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On the geometry and dynamics
of crystalline continua
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Demetrios CHRISTODOULOU
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ABSTRACT. — We introduce in continuum mechanics the concept of a
material manifold. To describe, in the continuum limit, a crystalline solid
containing an arbitrary distribution of dislocations, we endow the material
manifold with a structure a k in to that of a Lie group. Starting with a state
function defined on the space of local thermodynamic equilibrium states,
we formulate the dynamics of crystalline continua in accordance with the
least action principle, within the framework of general relativity, in terms
of a mapping of the space time manifold into the material manifold. We
include in our formulation electromagnetic effects. © Elsevier, Paris

Key words: Continuum mechanics; crystalline solids; dislocations

RESUME. — Nous introduisons le concept de variété matérielle dans
le cadre de la mécanique des milieux continus. Pour décrire, dans la
limite continue, un solide cristallin contenant une distribution arbitraire
de dislocations, nous dotons la variété matérielle d’une structure similaire
a celle d’un groupe de Lie. En partant d’une fonction d’état définie sur
Pespace des états d’équilibre thermodynamique local, nous formulons la
dynamique des milieux cristallins continus conformément avec le principe
de moindre action, dans le cadre de la relativité générale, en termes d’une
application de la variété spatio-temporelle dans la variété matérielle. Notre
formulation comprend aussi des effets électromagnétiques. © Elsevier, Paris
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336 D. CHRISTODOULOU

1. INTRODUCTION

This paper formulates the dynamics of crystalline solids, in the
continuum limit, when arbitrary distributions of elementary dislocations
are present in the crystal lattice. The interactions with the gravitational and
electromagnetic fields are included in the formulation.

Crystal dislocations have been treated extensively in the litterature, both
at the atomic level as well as in the continuum limit. The book by F.R.N.
Nabarro [N1] is a standard reference on the subject as a whole, that by E.
Kroner [K] on the continuum theory in particular. Also, the collections of
articles in [B-K-P] and [N2], containing more recent contributions, should
give the reader an impression of the state of the art in this actively pursued
subject.

The present paper represents a departure from previous continuum
mechanical formulations. Our approach is based on the concept of the
material manifold, which represents the material continuum with those of
its properties which are intrinsic to it , being independent of its relation to the
spacetime continuum. In the case of a fluid, the material manifold is simply
an oriented differentiable manifold with a volume form, whose integral on a
material domain represents the number of particles contained in the domain.
In the case of a crystalline solid however, the material manifold is endowed
with a richer structure which we call crystalline (section 2). A material
manifold with a crystalline structure is a generalization of the notion of a
Lie group, reducing to the latter in the case where the dislocation density
is constant. The crystalline structure itself corresponds to the Lie algebra.
Uniform distributions of the two basic kinds of elementary dislocations
in a crystal lattice give rise, in the continuum limit, to the two simplest
non-Abelian Lie groups.

The thermodynamic state space (section 3) is an open set in a tensor space
defined on the crystalline structure, which represents the set of possible local
thermodynamic states of the material. On this space is defined the state
Jfunction which determines the laws governing the dynamics.

The dynamics is described by a mapping of the spacetime manifold into
the material manifold (section 4). The spacetime manifold is that of the
general theory of relativity. The equations of motion are generated from a
Lagrangian, constructed, through the mapping, from the state function. The
energy-momentum-stress tensor is defined, in accordance with the principles
of general relativity, by considering the response of the action of matter
to variations of the spacetime metric. The equations of motion are then a
consequence of the field equations of gravitation.
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ON THE GEOMETRY AND DYNAMICS OF CRYSTALLINE CONTINUA 337

It should be noted that apart from the gain in geometric and physical
insight, the general relativistic formulation of the theory finds application
in the description of the crust and core of neutron stars.

The electromagnetic interactions of crystalline solids are the subject of
the last section (section 5). The case of perfect insulators is considered first.
The theory contains in this case the low frequency limit of nonlinear crystal
optics. The paper ends with the treatment of the case of perfect conductors.

In order to make the mathematical concepts stand out as clearly as
possible, the material manifold is taken to be of dimension n, throughout.
The physical case is, of course, n = 3.

2. THE CRYSTALLINE STRUCTURE

Let A/ be a differentiable manifold of dimension n which is oriented. In
what is to follow A/ shall be the material manifold, each point y of which
represents a material particle. Let X' (N\') be the space of C™ vectorfields on
N For each y € N we denote by ¢, the evaluation map X'(N') — T, N by:

y(X) = X(y)
DEFINITION. — A crystalline structure on N is a distinguished linear

subspace V of X(AN) such that the evaluation map restricted to V),
ey + V — T,N, is an isomorphism for each y € N.

