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ABSTRACT. — We consider the two-dimensional nonlinear Schrodinger
equation with repulsion iv; = Av + v(1 — |v|?) subject to the boundary
condition v—1, |z|—oo. We establish the existence of travelling wave
solutions v(z,t) = 0(z1 — ct,x2), ¢ > 0, for sufficiently small values of ¢
and exhibit their vortex structure. © Elsevier, Paris
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RESUME. — On considere ’équation de Schrodinger bidimensionnelle
avec répulsion iv; = Av + v(1 — |[v|?), avec la condition aux limites
v—1, |r|—o00. On montre I'existence de solutions ondes progressives
v(z,t) = o(x1 — ct,x2), ¢ > 0, pour des valeurs petites de ¢ et on
exhibe leur structure de vortex. © Elsevier, Paris
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148 F. BETHUEL AND J.-C. SAUT
I. INTRODUCTION

I.1. Statement of the results

In this paper, we will focus on the following non-linear Schrodinger
equation, for a complex valued function v(z,t) defined on R x R (x stands
for the spatial variable, ¢ being time)

(1) —i%+Av+v(l—|v|2)=()on R xR

2

where A = > 3—8382’—2. Here z; and z, denote cartesian coordinates on R?,
i=1

r = (1171,1!2).

This equation is often termed Gross-Pitaevskii equation and appears in
various areas of Physics : non linear optics, fluid dynamics, superfluidity,
Bose condensation ... (see for instance the pioneering papers [GR], [JR],
[JPR] and also [KR1], [KR2] for references).

At least on a formal level, equation (1) is hamiltonian. The conserved
hamiltonian is a “Ginzburg-Landau type” energy, namely

B =g [ VP +7 [ =P,

We will only be interested in finite energy solutions here. In view of
the form of E, and the potential V(v) = (1 — |v|?)?, natural boundary
condition at infinity on R? are

(2) v(z) — 1, as |z] — +o0.

It is easy to prove (see Appendix A) that the Cauchy problem for (1)
supplemented by (2) is globally well-posed.

The question we are going to investigate in this paper is the existence
problem for travelling wave solutions to (1). Let ¢ > 0 be some positive
number. We are looking for solutions v to (1) of the form

(3) v(z,t) = 0(xy — ct,z2), z = (z1,23)

where ¥ is a function defined on R?. The parameter ¢ > 0 represents the
speed of the travelling wave. If v is a solution to (1), then the equation
for v is

R ~12 2
(4) —ic axl—Av—H}(l—M)onll'\P

and conversely any solution to (4) yields a travelling wave solution to (1).

Annales de I'Institut Henri Poincaré - Physique théorique



TRAVELLING WAVES FOR THE GROSS-PITAEVSKII EQUATION 1 149

Equation (4) has been studied in a number of places, where the existence
problem and the dynamical stability of finite energy solutions to (4) was
addressed both on a numerical and a formal level (see the works of Roberts
and coworkers ([GR], [JR], [JPR], Pismen and Rubinstein [PR], Pismen
and Nepomnyashchy [PN], Kuznetsov and Rasmussen [KR1], [KR2]). They
established (at least formally) that travelling waves with finite energy should
exist for small values of the parameter ¢, whereas for large values, they
should not. More precisely, the velocity ¢ of the “soliton” should lie
between 0 and the minimum phase velocity, coinciding with the sound
velocity (¢, = /2 in our scaled version). In the limit ¢—0, one gets
formally two widely separated parallel vortex filaments with opposite
circulation while for c closed to ¢, the travelling wave solutions should be,
after scaling, close to the 2D lumps of the Kadomtsev-Petviashvili (KP1)
equation. Our aim in this paper, is to give a rigourous proof of the first part
of the previous statement. More precisely, we will establish the following

THEOREM 1. — There exists some constant cy > 0, such that, for 0 < ¢ < cy,
equation (4) has a non-constant finite energy solution ©. Moreover, there
exist constants Ny and Ay such that

(5) 2m |loge|l + Ag < E(0) < 2m|loge| + Ay .

The above quoted papers actually tell us more about the structure of the
solutions which are constructed. The solutions are expected to have two
vortices, i.e. two points where 9(z) = 0. Around each of the vortices the
winding number should be +1 and —1 respectively. The distance between
the two vortices should be of order ¢~! in the asymptotic limit c—0. We
will show in the course of the paper how much can be proved in this
direction (see Proposition VI.7 for a precise statement).

Most of this paper will be devoted to the proof of Theorem 1.°
Subsections 1.2 to 1.7 are devoted to explaining the strategy of the proof of
Theorem 1. The precise content of the rest of the paper will be presented
in subsection L.8.

The nonexistence of travelling waves when ¢ > ¢, = /2 seems to be
linked to the absence of embedded eigenvalues for the linearization of (4)
around ¥ = 1. More precisely, setting o =V + 1, V = f + ig, (4) writes

o of)=6()+ (3 52)()

where
L= -A+2 +c0,,
07\ =8y, -A )

Vol. 70, n® 2-1999.



150 F. BETHUEL AND J.-C. SAUT

A($)=3f+f2+gz, B(x)zg, D(.’L‘)=f2+92.
It is easily checked that the continuous spectrum of Lo (viewed as an
unbounded operator in L?(R?)?) is [0, 00) if ¢ < v/2 and [ — (cz)—fﬁ , +00)
if ¢ > /2. The continuous spectrum of L is the same, if f, g decay
sufficiently fast as |z|—o0.

Hence, when ¢ > v/2, the existence of a non trivial solution of (4) would
imply that L has the eigenvalue 0 embedded in the continuous spectrum,
which is unlikely to occur, if V decays sufficiently fast as |z|— + oo.

On the other hand another argument in favor of nonexistence of travelling
waves when ¢ > /2 is that the mountain pass argument used in the proof
of Theorem 1 clearly does not work in this case.

As we will see below, equation (4) is variational. We shall use a
mountain-pass theorem to establish Theorem 1.

In order to define the variational formulation, it will be convenient
to introduce a change of scale. This will allow us to make use of
technics introduced in the study of asymptotic limits of solutions to the
Ginzburg-Landau equation (see, for instance [BBH], and references therein).

L.2. A rescaling

In Theorem 1, the small parameter is the speed c. In order to be consistent
with works on Ginzburg-Landau functionals (for instance [BBH], we will
change the notation and set

E=C.

Next, we change variables and set

I=cr=c¢zx, uw(Z) = 0(x), with J}ZE
In the new variables, equation (4) reads
. Ou 1 9
i Au + g—iu(l — |ul?).
In the sequel, we will drop the tilda on the coordinates, i.e. write
. Ou 1 9

The hamiltonian is now
1 2 1 2\2
€ = = Y 1 - = e
Bw) =5 [1Vuf+ o [ =t = [ e
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TRAVELLING WAVES FOR THE GROSS-PITAEVSKII EQUATION I 151

which is precisely the energy studied in [BBH] (see also Struwe [Str], Lin
[L]). Note that

E.(u) = E(3).

As we will show in the course of the proof (see Proposition 5) the solution
we will obtain satisfies a bound of the form

(7) E.(u) < 2n|loge] + Ay

for some absolute constant A;. Following the analysis of [BBH], [BR], [Str],
we have the following useful result, which we will use in many places.

ProposITION 1. — Let Cy be any arbitrary constant, and let 0 < 3 < 1.
Let f € L*(R?), v € HL .(R?) be maps from R? to R? such that

1
(8) —Av:—g—z—v(l—|vlz)+f for 0<e<1
9) E.(v) < Co|loge]
(10) |flr2@rey < Co|loge|e™®.

Then v is continuous on R2, and there exist constants N > 0, and X > 0,
depending only on Cy and B3, £ points ay,...,a, in R, such that

(11) (<N

¢
1 2
(12) u(@)| > 5, VzeR \izleB(ai,)\e).

We will term the points ay,...,a, the vortices of our map : in their
neighborhood, |v| might be small, or even might vanish. Since |v| is larger
than one-half on the boundary B(a;, Ae) the map ﬁ has some winding
number on dB(a;, Ae). We will call it the degree of v at a;.

Note that for any solution to (6) satisfying the bound (7), Proposition 1
applies and we may define its vortices. Actually (7) is more precise than (9),
and in this case, we may prove that v has at most two vortices with winding
number +1 or —1, all other vortices having degree zero. In order to do so,
we have however to redefine slightly the notion of vortices, and enlarge the
radius around them. More precisely, we have

ProprOSITION 2. — Let A, Cy be arbitrary constants, and let 0 < 3 < 1.
Assume that f and v satisfy the conditions of Proposition 1, that is (8), (9)
and (10). Assume moreover that

(13) E.(v) < 2r|loge| + A.

Vol. 70, n°® 2-1999.



152 F. BETHUEL AND J.-C. SAUT

Then there exist constants . and [i in (0,1), a number N € N, depending
only on B, A and Cy, such that there exist p > 0, i > 0, £ points ay,...,a,
in R% such that

(14) #<p<ef, O<p<mp<p<l
(15) lai —aj| > €2, Ni#jin {1,...,6}

¢

1

(16) lo(z)] 2 5 on R?\ | B(ai,p)

=1
(17) (<N

2

(18) lo(z)| > 1 - w on 0B(a;,p).

There exist at most two vortices in the collection {ay,...,a,} such that

v

dega; = deg (— (9B(a,,-,p)) #0.

v]’
Call ay and ay these vortices. Then we have

dega; = —degas

|degai| =1.
Finally we have also
(19) / ee() < Z(1+K(e) if i=1,2
aB(aisp) p
(20) / e.(v) < ZK(e) for i > 2,
aB(aivp) P

where K (&) depends only on ¢, and K (e)—0 as e—0.

The proof is essentially the same as the proof of Theorem 5 in [AB]
(relying on a construction introduced in a preliminary version of [BBH]).
For sake of completeness we will give a proof in Appendix B.

As a consequence of Proposition 2, in view of the bound (5), the solution
we construct in Theorem 1 will essentially have two vortices. An important
question is to determine the distance of these vortices. We will turn to this
question later. (See Proposition VI.7).

Annales de I'Institut Henri Poincaré - Physique théorique
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1.3. Variational formulation

As already noticed in the references quoted above, equation (6) is
variational. To be more specific, let us introduce the space V' of maps
definined by

V= {v . R2—C, such that v — 1€ Hl(le)}.

V is an affine space modelled on the Hilbert space H'(R?) equipped with
the standard norm

015 g2y = ||U||%2(R2) + ||VU||%2(R2)-

Next, for v € V set

L(v) = %/RQ(ivzl,v _1)

and
F.(v) = E.(v) - L(v).

Note that by the embedding H'(R?) c L*(R?), E. is well defined on
HY(R?).

Then, we have

PROPOSITION 3. — The functionals E., L and F, are C* on V. Moreover
any critical point of F. is a solution to (4).
The proof of Proposition 3 is rather standard and we omit it.

Note that the space V has been introduced for the convenience of
the variational formulation. By no means do we claim that the solution
constructed in Theorem 1 belongs to V' (actually it is conjectured that it does
not). However, the space V is well-fitted for implementing our mountain-
pass argument. This will yields us so called Palais-Smale sequences (i.e.
approximate solutions to (4)). We will then prove convergence to a solution
to (4) on compact sets.

The variational formulation we introduced above is still not very
satisfactory for our purposes. One important flaw is that F' is not bounded
below (see the construction in Section 1.5) : this gives serious troubles in
order to make Palais-Smale sequences converge. In order to overcome this
difficulty, we modify slightly the functional, introducing a cut-off for L.

Vol. 70, n° 2-1999.



154 F. BETHUEL AND J.-C. SAUT

Let K > 0 be some large number, to be determined later (and remaining
fixed troughout the paper). Consider a function ¢g, smooth from R to R
having the following properties

PK(s)=s if [s| <K
vk (s) =2K if s>2K
vr(s)=-2K if s<-2K,

and finally
4
0< ¢ < —.
< pk(s) < K
Our perturbed functional will then be given by

FK,& = Ee - SOK(L('U‘))

(We will simply write F. or F and ¢, when no confusion is possible). We
then verify that F' is of class C' on V and that

(dF(v), ®) = (dE(v), ®) — ¢'(L(v)) (dL(v),®), VP €V

so that critical points for F verify

v 1
21 -1’ (L — =Av+ ol - |v]?).
(21) i/ (L)) g = Bv+ 5 0(1 = [of?)

Therefore a solution to (21) is a critical point of F' provided ¢'(L(v)) = 1,
which is in particular the case if

(22) L(v) < K.
Actually, our choice for K will be
(23) K =4n dl s

where d; is another constant, which will be introduced in Section 1.6 (the
mountain-pass argument), and which will be determined later.

With this choice, we may work with F. instead of F., and still obtain
solutions for our initial problem.

L.4. Geometrical interpretation of L

As we will see for maps having nice vortices, the functional L is very
simply related to the location of the vortices. To get a feeling for that

Annales de UInstitut Henri Poincaré - Physique théorique
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property, consider a very simple model situation of a smooth map v having
two nice vortices, of degree +1 and —1 respectively, denoted P and N
respectively. In coordinates, we write

P=(P,P), N = (N1, N,).

We assume moreover that v satisfies the following five properties
— v is smooth on R2,
- |v| = 1 outside B(P,e) N B(N,e), [|[P — N| > €],
— deg(v,0B(P,¢)) = 1, deg(v,&B(N, g)) = —1,
- |Vo| < 2
— v = 1, outside some large ball B(R).

Though very special, the above situation bears some resemblance with
the result of Proposition 2. Next, we estimate L(v). We have, by Fubini’s
theorem

(24) / (1vg,v — /Rds[/ms[m“v_ 1]dzy | .

By our assumption |v| = 1 on the line z2 = s provided s ¢ [P, — &,
P> + €] U[Ny — €, N3 + ¢]. In that case, the integral

/ (1vg,,v — 1)

is a topological number, equal to —27 if s € [Ny + &, P, — €] and to
zero if s €] — 00, Ny — €] U [P2 + €, +00[. Going back to (23), a simple
computation shows that

|L(v) — w(Py — N3)| — 0 as e—0,

so that L is approximately 7(P, — N3). In view of our later analysis we
will present next a slightly more canonical way of constructing a map with
two vortices (in the spirit of [BBH]). This will in particular be useful for
our mountain-pass argument.

Let f be any smooth function from R to R* such that
ft)=0if t <
fl#)=1if ¢ >

= oo

and |f'| < 4.

Vol. 70, n° 2-1999.
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Let d > 0, and set P = (0,—%), N = (0,+£). Let € > 0, and define
the map v5 from R? to R? by

i) = () () 2 ()

Clearly the map v has two vortices (provided d > 2¢) of opposite
degree +1 and —1, located at P and N, and |v5(z)| = 1, provided
dist(z, P) > € and dist(z, N) > e. Similar estimates as above yield

LEMMA 1. — We have, for fixed d > 0, v € V, and for 0 < e < 1
€
E.(vy) = 27r‘ log E’ + Co + R!

L(vS) = md + R2
where |RY| < C'|%|, |R%| < Ce provided d > 8¢, and Cy is some constant.

