
Hij = Api jy, (8)
Cijrt = Rijrr — 290 Ljjn 9)
Sijk = Lifjxy, (10)
R
L,‘j = —Rij + Egij. (11)

In the expressions above R,p.q denotes the Riemann tensor, Cyp.q the
Weyl tensor, R,y := g°®R.qq, the Ricci tensor, and R := g**R,;, the
Ricci scalar associated to the metric g,5, and A, := gq,A®. Conditions I-IV
were obtained by Giinther [7], condition V was derived by Wiinsch [18]
for the self-adjoint case and McLenaghan [8] for the non-self-adjoint case.
Condition VI was obtained by Anderson and McLenaghan [8]. We shall
use here the two-component spinor formalism of Penrose [14] and the spin-
coefficient formalism of Newman and Penrose [13], [15], whose conventions
we follow. The spinor equivalents of the tensors (8), (9), (10), (11) are
given by:

Cabed < Y aBcDE j3Epe + Y A DEABEDC, (12)
Hap = 2(pane i+ Gap)s (13)

Lab = 2P 4pip — Aeane i), (14)

Save = ¥ upopaces + ¥ ipeipiccn, (15)

where ¥ spcp = ¥(aBcp) is the Weyl spinor, A = (1/24)R, ¢pap = dap)
is the Maxwell spinor, and @ , 5 15 = ‘I’(AB)(AB) = EABAB is the trace-free
Ricci spinor.

We can set up, at each point of space-time, a dyad basis {o*,14}
satisfying the relation 04t4 = 1. The NP-components of any spinor are
defined by projecting the spinor into the the local basis {04, :4}. For the
curvature spinors and Maxwell spinor we have

Vapop = Yotapep — 4¥100atpep) + 6¥200aBLoD)
— 4%30(4Bctp) + Y404BCD, (16)
(I)ABAB = ®9204B0,5 — 2(1)2101435(}&"3) -~ 2¢120(ALB)6AB
+ ®o00aBl;ip + (I)OQLABZAB + 4<I)110(ALB)5('ALB)
- 2(1)100(ALB)6(;463) — 2<I)01LABZAB; (17)
$AB = PotaB — 2¢104LB) + P204B, (18)
where tapcp = talBlolp, etc.
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262 W. G. ANDERSON, R. G. McLENAGHAN AND F. D. SASSE

The covariant derivatives of the dyad basis spinors are given in terms
of the NP-spin coefficients by

OA;BBzoAIBB+LAIIBB7 LA;BB:OAIIIBB_LAIBB’ (19)
where
Igp :=v0B0p — ol — BLp0y + €tply,
Ilg s := —Top0z + poply + 0Lp0y — KLplp, (20)
I1lgp == vop0p — Aogly — [Lp0Op + TLRL .

The necessary conditions I-VI can be expressed in terms of dyad
components, containing only the Newman-Penrose scalars. This conversion
procedure consists in two steps. Firstly, we have to convert the tensorial
expressions into spinor form, using (12)-(15). Secondly, the spinor equations
must be expressed in terms of dyad components, using (16), (17), (18),
and (19). We perform these lengthy calculations automatically with the

NPspinor package [4], [6], available in the Maple computer algebra
system.

Using the fact that H[;;x = 0, it can be shown that the spinor form
of condition II is given by:

(IIs) bar.® ;= 0. (21)

For condition III a direct application of the correspondence relations yields

Uapkr, i+ Wigki, a"p+ Y™ @y g
+ 05" P iap + 1004545 = 0. (22)

Instead of (22) we shall use a stronger form of this condition, obtained by
Wiinsch [19] and McLenaghan and Williams [11]:

(Is)  VH,V" Wk +®5" 3V apkr+56apd 5 =0.  (23)

While the original necessary condition (22) is Hermitian, (23) is complex.

The conversion of the remaining conditions to the respective spinor
form and the determination of the dyad components is done automatically
by defining templates in the NPspinor package. The spinor form of the
trace-free symmetric part of a tensor is obtained by taking the correspondent
spinor equivalent of that tensor and symmetrizing with respect to all dotted
and undotted indices [17].

McLenaghan and Walton [10] have shown that any non-self-adjoint
equation (1) on any Petrov type N space-time satisfies Huygens’ principle
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HUYGENS’ PRINCIPLE ON PETROV TYPE IIl SPACE-TIMES 263

if and only if it is equivalent to a scalar equation with A, =0 and C' = 0,
on an space-time corresponding to the exact plane-wave metric.

