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ABSTRACT. — While in a single non-relativistic gas the dynamic pressure
vanishes, it is of order (’)(C%) in a relativistic gas. This was shown in
a previous paper [1]. In the present paper we show that the dynamic
pressure in a reacting gas is of O(1), i. e. even a non-relativistic mixture
of gases has a non-vanishing bulk viscosity. The value of that viscosity is
determined by the mass-defect M, or the heat of reaction Mc?, and the
thermal conductivity is also affected by the heat of reaction. In an example
of dissociation of iodine the bulk viscosity can be as big as 50% of the
shear viscosity and the thermal conductivity has twice the normal value.
The results of the paper may be of interest to the cosmologist who is
interested in the early universe. © Elsevier, Paris
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RESUME. — Tandis que dans un gaz non relativiste la pression dynamique
est nulle, elle est de 1’ordre de C% dans un gaz relativiste, comme il a été
démontré dans un article précédent [1]. Ici nous montrons que la pression
dynamique dans un gaz en réaction est de I’ordre de 1, ¢’est-a-dire, que
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310 G. M. KREMER AND I. MULLER

méme un mélange non relativiste de gaz possede une viscosité de volume
non-nulle. La valeur de cette viscosité est déterminée par le défaut de masse
M, ou par la chaleur de réaction Mc? et la conductivité thermique est aussi
affectée par la chaleur de réaction. Dans un exemple de dissociation de
I’iode la viscosité de volume peut atteindre jusqu’a 50% de la viscosité de
cisaillement et la conductivité thermique est le double de la valeur normale.
Les résultats de ce papier peuvent intéresser les cosmologistes étudiant
I’univers primordial. © Elsevier, Paris

1. PREVIEW AND DISCUSSION

In a mixture of reacting gases the transport coefficients depend on the
heat of reaction Mc?. It is true that the shear viscosity is not affected,
but the thermal conductivity of a dissociating gas can be several times
the normal value. This was already known to Nernst [2], who formulated
a rough molecular argument to understand the effect, see also [3]. The
bulk viscosity is affected most, because - in contrast to a non-reacting
(non-relativistic) gas - it is non-zero in a reacting gas.

In this paper we calculate the shear viscosity p, the bulk viscosity 7 and
the thermal conductivity & in a binary reacting gas mixture. For simplicity
we consider a non-diffusive gas. The results for a non-relativistic gas are
as follows

1
b= =g +RERT, (L.1)
_352;; (Mc ) (nf +ng)kT

= 2 m2(n m3(ng m2+4+m? ’

(M) 1 3(71 +72) (2s2) — Sy (2rARELERAGEE | s7limd )

(1.2)

_ L J5 miny KT Gt ng? o omitmi o)

B, | 8™ _ n2 mymomiye nFnf mims

Y1 Y2
Mc?

X(myy1 — may2) + 4(me — my) (ﬁ)} } (1.3)

1/Bs, 1/BT and 1/ B, are the relaxation times of stress deviator, dynamic
pressure and heat flux respectively; they are of the order of magnitude of
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THERMAL CONDUCTIVITY AND DYNAMIC PRESSURE: MIXTURE OF GASES 311

Table 1. — Effect of heat of reaction on bulk viscosity and thermal
conductivity.

T(K) K,(@am) nfm3) nfm? of v R
800 3.16 x 1075 5.14 x 10?2 9.13 x 102*  0.003  0.204 0.062
1000 3.16 x 1073 4.01 x 10%® 6.94 x 10?* 0.028 0.438 0.424
1200 7.08 x 1072 1.43 x 10%* 4.69 x 10%* 0.132  0.500 1.015
1400 6.17 x 10~ 2.81 x 10%* 2.44 x 10** 0.366  0.498 1.108
1500 1.51 3.36 x 1024 1.53 x 102* 0.523  0.490 0.932
1600 3.31 3.69 x 1024 8.97 x 102* 0.673  0.474 0.690
1800 11.2 3.77 x 102¢ 3.11 x 102* 0.858  0.420 0.311
2000 33.1 3.57 x 1024 1.05 x 1023 0.945 0.318 0.118
2200 75.9 3.29 x 1024 4.28 x 1022 0.975 0.204 0.050

the time of free flight of the molecules. mi are the molecular masses of

the constituents and Y1 are their stoichiometric coefficients. The particle

densities n¥ are equ111br1um values as determined by the law of mass-action.