In order to use calculus of variation, we need next to extend the notion
of vortices to arbitrary maps in V. This is the aim of the next Section.

LS. Vortices for maps in V

The argument is borrowed from [AB] and is of a slightly indirect nature.
Starting from a map v in V, we wish to show that v has “essential”
vortices, as described in the previous sections. In order to do so, we have
to impose an E.—energy bound on v, as (13). However this is not enough
to avoid dipole configuration on a small scale. To get rid of these, basically
unnecessary, details on a small scale, we introduce a regularization. Set

h=e/*4,

which represents the scale of regularization. Consider next the functional
G}, defined on V, by

— L[ 2
Gr(w) = E-(w) + 57,2 /R2 |lw—v]*.

Clearly G}, is well defined, and C* on V. We have

LEMMA 2.
Inf Gu(w)

Annales de IInstitut Henri Poincaré - Physique théorique
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is achieved, by some map vy, € V, which satisfies the equation

(25) B2l = Ao+ elzvh(l — Jonl?).
Moreover

(26) |L(v) — L(vy)| < 24 E.(v)
and

(27) E.(vs) + /R2 lvhh;?le < E.(v).

The proof of Lemma 2 will be given in Appendix C.

157

Note that as in [AB], we do not claim uniqueness for v,. However, most
of the information carried by the vortices of v will be preserved for vy,

provided the bound (13) holds. Therefore assume that
E.(v) < 2r|loge| + A

and set

vy — v _
In= hh2 =€ I/Q(Uh—v)-

In view of (26) we have for small e,

1/2 _
|falz2@mey < [37r(|10g6|)] / e~ 1/4,

Hence we may apply Proposition 2 to vy, f, with 8 = %. Thus, we deduce

LEMMA 3. — There exist constants p and [i in (0,1), and a constant
N € N*, depending only on A such that there are £ points a1, ... ,a, in R?,

p >0, > 0, such that

— 1
et < p<et O<p<p<lu<l, v0<e<§

|ai—aj|25ﬁ/2 lf ai7éa,j

{<N
14
1
(@) = & on B2\ Blawp)
=1

Vol. 70, n® 2-1999.



158 _ F. BETHUEL AND J.-C. SAUT

¢
Z |d;| € {0,2} where d; = dega;

=1

and such that (18), (19) and (20) (if ¥|d;| = 2) hold. Moreover, we have
(28) |L(vr) = w(a1,2 — az,2)| < K(e),

where K () depends only on A and e, and K (e)—0 as e—0.
In Lemma 3, we have used the notation

a; = (ai,la G»i,z)

in coordinates.

Of course, the map v, might well have no vortices a;, ay (i.e.. may well
have no vortices of degree +1 or —1, that is only vortices of degree zero,
or not vortices at all : take for instance v = 1, so that v, = 1). In this
case we have made the following convention : a; = ay are arbitrary points
and we set dega; = (—1)° by pure convention. Note however, that if vy,
has a vortex of degree 1, it has to have another vortex of opposite degree,
since E.(vy) is finite.

The only point in Lemma 3 which is not a consequence of Proposition 2
is (28). The proof will be given in Appendix C. An important consequence
of (28) and (26) is

LEMMA 4.
(29) |L(v) — m(a1,2 — az,2)| < K(e)

where K (&) depends only on A and ¢, and K (£)—0 as e—0.

To conclude this Section, an important problem is to determine some
continuity properties of the map which assigns to v its vortices a; and as.
This problem has already been considered in [AB]. Since we cannot expect
continuity (the vortices are only defined modulo a certain regularization,
i.e. introducing a lengthscale), the notion of m—almost continuity was
introduced in [AB]. We recall it.

DErINITION 1. — Let F' and G be two metric spaces and n > 0 be a given
constant. Let f be a map from F to G. We say that f is n—almost continuous
at a point ug € F if and only if, for any > 0, there exists § > 0, such
that if d(u,uo) < 6, then

d(f(u), f(uo)) <n+9.

Annales de I'Institut Henri Poincaré - Physique théorique
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Next consider for given A € R
V= {v €V, E.(v) <2r(|loge| —|—VA)}
and the map ¢ from V to R? x R? defined by
u — (a1,a2)
considered as a configuration space of charged particles (see [AB] for more

precision). Then we have

PRrOPOSITION 4. — The map ) is n-almost continuous for
n = cet
where c is a positive constant.

I.6. The mountain-pass argument

Here we will describe how to obtain critical point for F'. The first step
will be to establish the existence of Palais-Smale sequences v,, for F, with
a lower bound on |L(v,)|. The later estimate will be crucial in order to
prove that the sequence does not converge to a trivial (u = 1) solution. In
order to obtain such a bound, we will use a variant of the mountain-pass
theorem (Ambrosetti and Rabinowitz), due to Ghoussoub and Preiss ([GP]),
based on Ekeland’s variational principle ([E]). Let us recall that Theorem.

TurOREM 2 ([GP)). — Let X be a Banach space, and ¢ be a C* functional
on X. Let Cy and Cy be two non-empty closed and disjoint subsets of X,
and consider the set P of paths joining Cy and Cy i.e.

P = {p € C(I0,1], X), p(0) € Co, p(1) € C1 |-
Set
o= faf (M 0000
Assume that there exists a closed subset M of X such that

M®=Mn{z e X, ¢(z) > c}

_separates Cy and Cy, that is Cy and Cy are included in two disjoint connected
components of X \ M¢. Then, there exists a sequence x,, in X such that

d(xp,M) — 0 as n — 400

Vol. 70, n® 2-1999.



160 F. BETHUEL AND J.-C. SAUT

{qS(xn) —c
|lde(zn)|

Note that the usual mountain-pass theorem corresponds to the case
M = X. Recall that a sequence x,, satisfying (PS) is called a Palais-Smale
sequence for ¢, at the level c.

We will apply Theorem 2 to our problem. We take

(P.S)

X=V

(which is an affine space : this obviously makes no difference), and

¢=F..

Next we have to define the sets Cy and C;. We set for 0 < € < %

(30) cs = {v €V, |Lv)| < T, E.(v) < 2r|loge| + A}

T
8’

and

(31)

Cf:{’ueV, |L(v) — mdy| < 6(v)§27rllogs|+27rlogd1+[\}

e
8’
where d; > 4, A and A are three constants which will be fixed, throughout
the paper, but determined later.

We have

LemMMA 5. — C§ and Cf are closed subsets, which are disjoint. C§

not empty, provided A > Ao, where Ay is some absolute constant, and

0<e< i

Proof. — The first assertion is obvious. For the second assertion we have,
assuming d; > 4,

|L(vg,) — mda| < o(1)
and by Lemma 1
E.(v,) = 2r|loge| + 27 logdy + Cy + R(¢)
so that

V5, €CE

Annales de I'Institut Henri Poincaré - Physique théorique
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provided A > Ag = Cy + sup R(e).
0<e<i

This completes the proof of the Lemma.
We will actually determine the values of A and A as follows. We set

Max(A; + 37, Ag) + 1

(32) A
A=2r(log2—1)+2y +1.

Here A; is an absolute constant appearing in Proposition 5 (see Lemma II.1).
Similarly ~o is an absolute constant, introduced in [BBH], p.43 and
appearing in Lemma II.2.

With this choice of A and A, we determine the value of d;. For v € CE1
we observe that

F.(v) = E.(v) — L(v) < 27|loge| + 27 log dy — wdy + % +A.
We determine d; so that d; > 4 and

(34) 27rlogd1—7rd1+%+f\<27r(10g2—1)+2fyo—1.

The choices of A, f\, and d; ensure us that

lb/é%%( F.(u) < c., %%? F.(u) < c.

if e is sufficiently small.
Finally, we set

P. = {p € (10,11, V), p(0) € C5, p(1) € C5 |,

ce = Inf ( Max Fe(p(s))

PEP: \ 5€[0,1]
and
—e. —
Fo ={veV, F(v) <c}.
PropPOSITION 5. — There are two constants Ao and Ay such that, if

0 < e <1, then
(35) 27 |loge| + Ao < c. < 2m|loge| + A;g.

This fact already shows that if d; is choosen sufficiently large, then
V \ FS° separates CS and Cf, and provides us, thanks to Theorem 2 (with

Vol. 70, n® 2-1999.



162 F. BETHUEL AND J.-C. SAUT

M = V), a Palais-Smale sequence for F.. In order to prove that we may
choose a Palais-Smale sequence which does not converge (weakly) to a
constant solution, we define M as

M={veV, wdy < |L(v)| < W(jo}
where JO and cio are fixed numbers, such that
1 . .
Z<d0<2<d0<4.

Then we have

PROPOSITION 6. — There exists €, > 0 depending on dy and czo, such that
Ne=V\M* ={u€eV,F.(v)<c}Uu{V\M}

separates C§ and C5, if 0 < € < ey.

As a consequence of Theorem 2, Propositions 5 and 6, we finally may
assert the following

PROPOSITION 7. — There exists a sequence of maps u,, in V such that
(36) |L(uy)| > wdo + o(1)
(37) F.(u,) < 2m|loge| + A1 + o(1)
where 0(1)—0 as n— + oo and
(38) 14F - ()| 11 —0.
1.7. End of the proof of Theorem 1

In order to complete the proof of Theorem 1, we need to show that the
sequence u, converges to a non trivial solution (6). Since the functional F,
is invariant under translations, we first have to get rid of this invariance.
We have

PROPOSITION 8. — Let A > 0 be a constant, and let v,, be a sequence of
maps in V' such that

(39) E.(v,) < 2m|loge|+ A
and
(40) 4m > |L(v,)] > 5.

Then, there exists € > 0, depending only on A, such that if 0 < € < g, there
exists a sequence of points (by)nen in R? such that a subsequence of the
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sequence U, = v, (- — by,) converges strongly in H*(K), for any compact
subset K C R2, to a map v, which is not constant.

Combining Proposition 7 and Proposition 8, Theorem 1 follows easily.
More precise properties of the solution u will be given at the end of the
paper (see Section VI).

This paper is organized as follows. The background analysis in
Sections 1.2 to 1.5 (and which are adaptations from [BBH] and [AB]), will
be exposed in a separate Appendix. In the next Section (Section II) we will
prove Proposition 5. Section III is devoted to the proof of Proposition 6. The
key ingredients are Lemma II1.4 and IIL.5, which deal with constructions of
continuous paths in M. Section IV is devoted to the proof of Proposition 8.
The proof of Theorem 1 will be completed in Section V. Further properties
of the solution will be given in Section VI, in particular the fact that
v(z)—1 as |z|]— + co. The global well-posedness of the Cauchy problem
is established in Appendix A while Appendix B is devoted to the technical
proofs of Propositions 1 and 2. Finally, Lemmas 2 and 3 are proved in
Appendix C. We postpone to a subsequent paper the study of the three-
dimensional case as well of further properties of the travelling waves. After
this work was completed we have been aware of the paper [CJ] where the
dynamics of vortices as e—0 is studied, for the space-periodic problem
associated to (1).

II. PROOF OF PROPOSITION 5

Since Proposition 5 contains both an upper bound and a lower bound
for c., we are going to divide the proof into two separate parts. We start
with the easy one.

LemMA IL.1. — There exists an absolute constant A1 € R, such that for

0<6<%,wehave

(I1.1) ce < 2m|loge|+ Ay.

Proof of Lemma I1.1. — It suffices to exhibit a path on which the maximal
value of I, is less than 2w |loge| + A;. Take for that purpose py € P-
defined by, for s € [0,1]

po(s) = vy, with d = dys (recall that d; < 4, see Section 1.6)
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(since v§ € Cj and v € Cf, po is a path in P.), where the map vg was
constructed in Section 1.4. From Lemma 1, we then deduce that, for s > 8¢

Fu(po(s)) < (27r log g —7d) + Co +C %
Hence,
(IL2)  Fu(po(s)) < 2n log = + (2n logd — ) + O
Consider the one variable function 1 from R to R defined by
P(d) = 2w logd — 7d.
This function achieves its maximum at the point
dg =2, P(dp) = 2m(log2 — 1)
so that we obtain the estimate
Max F.(po(s)) < 27 |loge| 4+ 2n(log2 — 1) + C'.
Choosing K in the definition of F' such that
K =4nd, (see Section 1.3),
we obtain similarly

M{g)f} F.(po(s)) < 2m|loge| + 2r(log2 — 1) + C,
se|0,

which yields the conclusion (IL.1).

The lower bound for c., and actually a much more precise asymptotic
analysis, will be a consequence of our next result. First we introduce some
notation. Set (as in [BBH], p.42), for R > 0, Dp = {2z € R?,|z| < R},
Hp = {u € H'(Dg,R?), u(z) = i on dDg} and, for e > 0,

. 1 1
I(e, R) = Min {5 /D |Vaul|? + 155(1 - |u|2)2}

u€EHR
Set also

I(e) = I(g,1).
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Note that, by scaling
€
K&R)=I(§).

It follows from the analysis in [BBH], that the function t—I(t) + 7 logt
is increasing and has a limit as t—0. Set

(IL3) Yo = %in{l) [I(t) + = logt].

We shall need the following result
LemMmA I1.2. — Let 1 > p > e*, and let w be a map from B(p) to R?
such that

|w| >1- 5 On 83(,0),

2
|log |
/ Do, P+ L (1= P < T+ K (o))
oB(s) 2 de? T ’

where T denotes a unit tangent to 0B(p), oriented properly, and where
K(g)—0 as e—0. Assume also

deg (|Z)}_|’83(p)) = +1.

Then we have
| edw)zmiog 24+ Kile),
B(p) €

where K1(g) depends only on ¢ and K;(e)—0 as e—0.

We postpone the proof of Lemma IL2, and turn to the central result
of this section.

ProposITION I1.2. — Let A € R be a given constant, and let v be a map
in V such that

E.(v) <2r|loge| + A.

Let vy, be the regularized map obtained from v by Lemma 2. Let a; and ay be
the vortices of vy, of degree (—1)* given by Lemma 3 and set d = |a; — as).
Assume d # 0, so that

dZsﬁﬂ.
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Then we have
d
E.(v) > E.(v) > 27 log - + 270 + K(g),

where K (g) depends only on A and e, and K (£)—0 as e—0.

Proof of Proposition 11.2. — The proof goes back to techniques introduced
in [BBH] and [AB]. Let p, a;, ¢ and & be as in Lemma 3. Set

£
Q, =R\ | B(ai,p).
=1

We are going to bound first pr |Von|?, then jﬁ?\ﬂp |V |2.

Step 1. — Estimates for pr [V %

Since |vy| > %, we may consider on €, the map

deg(7,0B(a;p)) = (=1)*  for i=1,2
=0 for ¢ > 2.

Let us estimate first [, |[V7|*. We claim that
P

(I1.4) / |V3|? > 27 log (6—1 + Ki(e),

Q,
where K;(e)—0 as e—0.