In this paper we prove the correspondent result for Petrov type III
space-times. In this case the Weyl spinor has the form:

Y aBcp = aaapacfpy, (24)

where a4 and 4 are the principal spinors. If we choose the spin basis
such that a4 is proportional to the dyad basis spinor o4 and § proportional
to 14, we obtain from (16):

Vapep = —4¥30(4BctD)- (25)
The dyad transformation
o' =ev?0, ' =e Y?(1+ qo), (26)

where w and ¢ are complex functions, induces the following transformation
on Uj:

U = e (U3 43¢0, + 3¢°T; + ¢*Ty). (27)
Thus, we can choose the tetrad such that U5 = —1, so that
Vapcp = 40(aBCLD)- (28)

In a recent paper, Anderson, McLenaghan and Walton [3] have proved
the following theorems:

THEOREM 1. — The validity of Huygens’ principle for any non-self-adjoint
scalar wave equation (1) in any Petrov type Il space-time implies that the
space-time is conformally related to one in which every repeated null vector
field of the Weyl tensor l,, is recurrent, i.e.,

l[alb;c] = 0. (29)

THEOREM 2. — There exist no non-self-adjoint Huygens’ equations (1) on
any Petrov type IlI space-time for which the following conditions hold

VY spep.ERt 4,B,CoD Bgk — 0,
¥, BoDp: EELALBLCODOEOE 0, (30)
Y pop.ERt 4,8,C DGk = g,

In the next section we show that the restrictions imposed in Theorem 2
may be removed.

Vol. 70, n°® 3-1999.



264 W. G. ANDERSON, R. G. McCLENAGHAN AND F. D. SASSE
2. MAIN THEOREM

The main result of this paper is expressed by the theorem:

THEOREM 3. — If a non-self-adjoint scalar wave equation of the form (1)
satisfies Huygens’ principle on any Petrov type Il space-time, then it must
be equivalent to a conformally invariant scalar wave equation

1
gV Vou + ERU =0. (31)

Proof. — We shall first prove, using the necessary conditions II to VI given
by (3)-(7), that the assumption A, := H,p # 0 leads to a contradiction.
In terms of the dyad components of the Maxwell tensor H,;, this is the
same as proving that the necessary conditions imply ¢o = ¢; = ¢ = 0.
Finally we invoke a lemma by Giinther [7] that states that every equation
of the form (1) for which Aap) := 0 is related by a trivial transformation
to one for which A, = 0. It then follows from the necessary condition I
(eq. (2)) that C = R/6. We use a notation for the dyad components of
the necessary conditions in the form X,;, where X is the Roman numeral
corresponding to the necessary condition, a denotes the number of indices
corresponding to the dyad spinor ¢ and b the number of dotted indices
corresponding to the dyad spinor 7. We shall refer to the Newman-Penrose
field equations using the notation NP1, NP2, etc. as listed in the Appendix.
The methods employed in this proof are similar to those used in [12].

We start with the result obtained by Anderson and McLenaghan [3],
expressed in following lemma:

LEMMA 1. — For the non-self-adjoint scalar equation of the form (1), in
Petrov type Il space-times, the necessary conditions 11, 111, IV, V and VI
together with the assumption that the Maxwell spinor ¢ 4 is nonzero, imply
that there exists a spinor dyad {o4,.4} and a conformal transformation
such that

k=0c=p=T7=¢€=0,
Uy=", =0, =0, ¥3=-1,
Pop = Po1 = P2 = A =0,
Da =Dg =D®;; =0.

(32)

In what follows we shall use the relations (32) where necessary. It was
shown in [3] that ¢g = ¢ = 0. Thus, what remains to be proved is that
the assumption ¢ # O leads to a contradiction.

Let us assume initially that a87 # 0.