By inspe2ction of (1.2) we conclude that the bulk viscosity is determined
by the heat of reaction Mc?. In the limit of a single gas, i. e. for nf — 0or
nZ — 0, the bulk viscosity vanishes as it ought to in a non-relativistic gas.
In order to give an impression of the size of the bulk viscosity 7 in terms
of the shear viscosity p we have calculated the quantity V' = nBT/uBs
as a function of temperature. Note that we assume that BT and B3 are
comparable in size; after all, both are related to the collision frequency of
molecules. V is represented in Table 1 which gives values - at p = 1 atm
- for the dissociation of iodine

K, is the chemical constant taken from [4] and n¥, nf

densities calculated from the law of mass-action. a¥
extent of reaction

are the equilibrium
in the table is the

K,

E P
= . 1.5
“ 4p + K, (1.5)

Inspection shows that, while V' is small when one or the other constituent
dominates at low and high temperature, it comes up to the value of 0.50 at
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312 G. M. KREMER AND I. MULLER

intermediate temperatures. Therefore we expect the bulk viscosity to reach
up to 50% of the value of the shear viscosity.

Next we discuss the thermal conductivity. The equation (1.3) contains two
terms, one with Mc? and one without. Thus it represents the dependence
of the thermal conductivity x upon the heat of reaction. The ratio R of
these terms - the second one divided by the first - is represented in the last
column of Table 1 as a function of 7T for the dissociating mixture of iodine.

Inspection of the table shows that in the temperature range, where the
dissociation occurs, the thermal conductivity is more than doubled by the
heat of reaction. In the nearly pure constituents at low and high temperatures
the heat of reaction has no appreciable effect on the thermal conductivity.

The theory applies to chemical reactions and to nuclear reactions. It may
also be useful to the cosmologist who is interested in the early universe .

In the following chapters the results (1.1) through (1.3) and some further
minor results will be derived. The method used is relativistic extended
thermodynamics, a powerful theory described in the monograph [5]. The
field equations of relativistic extended thermodynamics are derived in full
generality for non-degenerate gases but the specific results on the transport
coefficients, viz. (1.1) through (1.3), are given only for the non-relativistic
limit.

Previously it has been argued that extended thermodynamics can only do
what the kinetic theory of gases can do better. With the present extension to
chemically reacting mixtures this observation is no longer true; or at least
we are unaware of any kinetic theory that could provide results as specific
as the results (1.2), and (1.3) of extended thermodynamics.

2. FIELDS OF RELATIVISTIC EXTENDED THERMODYNAMICS
OF CHEMICALLY REACTING NON-DIFFUSIVE MIXTURES

2.1. A Conventional Choice

We may say that it is the objective of extended thermodynamics of
reacting, non-diffusive binary mixtures to determine the 15 fields

number densities 7, (@ =1,2),
velocity U4,

stress deviator ¢t(4B),

pressure P,

energy density e,

heat flux ¢*.

(2.1)
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These fields determine the particle flux vectors A2 and the energy-
momentum tensor A4B. We have

A2 = man U4,
1 1
AAB = ¢{AB) | ppAB g(UAqB +UB¢*) + geUAUB. (2.2)
hAB = LUAUB — g8 is a projector.

2.2. Absolute Temperature and Affinity

2.2.1. Thermodynamics of a Single Gas

In thermodynamics of a single gas we have just one particle density n
and the energy density e as variables. But the natural variables of statistical
mechanics are the fugacity ! @ and the absolute temperature 7', because
statistical mechanics provides the equilibrium pressure of an ideal gas in
terms of a and T, viz. (e.g. see [5], p. 87)

p(a,T) = exp (—%a)%rymzc(kT)ZKz (TZ—;Z) (2.3)

kT
modified Bessel function of the second kind and y is related to the Planck

constant: y = 1/h3.

m is the molecular rest mass, & the Boltzmann constant, KQ('”CZ) the

There is a one-to-one correspondence between the pair (n,e) and the
pair (a,T) and this is furnished by the equations

n(a,T):—Hlj;(%)T, e(a,T):T2<§T(%))a, (2.4)

or inversely
a = a(n,e), T =T(n,e). (2.5)
It is true that the inverse functions a(n,e) and T'(n, e) cannot be expressed

in analytical form, but they are known graphically or numerically.

Also statistical mechanics provides an explicit expression for the
equilibrium entropy, viz.

()58

a is equal to the chemical potential 4 to within a factor —1/T: a = —p/T. This definition
deviates slightly from the fugacity of chemical thermodynamics.

Vol. 69, n° 3-1998.