Proof of the claim (11.4). — Following [BBH], chap. 1, we have, by
Hodge-de-Rham decomposition

(10,0,,) = Hyy — o,
(IL.5) 0
(10,0y,) = Hy, + O,
where
®(z) = —(log |z — a1]) +log(|]z — az]), VzeR?,
so that

~A® = 2r(—8,, + 64,), on R,
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and where H is a function defined (up to an additive constant) on €2,. We
deduce from (IL.5) that

(IL.6) /Q P |VT|? = /Q

We observe that the last term is the integral of a Jacobian, i.e.

Vo[ +/ |VH|2+/ (®,, Hy, — @, Hy,).
» Q, Q,
0 0
@, H-’E2 - waz le = 3. CI)Hw:» - . q)Hml
! 83:1 ( ) 811,'2 ( )

so that

14
(IL.7) / (Pay Hop — @0y Hy ) =D / ®H,,
Q, i=179

B(ai,p)

where again 7 denotes a unit tangent to dB(a;, p), oriented properly. We
have, for any constant ®; :

/ OH, = (- @) H,
dB(ai,p) 8B(a,p)

so that
¢
(I1.8) ‘/ Oy Hoy — py H,, | <) sup |@ — &4 |VH]|.
QP i=1 aB(ai,p) 3B(0~;,P)
Choose next
o, = &(a;), for i >2 and

&, = —(log |a1| — log |a1 — az)
@, = —(log |az — a1| — log |as|),

so that, since
|ai — a;| > £/
(I1.9) sup |® —@;| <2672 Vie{l,...,4}.
8B(a;i,p)

On the other hand, we have

(IL.10) / IVH| <2 / (IVe| + |va))
aB(aiap)

9B(a;,p)

<,
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where C'is some constant, independent of e. For the last inequality, we may
invoke (19) and (20). Combining (I1.8), (I1.9) and (II.10), we deduce that

’/@zl H,, — &, H, | < Ccf—0 as e—0.

Hence, by (11.6)
(I1.11) / |Vo)? 2/ |V®|? — Cef/2,
Q, Q,

We clearly have

(11.12) / , |V®|? = 27 log d + Cef/2,
R2\ U B(a;,p) p

On the other hand, for ¢ # 1,2
(11.13) / [V®|? < 2me Fp? < 2mel,
B(ai,p)
so that the claim (IL.4) follows. Next, using (II.4) we are going to show that
. , d
(1114) IV’Uhl > 27 IOg ; + KQ(E)
2,

where K(e)—0 as e—0.
Proof of (I11.14). — Set
p = |val.
Then, we have
[Vonl? = [Vul® + u? Vo],
and hence

/ Vonl? > / pIVOP + [ R0 ey~ 6, )
(11.15) o

_/ V| + I + I,

P
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where

- - iver

I,=2 / (1—p?)|VO||VH|.
QP

In view of the definition of ® we have

2 2
Vo|(2) < = < — <27 on ,.
Vel < gr = g
Hence
(11.16) 1] < 111 = )|z IV ],

< Celloge|/?p~t
< Cel ™" |loge|/?—0, as e—0.

Similarly, we have
IL17) || < I(1 = p®)IVe|l2@)IVHI L2 (0,)
1
< ;Il(l — )@ [IVH| 22 (0,)
< Cellogelp™' < Cer™*|loge|—0 as e—0.

Inequality (I1.14) then follows, combining (II.15), (IL.16), (I1.17) and (I1.12),
(I1.13).

Step 2. — Estimates for fﬂ,, ee(vp).
For ¢ = 1,2, we have

2
lvn(z)| 21— Togelr 9B(ai, p),

and

| et <Ta+KE),
dB(a;,p) P
by (19). Moreover
Uh (1)t
deg <m,3B(a,~,p)> — (~1)'.

Hence we may invoke Lemma II.2 to assert that

(IL.18) Z / e(vn) > 27 log L 20 + Ks(e)
(a p)
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where K3(e)—0 as e—0.

Step 3. Proof of Proposition 11.2 completed. — Combining (I1.14) and
(II.18) we easily complete the proof of Proposition IL.2.

Next, we give the proof of Lemma I1.2, which has been postponed until
now.

Proof of Lemma 11.2. — On dB(p), we may write, assuming for instance
that deg (1% ,0B(p)) = +1,

[w] ?
w(z) = |w|(z) exp(i(8 + ¢(0))), for 8 € [0,27]
where ¢ € H'([0,27]), with ¢(0) = ¢(27). Set

w
W= — on dB(p).
|w] (

We have
[@e|* = (1 + ¢q)* on B(p).

On the other hand, we have

(1119) [t = [ (el + sl
0B(p) 9B(p)
where p = |w|. Since p > 1 — ]log%lz on 0B(p). We deduce that
@20 [Pz [ (el ) + )
9B(p) 9B(p)

where K;(e)—0 as e—0. Therefore, since
[ (ool + mal + 5 (1= o) < 214 K()
dB(p) €
we deduce from (I1.19), (I1.20), (II1.21) that
I 2 24 21— wP?) < K
(IL.21) liol” + 100]” + 5 (1 = [w[*)” ) < Ka(e)
dB(p) €

where K»(e)—0 as e—0.
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We consider next the ball B(2p). We claim that we may construct a
map W on B(2p) such that

(I1.22) w=w on B(p)
(I1.23) w(z) = expi(f + ¢(0)) on 9B(2p)
and

(I1.24)

/ ec(w) — mlog2| < K3(e),
B(2p)\B(p

where K3(e)—0 as e—0.

Proof of the claim. — Set

w(z) = n(z)w(z) on B(2p)\ B(p)

where w(z) is S'—valued defined by

()_wmw+¢@(ll”)+()0d ’)

and where 7)(z) is real-valued, defined by

n(z) = |w |(|Z| )(2p;|2|)+12|p—p

so that w verifies the boundary conditions (I1.22) and (II.23). We have

vaf? = 22+ EOE (222E) o) - pop

|| |2l

Since

sup o(0) — o(8)] < / "1 (0)]d8 < [Ka(e)] V2 (2m)

0€[0,27]

we verify that

/ |Vaw|? — 27 10g2‘ < Ky(e)
B(2p)\B(p)

where K,(¢)—0 as e—0. Similar estimates for 7 yield the conclusion
(I1.24).
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Proof of Lemma 11.2 completed. — In view of the definition of I we have

/B o ) 2 T(6:20) = 1(5,)

so that by (II.24)
5
ec(w)>1(—)—7log2— K;(e).
[ e 2 1(5;) ~mlog2 = Kife)

The result follows from (IL.3).

As a consequence of Proposition II.2 and the n—almost continuity, we
obtain the following

ProrosiTioN I1.3. — We have
(11.25) ce > 2m|loge| + 270 + 2n(log 2 — 1) + K(e)

where K (&) depends only on € and K(¢)—0 as e—0.
Proof of Proposition 11.3. — First note, that for any map v in V, verifying
a bound of the form (7), we have

(I1.26) m|d(v)] = [L(v)] + o(1)

where, throughout the lemma o(1) denotes some function depending only
on ¢, such that 0o(1)—0 as e—0. Here d(v) represents the distance between
the vortices of the map vy,. Inequality (I1.26) is then an easy consequence
of Lemma 3 of the introduction.

In view of the n—almost continuity of the map @, it clearly turns out
that the function d : v—d(v) is also n—almost continuous (for the same 7
given by Proposition 4 of the Introduction). Consider next a path p € P,
that is a continuous map p from [0,1] to V such that

p(0) € G5
p(1) € CT.

Recall that the value of d; is determined by (34) ; in particular
(I1.27) d, > 4.

We claim that there is some sq € [0, 1] such that (if € is sufficiently small)

(IL.28) ld(p(s0)) - 2| < 3.
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Indeed, by Proposition IV.1 of [AB] there exists some continuous map f
from [0,1] to R such that
(11.29) |d(p(s)) = f(s)| <3n,  Vse[0,1].
On the other hand, we have
|d(p(0)] < o(1)
|d(p(1)) — 4] < o(1)
so that
IF(0)] < o(1)
|£(1) = 4] < o(1).

It then follows by the intermediate value theorem that there is some
so € [0,1] such that

f (50) = 27
and (I1.28) then can be deduced from (I1.29).
Applying Proposition II.2, we obtain

E.(p(s0)) > 27 log (M) +2v + R..

€
By (I1.28), this yields

E.(p(s0)) > 2m log % + 2w log2 + 279 + o(1).
On the other hand, by (I1.26), we have
—L(p(s0)) 2 —md(p(s0)) + o(1).
Hence, by (I1.28) again
Fulpls0)) > Felp(so) > 27 log (£) +2n(log2 ~ 1) +o(1),
which yields (IL.25).

Proof of Proposition 5 completed. — It suffices to combine Proposition II.1
and Proposition I1.2. Actually, with slightly more work, we may prove the
following

PropPOSITION 5 bis. — We have
1
ce = 27 log — + 2m(log2 — 1) + 279 + o(1)
€

where 0(1)—0 as e—0.

The proof of Proposition 5 bis relies on a slight refinement of
Proposition IL.1.
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III. PROOF OF PROPOSITION 6

The proof of Proposition 6, is the key ingredient in the proof of
Theorem 1 : it is also the most technical part of this paper. The proof
will be split into two parts, Proposition III.1 and Proposition III.2, which
describe paths in the level set

(I11.1) F = {veV,F.(v)<c}

for ¢ < c., joining C{ and C§. These paths will be constructed using
(partially) heat-flow techniques. This will first be described in the next
subsection.

II1.1. Heat-flows for F.
Let v € V. We consider the heat-flow for F., defined by

016 = i (00t 9) 20D = At )+ Zole, )0~ ota, )

(I11.3) v(0,) =w
where v(t,z) is defined for ¢ € Rt and = € R?, and where
92
Av(t,-) = ; a—x%v(t, ).
In the sequence, we will often make use of the notation
v (z) = v(t, z), vVt e RY, VzeR?
so that (IIL.3) can be rephrased as
vo(z) = v(z).
The following existence result can be established.

Lemma III.1. — Let v € V. Then there exists a solution v( ,-) to (1I1.2)
and (I11.3), which is smooth for all t > 0, and such that we have v, € V,
(Yt > 0). Moreover, we have the inequality

(I11.4) /0 ‘ /R 2

The proof of Lemma III.1 is standard and we will omit it. |

O 4 Felor()) < Fefun).
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Next we assume that v € V, and verifies a bound of the form
1
(II1.5) E.(v) < 27 log ot A,
where A is fixed and given by
(I1L.6) A=A+ 27 logd; + 270,

for instance. We have

LemMa II1.2. — Let v be in V, and assume that v satisfies (II11.5). Then for
0<e< % and any t € [0,51/4], we have

(I11.7) / |v — v]? < C|loge|el/4
R2

and

(I11.8) |L(v) — L(vy)| < C|loge|e/®.

Proof. — Write for z € R

v(z) —v(z) = /0 %(s,w)ds

so that

v — w2 (z) < (/Ot -g—:(s,m)rds>t

1/4
¢ |0v)?
< </0 ‘Bt‘ (s,x)ds)e

and inequality (IIL.7) follows by integration. Inequality (III.8) can be derived
as was inequality (26) in Lemma 2. Next, we have

LemMA II1.2. — Let v be in V, and assume that v satisfies (II1.5). Then for
0<e< %, there exists t, € [0,61/4] such that

2
(IIL.9) / ‘gv(tl,-)i < C|loge|e~1/4
o |0t

where C is some absolute constant.
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Proof. — Applying (II1.4) for T = &'/, we have
1/4

el

From the definition of F'., we deduce (with our choice K = 47 dy) that

E.(v) — 8rdy < F.(v) < E.(v) 4 mdy, YoeV.

P 2 N
a—:(t, :v)| dx) < Fo(v) = Fo(va).

Therefore _ _ -
Fo(v) = Fe(va) < Fo(v) + 8md,

<2r|loge| + A+ 9nd;.
The conclusion then follows easily applying Fubini’s theorem.
Observe next that v; = v,, satisfies the equation

1
(I11.10) —Av; = 5_2”1(1 —|v1|*) + f1 on R?

where
81}1
8.1)1 '

fi= =50 0, + 9/ (L)

Hence, we verify that, for 0 < € < %

(I11.11) |fil2rey < C(loge)/2e=1/8,
Hence, we may apply Proposition 2 to v;. This yields

LEMMA IIL.3. - There are constants pand [iin (0,1), N in N*, independent
of €, and { points ay,...,a, in R% and p > 0, & > 0, such that

— 1
(IIL.12) et < p< e, v0<e<§, O<iap<p<u<l

(IHlJ) |az~ - (le Z 6ﬁ/2 lf a; 75 a5
(IT1.14) ¢t<N
1
(IT1.15) |vi(z)| > 5 on R%\ .élB(ai,p)
(I11.16) dega; =0, i€{3,...,4}
dega; = (-1)* for i=1,2,

and
(I11.17) / () < (1 +K(e)) if i=1,2
8B(ai,p) P
v . .
(IT1.18) /BB(ai’p) ee(v1) < P (K(e)) if i>2
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where K(e)—0 as e—0.

¢
Set 2, = R?\ -EJIB(‘“’ p). We may consider on 2, the map

Y

U1

which is S'—valued. As in the proof of Proposition I1.2, we may write

(1w1,01,,) = Hi,, — Po,

II1.19
( ) (iﬁla—ﬁlm) = Ll—lz2 + q)wl

where
®(z) = —log(|z — a1]) + log(|z — a2]).

Arguing as in the proof of Lemma II.4, inequality (II.21), we may prove,
using (IIL.17) and (II1.18)

LemMma II1.4. — We have

: 2 1 K(e)
(I11.20 / CVH P+ |[Vull + = (1= )2 < ,
) ; 6B<ai,p)| 4 Vil e? o P

where K(e) depends only on ¢, and K (£)—0, as e—0.
Similarly, arguing as in the proof of Proposition IL.2, we have

LemmAa IIL.5. — We have
(I11.21) / |V, |? 2/ |v<1>|2+/ n?|VH;|* + K(¢)
Qp P QP

where K(e)—0 as e—0.

Our next aim will be to construct a deformation of H;, which decrease F.
together with H;.

II1.2. A deformation for the phase term H

Since H; is defined up to an additive constant, we may always ajust
this constant so that

Z—a )—1 Z— Qg

(I11.22) v1(z) = ( expiHq(z), on Q,

|z — a4 |z — as]

so that H; represents somehow a phase term. We are going to construct,
on Q, a flow for F;, based on deforming only the phase term Hj, but
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not the location of the vortices, nor the modulus v;, and keeping H; fixed
on 011,. For that purpose, we notice that

/ ec(vi))=hL+L+1+14
QP

where
L= / Vaf?, whete 7= o]
I =/ Ve[
QP
Iy :/ n?(Hi,, @0, — Hi,, @s,)
2,
and

I4=/ 772|VH1|2.

o
The function H enters only in the last two terms I3 and I;. Similarly
we may write

/ (iv1,,, 01 — 1) =/ (n* = 1) Hy,, +Is,
QP

2

where I5 does not depend on H;. We therefore consider the functional, for
real valued maps H on €,

(I11.23)
1
W(H) =5 [ 0 IVHP 0 (He @2, ~ Hay02) = (0 = D,
Q,,
In order to define a well-posed evolution equation for H which decreases
both W and the L?—norm of the gradient of H, we will restrict ourselves
to a bounded domain. Therefore, we choose some R > 0, such that

R>2 sup |a;—aq]

ie{1,...,0}
(I11.24) / o =12 <€
|z—a1|>%
1 4
@) [ VEP VAP -l <
|z—a1|=R € R
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and

on dB(a1, R).