The orientation of A induces an orientation in V' which makes e,
orientation preserving at each y € N.

PROPOSITION 2.1. — N admits a crystalline structure if and only if N is
parallelizable.

Proof. — Let V be a crystalline structure on A/. Pick a point y, € N and
let (Eix, ..., En) be a frame at y.. Define E, € V by: E, = e, '(Ea.);
a =1,..,n. Then (Fy,..., E,) is a global frame field for A. Otherwise
there would be a point y € N such that the vectors Ey(y), ..., E,.(y) are
linearly dependent, i.e. there are constants c!, ..., c", not all zero, such that

Z c"E(y)=0
a=1
Consider the vectorfield

X:Xn:c“EGEV

a=1
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338 D. CHRISTODOULOU

We have X(y) = 0. Bute, : V — T, N is an isomorphism. It follows that
X = 0 everywhere. This yields a contradiction at y,. Conversely, let N be
parallelizable and let (E, ..., E,,) be a global frame field for /. Define V
to be the linear span of Fi,..., E,. Then V is a crystalline structure. For,
given X € V there is a unique element (c!,...,c") of R" such that

X= ic“Ea
a=1

The map ¢ : (c},...,c") — X is an isomorphism of R™ onto V. Consider
an arbitrary point y € N. Then j, : R* — T N by:

n

(ct,...,c") = Z " E,(y)

a=1

is an isomorphism of R" onto T,N. Therefore &, = j, o i™! is an
isomorphism of V onto TyN.
Given a crystalline structure V on N there is an isomorphism i of

X (N) onto the space of functions on N with values in V which takes the
vectorfield X to the function #(X) given by:

(X)) =¢,"(X(@) eV (2.1)

at each y € N. The image by 7 of V C X'(N) is the subspace of constant
V - valued functions on N.

If f is a function on N with values in any space 7 (V) of tensors on
V, then df, the differential of f, is a 1-form on A with values in 7 (V).
The differential of f corresponds to §f, a function on A with values in
L(V,T(V)), defined by:

8f(y)(Z) = df (y)(e,(2)) € T(V) : VyeN,VZ eV (2.2)

We call a crystalline structure V on a manifold A complete if each X € Vis
a complete vectorfield on A. If V is complete, each element of V' generates
a 1-parameter group of diffeomorphisms of A. These groups represent
physically the continuum limit of the groups of translations of a crystal
lattice. The parametrization of the group orbits, integral curves of elements
of V, is to be thought of as proportional to the number of atoms traversed.

Given a crystalline structure V on A we can define a mapping

A:N—=LYVAV,Y)
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ON THE GEOMETRY AND DYNAMICS OF CRYSTALLINE CONTINUA 339

by:
’ AlY)(X,Y) = \ﬂ:y_l([X7 Yi(y)) : Vy e N,VX,Y €V (2.3)

We call A dislocation density. Suppose that XY € V generate the 1-
parameter groups {¢; : t € R}, {x: : t € R} of diffeomorphisms of A,
respectively. Then for a given point y € N, the curve

t = X—t(P—:(xe(B:(y))))

coincides to order t2, as t — 0, with the curve t — 1., where
{; : t € R} is the 1-parameter group of diffeomorphisms of N generated
by A(y)(X,Y) € V.

The dislocation density is a concept that arises in the continuum limit
when one considers a distribution of elementary dislocations in a crystal
lattice. An elementary lattice dislocation has the property that if we start at
an atom and move according to one group of lattice translations a certain
number of atoms p, then move according to a different group of translations
a number of atoms ¢, then according to the first —p and finally according to
the second —g¢, then on completing the circuit we arrive at an atom which
does not coincide with the atom from which we started, but, provided
that the circuit encloses a single elementary dislocation, is arrived at in a
single step corresponding to a third lattice translation. The lattice vector
corresponding to this step is called Burgers vector.

Returning to the continuum description, the differential of A, dA, a
1-form on A with values in £L(V AV, V), corrresponds to a mapping

A 2 N — LV, L(V AV, V)
defined according to 2.2:
SA(Y)(Z) = dA(y)(4(Z)) : Yy eN,VZ €V (2.4)
We then define a mapping
I:N—LVAVAV,Y)
by:
Iy)(X,Y, Z) = 6A(y)(X)(Y, Z) + SA(y)(Y)(Z, X) + 6A(y)(Z)(X,Y)

Yy e N,VX,Y,Z €V (2.5)
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340 D. CHRISTODOULOU
We can also define another mapping of the same type
J:N—=LVAVAV,YV)
by:

JW)(X,Y, Z) = AMy)(X, My)(Y, 2)) + A(y)(Y, Ay)(Z, X))
+AW)(Z, AMy)(X,Y))
Yy e N VXY, Z eV (2.6)
PrROPOSITION 2.2. — We have:
I+J=0

Proof. — Choose a basis (E1, ..., F,,) in V. Then there are unique constants
X®Y* Z% ; a = 1,...,n such that

X=Y X"B,, Y=Y Y'E,, Z=)Y Z°E,
a=1 a=1 a=1
By linearity the statement then reduces to:

I(y)(EthEvaC) + J(y)(EaaEb7 Ec) =0
VyeN :a,bc=1,.,n

Since (Fy,...,E,) is a global frame field for A, there are functions A,
on N such that

[Ebv EC] = Z Acha
a=1

According to the definition of the dislocation density, 2.3, we then have:
A(y)(Ey, E. ZA VE, :VyeN

Consequently,

A(y)(Ey, E Z dA;,
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ON THE GEOMETRY AND DYNAMICS OF CRYSTALLINE CONTINUA 341

and: N
SA(Y)(Ea)(Ey, Ec) = Eu(AL)(y)Ea
d=1

We also have:
(Ea, (B, Ec]] = [Ea, Y Aj B
d=1

=Y AlEa B + ) Ba(Aj)

d=1 d=1

At each y € N, the second sum coincides with the vectorfield
6A(y)(Eq)(Ey, Ee) €V
evaluated at y, while the first sum coincides with the vectorfield
Ay)(Ea, A(y)(Ey, Ec)) € V
evaluated at y. Therefore, at each y € A/, by the Jacobi identity,

e,(1(y)(Eq, By, B.) + J(y)(Ea, Ep, E.)) =
[Eas [By, () + [Ev, [Ee, EJ(y) + [Ee, [Ea, Ey])(y) = 0

In view of the fact that ¢, : V — T, N is an isomorphism, the proposition
follows.

If the dislocation density is constant on A then for any X,Y € V there
is a Z € V such that [X,Y] = Z, thus V constitutes in this case a Lie
algebra. We then have I = 0 hence J = 0. By the fundamental theorems
of Lie group theory A can then be given the structure of a Lie group, upon
choosing an identity element e € N, so that V is the space of vectorfields
on A which generate the right action of the group on itself; V is then at
the same time the space of vectorfields on A which are invariant under
left group multiplications.

At the atomic level two basic kinds of elementary dislocations are found.
The first kind is called edge dislocation. It appears in a 2- dimensional
lattice in which an extra half-line of atoms has been inserted along the
negative lst axis. A circuit of translations in the directions of the st and
2nd axes, alternately, which encloses the origin, ends at an atom which is
reached in a single step by a translation in the direction of the 2nd axis. On
the other hand, circuits not enclosing the origin close. A uniform distribution
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342 D. CHRISTODOULOU

of edge dislocations gives rise in the continuum limit to the affine group.
The group manifold A is 2 and the group multiplication is given by:

(Y1, ¥2)(W1, v5) = (y1 + 1, y2 + €¥45)

It is the group of affine transformations on the real line:
x+— ez 4y

The generators of right multiplications are the vectorfields

0 0

eyl .

Ei=—, Ey=
! oy 2 0ya

The Lie algebra V is the linear span of (E),E;) and we have the
commutation relation:

(E1, Ep] = E»

The second basic kind of elementary dislocation is called a screw
dislocation. It appears in a 3-dimensional lattice in the following way. A
circuit of translations in the directions of the 1st and 2nd axes, alternately,
which encloses the 3rd axis, ends at an atom which is reached in a single
step by a translation in the direction of the 3rd axis, while circuits not
enclosing the 3rd axis close. A uniform distribution of screw dislocations
gives rise in the continuum limit to the Heisenberg group. The group
manifold A is R with the group multiplication:

(Y1, 92, y3) (Y1, Yo, Us) = (Y1 + Y1, Y2 + ¥, Ys + Y3 + Y1yh)

It acts as a unitary transformation group on the space of square-integrable
complex valued functions ¢ on the real line by:

((yl,yZa y3)7 1/") = 1//

where:
¢l($) — ez(y2z+y3)¢($ + yl)

The generators of right multiplications are the vectorfields:

0 15] 0 o
Bri= ) Bry= oty By=
YT T oy Vays TP Oy
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the Lie algebra V is the linear span of (Ei, Es, E3) and we have the
commutation relations:

[Ey, Eo]l = E3, [E1, B3] = [E2, B3] =0
A complete crystalline structure V on A defines an exponential map
Exp : N xV—N

as follows. Exp(y, X), is the point at parameter value 1 along the integral
curve of X initiating at y. For each y € N, let

Exp, : V=N
be the map:
Exp,(X) = Exp(y, X) : VX €V
We have:
Exp,(0) =y, dBxp,(0) =,

Thus dExpy(O) is an isomorphism, for each y € N. By the implicit function
theorem it follows that, for each y € A there is a neighborhood U, of
the zero vector in V such that Exp, restricted to U, is a diffeomorphism
onto its image in N.