Annales de IInstitut Henri Poincaré - Physique théorique



HUYGENS’ PRINCIPLE ON PETROV TYPE III SPACE-TIMES 265

From Iy, Iy, II9, (NP6) and (NP25) we have, respectively,

D¢, =0, (33)

62 = —2¢203, (34)

68 = —p(a + B), (35)

Dy = a7 + 7 + @11, (36)

5@21 = 2(0[ + 27 + )\@11 - a<I>21). (37)

By adding (NP22) to the complex conjugate of (NP23), and solving for
D®,5; we get

D(I)lg = 2%@11, (38)

and
6‘1)11 =0. (39)

Subtracting (NP24) from (NP29) and solving for §®,, we obtain
6®12 = 2(—B + @11 — f%12), (40)
Adding (NP24) to two times (NP29) and solving for D®,, we get
D®yy = 2(—f — B+ &7 + P1om). (41)
By substituting (34) into IV, we find
6y = 2(3Bs — ags + 27, + ady). (42)
Using (41) and (42), V5 and VIy3 can be written respectively as
— 224G, 2 8% + $o*(—6am + 180T + 96a — ea® — 26T — 6@)
+ 1202 + 247a + 8073 + +46a + 867 + 4484 = 0, (43)
B(po(6a + 267 + 3a° — 187H + 647 — 9af) + 24¢,8%) = 0. (44)
Eliminating §(@ + 27) from (43) and (44) we find
32
22 —4

The denominator —¢22 + 4 in the expression above must be nonzero, since
¢y cannot be constant. Otherwise, from (34), we would have § = 0.

(197 ¢, + 100y — 1286,) = 0. (45)

Vol. 70, n°® 3-1999.



266 W. G. ANDERSON, R. G. McCLENAGHAN AND F. D. SASSE

In order to iietermine further sidg relations we still need to find the
Pfaffians 6, 63, and 67, in terms of .. From (NP6), (NP7), (NP8), (NP9)
and (NP12) we have

ém =D — 7% — 1o + 7B, (46)

ém = Du — o7 + e — B, (47)
Dv=An+ap+7p+7TA+ 7y — 77 — 14 &y, (48)
b =68+ aa@ + BB — 20a + By;. (49)

Using (38) and (41), we now evaluate the NP commutator (6, D]®gy —
[A,D]®;5 to obtain

~ 208 + DA® 1542781174208 + 48%+217AD11 — 648y, T+ 47T
+400 — D6®y; — 4aP127 — 28P15m — 208, T+27P 1,7 — 278111
FAT P11 i+ 2T @127+ 2801 6T +28126m — 281, AT+ 203 — 674
+285, 7 + 27155+ 270 = 0. (50)

From [A,D]®;, we get
DA®; =201, AT — 2P 11y — 279117 + 27@ + 477 + 270Dy,
- 26@127’(’ - 2fﬂ + 2%@11ﬁ - 27@12ﬁ. (51)
From (NP26),

(52)

Substituting (52), (51), (36), (46), (47) and (48) into (50) we have
68 = —af — 476 — 2D — BB + 217 — 2&,,. (53)

Now, using (33), (34), (42), (47), (49) and (53) in the commutator 6, 8]¢ba,
and solving for Du we obtain

1o _
Du = —@(SQSQQW + 24¢, 01 — 8¢yaT
+ 106,811 + 1260 — 12a¢s0 + 4,17
+4ap,a — dagoa — 26981, — 24¢5 70 + 8, 7). (54)

Annales de I'Institut Henri Poincaré - Physique théorique



HUYGENS’ PRINCIPLE ON PETROV TYPE Il SPACE-TIMES 267

The explicit form of DA can be determined from (43), (44) and (46), and
is given by:
. 1
2(—¢, +4)
+ 872 — 16ma — 1202 + 248,425 — 88708 — 44Ba — 48a)). (55)

($,2(302 — 272 + dar — 1661 — 9 + 6a)

Finally, from Vi, we get
Dr =0. (56)

We have now determined all the Pfaffians needed for finding new side
relations using integrability conditions. Before proceeding we go back to
(45) and introduce a further simplification by expressing ¢ in terms of ¢,

¢o = 1‘2—%(1% + 10c). (57)

Substituting (57) into the numerator of the complex conjugate of (45),
we find

S, := 36177 + 19007 + 1907@ + 1000 — 14488 = 0. (58)

A_nother side relation can be determined from the NP commutator
6, 6)(a + 2m):

(—82002®1; + 9572, + 26800’ — 5448a3®1; — 102367331,
+ 536007 — 96485026 — 380167268 — 139267 Ba — 250877
— 381630°@ — 7200°7H + 61628’ T + 4012873 + 200647°a
+ 30814n%aa + 157521’ @ — 383767 BB + 31504wa’*T
— 14592anfa — 2688mawh — 1508ma®y;) (197 + 10a) = 0. (59)

It follows from (57) that the numerator 19 7+ 10 « in the preceding equation
must be non-zero. Solving this equation for ®;; we obtain

®1; = (26800°@ + 53600°T — 9648002 — 380167248 — 139267 e
— 25087273 — 381680 @ — 7200°7T8 + 61628a>T + 40128737
+ 200647°@ + 308147’ a@ + 15752wa’a — 383767 Baf
+ 315047’ — 14592anBa — 2688nawf) /(8200 — 9577
+ 54480 + 1023675 + 15087¢), (60)

Vol. 70, n°® 3-1999.