111.26 >1— —2
( ) In| > Tog =2

For (II1.26), we may argue as in the proof of Proposition 2, using the coarea
formula. We consider the bounded domain

Q=9,NnB(a;,R)
and the functional
W) = 5 [ VP 0 (oo, = oy ®0) = (= Dy
Next, we define the functional space for H. Set

s_lve HYQ), ¢ =Cte=C; on 8B(a;,p)
B =0 on dB(a1, R)

(note that the constant value of ¢ on dB(a,, p) is not prescribed) and
S={HeH(Q)/IpeS, H=p+H}.

3> will be the functional space on which we will consider the functional W.
Set

1
h = (hi,hs) = 5 (7)2<I>m2 —(n*=1), n2<I>w1).

The variational formulation for the heat flow for W on Y writes :

(I11.27)
/ </ ‘PaHa(t’ 3 +n*VH(t,)Vo(t,") + hVe(t, )d:c) dt =0
R+ 19 t

Vo € C(]0, +oo[><5, R), such that ¢(¢,-) € X, Vt € RT. We supplement
this equation with initial and boundary conditions

(111.28) H(0,z) = Hy(z) on Q

(IT1.29) H(t,) €S, VieR*.

We have the following existence result.
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LemMA 1IL6. — There exists a solution H(-,-) on R* x Q to (1I1.27),
(I11.28), (II1.29), which satisfies : NT > 0

(I11.30) /O ' dt( /ﬂ [%—?‘de) + W(H(T)) < W(H(0)).

Moreover, as t— + oo, H(t;-) converges strongly in H'(2) to Ho,, where
H, is the unique solution in variational form to

(I11.31) / 772 VHyVp+hVep =0, Vo eX.
9}
The proof of Lemma IIL.6, is standard and will be omitted. The main

property of the solution H,, which will be of interest for us is the following

Lemma III.7. — We have
(1I1.32) / |VH, > < K(e),
Q

where K (g)—0 as e—0.
Proof. — Set, for i = 1,...,¢
1

Ci = —
27Tp dB(aq,p)

HQdS,

the mean value of Hy on dB(a;,p). Consider the solution H; to

AH,=0 on §
Hy=Hy,—c; on dB(a;,p)
Fz = H2 on 03(()/1,[2).

Since
(FQ)T = (Hl)'r on 6B(ai7p)a

we deduce from Lemma II1.4 that

(I11.33) Max |H,| < Ki(e)
)
and
(I1L.34) [ IVILP < Ko,
o)

where K(e) depends only on ¢, and K;(e)—0 as e—0. We have

Hz—FQEZ
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so that we may use 1) = Hy — H as a test function in (II.31). This yields
(I11.35) /Q n*VHy -V(Hy—Hz)+hV(Hy — Hy) = 0.

We have from the definition of A,

' _1 _ (g —
[ n90=5 [ 00— 02) — (0 = D

From the Jacobian property, and since 1) = Cte on dB(a;, p) we see that
/ prl (pmz - ¢z2 (I)M =0.
Q

Hence

e _ .
[ 590 =5 [ = e ey = = ]

and, since |V®| < %

C[i2_
/Qhw’s p/ﬁl(n Nl

Therefore

/_th/; < C e loge|Y? ||V |12
Q
S C 61_”|10g€| (HVHQ”LZ + ||VF2||L2) .
Going back to (II1.35), we obtain
se) [ [VH < C(IV Al [Velle)
Q

+e' 7 loge|(|[VHell + || VH]|12) -

From the fact that (by (IIL.30))
W(Hy) < W(H,)

we deduce that
/_ |VH2|2 < C(logel)
Q

which combined with (I11.36) yields (II1.32), and completes the proof of
the Lemma.
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For t € [0,400[, we will define the map w; € V, by
wy =v; on R? \ B(al,R)

z—a1 \"! z—a ) ~
wy = |7,[( 1|> |z_az| expiH(t,z) on

and
wy = vy expibd;(t) on Bla;,p)
where
0;(t) = H(t,z) — Hi(2) on 0B(a;,p)
(which is a number by definition of ¥). We easily verify that w, is a
continuous path in V, and in view of the definition of W, we clearly have

(I11.37) %Fmt) <o0.

Moreover as t— + 0o, w; converges strongly in H!(R?) to the map v,
defined by

v =v; on R?\ B(a1, R)

— -1 _ N
vy = |'r/|< b ) "% expiHs(z) on
|z — aq] z — as|

Vo = vy expif; on B(a;, p)
where 0; = H, — Hy on B(a;,p).
Finally, since the vortices do not move during the flow
LemMmA IIL.7. — We have Yt > 0,
|L(we) — L(vy)| < K(¢)
|L(v2) — L(v1)] < K(e),

where K (¢) depends only on e, and K (e)—0 as e—0.
The proof is similar to the proof of Lemma 3. Therefore, we omit it.

I11.3. Deformation for the modulus 7

Our next purpose is to deform 7 so that this decreases F' and, at the end
of the deformation, we obtain a function 73 such that

= [0 = o),

where 0(1)—0 as e—0. This fact will be crucial in the proofs of
Propositions III.1 and II1.2. The ideas are similar to that developped in the
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previous subsection. In view of the form of F., we define the functional Z

for real valued function £ on €2

5o (1= 1€1)?

22

2(6) = 5 | V6 + IEPITl + (€ = )7, +

where v, = |—z§—| on €.
By Cauchy-Schwarz inequality, we verify that

(I11.38) ZE)>C, V& Vo<e< %

where C is some universal constant independent of & and e.
The deformation will be performed in two steps.

Step 1. — We deform 7 to a map 7; such that

(111.39) 0<m<2on Q.

Step 2. — Using (II1.39), we are able to deform 7; to a map 73 having
the desired property.

Note that the first step has only a technical purpose. For ¢t € [0,1], we
define the map 7, in the following way. Set

n(z) = n(z) if n(z) <2, for z€Q, te0,1]
m(z) = n(z)(1—t) +2t) if n(z) > 2, for z€ Q, t€[0,1].

On 8%}, one easily verifies, thanks to (II1.20), (III.25), that
n(z) <2 on 9N
so that
n(z) =n(z), VzedN.
Next we have to verify that
(I11.40) Z(n) < 2(n), Vtelo,1].

To that aim, we note that

— . 1712 1
Rloa, [+ o, = o ([ma, + 2] - 1)

so that (II1.40) follows easily. Finally we notice that 7; satisfies (II1.39),
and this completes the first step.

Vol. 70, n® 2-1999.



184 F. BETHUEL AND J.-C. SAUT

Turning to the second step of our construction, we introduce the flow
for Z which writes

a2 an) s e(ni ) = e - €)

equation (II1.41) with initial value (for ¢ = 1) and boundary conditions

(I11.42) n(1,2) =m(z), VzeQ
(I11.43) n(t,z) =n(z), on dQ, Vit € [1,+oo].
We have

Lemma TIL8. — There exists a solution n(-,-) to (IIL41), (IL42)
and (111.43), defined on [1,+400[X€Q, such that

(111.44) 0<n(t,z) <2, Vt>1, Vze

(IT1.45) /IT (/ﬂ '%‘2) dt+ Z(E(T)) < Z(n), VT >1.

Moreover as t— + oo (up to a subsequence), £(t, ) converges strongly in Q
to a solution n3 to

1
(111.46) —Ans +n3(|V0a)* + 75, ) = 5—2773(1 —n3)

(111.47) n3(z) = m(z) on ON.

The proof is standard and therefore we omit it. Next, studying n; we
obtain

Lemma II1.9. — We have
1 1
3 [ 1m0 <Ko

where K (e) depends only on € and K(¢)—0 as e—0.

Proof. — Arguing as in the proof of Lemma II.2, we may construct some
function 73 on §2 such that

3 =73 on 0N

R
M3 =1 on ) = B(ai, 5) \ ,Lle B(a;,2p)
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2 . ~
and
1 y
(11L.48) J vl - < Ko

where K;(e)—0 as e—0.
Multiplying (II1.46) by ns — 7j3 we obtain, after integration by parts

1 y
/QVna'v(ns—773)+(773—f73)(lv'772|+v2z1) =/ 6—2773(1—?73)(773—773)
Q
so that
1
(WL49)  I0) = [ [V + (=)0 =) =Ty +Ta+ I
Q

where
I = / Vns - Vi
Q

I, = [(ﬁ3 —n3)(|VU| + vzml)
Q

and 1
I = —2[ ns(1 —n3)(7s — 1).
€7 JQ

For I;, we write
(IIL.50) L] < |IVnsllze [ Vsl 2 < Vs 12 e K1 ()2
For I,, we write, by the definition of v,
|VT2|? < 2(|V@[* + |[VH,[?) on Q

] < Ji+ J2+ J3

where
7 :4/ (Ins = 1] + s — L) (IV®[2 + |V))
Q

and

A=Amrw+m—mwm2
A=[m—uﬂm—mwm.
Q
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For J;, we note that, since

(L P
|z — aq]

|z —as|’

that ||V®||7. < &, so that

|11 < C(llns = Ulze + I3 = Llz2) (IVe]z2 + [|[VO|[)
< Celloge|V/? - e = Cel*|loge|.

For J,, we write, since
sup [n3 — 1] + |z — 1| < 4
<4 [ IVHP < 4K,
For J;, we write
b < (1s = ey + s = Uz ) (19l )
< Clloge|et/?.
Hence, combining the previous estimates, we see that

(IT1.51) |I2] < Ka(e),

where Ks(e)—0 as e—0.
For I; we write

s (i [ -7) (i o)

so that by (II1.48)

1 12 1/2 1/2
(111.52) |I3] < 5—2/52173(1—773) [Ki(e)] "
Combining (I11.52), (I11.53) and (II1.54) we obtain
(IIL53) [1(n3)] < (I(m1)" + 1) K(e)

where K3(e)—0 as e—0.
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We deduce from (II1.53) that

1
(I1L.54) i/ |Vns|? + g"?s(l —n3)*| < I(ns) < Ky(e)
)

where Kj(g)—0 as e—0.
We are going to show that

(I11.55) N3 > % on 2,

which clearly yields the conclusion. Since 73 verifies equation (II1.46),
which is of the form (8), we have by Lemma B3 of Appendix B

Ins(z) —ma(y)| < C ez —y|”

for some universal constants C > 0, v € (0,1). Next assume that (IIL.55)
is not true. Then, by continuity, there is some zo € 2 such that

1
773(1?0) = 5

then
<ms(x) <

S| =
- w

on the ball B (1:0, ﬁ) so that
1 / 9 1

- m(l=m)" 2 =

82 B(xo, 1—653") 164C

contradicting (II1.55) for small . This completes the proof of the Lemma.

IIL4. Path in F;

At this stage, let us sum up the results of the previous subsections in
the following Lemma.

LeEmMA II19. — Let v € V, and assume that v verifies (II.5). Then there
exists a continuous path p from [0,1] to V, such that

p(0)=v
and F.(p(s)) is non increasing. Moreover, we have

|L(5(s)) — L(v)| < K(e),
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where K () depends only on € and K (¢)—0 as e—0. The map vs = p(1)
has the following properties : there exist £ points in R%, ay,as, ..., as and
p > 0 such that

(I11.56) (<N, et<p<elfl?,
111 2 OB
(I11.57) lvs| > 1~ Tlog ]2 on 9B(a;, p),
1 9, ¢
(IT1.58) lvg| > 5 on Q=R*\ 'EJIB(ai,p),
(I11.59) dega; = (—=1)" if i = 1,2 , dega; =0 otherwise,
(ITL.60) / ec(vs) < T (|degai + K(e)),
9B(ai,p) p
2 1 wK(e)
111.61 = (1-1|us?)? <
ey [ [Tl 5 (0w <
1
(1IL.62) /ﬁvwﬂf+25u—hM%2§K@y
Q

Remark. — The constructions of subsections III.2 and III.3 have mainly
been introduced to obtain (III.61).

Next, we will try to construct a path connecting vz to C§ or C£, on which
the energy F'. is decreasing. However, when c is less than the mountain-pass
value c., we cannot connect indifferently to C§ or C5. Roughly speaking if

L(v) < 2r we may connect to C§

L(v) > 2r we may connect to C5.

A more precise statement is given in the two following propositions.

ProrosiTioN III.1. — Let 6 be a number such that

(I11.63) 2<6<3
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and v be a map in V, satisfying (I11.5)

(111.64) L(v) =46,
and
(II1.65) c=F.(v) <ece.

Then there exists g > 0 depending only on 6, such that for € < ¢, there
exists a continuous path p : [0,1]—V such that

p(0) = v
p(1) € C§
and moreover F.(p(s)) is decreasing on |0, 1], and

(T11.66) L(p(s)) > w6 + K (¢)

where K (g)—0 as e—0.
Similarly, we have

ProposITION II1.2. — Let 6 be a number such that

1
(111.67) 1<0<2,

and v be a map satisfying (II1.5),

(II1.68) L(v) =76
and
(II1.69) - c=F.(v) <ec..

Then there exists a continuous path p : [0,1]—=V such that

p(0) =v
p(1) € C5

and moreover F.(p(s)) is non-increasing on [0,1], and
(I11.70) L(p(s)) < wé+ K(e),

where K (£)—0 as e—0.
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The proofs are based on scaling arguments. For instance, for
Proposition II1.2, we scaled up the map vz on Q by a factor A > 1.
However the region B(a;, p) is just translated, and the technical part of the
proof consists in joining the two regions. Let us now be more precise.

Proof of Proposition 1I1.1. — In view of Lemma IIL.9 it suffices to
construct a deformation of v to a map in Cl. For that purpose let A > 1,
and consider the sets

A — _ 2 %
Th _,\Q_{zelﬁe,A EQ}
2 = U B(Aa;,p)

and

Q3 = U C} where C} = B(\a;, Ap) \ B(Aai, p).

K2

ic-

K2

Note that the sets 2} are disjoint and that R? = Q—J" On Q7 we define

3
i=1
a map w,, scaling up vs, that is

z
wx(z) ='03(X), Vz e Q).
On 23 we deduce wy from w3 by a translation
wx(z) =vs(z+ (A —1)a;), Vz € B(Aa;, p),

and finally on Q3 we define w, as a radial extension of the previous
boundary values, that is

Atz —q;

w,\(z):vg( |,0+a,-) on C{\.

|/\_12 — Q;
In view of the definition of wy, wy belongs to V for any A > 1, and
wy = V3.

Moreover, the function A—wj is continuous from [1, +oo[ to V. Our next
task will be to show that F'.(w,) is non increasing.