We now choose a totally antisymmetric n-linear form w on V which is
positive when evaluated on a positive basis. Any other choice & satisfying
this condition differs from w by a positive multiplicative constant. The form
w defines a volume form du, on N by:

dp, Yy, . Yyn) :w(egjl(Yy,l), ...,ey_l(Y )
Yy eN, VY, 1, ..., Y, € TN (2.7)

The volume assigned by du,, to a domain £ C N,

/ dpte,
£

represents the number of particles contained in .
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344 D. CHRISTODOULOU
3. THE THERMODYNAMIC STATE SPACE

We consider the space Si (V) of positive definite symmetric bilinear
forms on V. The thermodynamic state space is the space Sy (V) x R¥.
An element (,0) of the thermodynamic state space shall be referred to
as a thermodynamic state. The variables which specify a thermodynamic
state are v € Sy (V), the thermodynamic configuration, and o € R¥,
the thermodynamic entropy. Each element v € Sy (V) defines a totally
antisymmetric n- linear form w~ on V by the condition that if (£, ..., E,)
is a positive basis for VV which is orthonormal relative to «, then:

wry(El., --~7En) =1
It follows that there is a positive function v on S5 (V) such that:

wry = v(y)w (3.1)
The positive real number v(7y) is the thermodynamic volume corresponding
to the thermodynamic configuration +.
The thermodynamic state function r is a real valued function on the
space Sy (V) x Rt.
The thermodynamic stress corresponding to a thermodynamic state (v, o)
is the element 7(vy,0) of (S2(V))* defined by:

A(k(7y,0)v(y 1 )
X)) Ly, oyt (32
¥ 2
We have:
du(y) _ 1 4
=y 3.3
5 = 57 7u() (33)
Here y~! is the inverse of y considered as an element of (S2(V))*:

YA =u(vThA) VY € So(V)
with y~1 -4 € L(V,V) given by:
(X)), Y) =4(XY) VX,V eV
In view of 3.3 we can express:
Ok(y, o _
w0y = 22000ty ) (3.4
Y
The thermodynamic temperature corresponding to a thermodynamic state
(v,0) is the real number ¥(,0) given by:
_ k(. 0)v(v))
19(770') - 80‘

We require that (v, o) positive and tending to zero as ¢ tends to zero.

(3.5)
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4. THE DYNAMICS

According to the general theory of relativity the spacetime manifold is a
n + 1-dimensional oriented differentiable manifold M which is endowed
with a Lorentzian metric g, that is, a continuous assignment of g,, a
symmetric bilinear form of index 1 in 7, M, at each x € M. The Lorentzian
metric divides T, M into three subsets, I,, N, S, the set of timelike, null,
spacelike vectors at x, according as to whether the quadratic form g, is
respectively negative, zero, or positive. The subset NV, is a double cone
N U N, , the null cone at x. The subset I, is the interior of this cone,
an open set consisting of two components [} and I, the future and
past components respectively. The boundaries of these components are the
corresponding components of N,. The subset S, is the exterior of the null
cone, a connected open set if n > 1. A curve in M is called causal if
its tangent vector at each point belongs to the set I|J N corresponding
to that point. A curve is called timelike if its tangent vector at each point
belongs to I. We assume that (M, g) is time oriented, that is a continuous
choice of future component of I, at each x € M can and has been made.
A timelike curve is then either future directed or past directed according
as to whether its tangent vector at a point belongs to the subset I or I~
corresponding to that point. A hypersurface ‘H in M is called spacelike if
at each = € H the restriction of g, to T,’H is positive definite. A spacelike
hypersurface in M is called a Caychy hypersurface if each causal curve
in M intersects H at one and only one point. We assume that (M, g)
posesses such a Cauchy hypersurface.