268 W. G. ANDERSON, R. G. McCLENAGHAN AND F. D. SASSE
where, for now, we assume that the denominator in the expression above,
dy = 820a% — 9572 + 54488 + 1023673 — 15087, (61)

is non-zero. Evaluating d¢ + 2¢28 = 0 (cf. Eq. (38)), using (57), and
solving for ®;; we find

@y, = (700 0”@+ 5300 a T + 2650 T @ + 2508 7 @ + 1400 &* T
— 25208 a8 —47527 38 — 16507 Ba — 13277 B + 5016 n° 7
—900Baq@ — 7227 P) [ —43T T + 3723 — 230 av), (62)

where we assume, for now, that the denominator of (62), given by
dy = 4371 — 3726 + 230a # 0, (63)

is nonzero. Evaluating the commutators [8, 6]3 and [6, 6]¢,, and solving
each one for o we get, respectively,

ba = (—308ma®; + 8016ma’T + 23460’ B + 3972w’ @ + 786 @
+ 75903®1; — 2902 P11 + 1440037 + 702037 + 138673P1;
— 51372®, + 12967308 + 5287 Ba + 14872an°T + 7436n aa
+ 158472 38 + 45987°@ + 9196737 + 432anfa — 108wa?
— 540*B)/(127@ + 6@ + 3647 + 188a + 3®,;), (64)

60’7 — 572776 — 2867 — 157Faa + 3o’a — 314a7f
B a+ 27
where we assume, for the moment, that the denominators of (64) and (65),
given by

Ea = ’ (65)

ds := 4na + 2ca + 12087 + 68a + @41, (66)
dy := o+ 2m, (67)
are nonzero. By subtracting (64) from (65) and solving for ®;; we have

&1 = (—8643a°a + 74367 a@ — 3168anfa + 4008 a
— 290472 Ba + 720c’@ + 9196737 — 87127248 + 14872an’T
+ 45987°@ — 25928026 + 801670 T + 14400°T — 95047 Ba3)
/(—288Ba + 20a” — 52873 + 5137% + 3087a), (68)
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HUYGENS’ PRINCIPLE ON PETROV TYPE III SPACE-TIMES 269

where the denominator of (68),
ds := —288 B +200° — 5287 B + 51372 + 3087,  (69)

is assumed to be nonzero for the moment.
Subtracting (60) from (62) and taking the numerator we find

Sy : = 39914208720 7T +199571047% o’
+3533270473 73 +122791687° B
+1190400G0% — 127733765 aima — 348364808 @a?
+1200960F3@a’ — 117089285 an? — 2073945675028
480087040 7 Fa+30335616ma’T A+ 567086402 a7
—324406087%Baf —161615527 33+8022720w 0 @
+54086400°73
+16045440m0° 7+ 85297087 &+ 432215040 7T +21610752n% o
17059416747 + 23808000 7 + 1734379202 B — 101399045 23
12441607 — 418176778 — 45619217 H
— 428544080° B — 3740774475 f — 344995207235 = 0. (70)
By subtracting (62) from (68) and taking the numerator, we obtain a third
side relation:
Sy :=—9374472712 0 7 — 46872367 2@+ 613707673 T/ + 515017873 Ba
— 179600a@a* — 21288967 ara — 5806087 @a? + 68616087a’
— 19514885 @n? + 4189824702 + 4040184027 Fa
+ 5272368173 + 9852984n2 a7 + 891338472 Baf
+ 62449207% 83 — 1505080ma’@ + 9403200°7F — 301016077
— 32959307*@ — 12877972037 — 64389867° aa — 6591860747
— 35920007 + 790993272 Fa — 16899845 028 — 2073607
— 69696727 — 7603217l + 646560G0°3 — 623462477 a8
— 57499207245 = 0. (71)

We can eliminate 7 in the above equations by defining new variables x;
and z2 by

Iy = (72)

Io =

ISSENE

(73)

Vol. 70, n® 3-1999.