To that aim, set for j = 1,2,3

I;‘ = /QA ee(w,\) —é(w,\)

J
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where we have used the notation
1
l(w)(z) = §(iwzl,w —1) forany weV, VzeR.
For I}, we have by scaling
A2 -1
R=n+ 250 [P -0 -1 [ o).
4e Q Q

Since on €2, wy is deduced from w3 by translation, we have
Iy=I, VYi>1.

On Q3 we have

4 \p
£ (L
/Q; | }\l Z p dB(ai,p)

Ovs |2 P
5’,’;’ dO’);d’l"

8’03

= |z — a;|.

Similarly

/;§<1~|wx|2>2 ! —1)2( /m p)<1—|v3|2>2da)

/Qg fw) = (A 1),)(/53(%” é(v;;)da) .

Combining the previous identities, we are led to

and

(I11.71)
F.(wy) = Fe(vs)— (A—1) L(v3) + Ri(A) + Ro(\) + R3(A) + Ra(A) + Rs(A)

where
¢

Ri(Y) = (A~ 1)2 [, o
RO = (25 / (1 = JuaP’)
Ra() = —1>p2(4€2 [ =)
3( /., o)
e (L 315)
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We are going to estimate each of these terms separately. For R; we write,
since 0 < |us| < 2,

¢
IRi(V)] < 32 — 1|Z/B

Hence

lV’UgI S 3|/\ - 1| ”V’U3||L2(R2)ﬂ'1/2p.
)

(ai,p

|Ri(A)| < C|\ = 1]e"]loge| /2.
For Ry(\), we use (IIL.62) so that

R (M) < (A= 1)(A+1) K (e).
For Rj3, we use (II1.63) so that
[Rs(V)] < 207 = DA+ 1) K(e).

For R4, we have, since 0 < |v3] < 2, Vi =1,2,...,¢

7;1]3.,1)3—1 §3 V’Ug SC,
zy
9B(ai,p) v 0B(a;,p)

where C' is some constant which is independent of ¢ : the last inequality
is a consequence of Cauchy-Schwarz inequality together with (II1.62). This
yields

|Ra| SCIA=1]p < C(A = 1)
Finally, for Rs, we have by (I11.62)
[R5(A)] < 27 log A(1 + K»(¢))

where K> (e)—0 as e—0. Going back to (II1.71) and combining our previous
estimates we obtain, VA > 1

(I11.72)

~Fs<wx> — [Few) + 27 10g 2 — (A - D) L(vs)]| < 1A= 1A+ 1) K(e)

where K3(e)—0 as e—0. For L(w,), we have similarly
(I11.73) |L(wx) — AL(v3)| < |A = 1| K(¢).
In view of the definition of C{ and (IIL.73) choose A; € R, so that

/\16 - d1
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(clearly A\; > 1 since 6 < 3 and d; > 4). Recall that d; is a constant
entering in the definition of Cf and is determined by (34). Since

|L(vs) — m6| < K(e),
and since § > 2, we see that if ¢ is sufficiently small
L(vs) > 27,
so that

% (2m log A — (A — 1) L(v3)) < (27 — L(v3)) < 0.

Hence, we deduce from (III.72), that if € is sufficiently small, then

(I11.74) %Fe(w,\) <0, for A€ [1,\],

hence F.(w,) is non increasing.
Next we are going to verify that wy, € C{. By (II1.73) we have

|L(wy,) — wdi| < (|A1 — 1) K (e).
Hence in order to prove that wy, € Cf, it suffices to show that
(II1.75) E.(wy,) < 2r|loge| + 27 logd; + A.
To establish (III.75), note that by (II1.72)

FE(’U),\I) S FE(’U3) + 27 lOg )\1 — (/\1 - 1)L(’U3) + K4(E)
< Ce +2mlog Ay — (A1 — 1) L(ws) + Ky(e),

where K,(e)—0 as e—0. Hence
E.(wy,) < Cs+27mlog A1 — A L(vs) + Ky(e).
In view of Proposition 5 bis, we deduce that
E.(wy,) < 27 log —i— + 27 log 21 — 2m — A1 L(v3) + 270 + K5(€)
where K5(e)—0 as e—0. Hence, since \16 = dy, and 6 > 2
E.(wy,) < 2w log % + 27 logdy + 20 + K5(¢).
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In view of the definition of f\, we have
279y < A
so that
E.(wy,) < 27 log é +2mlogd; + A

if € is sufficiently small. Hence w,, € C5.
We are able to define now the path p. Set, for s € [0, %]

1
(s) = §(2s) for s € [0, 5]
and  p(s) =wx, where A= (2s—1)(\; — 1)+ 1.
It is then easy to see that the path p has the desired properties.

Proof of Proposition 111.2. — The proof follows basically similar ideas.
We will construct a deformation of v3 to a map in Cj. We set

A; = B(ai,swz) \ B(a;,p) for i =1,...,¢

and ,
=R\ 0 B(a;.c"?).

In view of the definition of v3, we have

z—a1\"l/sz—a .
(I11.76) v3(z) = 1;3(|z — ail) (lz — az|) expiHy(z) on .

Hence, we deduce from Lemma III.7 and Lemma II1.8 that

(I11.77) z[: ( /A

i=1

Ovs |?
a’l‘i

) < Ki(e),

where K depends only on ¢, and K;(e)—0 as e—0, and where
= |z —a;| on A;.

We set, as in Proposition III.1, for 0 < A < 1

“ 1. Z
At 2 #
Q_)\s {zeR,/\eQ}
0 = éB()\a,i,p)

and Q) = é.Al, where
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A} = B(Xai, \e#/?) \ B(Aas, p).

For 0 < A < 1, we construct a map w) in the following way. On Q’l\,
we set

wy(z) = ’Ug(i), VzeN.
On 3, we set
wx(z) = v3(z + (A —1)a;) on B(Aai,p).
Finally, on 3, we set
wx(2) = v3(Ya(2)), if z € A},

Here the map ¢, is a diffeomorphism of A} onto A} = B(a;,e"/?) \
B(a;, p), defined by

)= B

/\ Iz
)\ai|+ a

where f) interpolates linearily,

fp)=0p
fk(sﬁ/z) = \eP/?

so that
Ia(r) = axr + by,
with AF2 — N1 )
a,\:~6—ﬁ/T_—p—=/\(l+T m)
and

by = p(1 — ay) =(1—A)p(1467/2’%p-).

Next, we compare F.(wy) with F_(v3). As in the proof of Proposition IIIL.1,
we set, for j = 1,2,3

. /Q eclun) — Uwy)

3
so that Fo(wy) = Y I}.
Jj=1

Vol. 70, n°® 2-1999.



196 F. BETHUEL AND J.-C. SAUT

For I}, using similar arguments as in the proof of Proposition II.1 we
may verify that

(IIL.78) n-[n-0- 1)L(v3)]‘ < (1= NEKy(e)

where K;(e)—0 as e—0. For I} we have
(II1.79) Iy =1.

The computation of I3 is a little more involved. For i = 1,...,¢, let
(r:,8;) (resp. 2, 0) be polar coordinates associated to the origin a; (resp.
Aa;). We have

ow
2 _ A ,\2
Vel ‘ i laa*l
Set
1 810)\
I} ==
N
1 ow
A _ 2 )\
T =3 Z/AA aeA
1
n=3 Z/ L P’
1
and J)= = /Zw .
¢ Q;A}(A)

We are going to estimate each of these terms. Note that, for J)}

wx _ Ovs(Pa(2)) _ 99a(z)  Ous(¥ha(2))

ord ar) or} ar;

?

so that, by change of variables in the integrals, we have

1
A_ 7l < _ 1 =
A — JH < C(A—1)JE, VAe[32,1]

so that, by (II1.76)

1
(I11.80) I}~ JH < C(1=NKi(e), VAe [32 1]
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similar computations show that

I11.81 J) = JH+|I) =T <C(A-NKa(e), VA€ i,l
L £ v v 32

where K, (g)—0 as e—0. Here we use for J;', Lemma IIL9.
For J3, we set for r € [p,c"/?]

mn= [
8B(a;,r)

so that, in view of (II1.77) and Lemmas III.7 and II1.8, we may write

8’03

2
%‘ do

hi(r) = 2r|dega;| + g; for e =1,2,...,¢

J

where K3(e)—0 as e—0. A simple computation then shows that

with
ek/2

(111.82)

%T)dr‘ < Kj3(e)

w/2
1 € 1
J)‘ = — ii ( )d'
o 2 ;/p () T+ C) '
ith
wi by
Cy = —.
ax
Hence we have
(111.83)
/2 ¢ /2
& 1 1 i & i N
Jg—Jézzw/ ( ——)dr+Z/ _elr) e g
o r4+en T —Jp r o r+c

From (II1.82), we deduce that

er/2 ‘
/ gz('r) Cx dr
P

11.84
(I 8) T r 4+ c)

< (1= Ki(e), VA€ [%1]

where K4(¢)—0 as e—0. On the other hand

/2 —

1 1 A2 4
/ ( ——)drzlog E——_ﬂ—lo '0+c)‘.
o r+cy T gh/?
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Dp

Hence since ¢y ~ (A_f, we deduce
(I11.85)
/2
1 1 1
- <(1- A — .
/,, (T+CA T)dr+logz\‘ <(L-NKs(e), YA€ [,1]

Combining estimates (III.78), (II1.79), (I11.80), (IIL.81), (II1.83), (IIL.84)
and (II1.85), we deduce

(111.86)

F.(wy)—F.(v3)+2m log)\—w(,\_l)(s’ < (1-M\)Kgle), Ve [%,1]

where Kg(e)—0 as e—0. Since § < 2, we have
%(271’ logh —7(A—1)6) >2r — 76 >0

so that F(wy) is increasing on [z

35 1], if € is sufficiently small, i.e.

(I11.87) (wy) > 0 on [i,l].

d
—F
dx=°© 32
On the other hand, we easily verify that
|L(wy) — wA| < K7(e)

where K7(¢)—0 as e—0. In particular

|L(wy)

if € is sufficiently small. In order to prove that w 1 belongs to Cj it suffices
to show that

T
8

E (wy) < 2n|loge] +A.

We have, since

F.(wy) < Fu(vs) + 27 log 31—2 —x (3% 1) 5+ Ko(e)
that
Ee(wgli) < C¢ + 27 log 315 — 76+ Kg(e)
< 2r|loge| +2n(logz — 1) — % + 279 — log 32 + Kg(e)
< 2r|loge| + A
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by the definition of A.

We complete the proof of Proposition III.2 as the proof of
Proposition III.1. We construct the path p : [0,1]—V by setting

B(s) =p(2s)  ifse o, %]
3—1 s+ @
16 32
It is then easy to see that p has the desired properties.

Using Propositions III.1 and III.2, we may now proceed to the proof
of Proposition 6.

p(s) = wa(s) for A(s) = —

I11.6. Proof of Proposition 6 completed

Recall that clo and cZO are two numbers such that
% <dy<2<dy<3
and that
N¢ = N;UN;

with -
N; = {u eV, F.(v) < cs}
N5 = {u €V, |L()| < wdy or |L(v)| > mfo}.
In order to prove Proposition 6 we will argue by contradiction, and assume

that N° does not separate Cj and C§. That means that we will assume that
there exists a continuous path p : [0,1]—V such that

(I11.88) p(0) € C:
(I11.89) p(1) e C:
(I11.90) p(s) € N, Vsel0,1].

Since L is continuous on V and since p is a continuous path in V, the
function v defined by

¥(0) = L(p(s))

is continuous from [0, 1] to R. On the other hand, since p(0) € C§ (resp.
p(l) € C§) we see that

(II1.91) [$(0)] = |L(p(0)] < % (resp. [¢(1)] > 3m).

Vol. 70, n° 2-1999.



200 F. BETHUEL AND J.-C. SAUT

Now let n > 0 be a positive number such that
1 . y . .
Z<d0<d0+77<2<d0—7]<d0<3.
In view of (II1.91), we see that the sets

£ = {5 €[0,1], Lp(s)) < nldo + )}
£ = {s € [0,1], L(p(s)) > w(do )}

are not empty (0 € K, 1 € I@) and closed by the continuity of . Set

so that
0<s<s<kl

and
L(p(3)) = n(do +n), L(p(8)) =m(do —n).
Moreover, we have

(111.92) w(do 4+ n) < L(p(s)) < w(do — 1), Vs €[3,3].

Since p(s) € Nf U N3, Vs € [3, 8], and since by (II1.92), p(s) ¢ N5 we
deduce that p(s) € Nf, Vs € [3, 8], that is

(111.93) Max { F.(p(s)), s € [5,5]} = ¢ < c..
Set 9 = p(3) (resp. ¥ = p(§)). We have

L(%) = W(C{O +n) > 2r, F.(0)

L(#) = n(dy — n) < 27, F.(0)

<c<ece
<

c<cCe.
Therefore, we may apply Proposition III.1 to 0, and Proposition III.2 to 0.

Hence, if ¢ is sufficiently small, there exists a continuous path p from
[8,1] to V such that

5(3) = 0
p(1) € CT
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and
F.(p(s)) < F.(d)<c<c., Vse€l1].
Similarly, if € is sufficiently small, there exists a path p : [0, §]—V such that
p(s) =0
p(0) € G5
F.(p(s)) < F.(9)<c<ec, Vse|0,3].
Define now the continuous path  (for £ small enough) by
p(s) = p(s) if s €0, 3]
p(s) = p(s) if s € [3, 3]
p(s) = p(s) if s €[3,1].
We verify that

pePe
and that

Max F, = -
Mo Pelplo) = e <

This contradicts the definition of c¢. and completes the proof, by
contradiction, of Proposition 6.

IV. WEAK CONVERGENCE PROPERTIES

This section is mainly devoted to the proof of Proposition 8. Hence, we
consider a sequence v,, in V, with the following properties

(IV.1) E.(v,) <2m|loge| + A, VneN
and
(IV.2) g < |L(v)] < 4,

where A is some absolute constant, independent of . Fo n € N, we denote

by v" the regularized map associated to v,, i.e. a minimizing map for

G} defined by
Gy =F,
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We also denote by £, the number of vortices for ", and for i = 1,...,4,
the vortices a? of v" defined by Lemma 3. We denote p,, the corresponding
radius, verifying in particular

(IV.3) e" < pp < P

In view of assumption (IV.2), and Lemma 3, we see that v,’i must have
two vortices a} and aj with degree —1 and 1 respectively. All other
vortices have degree zero. In view of (28) and (IV.2), we have, if € is
sufficiently small

n n 1
(IV.4) lat — ay| > T

On the other hand, by Proposition 1.2 and assumption (IV.2), we see that
if ¢ is sufficiently small, then

(IV.5) lat —ay| < C,

for some constant C' independent of ¢, depending only on A.

Since the problem is invariant by translations, we reduce this invariance
by a change of origin. For that purpose, we define maps @, 9", by setting

Un(2) = vp(z — af

Un(z) = vh(z —al).
We also set

i = a} - af

so that, ¥ has vortices 0,ay, .. ., ay, . Since by Lemma 3, the number £,, of
vortices is bounded independently of n, we may assume, passing possibly
to a subsequence, that

¢, =Cte=1{.