The motion of the material continuum is described by a mapping
f : M — N of the spacetime manifold into the material manifold. This
mapping tells us which material particle is at a given event in spacetime.
The mapping f is subject to the following requirements. First, the restriction
of f to a Caychy hypersurface must be one to one. Second, at each z € M,
df (z) must have a 1-dimensional kernel which is contained in I,. Then,
for each y € f(M) C N, f~1(y) is a timelike curve in M. The material
velocity v is the corresponding future directed unit tangent vectorfield:

span(u;) = ker(df (z)) = Tof "' (y), f(z)=y; g(u,u)=-1 (41)

The simultaneous space at x is the orthogonal complement of the linear
span of w,:

¥, = (span(u,))L (4.2)

We note that gy _, the restriction of g, to 3., is positive definite. Also, the
restriction of df (x) to 3, is an isomorphism of ¥, onto T,N, f(z) = y.
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346 D. CHRISTODOULOU

The third and final requirement on f is that this isomorphism be orientation
preserving.

To include thermal effects we introduce the entropy function s, a positive
function on M.

The equations of motion, a system of partial differential equations for the
mapping f and the entropy function s, are to be derived from a Lagrangian
L, a function on M, constructed from f and s. The action in a domain
D C M is the integral:

AR) = [ L, (4.3)

where dp, is the volume form of (M, g).

Any mapping f fulfilling the three requirements stated above, defines at
each z € M an orientation preserving isomorphism js . of the crystalline
structure ¥V of N onto X, by:

. -1
e = (df(@)z.) 05w (4.4)
The isomorphism jy . induces an isomorphism j; , of the space 7,(¥;) of

p-linear forms on ¥, into 7,(V), the space of p-linear forms on V), taking
te € Ty(Xz) to jf .tz € T,(V), where:

(s te) (Yis oo Yp) = ta(ipo (Y1), oo pa(Yp)) ¢ VY1, .Y, €V (4.5)
The isomorphism j} . extends to a linear mapping
Jie t T(TeM) = Tp(V),
given by:
Jtate = Jfats.,

for any t, € 7,(T,M). Here tx_ denotes the restriction of ¢, to ;. In
particular we have:

J}092 = 7095, €85 (V)

The volume form dpu,, of (N,V) defines, at each z € M, through the
mapping f, a totally antisymmetric n- linear form on X, the restriction to
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¥, of the pullback f*du,. If dus, is the volume form induced by g on Y
then, according to the above, there is a positive function N on M such that:

(f*djllw)lgw = N(.’D)d[,l,):;r Ve e M (46)

At each z € M, the positive real number N (z) represents the number of
particles per unit volume at x. We have:

1
—— = v(J} 9= 4.7
The Lagrangian function L is defined by:
L(z) = n(j}vmgw,s(m)) Ve M (4.8)

where # is the thermodynamic state function on S3 (V) x R*.

We note that L(z) depends on g only through g,. The energy tensor at
x is the element T, of the dual space (S(T,M))* defined by:

&L(w_;;i%,(x_)) - —%deug(m) (4.9)
We have:
Bdgsix) _ —;—g;ldug(x) (4.10)

Here g ! is the inverse of g, considered as an element of (S2(7;M))":
921 (G=) = (g7 - ga) 1 Voo € Sa(TeM)
with g7 - g, € L(T,M,T, M) given by:
92((92" - 4)(X2), YVe) = (X2, Vo) 2 VX, Yo € TeM

In view of 4.10, we can express:

OL(x)

T, = -2
99,

~9: L(=) (4.11)

PrOPOSITION 4.1. — The energy tensor at x € M is given by:

To(92) = K:(j;ng, 5(2)) gz (Uz, uz) + W(j;,zgw» S(x))(J;,xgm)
ng (S S2(TEM)
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348 D. CHRISTODOULOU

Proof. — We first determine, for a given element Y € V and at a given
point z € M, the dependence on g, of the vector

X, = jf’z(Y) e T,M
According to the definition 4.4, X, is the solution of
df (2)(Xz) = €5y (Y)

belonging to X, the g,- orthogonal complement of ker(df(x)). Thus if the
Lorentzian metric at z is changed from g, to §., the vector X, changes

to X,, which differs from X, by an element of ker(df(z)). It follows
that there is a

Az € L(S2(Ty M), V")

such that:
(2222 3) = At (412)
In conjunction with the definition 4.5, this implies that, for any Y1,Y> € V,
(Pt 5, = G2, )

+ g:r()‘z(gx)(yl)uuJf,z(YZ)) + gw(jf,m(yl)7 )‘x(ga")(y2)'u£)

Now, j.(Y1),745.(Y2) € ¥, are g,- orthogonal to u,. Therefore the
above reduces to:

2 = j* 4.13
( 0. )(gx) J% 20 (4.13)

In view of 4.13 and the definitions 4.11, 4.8 and 3.4 we obtain:

To(9e) = #(7},292 8(2)Ve + 7(jF 29ar () (55 2 92) (4.14)

where:
Ve = (§} 292) " (37 202) — 95 ' (92) (4.15)
We have:

(75 .292) " (3 0a) = (5,095.) " (U 0m.) = 0((FF295.) 7" - GF095.)
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Now, j}, is an isomorphism of Sy5(%,) onto S>(V) and the trace is
invariant under isomorphisms. Consequently,

(5 095.) 7" dfds.) = tr(gs) - 9s.) = 951 (9=.)