314 G. M. KREMER AND 1. MULLER

2.2.2. Thermodynamics of a Binary Non-Reacting Mixture of Gases

In thermodynamics of binary mixtures we have two densities n,
(e = 1,2) and the energy density e as variables. We may replace these
by the fugacities a, and the absolute temperature 7', the variables which
determine the partial pressures :

M, ol
Pal@o, T) = exp (—Taa)47rymic(kT)2K2 (n;ﬂf ) (2.7)

In analogy to (2.4) and (2.5) we have

1 [ 0Opa 0 (Pa
oo =i (52) w1 =S (5r(5))
« o/ T a

Ao

(2.8)

or inversely
U = Go(N1,M2,€), T =T(ny,n2,T). (2.9)

The entropy reads, in terms of a, and T

s[5 @)

o
The densities n,, and e are independent.

2.2.3. Thermodynamics of a Binary Reacting Mixture of Gases

The equations (2.7) through (2.10) are also valid in a reacting mixture
but there is a subtle difference: In equilibrium the two number densities are
not independent because the law of mass action requires

Z’yamaaf =0, (2.11)

where the 7’s are the stoichiometric coefficients. Close to equilibrium we
may thus write in linear approximation, by virtue of a Taylor expansion

pi(as,T) = p¥ £yymypt(a; — al),
1. 1 .
e(ar,a2,T) = Y_(0F = &) + [ama (B — p&)(aa — ad)l,

1 . 1 . .F\e
h(ar,a9,T) = 75 >0 = ap) + mhama(Py — (ape)*)(aa — ag)].
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where

E ™ E 2 2 m;c2
py = exp | ——*a; 47rym;c(kT) K, al (2.13)
With the mixture fugacity (cf. (2.11))
a=ymaf = —yomqaf, (2.14)

we may write

E 1 2 25 [ T5E
p;(a,T) = exp :FEG 47rym;c(kT) K, o |- (2.15)

The derivatives ® and ’ in (2.12) denote differentiation with respect to a
and In T respectively; [f.] stands for f; — fo.

As long as we stick to situations close to equilibrium it is possible, and
appropriate, to replace the two fugacities a, by the mixture fugacity a, -
characterizing equilibrium, cf. (2.14) - and the chemical affinity

A= nyamaaa, (2.16)

which represents a “driving force” toward equilibrium. By (2.11) we have
A = 0 in equilibrium.

In order to obtain a, in terms of A we need an additional equation,
supplementary to (2.16). This additional equation results from the entropy
(2.12)4. Indeed, since the entropy must be a maximum in equilibrium, it
cannot depend linearly on (a, — aZ) and therefore the last term in (2.12)4
must vanish:

yima (B = (apf)*) (a1 —a7’) —rema(5y° — (ap3)*) (a2 —a3’) = 0. (2.17)

Between (2.16) and (2.17) we have a linear algebraic system for the
determination of a, from which we obtain

BNy GF — (@D)")
Y1ma PP — (ap?)*) + (" — (ap)*)
Ay

Vol. 69, n® 3-1998.



316 G. M. KREMER AND I. MULLER

| GF - (aD)")
T e | O Wb+ 0 —@pn | O

These relations replace the two fugacities a,, by a and A. Also, by (2.12), 3,
No(aa,T) and e(ay, as,T) now become explicit functions of a, T' which
are linear in A. The advantage of the new variables a, A over the old
ones ay,a is that in the former set equilibrium is characterized by the
vanishing of one variable, viz. A.

It is useful and customary to decompose the pressure P in (2.2) into an
equilibrium part Y pZ and a dynamic pressure n such that

P=> pf i (2.19)

3. FIELDS EQUATIONS

3.1. Balance Laws

We may now rephrase the objective of extended thermodynamics by
saying that we wish to determine the 15 fields

a, A, T, U4 4B 7 g4, (3.1)

which determine the particle flux vectors A2 and the energy-momentum
tensor A4B. We have

Al = mana(a, T, AU,
1

AAB = ¢(AB) 4 (Z pe + 7r) WP+ S(UA% + UBg*) + (3.2)
C

2Z:(p —pd) + (B — pE) A A|UAUE.

The necessary field equations for the fields (3.1) are the equations of
balance of masses, and energy-momentum and the flux balance, viz.

AQ,A = YaMal, (a =1, 2)7
AP p =0, (3.3)
AABC ,C = IAB’ (IX = Z Czyamae, AABB = EczAﬁ).
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¢ is the reaction rate density and the traceless tensor I AB s the flux
production. A4BC is the flux tensor; it is fully symmetric and its trace is
proportional to Y~ AZ, so that (3.3)3 represents only 9 equations, instead
of 10.

A useful alternative form of the particle conservation laws (3.3); reads

(Z manaUA) = Z'Yamaev (34)1
a A a

(-2~

)

In this set only the first equation has a production which is governed by
the mass defect of the reaction M = Y Yamq; the second equation is a
conservation law, representing the conservation of the number of atoms in
the chemical reaction, or the conservation of nucleons in a nuclear reaction.