270 W. G. ANDERSON, R. G. McLENAGHAN AND F. D. SASSE

The side relations now assume the form (modulo non-zero factors)
Sy := 361 + 190z, + 19077 + 100z, 77 — 1442275 = 0, (74)

Sy :=—16630922377 — 99200T 72T — 25279682777 +97574475°T1
— 10232647577 4-2874960x,T5° — 47257202175 — 198400z]
— 3326184x? — 13371203 + 3484875° — 3601792z; — 71080971
— 294439275 + 8449927523z, + 106444875 717,
+ 29030475°T722 — 100080T7Z 125 + 17282887522 x5
— 667392227577 + 2703384T5x1 72 + 13467962.77 — 6685602377
— 4507202377 — 18008962177 + 1036827732 + 38016z, 75"
— 144531621 7277 + 357120757 2,
+ 311731275 %172 — 1421618 = 0, (75)

S3:=23436182277 +898007T x] — 26361841375 +975744T5°T1
— 25750897577 + 2874960z575° + 3295930 — 49264922, T3
+ 179600z + 468723623 + 1505080z + 3484875>
+ 643898621 + 16479651
— 306853877 + 84499275 w3 1y + 106444875° 717,
+ 2903047527727 — 343080772127 — 20949127521,
— 202009223 T577 — 4456692752, 20 — 31224602575 + 7525402377
— 4701602375 + 32194932177 + 103687575 + 3801671 75°
— 39549661, To77 — 323280T2x5xy + 311731275122 = 0. (76)

In order to study the possible solutions of the polynomial systems that
appear from the side relations, we apply the procedure gsolve which
is part of the Maple package grobner [5]. This procedure computes a
collection of reduced lexicographic Grobner bases corresponding to a set
of polynomials. The system corresponding to the set is first subdivided
by factorization. Then a variant of Buchberger’s algorithm which factors
all intermediate results is applied to each subsystem. The result is a list
of reduced subsystems whose roots are those of the original system, but
whose variables have been successively eliminated and separated as far as
possible. This means that instead of trying to find a Grobner basis, the
package attempts to factor the polynomials that form the system after each
step of the reduction algorithm. In the algorithm, the variables z;, o and
their complex conjugates, Z; and T3, are treated as independent variables.
In the subsequent analysis we use the fact that they are complex conjugates
of each other.
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HUYGENS’ PRINCIPLE ON PETROV TYPE IIl SPACE-TIMES 271

Applying gsolve to the set of equations formed by Sz = 0, S3 = 0 (cf.
(75) and (76)), their complex conjugates, and S; = 0 (cf. (74)), we find the
the only possible solution for which z; # 0 and x3 # 0 is given by

3242,75 —1=0, 6z +11=0, 6z +11=0. (77)

By substituting (77) into any of the previous expressions for ®;; we find
that ®;; = 0. Using this and 7 = —a6/11 in V}; one gets

—1761Ba@ + 5a°a + 326788 — 5445808 = 0. (78)

It is easy to verify that (78) and the first equation in (77), now given in the
form 1089883 — aa = 0, imply that o = 8 = 0.

Let us consider first the cases in which each one of the denominators

di, ds, ds, ds and ds, given respectively by (61), (63), (66), (67) and (69),
is zero.

i) d; =0
From (61) we have, in terms of the variables z; and x:
820 % 4 1508 x; + 5448 T5 1 — 95 + 10236 T3 = 0. (79)
Since the numerator of (60) must also vanish, we have
2680 2 + 1340 % 77 — 1908 75 71 a] + 7876 23 T1

— 36073 2 + 15752 T3 — 482475 2o o] + 30814 21 — 134475 @,
+ 15407 x1 T7 — 19188 T3 22 21 — 7296 T3 T7 1 + 20064 + 1003271
— 1900875 T2 — 6963 T3 71 — 125473 = 0. (80)

Applying gsolve to the set of equations consisting of (79), (80), their
complex conjugates, and S; = 0 (cf. eq. (74)) we find that all possible
solutions require that zo = 0.