Hence:
ve = g5 (9s.) — 95 (92) (4.16)

Let A, = g71 - go € L(TeM, TuM), Az, = g5 - §=, € L(E4, ;). Then
Ay, is the restriction of A, to X, and we have:

v, = trf(Ag,) — tr(Az) (4.17)
Relative to the g,- orthogonal decomposition

T, M = span(u,) & X,

B
v (")

we can write:

where
B, = _gat(u:vawu.z:) = _gz(u.u'uw)
Hence:
tr(A,) = B, + tr(As,)
and:

In view of 4.14, 4.18, the proposition follows.
We can write:

T, = p(x)uz: @ uy + Sy (4.19)

where
p(z) = £(j} .92, 5(2)) (4.20)
is the density of mass-energy at z, and S,, given by

8:(92) = (j§ 292> $(2))(J} 292) (4.21)

is the stress tensor at z. Since j} 4. = Jjf. 9., S, can be viewed as
belonging to (S2(X;))*.
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350 D. CHRISTODOULOU

The energy tensorfield T is the assignment of T, at each z € M, a
symmetric 2-contravariant tensorfield on M.

The temperature function is the function § on M given by:
0(z) = (5 .9 5(2)) (4.22)

The spacetime manifold (M, g) is endowed with a unique symmetric
connection I' compatible with the metric g. The associated covariant
derivative operator, acting on sections of tensor bundles over M, we
denote by V. The covariant derivative of the energy tensorfield 7', VT,
is a tensorfield of type 72 on M. Its trace is a vectorfield on M, the
covariant divergence V - T of T.

The equations of motion of the material continuum are the differential
energy-momentum conservation laws:

V-T=0 (4.23)

These equations have n» + 1 components, corresponding to the entropy
function s and to the » component functions which describe the mapping
f in terms of an atlas of local charts of A.

The equations of motion 4.23 are a consequence of structure of the general
theory of relativity. The connection I' represents, within the framework of
general relativity, the gravitational force. Let R be the corresponding
curvature and let us denote by Ric the trace of R, the Ricci curvature, a
symmetric 2-covariant tensorfield on M. Let us also denote by S the scalar
curvature: S = g~!(Ric). Then the Einstein equations for the spacetime
manifold (M, g) read:

1
Ric — ng =27 (4.24)
The left hand side satisfies the twice contracted Bianchi identities:
1
V - (Ric — 55’9) =0 (4.25)

In view of these identities the equations of motion 4.23 are consequences
of the Einstein equations 4.24.

The Einstein equations are obtained by adding to the Lagrangian of
matter the Lagrangian of gravitation, —(1/4)S, and requiring that the
resulting total action in any domain D C M be stationary with respect to
arbitrary variations of the metric g supported in any subdomain D’ with
compact closure in D. The identities 4.25 can be viewed as resulting from
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the invariance of the action of gravitation in D under all diffeomorphisms
of M which leave D invariant.

We shall now demonstrate the relationship between the equations of
motion 4.23 and the Euler-Lagrange equations obtained by varying the
action of matter with respect to the mapping f.

Let {f; : t € (=1,1)} be a differentiable family of maps M — N,
satisfying the three requirements stated in the previous section, and agreeing
in M\ D’ with fo = f. Then for each z € M, t — fi(x) is a curve in N/
through f(z). Let f(z) be the tangent vector of this curve at f(z). Then f,
the variation of the map f, is the assignment of the vector f(z) € TN
at each z € M. Thus f is a section of the pullback bundle f*(TN), a
vector bundle over M. Consider the action of matter corresponding to f,
with the entropy function s and the Lorentzian metric g on M fixed. Since
f has compact support in D, we can express:

(“2) = [ aathyam, (4:26)

where M is a section of the dual bundle f*(7*N). On the other hand,
if {s; : t € (-1,1)} is a differentiable family of entropy functions
on M, so = 8,(0s4/0t)i=0 = $, and we consider the action of matter
corresponding to s;, with f and ¢ fixed, we have, in view of 3.5, 4.7,

48, 422
(——dA[St]) = / Nosdp, (4.27)
it )y Jo

Finally, if {g. : ¢ € (—1,1)} is a differentiable family of Lorentzian
metrics on M, gy = g,(09:/0t):=0 = ¢, and we consider the action of
matter corresponding to g;, with f and s fixed, we have, in view of 4.9,