Similarly, since by (IV.5) the sequence a3 is bounded, we may assume,
passing possibly to another subsequence, that

(IV.6) a, — a2, as n— + oo,

where @, is a point in R2.
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Finally, passing possibly to another subsequence, we may assume that
there exist maps ¥ and 9" in Hj (R?), such that

loc

(IV.7) ¥, — 0, weaklyin H*(K), as n— + o0
(IV.8) " — ", weakly in H'(K), as n— + oo,

for any compact set K C R2. Note that by lower-semicontinuity we have

(Iv.9) E.(?) < liminf E.(vy,)
and
(IV.10) E.(#") < lim inf E.(v).

Note however that we do not claim that o € V, since we have no control
on the L2—norm of v,, — 1. Actually, as we will see ¥ may not be in V.

In order to prove Proposition 8, we have mainly to show that v is
not a constant map. For that purpose, we will use the notion of minimal
connection for charged vortices, introduced by H. Brezis, J.-M. Coron and
E. Lieb in [BCL], and already used in a similar context in [AB]. Let
R > 0, fixed so that

We may take R = 10C, where C is the constant in inequality (IV.5). Next
consider the set Tg of real-valued functions defined on B(R) by

To = {€ € C¥(B(R)), € =0 on B(R), |[VEllu=wmy <1}

Finally, for w € H'(B(R),R?), set

D(w) = 51— sup { /B(R)(iw,wzl) &y — (W, Wy, ) Eay, €€ TR}.

™

The functional D has the following continuity property :

LemMa IV.1. — Let w, be a sequence in H'(B(R),R?), such that w,
converges weakly in H'(B(R)) to some map w. Then, we have

(IV.11) D(w,) — D(w) as n— + oo.

Proof. — The proof is an easy consequence of the fact that the embedding
HY(B(R)) — L*(B(R)) is compact. [ |
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Next consider a map w in H}_(R?), such that
E.(w) < 2m|loge| + A.

Let w" be a regularized map for w, i.e. a minimizer for

1 2
Gh(’u,):Ee(u)-i—g,‘l—é‘/Rz |’LL—’U}| .
We have

LemMA IV.2. — For w and w" as above,
|D(w") — D(w)| < K(e),

where K(g)—0 as e—0.

Proof. — For £ € Tk, we estimate
1(¢) = '/B(R) [(iw,wml) (iw" ,wh )] &uy — [(z’w,wm) (iw", w" )] [

We write

I211+12

I,(¢) = /};(R) (z’(w —wh), wm) &y — (z(w - wh),wm> ey s
and
IZ(&) = /B(R) (iwhawm - )£z2 - (ZU) Wy, — wa)gu .

For I;, we have by Cauchy-Schwarz inequality

I1(&)] < [VE|Le fw — w" |2 e) ||V (w")]| 2
< Chlloge| < Ce/*|loge|—0 as e—0.

For I, we integrate by parts, and obtain

L(¢) = —/B(R) (wal,w w )512 - ( T‘),w _wh)&“.
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Hence, we deduce as above that
[12(£)] < C /%[ loge],
and hence
[1(6)] < C /4| loge].

The conclusion then follows easily. |

The next lemma relates the functional D to the position of the vortices
(in the spirit of [BCL]).

LeEMMA IV.3. — Let w and w" be as above, and fori=1,...,¢ consider
the vortices a; for w". Assume that deg(a;) = (—1), for i = 1,2 and zero
otherwise and

ax =0.

Then
|D(w") = |as]| < Ko(e)

where K (&) depends only on € and Ky(¢)—0 as e—0. Hence
|D(w) ~ |az|| < K(e)

where K (e)—0 as e—0.

Proof. — Let f : R*—R be a smooth function such that

1
1
() =1, ift2§
and |f |~ <8, f>o.

Consider next the map w defined on

w h

= f(l") o

¢
so that w = % on 2 = R?\ .91 B(ai, p), and is hence S'—valued on €.

In order to prove the Lemma, we will first compare D(w") with D(w0),
and then show that D(w) is close to |as|.
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Step 1. — We have
|D(w) — D(w")| < Ki(e),

where K; depends only on ¢, and K;(e)—0 as e—0.

Proof. — The proof is similar to the proof of Lemma IV.2. It suffices
to establish that

(IV.12) b — w"|p2 < C e|loge|'/?

and then, to argue as in the proof of Lemma IV.2. In order to establish
(IV.12) notice, that for any z € R?

& — w|(z) = | f(Jw]") — |wy]]-
In view of the definition of f, we hence deduce that
[ — w"| < 2|jw"| - 1].
It follows that
[ — w2 g2y < ||whl — 1|L2(R2) < Celloge|Y?,

which proves (IV.12). This completes the proof of the first step.

Step 2. — Estimates for D(w).
We write

1(5) = / (“j)a 'UA)xl) €T2 - (Z’IZJ, wxz)fwl =A + A
B(R)
where

A; = / &y (izb,’u}zl) — & (iﬁ;,ﬁ/m), for 2 =1,2
Wi

¢ ¢
where W, = Y B(a;,p) and Wy = B(R) \ EJlB(ai,p).
For A;, we have, by Cauchy-Schwarz inequality

|A1] < V€| ||Vi]| 22 mey |€] meas(B(as, p))*/?
< O plloge| < C e#/?|loge|—0 as e—0.
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For A,, we notice, that since @ is S'—valued on W, that

0 0

B (i, s, ) — . (i, ds,) = 0.

Hence integration by parts, yields for A,

4
Ay = Z/ (i1, b, ) Edo
=1

8B(ai,p)NB(R)
¢
=Y [ (g
i=1 Y0B(ai,p)

where, we have set £ = 0 on R? \ B(R). Hence

£

A=3( /aB(W)uwa)da) wz / o () (€= (@) do.

=1

By degree theory,

/ (1, W, ) do = 2m deg(a;).
8B(a;,p)

On the other hand, since |V¢| < 1, we have
|§(z)—§(a@)| 5,07 VZE@B((I,‘,[))-

Hence, for ¢ = 1,...,¢

/ (i, ib,) (€ — £(a))
dB(a;,p)

do < p/ |V|do
k 8B(a;,p)

<pC<CeF?

where we have used Cauchy-Schwarz inequality together with (19) et (20).
This yields finally, since deg(a;) = (—1)* for ¢ = 1,2, and zero otherwise

Ay — (2m(€(az) — f(al)))l < C P2
and finally
|1(6) - 27(¢(a2) — €(an))| < € /2 loge.

Vol. 70, n® 2-1999.



208 F. BETHUEL AND J.-C. SAUT
In particular, since |V&| < 1, and a; = 0, we obtain, taking
[1(€)] < 2maa| + Ka(e)

where Ky(¢) = C €#/2|loge| tends to zero as e—0. Taking the supremum
over all ¢

(Iv.13) |D(9)] < |az| + Ka(e).
We claim, that actually

(IV.14) |D() — Jas]| < Kale).
It suffices to construct a map £ such that

£(0)=0
£(az) =1
&(z) =0, on OB(R)
and
|VE L~ < 1.
It is easy to see that {(z) = Inf{dist(z, 0B(R),|z—a;|} is a suitable choice.

Step 3. Proof of Lemma IV.3. — Combining step 1 with (IV.14) we easily
deduce the first estimate of the Lemma. The second estimate can then be
obtained using Lemma IV.2.

We are now in position to complete the proof of Proposition 8.

Proof of Proposition 8 completed. — We have mainly to prove that o is
not a constant map. For that purpose, we are going to prove that

(IV.15) D(v) #0,

which will clearly yield the desired result. To that aim we first notice that
rlay| > L(v,) + K(¢), Vn €N,

where K (e)—0 as e—0. It follows in view of Lemma IV.3 that

D(") 2 = (L(vn) + K(e))

2% K(e).

Annales de I'Institut Henri Poincaré - Physique théorique



TRAVELLING WAVES FOR THE GROSS-PITAEVSKII EQUATION I 209

Hence, by Lemma IV.2, we deduce that
R 1
D(9) > 3 + K(e)
which shows, that, if € is sufficiently small

1
D(d) > —

QST
and establishes (IV.15).

Remark. — We have actually shown that

(IV.16) D(9) > > lim inf L(v,) + K (&)

T n—-4oo

where K (¢) depends only on & and K (£)—0 as e—0. Similarly one has

(IV.17) D) < % lim inf |L(vn)] + K ().

V. PROOF OF THEOREM 1

Recall, that in Proposition 6 we have shown that N separates C§ and C5.
As a consequence of the Ghoussoub-Preiss variant of the mountain-pass
theorem (j,e. Theorem 2), we deduce directly Proposition 7, that is, for
any do, dop, satisfying

1 . A
(Vl) Z dy <2< dy <4,
there exists €; > 0, such that, for € < €5, there is a sequence (v,)nen
of maps in V, such that

(V.2) mdy < L(vn) < do
(V.3) F.(v,) — ¢
and

(V.4) ldFe(vn)|] — 0.
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Consider next the map %,, as defined in Section IV. Up to a subsequence,
still denoted ¥,,, 9, converges weakly in H'(K) for any compact subset K
of R?, to some map u, belonging to H (R?). Moreover we have

D(u) > 1 lim_&nf L(v,) + K (e)
T n—+oo
> (io + K(&)

where K (g) depends only on € and tends to zero as e—0.
Changing ; possibly to a smaller value, we see that for € < ¢1, then

1
(V.5) D(u) > 1
Hence u is not a constant map. It remains to prove that u is a solution

to equation (6). This is actually an easy consequence of (V.4). Indeed, let
r > 0, and consider the ball B(r). Then V.4 implies that

Oy 1 N
(V.6) ol Av, + = Un(1 = |0s]*) + fn on B(r)

where f,—0 in H~!(B(r)). Hence, since the equation is actually
subcritical, it implies compactness of solutions, that is

(V.7) #p — u strongly in H'(B(r))

and wu verifies

(V.8) 9w Au+ ~u(1 - [uf) on B(r).
8.’[?1

Since r was arbitrary, we see that u solves (6). Since u is not constant,
this completes the existence of solutions, as asserted in the Theorem.
Inequality (5) will be proved in the next Section.

VI. PROPERTIES OF SOLUTIONS

VL1. Decay of v(z) as |z|—o0

This subsection is devoted to showing that the solution v obtained in
Theorem 1 converges pointwise to 1 as |z|— + oo. Recall (Proposition B.2)
that v is bounded. Moreover
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LemMmA VL1. - |v(z)|—1 as |z|—o0
Vv € IP(R?), 2<p< +oo.

Proof. — Since v is bounded, Lemma B.3 implies that g = (1 — |v|?)?
is Holder continuous on every ball of radius e, with a constant which
depends only on e. Therefore g is uniformly continuous, and integrable
(since E.(v) < +0o0). Thus g(z)—0 as |z|— + oo. The assertion on Vv
results from the standard elliptic estimates. |

Actually Lemma VI.1 is valid for any arbitrary finite energy solution w of
(VL1) —icwy, — Aw = w(l - |w|?) in RZ.

Let w(z) = p(x)e?®), so that

Bw) =5 [ W IV0F + Vo + 50- ).

The next lemma precises the behavior of p as |z|— + oo.
LemMma VI2. — Let ¢ = 1 — p?. Then

¢ € H*(R?)

1-p e L*(R?).
Proof. — By a straightforward computation, one obtains

—Ap + 20 = 20 + 2|Vw|* - 2¢ Im(ww,,)
= 20% 4 2|Vw|? 4 2¢cp*8,, .

Using E(w) < 400 and Lemma VL1, the assertion results from the L”
regularity of —A + 2. With some extra work, we could in fact show that
@ € LP(R?), Vp > 1 (see [BS]).. [ |

Next we turn to the behavior of the phase §(x) of w.
Lemma VL3. — 8(x)—0 as |z|— + oo.
Proof. — One readily obtains from (VIL.1) that

(VI2) div (52 V6) = == (6 -
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By the Hodge decomposition,

(V1.3) pPV0 =V 4+ Viy, VO, Viy e [*(R?),
so that

(VL4) A¢=—afm:+§%1

and

(VL5) AV = (p*)ay 00, — ()2, Oz, -

Thus V® € LP(R?), 1 < p < +o00. On the other hand, we deduce from
[CLMS] that the right hand side of (VIL.5) belongs to the Hardy space
H1(R?) and thus (see [H], chap. III), V¥ belongs to the Lorentz space
L?(R?). Finally, V8 € L?>(s), V6 > 0, where 5 = {z € R?, p > 6}.

Therefore (see for instance [H]), # is continuous and bounded on (g,
V6 > 0. One can then prove that in fact §(z) tends to some constant which
can be normalized to 0 as |z|— + oo. This will be detailled in a subsequent
paper ([BS]) and will lead to :

ProposITION VL4, — v(z)—1 as |z|— + o0

VI1.2. Some identities

Next we establish various identities of Pohojaev type. Those identities
were formally derived in [JPR].

PrOPOSITION VL.5. — Let u be any finite energy solution of
(VL6) —icuy, — Au—u(l — |ul*) =0 on R?
such that there exists q > 2 such that

(VI7) u—1leg Lq(Rz)v Ug, € Lq’(R2)’ é + 3 =h

Then, ifpd:f% Je2l(@ = Dug, — (u — 1)0,,], where T is the complex

conjugate of u, one has

—1 21_22
E_2AJWM+2G M)]

(VL8) e 2 2
——gret g [ A=l -u
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(VL.9) —cp = /R2(1 = [ul*)?.

Proof. — (V1.8) is readily obtained by multiplying (V1.6) by @ — 1 and
integrating the real part.

To get (VI.9), we first multiply (VI.1) by $2§—Z we integrate the real
part (as usual this can be justified by a truncation process on z). After a

few integrations by parts one gets
1
(V1.10) —cp = /R [l I* = e, ] + 5 /Rz(1 — |u|?)?.

Now we multiply (V1.7) by z; g—z and integrate the real part to get

(VL11) /Rz [t |? = Jua, |*] = %/R?(l — [ul®)?,

combining (VI.10) and (VI.11) yields (VL8).
Note that (VI.11) implies also that

(VL12) E= / g, |2
R2

COROLLARY. — (VL.6) has no non trivial finite energy solution whenever
c =0

Remark that the solutions obtained by Brezis-Merle-Rivieére [BMR] have
infinite energy.

V1.3 Qualitative properties of the mountain-pass solution

We will now turn to the proof of inequalities (5) and of further properties
of the solution.

In view of the semi-continuity of E. we have

LEMMA V1.6. — The map u verifies
(VI.13) E (u) <c..

The proof is straightforward. Note that Lemma VI.6 yields the upper
bound in inequality (5).

The next Proposition displays the vortex structure of the solution and
thus justifies rigorously the numerical solution obtained in [JR], [JPR]. It
shows in particular that, in the physical coordinates, the distance between
the two vortices is of order ¢! = 7! as e—0.
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PROPOSITION VL.7. — The solution u obtained is smooth. Moreover ife < €1,
there exists exactly two points a, and ay in R?, and a radius p such that

(V1.14) et < p<efl?