(i) d2 =0
In this case, from (63), we have
230z, +437 — 37275 = 0. (81)

This implies that the numerator of (62) must vanish, so we have

350 22 71 + 700 z7 + 13252, T7 — 36 T3 1 + 2650 21 + 2508
— 450 T3 TT @1 — 1260T3 2o ¥ — 82575 T1 — 66 T3 — 2376 T3 2
+ 125477 = 0. (82)
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Applying gsolve to the set of equations consisting of (81), (82), their
complex conjugates, and S; = 0 we find again that all solutions require
that , = 0.

(fii) dz =0
From (66) we now have
@1y = —277(x1 + 2)(322 + T1). (83)
By subtracting (83) from its complex conjugate we obtain
Ey := —6z3 — 3z122 — 27 + 6T3 + 3Tox7 + 221 = 0. (84)
Subtracting (83) from (60) and taking the numerator, we get

Ey : = 2462577 + 26827 + 21622772 + 477z, + 115252122
— 36Z3x1 + 106621 + 354T521 77 + 22322275 + 51877 — 6673
+ 7112527 — 3022 + 6922, 77 + 1056 = 0. (85)

An additional side relation is obtained by subtracting the complex conjugate
of (83) from (62) and taking the numerator of the resulting expression:

E5 : = 1442975 + 2691z 15 + 262215 + 144752125 + 69Ox2mf
- 120xf:c_1 — 4282177 + 8lzox; — 38077 — 2508 + 66T; — 2650,
+ 36Z5z; — 70022 + 7822177 = 0. (86)

Applying grobner to the set consisting of Es, its complex conjugate, Ej,
E; and S; we find that this system admits no solution.

(iV) d4 =0

When the denominator of (65_), given by (67), is zero, its numerator
must be zero, implying that oo = (3(443/3). This, on the other hand implies
immediately, from S; = 0 (cf. (58)), that 3 = 0.

(v) ds =0

When the denominator of (68) is zero, its numerator must be zero too.
Thus, we get

(11 + 621)*(38 + 1927127577 + 104,77 + 20z, — 3622T3) = 0, (87)

308z + 513 + 20x? — 52875 — 288757, = 0. (88)

Applying gsolve to the polynomial system defined by the system of
polynomials defined by (87), (88), their complex conjugates, and S; = 0,
we find that there are no possible solutions.
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The case o = # = w = 0, which leads to Theorem 2, was considered
in [3] and results in a contradiction to the hypothesis ¢5 # 0 . The more
general case, am3 = 0, also leads to a contradiction. The proof, found in
[16], is tedious but straightforward, and will not be presented here. Thus, the
necessary conditions I-VI for the validity of Huygens’ principle imply that
we must have Hyp, := A[ap) = 0. This completes the proof of Theorem 3.

APPENDIX

In this Appendix we give the Newman-Penrose field equations and
commutation relations referred in the paper. We note that many lists in the
literature contain typographic mistakes, or use different conventions

(NP1)
(NP2)
(NP3)
(NP4)
(NP5)
(NP6)

(NP7)
(NPS8)
(NP9)
(NP10)
(NP11)
(NP12)

(NP13)
(NP14)
(NP15)
(NP16)
(NP17)
(NP18)

Bianchi identities
Dp—6k=p?+0G+(e+&)p—Fr— Ba+ 08— )k + B,
Do—ék=(p+p)lo+Be—€o—(T—T+a+30)k+ ¥,
D7—Ak = (747)p+(T+m)o+(e—€)7— (3y+7) s+ ¥ + P01,
Da —ée = (p+€—2€)a+ 7 — fe— kA —Fy + (e + p)7 + P10,
DB —be=(a+mo+(p—€)B—(p+7)s+ (T —a)e+ ¥y,
Dy-Ae=(r+7T)a+T+m)p—-(e+€)y—(y+F)e+ 77

— vk + Uy — A+ Py,
DA — &1 = pA+0p + 7% + (a — B) — VR + (€ — 3€)A + By,
Dp—oém =pp+or+1m—(e+€)p—(a@— B)m — vk + Uy + 24,
Dv—A7 = (T4+m)p+(7+T)A+(y—7)7m— (3e+€) v+ U3+ Py,
AN—bv=F-3y—p—-TA+Ba+B8+7—-T)v— Ty,
8p—80 = (@+B)p—(Ba—B)o+(p—p)T+(u—F)k—T; + By,
boao— 0B =pp—or+aa+pB8—2aB+ (p—p)y