<%[tg—t]>t:0 _ _%/DT(Q-)dug (4.28)

Let X be a vectorfield on M with support compact contained in D, and
let {¢: : t € R} be the 1- parameter group of diffeomorphisms of M
generated by X. Then, for each ¢ € R, ¢, restricts to a diffeomorphism of
D onto itself. Let us set f; = ¢;f = fods, sy = Pfs = s0 ¢y, gt = b} g,
for each ¢ € (—1,1). Then we have:

f=Lxf=df(X), é=Lxs=ds(X), §=Lxg (4.29)
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Now the action is invariant under the group {¢;}: A(f:, 81, 9| = A[f, s, g]-
Thus, we have:

i . dA[fta Stvgt] _
A= (—dt )tzo =0 (4.30)
By 4.26, 4.27, 4.28, and 4.29,
A:/{@mwx»+Nm¢m-%ﬂ¢w&¢@ (4.31)
D

Integrating by parts, the equations of motion 5.1 imply:

L
—5/ T(Lxg)dpg =/9(V'T7X)dug =0 (4.32)
D D

In fact the equations of motion are equivalent to 4.32 for all domains
D C M and for all vectorfields X with compact support in D. From 4.32
in conjunction with 4.31 and 4.30 we then conclude that the equations of
motion 4.23 are equivalent to the equations:

M -df + Nbds =0 (4.33)
Here M - df is the 1- form on M defined by:
(M -df)(X,) = M(df(X,)) : VX, e LM,V eM

If df is continuous at z, then evaluating 4.33 on u, yields, in view of the
fact that u, € ker(df(z)), the adiabatic condition:

u,(s) = 0 : at every point = of continuity of df (4.34)

5. ELECTROMAGNETIC EFFECTS

We now consider the interaction of a crystalline solid with the
electromagnetic field. The electromagnetic field is a differential 2-form
F on the spacetime manifold M which is exact, that is there exists a
differential 1-form A, the electromagnetic potential, such that

F=dA (5.1)
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At each z € M, the antisymmetric bilinear form ¥} in 7, M decomposes
relative to the simultaneous space ¥, into E, € X%, the electric field at
z, given by

Ey(Xe) = F(Xo,us) VX, € 5 (5.2)
and B, € Ny(2,;), the magnetic field, the restriction of F, to X,:
B, = Fy, (5.3)
The electric and magnetic fields at = extend to T, M by:

E.(X,)=F(X;,u,) : VX, € T,M
Bz(Xrt,th,Z) = F(HzXz,hHmX:v,Z) : VX:E,I’XI,Z € TIM (54)

Here 11, € L(T, M, T, M) is the operator of projection to X,:
IL X, = Xo + g2 (te, Xo)ug (5.5)

To include electromagnetic effects, the thermodynamic state space is
extended to:

SF(V) x Rt x V* x Ao(V)

To specify a thermodynamic state requires in addition to the variables
(v,0), the electromagnetic variables («, ), a € V*, f € Ay(V). The
thermodynamic state function & is a real valued function on the extended
thermodynamic state space and the thermodynamic stress and temperature
are defined as before. We now define, in addition,

ok 5 Ok

~5ar (=255 (5.6)

’r]:

Then at a-given thermodynamic state (v, o, a, 3), 7 is an element of V and
¢ is an element of (A2(V))*.

The Lagrangian function L is given by:
The electric displacement at x is the element D, € ¥, given by:

oL
oF,

D, =—
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The magnetic displacement at x is the element H, € (A3(X))* given by:
oL

H, = .
283,5 (5.9)
In view of the definitions 5.6 we have:
§o(Dy) = W(J;,xfw) 1 Ve € X5 (5.10)
Ho(x2) = (U7 axe) & Xz € N2(22) (5.11)

The electromagnetic displacement at x is the element G, of (Ax(TpM))*
given by:

oL
e =2 .
G oF. (5.12)
From 5.2, 5.3, 5.8, 5.9 we obtain:
Gy =u, AND, + H, (5.13)

The electromagnetic displacement G is the assignment of G, at each
T € M, an antisymmetric 2-contravariant tensorfield on M.