(VL15) lu(z)] > = on R%\ iél B(ai, p)

N~

(VL.16) deg(a;) = (—=1).
Moreover, we have
(VI.17) |la1 — az| — 2| < K(e)
and
lai,1 — az1| < K(e)
where K (e) depends only on e, and K (e)—0 as e—0.

Proof. — For the first assertion (namely smoothness), we refer to standard
elliptic theory. Next we turn to the study of the vortices of u. In view of
the bound (VI.6) and equation (6), we may apply Proposition 2 to u. This
yields ¢ points ay,...,a, in R%, and a radius p > 0, such that (14) to (20)
holds. In order to establish the Lemma we have first to show that :

i) v has no degree zero vortex,
ii) u has two vortices say a1, ay of degree +1 and —1 respectively.

Step 1. Proof of i). — Suppose that u has a vortex of degree zero a; i.e.
deg(a;) = 0.

By (20), we therefore have

/ e.(v) < TK(e)
BB(aivp) p

where K (¢)—0 as e—0. By Lemma of Appendix 2, this yields

1
= (1=uf?)?
€ JB(as.p)
13} 0
<K(e)+ / ic—u(x—al =
B(ai,p) (9151 3.’1,‘1
SK(E)—l—p/ |Vu|? <K (¢)+¢” | log | =0 as e—0.
B(ai,p) :
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By Lemma B.4, this yields
|ul >

contradicting the fact that a, is a vortex.

Step 2. Proof of ii). — We have shown that

D(u) > Jo +K(€) >

N

This shows that u has two vortices of degree +1 and —1 respectively.

Assertion (VI.17) then easily follows from Lemma IV.3, (IV.16)
and (IV.17).

APPENDIX A
THE CAUCHY PROBLEM

We consider the Cauchy problem associated to (1)

z% =Av+v(l—|v*) on R* xR, d=2,3
v—1 as |z|— + o0
v(z,0) = vo(z).

(A.1)

To reduce (A.1) to a standard NLS problem, we set v = 1 + u. Then (A.1)
writes

.Ou
(A2) z—a—t—Au+F(u)—O

w(z,0) = ug(z),

where 18
F(u) = (1 +u)(Jul* + 2Reu) = 5 %H(u,ﬂ)
H(u,q) = |u|* + 4 Reu|u|® + 2(Re(u?) + |ul* = (|u|* + 2 Reu)?.

The next theorem proves that (A.1) is globally well-posed, as expected for
a nonlinear Schrodinger equation with repulsion.
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THEOREM A.l. — Let ug € HY(R?). There exists a unique solution
u € C(R; H(R)) of (A.2). Moreover the energy is conserved,

(a3) B0 = [ 1Vu)f+5 [ (uoF +2Reus))

1
=/ |Vu0|2+—/ (Juof2 + 2 Rews)’, Vit €R.
R4 2 Rd

Proof. — The local existence and uniqueness is a direct consequence of
a result of Kato ([K1], [K2], Theorem II and II’). In order to prove the
global existence we just need to derive a global a priori bound in H L(R?).

The following computations are formal but can be justified in the usual
way (for instance by smoothing the initial data and constructing local H?
solutions, see [K1], [K2]). We first multiply (A.2) by %, and integrate the
real part to get

(A.4) /rw |Vu(t)|?dz + % /Rd (lu(®)]® + 2 Re u(t))zd:r

1
:/ |Vu0|2dm+§/ (|u0|2+2Reu0)2dm,
R Rd

which gives a uniform a priori bound on ||Vu(t)]|ze.
Next we multiply (A.2) by @ and integrate the imaginary part to get
(A 5)

; dt/ Ju( t)|2dx</ (| |F ()| dz

52/ lu(t) |2dx+3/ |u(t)|3dm+/ fu(t)|* da.
Rd R4 Rd

If d = 2, we use the Gagliardo-Nirenberg inequalities
llullzs < ClIVulls |lul [
llullzs < OVl llul °

and the uniform bound on ||Vu(t)||z2 to get from (A.5) and Gronwall’s
lemma
lu()llzz < luollze e

If d = 3, we use the Gagliardo-Nirenberg inequalities

1/2 1/2
lullzs < C||Vull}5 [ull}s
3/4 1
lullzs < C||Vul 35! ul| 5,
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and the uniform bound on ||Vu(t)||z2 to get from (A.5)

%/ lu(t)|?dz < Cy +Cz/ |u(t)|? dz
RS R3

which again leads to the desired L? bound.

APPENDIX B

The aim of this Appendix is to provide proofs for Propositions 1 and 2.
We begin with some useful tools, which are adapted from [BBH].

LEMMA B.1. — Let v and f satisfy (8), (9), (10). Let zy be a point in R?,
and v > 0. Then we have

1 1
B0 5 [ a-pPrsyr[  e@er [ i1l
B(zo,r) dB(z9,7) B(zo,r)

Proof. — The argument is similar to the proof of Theorem III.2 in [BBH],
and relies on Pohojaev identity : it suffices to multiply equation (8), by
the Pohojaev multiplier (z — 29) - Vu and to integrate by part on B(zg, 7).
Then following [BBH], Section III) we obtain (B.1).

LemMA B.2. — Let v and f satisfy (8), (9), (10), and let o > 0 be given,
such that 0 < B < a < 1. There exists a constant C; > 0, depending only
on o, B, and Cy such that, for 0 < € < 1,

1

(B.2) =
€ B(z0,e%)

(1- |U|2)2 <.

Proof. — Translating the origin if necessary, we may assume that zo = 0.
Since E.(v) < Co(|loge|), we have, for a; = B+ 252 = o

[ o] [ 0] e

so that, we may assert, by Fubini’s theorem, that there is some r € (e%,e**)
such that

2C)
a—p"

(B.3) To /83( )ee(v) <
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Going back to Lemma B.1, we deduce therefore that

= C
2¢2 1—|v]?)? < —> v
22 B(m)( v[®) —a—ﬁ"'TOHfHL?H ol
< Co
<273

The conclusion then follows from the fact that a; > .

LeEmMA B.3. — Let v and f satisfy (8), (9), (10). Then there exist constants
0 < v < 1and Cy > 0 such that

+ Che*r 7P |logel*/?.

2o — 21 |7

(B.4) [v(z0) — v(=1)| < € |

provided |zg — z1| < €.

Proof. — We may assume (translating if necessary the origin) that zo = 0.
It is convenient to perform a change of scale. Therefore consider the maps,
f and v defined by

o(z) =v(ze),  f(z) = f(ze)
so that ¥ verifies
(B.5) ~AD =5(1—|3>) +€*f on R

Our aim is to bound ¥ in W?2?(B(2)) for some exponent p > 1. This will
then yield the result by Sobolev embedding. To that purpose, we consider
the ball B(3), and write,

0 =10, +7 on B(3)

where
—Av; =0 B(3
(B.6) { ~vl ) on (3)
0 =170 on 0B(3)
and
— AUy = B(3
(B.7) { ~U2 g on ( )
=0 on 0B(3)
with

g=e2f+0(1 -3 on B(3).
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For (B.7), we have by standard elliptic theory

|[Ualw2r < Cllgl|Le

for any 1 < p < 2. We are therefore going to estimate ||g|[z» for a
suitable p. First note that, for 1 < p < 2

/ fr=e? / I
B(3) B(3¢)

[ et =ty / P
B(3) B(3¢)

so that

and

1/p
2 f|p
(B.8) (/3(3) =71 ) < Cellfllzzme

< Ce'"P|loge|—0, e—0.

Next, observe that, since by Lemma B.2

/ 1P <G
B(z0,e%)

we deduce that
(B.9) [ wr<e.
B(3)

for some constant C, so that

(B.10) / (1 - [32) ¥ < €.
B(@3)

Hence, we will choose p = %. Combining (B.8) and (B.9), we easily
verify that

llgllzars B3y < O,

where C is a constant depending only on «, 3 and Cy. As a consequence,
we deduce that

(B.11) Ioallw2.ar3(B(3)) < C

Vol. 70, n°® 2-1999.



220 F. BETHUEL AND J.-C. SAUT

where C is independent of . Combining (B.11) with (B.9) we obtain
(B.12) o1llzs B3y < C-

Since ¥; is a harmonic function, it follows that

o1llw2.assB2y) < C
and hence by (B.11)

||"~}||W2,4/3(B(2)) < C.

By the Sobolev embedding W?24/3 <« C%7, for some 0 < v < 1 we
deduce that

If}(zl) - 17(2’2)' S C|z1 — Zzl'y, Vzl,zg in B(2)
This yields (B.4).
The next result generalizes Theorem II1.4 of [BBH] to equation (8).

LEMMA B.4. — Assume v and f verify (8), (9), (10). Then there exist
positive constants Ao and 1y depending only on Cy, and 3 such that, if for
some zy € RZ%, and some £ > 0, such £ > 2)\oe we have

1
(B.13) = (1= [o*)* < mo
€% JB(20,20)
then
1
(B.14) lv(z)| > 5 on B(z0,%).

Proof. — Assume that there is a point z; in B(z, ) such that
1
|’U(Zl)| < 5 .
Then, by Lemma B.3, we have

lv(2)| < g, for z € B(z1,7)

with r = Cse, where C3 = Inf (1, (1(13—2)1/7). It follows that we have

1 2
(1= > SLr

g2 B(z1,r) — 16
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Take A\g = C5 and ny = %w. We then have

1

-2 (1= [o[*)? > mo
e B(z1,£) | ) ,

contradicting (B.13). This completes the proof of the Lemma.

The next result is a first step towards locating the vortices (in the spirit
of Proposition IV.4 of [BBH] or Proposition IV.2 of [BR]). It yields a local
version (i.e. on the scale ) of Proposition 1.

LemMMA B.5. — Assume that v and [ verify (8), _(9), (10), and let
0 < B < a< 1. Let zg € R% There exists a constant N, € N, depending .

only on «, 3, Cy, and £ points x1,...,xe in B(z,e*) N Q, such that
(B.15) £ < N,

and

(B.16) o(z)| > % on B(zo,e*)\ 0 B(zi, hoe)

(Ao being the constant in Lemma B.4).

Proof. — The proof relies on a covering argument. Consider a covering
of the ball B(zg,e“) by a collection of balls B(z;, Aoe), ¢ € I such that

Ao€ AoE\ e
(B.17) B(zz, ?) nB(z,-, 7) =0, if i+
and
(B.18) B(z0,e%) C ,LEJIB(Zi,)\oE) C B(zo,2¢%).

Consider next the subset J of I defined, by

) 1
J:{ZEI, —2/ (1—|U|2)2>7]o}.
€ B(Zi,2AoE)

By (B.17), (B.18) and Lemma B.2, we see that
Card J < C

where the constant C' depends only on Cy, 8 and «. On the other hand,
if some z € B(zp,e®) is such that

z € B(zi,Aoe) forsome iel\J,
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then, by Lemma B.4, we have

lv(2)] >

DN | =

Hence

lv(z)| > if z € B(z,e")\ igJ B(zi, Ao€).

N | —

This establishes the Lemma.

Our next aim is to deduce, from the local behavior on regions of scale ¢,
a global behavior on R?. Here, we follow basically the approach of [BR].
we start again with a technical tool.

LeEMMA B.6. — Assume v and f verify (8), (9), (10). Let zy be some point
in R2, and assume that

1
[v(20)| < 7
Then there exists a constant C,, depends only on o, 3 and Cy, such that
(B.19) / ec(v) > Cy|loge|.
B(z0,e*)
Proof. — Set

A= |log6|_1/ e-(v).
B(Zo,Eo‘)

Using the same argument as in the proof of Lemma B.2 (cf inequality (B.3)),
we may find some r; € (£2%,¢) such that

r1 / ec(v) <
BB(ZO ,7‘1)

By Lemma B.1 (Pohozaev inequality), it follows that

4
a

1

A
= )(1 = [oP)? < = 4 rllfllez (Vo]
20,71

b

< =+ Coe? | loge].

R

Assume now by contradiction that A verifies
1
(B.20) A< 5 @0

Annales de I’Institut Henri Poincaré - Physique théorique



TRAVELLING WAVES FOR THE GROSS-PITAEVSKII EQUATION I 223

and if ¢ is sufficiently small, we obtain

1

3
- (1—o?)? < 20
€% JB(z0,m1)

4
which implies, by Lemma B.4 that

[v(z0)| 2

N =

A contradiction. Hence (B.20) cannot hold, i.e. we have
1
¢.(v) 2 5 am|loge].
B(zo,E“)

This completes the proof.

We are now in position to “globalize” Lemma B.5, that is, to prove
Proposition 1 of the introduction.

Proof of Proposition 1. — We follow very closely the proof of
Theorem IV.1 of [BR]. We use again a covering argument. Consider a
covering of R? by balls B(ag,e), k € I, such that

B(ak,8%) N B(ag,8*)=¢, k#!L

and
R* C U B(ay,e®).
kel

Consider the subset of I defined by

J:{lzeI, s.t. / ee(v)ZC’aHoge[}.
B(ag,2e%)

E.(v) < Co(|logel).

Since

We clearly see that
Card J < C

where C is some constant depending only on Cy, o and 3. Let now
20 € R? be a point such that

2o € B(ag,e%)
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for some k ¢ J. Then, we have

/ ec(v) < Cqlloge|
B(ay,2e%)

so that
/ ec(v) < Cy|loge|.
B(zo,ef")
It follows from Lemma B.6 that

|v(z0)| 2

BN | =

Hence we have proved that
1

> = 2 ).

lv(2)| > 5 VzeR \kLGJJB(ak,s )

Since Card J is bounded independently of e, it suffices to invoke
Lemma B.5 to complete the proof of the Proposition.

We next proceed with the proof of Proposition 2. We closely follows a
preliminary version (1992) of [BBH] : the ideas have also been presented
in [AB]. We begin with a preliminary result, which turns out to be very
useful (see Lemma VI.1 of [AB]).

LEMMA B.6. — Assume that v and f satisfy (8), (9) and (10). For ¢ € RT,

consider the set

T(e) = {z € B (=) = ¢}

Then there exists some &y € (1 1- |log16|2) such that

_ 2
[logel??

(B.21) HY(T(é)) < Co €| log e[’

and T(&) is an union of smooth curves. Here H* denotes the 1-dimensional

measure (i.e. the length).

Proof. — Set

A:{zeR2,1 <o(z)| <1-

1
"~ |logel? |1ogs|2}'

Since
/ (1— [oP)* < 4Gy (|loge]) 2,
R2
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we deduce that
meas A < Cy (| loge|)®€?.

On the other hand, the coarea formula yields

| T < [ (vl

|log €|
< [IVllze ey (meas A)H/?2
< Co(|logel) .

The Lemma then follows from the mean value inequality.

Since the proof of Proposition 2 is rather lengthy, we will split it in
several lemmas. We start with a purely combinatorial fact.

LemMMA B.7. — Let N € N*, and consider a collection of points (a;)icr,
with
(B.22) CardI < N.