+ (b —m)e— ¥y + A+ By,
SA=8p = (p=p)v+(p—E)m+(a+B)pu+(@—38)A— U3+ Bay,
v —Ap=p> + I+ (Y +F)p — 01 + (1 — @ — 38)v + Baa,
y=AB = (1—a—pB)y+pur—ov—ev—(y—F—p)f+ar+ 82,
61 —Ag = po + Ap+ (1 —a+ B)r — (37 — F)o — kU + B,
Ap—61 = —pii—aA+(y+7)p— (F+a—B)T+vk— Uy —2A,
Aa—by=(e+pv—(T+P)A+ T -ma+ (B -7)y— Ts.
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(NP19)

(NP20)

(NP21)

(NP22)

(NP23)

(NP24)

(NP25)

(NP26)
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Ricci identities
80y — DUy 4 D®g; — 6Bop = (4o — )Ty — 2(2p + €) T4
+ 36y + (T — 20 — 20)Poo + 2(e + 0)Poy
+ 2019 — 26P1; — FPgo,
AWy — 60 + Doy — 6@o1 = (47 — 1) ¥ — 2(27 + B) T,
+ 30Uy — Aoy + 2(T — B)®o:
+20®11 + (26 — 26 + p)Pop — 26P12,
360, — 3D,y + 2D®,; — 26®1o + 6B — Adg
=3\¥, — 9p¥5 + 6(a — )Ty + 65T
+ (7 —2p — 2y — 27)®g0 + (20 + 27 + 27) D¢,
+2(r —2a+7) P10+ 2(2p — p)P1y
+20®99 — P2 — 2P 15 — 26Dy,
3AU; — 360, + 2DB 5 — 26®1; + 6Pgy — Ady
=3vWy+ 6(y — p)¥; — 97V, + 6003 — D )
+ 20— p—7)®o1 — 2A8 10 + 2(7 + 27) P14
+ (2a+ 27 + 7 — 23) @y
+ (20 — 2p — 4€) P15 + 20P9; — 26Pyy,
3DU; + DBy — 6Bog + 2011 — 2A4,
= 6A¥; — 9715 + 6(c — p) T3 + 3k¥y — 20P
+2( — p — 27)®10 + (27 + 47) P44
+ (28 + 27 + 7T — 2a) Py — 26D
+2(p— p— )Py — Koo + 2X Py,
3AU, — 36W3 + Ddgy — 6Py; + 26015 — 24P,
= 6v¥) — IuWy +6(5 — 7)¥3 + 300, — 20Dy, — 20D,
+ 228 — p) @11 + 2A8gy — APy + 2(7 + T — 26) P15
+2(8+ 7 +7)Po1 + (P — 26 — 26 — 2p) Py
U3 — DUy + §®9 — Adyy = 3N, — 2(a + 27) Uy
+ (46 — p) Wy — 2P + 2A D1y + (27 — 27 + 1) Poo
+2(T — a)®y; — 7P
AUz — 6T, + 6Bgy — ADy; = 30Ty — 2(y + 2u) 5
+ (48 — 1)Uy — 20D — TPy
+ 2AP15 + 2(y + 1) P21 + (T — 26 — 20) P,
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(NP27) D®y; — 6B, — 6®g1 + Adgp + 3DA = (27 — p + 25 — 1) Poo
+ (1 = 20 = 27) @01 + (T — 22 — 27)P10 + 2(p + P) P11
+7®gy + 0Py — KDy — kDo

(NP28) D®yy — 6Py — 6®gy + ADg1 + 36A = (27 — p — 21) Py
+ 7B — A®10 + 2(T — 7)P11 + (7 + 28 — 2a — 7) By
+ (20 +7 —26)®12 + 0Py — KPoo,

(NP29) D®yy — 6®9; — 6B15 + Adyy + 3AA = v
+ U@ — 2(1 + B)®11 — Aoz — Ao + (27 — T + 26) D1
+ (26 —7+27)Po1 + (p+ P — 2 — 2€) Do

NP commutation relations
66— 66 =(—p+m)D+(—p+0)A+ (a—B)s + (—a + B)8,

BA-Ab=—vD+(T-a-HA+I+(@+7 =),
6D —-D§=(a+B—7)D+EA -G~ (p— €+ €,
AD —DA = (y+7%)D + (e + ©)A — (F+ )6 — (T + 7)6.
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