The energy tensor at z is defined as before, by 4.9. However, we now
have:

PROPOSITION 5.1. — The energy tensor at x € M has the form:
T, = p(z)uy @ Ug + Uy @ Pp + Pr @ up + Sz
Here, p(x), the density of mass-energy at z, is given by:
p(@) = £(J} 92, (), 5 o By 53,0 Be) + Ea(Ds)
P, € ¥, is the electromagnetic momentum density at x, given by:
P.=H, E,,

with 1
&(H, - Ey) = in(ﬁx ANE,) : V& €%

Finally, S, € (S2(X.))*, the stress tensor at z, is given by:
Se(ge) = ”(j;,zng s(m)aJ;,xEmJ;,me)(];mgm)

Proof. — We must determine the dependence on g, of E,, B,. We consider
E,, B, extended to T, M according to 5.4. We first determine the partial
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derivatives with respect to g, of u, and II,. Now the linear span of u, is
independent of g,. It follows that there is a I, € (S2(TxM))* such that:

Ous

99, (gw) = lw(gz)um (5'14)

Differentiating the normalization condition
g:c(uwv uw) =-1
with respect to g, and substituting 5.14 yields:

gﬂc(uw’uw) + 2gw(lw(gz)uza Uz) =0

Hence: .
Differentiating 5.5 with respect to g, and using 5.14, 5.15 we then obtain:
Ol X\ ,. .

where k, € L(Sy(TpM),Tr M) is given by:
ke(92)(X2) = Go(ue, Mo Xy) 2 VX, € ToM, Vg, € So(Te M) (5.17)

Since k(4. )(Xz) = kz(g.)(IIX,), we can consider k.(g.) to belong to
¥%. From the first of 5.4, by 5.14 we deduce:

while from the second of 5.4, by 5.16 we deduce:

0B, ,. .
99, (92) = Ex N k2(gz) (5.19)
It then follows that:
a(J;,zET) . %
and: 8% B.)
] T ok .
—5’5— = j} o (Ex A ku(da)) (5.21)
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According to the expression 4.11 and in view of the definitions 5.6, in the
presence of electromagnetic effects the following additional contributions
to 7,(g,) are obtained:

27 a(]g’;f’) ~¢- 8(J§wa) (5.22)
By 5.20, 5.15 and 5.10,
o P g4 B.(D.) = (D) )
= Ew(DacJ)c(ucv ® U )(Ja) (5.23)

while by 5.21, 5.17 and 5.11,

00eBe) _ 1 o) n By gk |
AR P o(ke(G2) A Ey) = 2k, (2)(Pr) = 200 (ue, Pr)
= (uy ® P + Pr ® u)(gs) (5.24)

The proposition thus follows.

The equations of motion are, as before, the differential energy-momentum
conservation laws 4.23. These are the equations for the mapping f and the
entropy function s, while the equations for the electromagnetic field F'
are the Maxwell equations which consist of the condition that F' is exact,
together with the equations:

V-G=0 (5.25)

These equations are obtained by requiring that the action in any domain
D C M be stationary with respect to variations of the electromagnetic
potential A supported in any subdomain D’ with compact closure in D.
For, if {A; : t € (=1,1)} is a differentiable family of electromagnetic
potentials on M, Ag = A, (8A,/dt);—o = A, and we consider the action
corresponding to A; with f, s and ¢ fixed, we have, in view of 5.12,

(d/ti[ft]lzo - /D %G(dA)d“g = /DV - G(A)dpy, (5.26)

(The second entry of G is traced in defining the divergence). The argument
of the previous section then shows that, modulo the Maxwell equations,
the equations of motion are again equivalent to the equations 4.33. The
adiabatic condition 4.34 then follows, as before.
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What we have been describing above is the interaction of the
electromagnetic field with a crystalline solid which is a perfect insulator.
The electric current J, which constitutes the right hand side of the general
form of the Maxwell equations:

V.G=J (5.27)

vanishes in perfect insulators.

On the other hand, in perfect conductors it is the electric field which
vanishes. This together with the condition that F' is exact implies that
L.,F = 0, hence there is an exact 2-form ® on the material manifold N
such that:

F=f® (5.28)

The electromagnetic field thus ceases to be an independent dynamical
variable, its dynamics being determined by the mapping f. The vanishing
of the electric field reduces the thermodynamic state space to the subspace

SHV) x R x Aq(V)
corresponding to o = 0, and the Lagrangian function is given by:
L(z) = £(j} 290, 8(2), i"(f(2))) (5.29)
where ¢*® is the mapping
P N — A (V)
by:
FP(Y)(X,Y) =Py (e4(X),ey(Y)) : Vye N, VXY eV (5.30)

The energy tensor at z is then given by Prop 5.1 with £, = 0 and
B, = (f*®),, that is:

T, = p(x)uy @ uy + Sy (5.31)

with:
p(z) = £(j} 29z, 8(7), " @(f(2))) (5.32)

and:
S2(9z) = 7(J% 292, 8(2), " 2(f(2))) (4}, 9=) (5.33)

The equations of motion 4.23 then constitute a complete system and the
electric current is simply defined by 5.27.
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