Let 0 < e < -;-, and let 0 < p < 1 be a fixed constant. Then there exists
€g > 0 such that if 0 < € < €, then there exist k € N and a subset J
of I such that ‘

(B.23) k<N+1
(B.24) ai—a;| > fori#j, ield jeld
and
k
(B.25) ie‘}J\J {a,} C jléJJB(aj, 2t ) .

Proof of Lemma B.7. — The proof is by induction, using a finite number
of steps (actually, at most N steps).

Step 1. — We have to distinguish two cases.
Case 1. — |a; — a;| > €, Vi,j in I, such that i # j.
In this case the proof is complete with

k=1, I=1J.
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Case 2. — There exist two points in I, say a,—; and a, (if we write
I = {1,...,£}) such that

(B.26) lae—1 — ag| < .
We eliminate the point a, from the collection, and set
Jl = {1,,6—1}

We then proceed to step 2.
Step 2. — Two cases may occur.

Case 1. — |a; — a;| > e”’, Vi, jin Jy, i # j.
In this case, the proof is complete by (B.26), with

Case 2. — There are two points, say as—; and a,—5 in J; such that
(B.27) |ae—1 — ap_s| < e .
We eliminate the point ay,—; from the collection and set
Jy={1,...,0—2}.

We then proceed to Step 3, and we use the same argument with £ — 2 points.

More generally, at step ¢ we are left with £ — g+ 1 points a1, ..., aGr—g41
such that
(B28) Ia[_]'_l —ag_jl SE”HI, for ] :0,...,(]— 1.

Arguing as in Step 1 or Step 2, we distinguish two cases.

Case 1. — We have
|a,i—aj|25"q+1 forany ¢ # j, 4,7 in {1,...,£—q+1}.

In view of (B.26) we then have, for j € {{ —q+2,...,¢}

q

qg—1
J+1
|aj — ae_gia| <D e < 2e”
—
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if € is sufficiently small. Hence, the proof is complete with
k=q, J=J,={1,...,4—q+1}.

Case 2. — We have for two points in Jg, say ag_q+1 and a;—q

q+1
lae—g+1 — ag—q| < e”
We remove the point ay_4 of the collection and proceed with step g + 1.

Since at each step we remove one point from J,, the proof is completed
in at most N steps.

We apply the previous Lemma to the collection {a;} of points given by
Proposition 1. This yields us a family {a;};c; of points with

Card J </

having properties (B.23), (B.24) and (B.25). We next turn to a suitable
choice of radius p around the vortices : actually for technical reasons we
have to introduce two different radius py and p;. We begin with py :

1
LEMMA B.8. — There exists a radius py € (ZE“k,s“k+2) such that (if €
is sufficiently small)

(B.29) > o /a ec(v) < Cy

icJ B(ai,po)

and

(B.30) lv(z)] >1— on 0B(ai,po), for i€ J.

2
[loge|?

Proof. — Let & € (1 — l10g25|2 ,1— |logls|2) t;e th:z 1number obtained in
Lemma B.6. Consider next, the subset B of (5" et * ) defined by

B= {p € (s”k,gﬂk“) , such that Inf lv(z)] > 50}.

z€ U 8B(ai,p)
i€J
We claim that
(B.31) meas B < £(H (T (&))) < £Coe|logel®.

Indeed the set T'(&) consists in an union of smooth curves, which do
not intersect. We keep only the maximal curves, in T'(&), i.e. if one
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curve encloses another one, we keep only the exterior one. Let T* be the
collection of maximal curves in T'(§,) and let D* be the domain enclosed
by T*. We have

lv(z)| > &, Vze R:’\%Dk.
For i € J, let (af, BF) be the smallest interval such that
D* ¢ B(ai, Bf) \ B(ai, af)
so that
BC U Blak,th).

Since
b; — af < HY(T)
the conclusion (B.31) then follows immediately.
Set A = (s“k,e“k+7) \ B. We have by Fubini’s theorem

(B.32) Z/ [/ )J dp < E.(v) < Co(|loge]).
€] 3B(a“p)
Assume now by contradiction, that for any p € A
1
B.33 p / ee(v) > ————— 4.
(B39 ; 9B(a:.) W2
Integrating this inequality, we obtain
dp 400
(B.34) /dp( / ec(v) > > </ —) _
; 0B(aip) AP ) pk—pkte

We have
(B.35)

dp meas B
— > pk — pk los—log(2—
/ P \/2€H —meas B p ( ) | 8 | 6”k )

> 2(uk u* )Ilog5|, if € is sufficiently small
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where, for the last inequality, we have used (B.31). Hence going back
to (B.34) we are led to

[ao(Z [, )= 26u(0ge)

i€J

which contradicts (B.32). Hence (B.33) cannot hold for any p € A and the
existence of pg is established.

An important consequence of Lemma B.8 is the following

ProrosiTION B.1. — Assume that

1
(B.36) : 0<p< 5

Then if € is sufficiently small
(B.37) > ldif < 2.
ieJ

There are only two possibilities, setting d; = deg(a;)

i) 3 |di| = 0, and all vortices have degree zero.
i€t

ii) > |di| = 2, and v. has two vortices, say a, and ay, with degrees +1
it
and —1 respectively. All other vortices have degree zero.

Proof. — Arguing as in the proof of Lemma II.2, we may show using
(B.29), (B.30) and Theorem IX.3 of [BBH], that

(B.38) / ec(v) > ml|d;| log Po _
B(a,,po) €

. . k .
where C' is some constant. Hence, since py > 2¢* we obtain

Z/(a“p) v)>7r(z |d; |) log

ieJ ieJ

Zm_u)(zuionogd—

ieJ

On the other hand, by assumption (13) we have
/ e.(v) < 2m|loge| + A
R2
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so that if ¢ is sufficiently small
(- Y1l <
‘ 2’
i€J
which implies, assuming (B.36), that
Z |di| < 2.
icJ

For the second assertion of the proposition it suffices to observe, that

(B.39) > di=0,

i€J

otherwise the energy of v would be infinite. The conclusion then follows
easily, since d; € Z.
In what follows, we will assume that

(B.40) > ldi| =2,
i€J

and assume that

1
(B41) a; — a2| Z E

then we have

LemMA B.9. — Assume (B.40) and (B.41) hold. Then, for p € (po,e* ")
we have

1
(B.42) / ec(v) > 2rlog — - C
Q, p
where C' is some constant.

Proof. — The proof is similar to the proof of (I.14). Therefore, we omit it.
Next, set for 1 € J,

Ci = B(aiﬁ"k“) \ B(ai, po)

and C=U¢G.
i€J

We have
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LemMA B.10. — Assume that (B.40) and (B.41) hold. Then we have, if
0<e<i
k+1

2p

-C

/ea(v) < 27 log

c Po
if v verifies (13).
Proof. — It suffices to combine (13), (B.38) and (B.42) for p = 2#

Finally, we are going to choose a new radius p; € (po,ezf‘kﬂ), having
suitable properties for Proposition 2.

k+1

LEMMI;A B.11. — If € is sufficiently small, then there exists a radius p; in
1
(po, e * ), such that

~1
P ok
(B43) pl'GZJ/aB(a‘ pl)ee('U) < (/Cee(v)) [log gﬂk% +€1 ©
and

2
>1— 2 Blas, p1).
|’U(.’L’)| = 1 |10g6|2 on iLeJJa (a pl)

Proof. — The proof is similar to the proof of Lemma B.8. Therefore,
we omit it.
We are now in position to complete the proof of Proposition 2.

Proof of Proposition 2 completed. — Choose

1
p=1p0 BET, p=p

and ,

p=p1 and Z_gl{ai} = i'E'J{ai}'
Clearly, in view of our previous results, (14) to (18) are satisfied, with these
choices, as well as (19) by Proposition B.1. It remains to establish (20).

Assuming |a; — az| > 1—16, we may use Lemma B.10. Combining it with
(B.43), we deduce that

(B.44) 1 Z/ ee(v) < 2n(1+C|loge|™)
ieJ 9B(ai,p1)

where C' is some absolute constant. Arguing as in the proof of Lemma I1.2,
we introduce on R? \ ‘gJB(a,-, po) the map

_ v
V= —
|v]
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and notice that

o ewzB [ e
&B(ai,p1) 8B(ai,p1)
1 _
> / VOl + K (e)
aB(di,p)

where K;(e)—0 as e—0 (here we use the fact that |v| > 1 — ﬁ on
dB(ai, p1)). On the other hand, since ¥ is S'—valued,

pl/ VT2 > 2 |dif?.
8B(ai,p1)

Hence

(B.45) > om / ee(v) > 27(1 + K (e)).

i=1 8B(a1,p1)

Going back to (B.44), we deduce from (B. 45) that

¢
(B.46) pl/ e<(v) < TKs(e)
; 8B(a1,pi)

where K5(¢)—0 as e—0. This establishes (20) for ¢ > 3. The estimate for
1 = 1,2 can be obtained similarly.

This completes the proof of Proposition 2.

Finally, we complete this Appendix by a result of independent interest,
which will be useful in Section VI and Appendix C.

PrOPOSITION B.2. — Assume f and v verify (8), (9) and (10). Then, there
exists a constant C depending only on Cy and [3 such that

lv(z)] < C, VzeR>.

Proof. — The proof relies on a combination of Lemma B.2 and
Lemma B.3.
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APPENDIX C
PROPERTIES OF THE FUNCTIONAL L
Proof of Lemma 2. — One may verify that G} is weakly sequentially

continuous on V. Hence, its infimum is achieved. It is then easy to deduce
the Euler equation (25). For (27) it suffices to write

Gh(vh) S Gh(’U) = ee(v) .

Finally for (26), we have

L(v) — L(vy) = %/m (ivgy,v — vp) + %/m (i(v = V) ey vh — 1).

We have, by Cauchy-Schwarz inequality

/Rz(i’anU—Uh) < (/RZ |V'U|2>1/2(/R2 . _Uh|2>1/2
)

<2hGh(v) = hE.(v).
Similarly, integrating by parts, we have

/R2 (i(v — va), vn — 1))} = 4/(1} ~ Un, iV, )

1/2 1/2
< (L mot) " ()
R? R

< 2hE.(v).

Since h = /4, combining the above inequalities, we obtain (26).

Proof of Lemma 3. — All the properties described in Lemma 3 are direct
consequence of Proposition 2, except (28). Therefore we only have to
prove (28). We divide the proof in several steps.

Step 1. — Let {a1,...,a,} and p be as in Proposition 2. There exists a
radius R; > 1 such that the following properties hold.

(C.1) iélB(a,-, p) C B(Ry)

(C2) Lo e tim-1pse
R2\B(R;1)
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(C.3) Rl/ ec(vp) + |un — 112 < €%
8B(R1)
In particular we have
. 1,
(C.4) L(vp) — = (ivn,, ,on —1)| < 3¢ -
Proof. — Since
/ ee(vn) + on — 1]? < +00
R2
we have
/ ee(vn) + vn — 1> — 0 as e—0.
R2\B(R)
Hence, there exists some Ry > 0 such that for R > Ry

b Blaip) € B(R)

and
/ ec(vp) + |on — 1]* < 2.
R2\ B(R)

Next, we claim that there exists some R; > Ry such that (C.3) holds.
Indeed, otherwise we would have by Fubini’s theorem

+o00 dr
Lo em btz et [ oo
R2\B(Ro) Ro T

a contradiction.
Finally (C.4) can be deduced from (C.2) by Cauchy-Schwarz inequality.

Step 2. — Set
. 1
1(2) = |on] if |va| > 5

and n(z) = 1 otherwise. Then, we have

(C.5)

/ (ivn,,,vn — 1) — (ivhzl,i%—l)‘ < Ce*|logel.
B(Ry) In|
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Proof. — Set
¢
Q, = B(R)\ U B(ai, )
so that, on 2,

[on(2)] > 5 and n(2) = [oal(2).

We have
/ (i?}h l |2 1vh)
Q o nf?

/ (ivhml, e 1) . (z’vhml,vh - 1)‘ <
Q, ] o
<2 [ |Voulla* -1
Q

< 2||Vonllze@e) lIn* = 1|22 @)
< Celloge|,

where C is some constant. On the other hand, we have, by proposition B.2

14

¢
Wh, ,Vn — 1 ‘SC’ / |Vul
;/B(aim)( " ) ; B

(ai,p)
< Cpl||Vunl|zwey < C € |loge]

and a similar estimate holds for

: . Uh
Z (“}hml’ iz 1) :
i=1 Y B(ai,p) Inl
Combining the previous inequalities, we deduce the conclusion (C.5)

Step 3. — We have

*1 |n|2 ’ g

Proof. — First note that on Q, we have |v,| > % and hence we may
write locally

(C.6) < Cef|logel'/?.

vn = |n| exp i¢p

where ¢ is some real function. It then follows that
()
(ivhz_, —h2) = —p,, fori1=1,2
ol

Vol. 70, n°® 2-1999.



236 F. BETHUEL AND J.-C. SAUT

so that
0 Uh 0 Up,
-_— i’U —_— ) — — | —_— ) = 0 on Q .
8x1( Poz? |77|2> amz( ek |n|2) g

We multiply this relation by the function z, : 2 = z; + ixy—xzs and
integrate by parts on ,. This yields

£
. Un . Uh
(C?) / (Z'Uh, s —) = / (’L’U}LT, —) ) do
Q, ' |77,2 ; dB(a;,p) |77|2
+/ (ith, ﬂz—) T2 do.
8B(R1) In|

Here 7 denote the unit tangent vector to dB(a;, p) oriented counter-clock
wise. We notice that

. VUh
(C.8 / o, —) do = —27 deg(a;)
) 8B(a;,p) ( |77|2 (
and that
(C.9) / (ith, U—hQ)(a:g —a;2)do| < 2p/ |Vo|do
dB(a;i,p) l"7| dB(ai,p)

(by Cauchy-Schwarz) < Cp < C &
where we have made use of (20). We deduce from (C.8) and (C.9) that

< C el

(C.10 1 1p,, Todo +2m Y (dega;)a; 2
) aB(a,,p)( | |2) ? Z

On the other hand, we have

)

S (o)

i=1 Y B(ai,p) w7 ||2
and

(C.12) / (Vhey,1) = / (ivn,,1) z2de.
B(Ry) OB(Ry)
Combining (C.7), (C.10), (C.11) and (C.12) we are led to

/ <ivhzl, —'th — 1) - 271'(0,2,2 - 01,2)
B(R;) |77|

/ (ith, —Uh2 - 1) Todo|.
8B(R;) In|
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To complete the proof, it remains to estimate the integral on the r.h.s
of (C.13). First note that

Vp, 1
2 1] = et = < 114 11

,,72
so that
2
(C.14) (”—"2—1)‘ 58/ lon — 112 + |n% — 12
8B(R1) ] 8B(Ry)
< lg62
&

where we have used estimate (C.3). Hence we have

/ (ivhr, v—hz - 1) T
8B(R;) |n]

< RallVonllzz sy || = 1]

(C.15) do

52

L?(8B(R1)) —
where we have used (C.3) and (C.14). Going back to (C.13) we derive (C.6).

Step 4. Proof of Lemma 3 completed. — Combining (C.5) and (C.6), we
deduce easily the desired estimate.
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