3.2. Constitutive theory

In order to close the system (3.3) we need constitutive equations for
e { - the reaction rate density,
e AABC _ the flux tensor,
e JAB _ the flux production.

In extended thermodynamics the constitutive equations have the generic
form

! = é(na, UM,AMN) = é(a, T, A, UM,t<MN)aqM77r)a
AABC — JABO(p M AMNY _ FABC(q T A UM tMN) oM 1y (35)
I*P = [*P(ng, UM, AMN) = I*P(a, T, A, UM, %), g, m),

where ¢, A and I are constitutive functions.

If the constitutive functions are known, the set (3.3), - or (3.4) and
(3.3)2,3 - represents a set of 15 equations for the 15 fields a, A, T, UA,
tAB) 7. g4. Every solution of this set is a thermodynamic process.

The constitutive functions are restricted by
e the entropy principle,
o the principle of relativity, and
e the requirement of convexity and causality.

Vol. 69, n° 3-1998.



318 G. M. KREMER AND 1. MULLER

3.3. Representations

The principle of relativity in the present context may be expressed by
saying that £, AABC and [45 are isotropic functions of their variables with
respect to all space-time transformations. This means, if we restrict the
attention to linear constitutive functions in the non-equilibrium quantities
A, m, tAB) and ¢*

€= L+ LaA,
AABC = (CY + CTm + CRAAUPUC +

2
+%—(Z MaNg — C? - Cfﬂ' — ClAA)(gABUC + gBCUA + gCAUB)_l_

6
+C3(gABqC+gBCqA+gCAqB)_gCg(UAUBqC+UBUCqA+UCUAqB)_I_
+Cs(tABYUC 4 ({BOUA 4 ({CAYB), (3.6)

4
I4B = (BT + BAA)g*B — E5(3;% + BAAUAUB+

1 -
+B5t4B) 4 6_234(qAUB _l_qBUA)_*_MeUAUB.

All coefficients may depend on a and T and, of course, n, in (3.6); is given
by (2.12),, so that the term Za Mmene contains a linear dependence on A.

These representations are formulated so as to satisfy the trace conditions
indicated in (3.3)s.

The entropy principle will turn out to determine all coefficients C' in terms
of the equation of state (2.15). This amazing definiteness of the entropy
principle is the hallmark of extended thermodynamics, - and its redeeming
feature. Because, indeed, were it not for its surprisingly specific results,
nobody would undertake the task of following the complicated procedure
of the evaluation of the entropy principle.

4. ENTROPY PRINCIPLE

4.1. Lagrange multipliers

The entropy principle states that the divergence of the entropy-entropy
flux vector A“ - itself a constitutive quantity - be non-negative for all
thermodynamic processes

h4y >0,  h*=hA(e, A UM, AMY). (4.1)
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Equivalent to this is the statement that the new inequality

ZmanaUA —Z'yamaﬁ +A<<E—@)UA> +
= A ~ §s! Y2 A

)

holds for all fields ny, U A,AAB . The lambdas are Lagrange multipliers,
and A4p may be taken to be traceless, because of (3.3)s.

We introduce the vector potential
WA =hA 4+ XY man 0% + A("—l - @) U4 + ApA*Z + Apc AP,

T Y2
(4.3)
so that the inequality assumes the form

W= manal A= R L e
1 2

A" Yamal — AapI?P 2 0. (4.4)

4.2. Lagrange multipliers as variables
Convexity and causality ensure that we may change variables
from 7o, U4 A% to A\ A4, Aas, (4.5)

so that ngy, U4, ¢, AAB, AABC 4B is the new set of constitutive quantities.

This new shift of variables is one of the tricks by which extended
thermodynamics manages to exploit the entropy inequality. Because in the
new variables the inequality is easily evaluated. Indeed, we have

h/A 1A
(35 S o (3 (5 )
it Y2

Oh oh

+<8A AAB)AB A+ (EK‘— AABC)ABC,A—)\Z’)’amaf—AABIAB Z 0,
B

(4.6)

and, since this inequality must hold for all variable fields, we obtain

6h’A oh'A n n oh'A
MmanaU?, —— = — — _2_) ya, 2V _ paB
z oA (’71 Y2 OAp ’

«
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320 G. M. KREMER AND I. MULLER

WA 1 o OWA

- = = AABC 4.7
ohsc 47 TMVoAuN ’ (4.7)

and there remains the residual inequality
—)\Z'yamaﬂ - AABIAB > 0. (48)

We conclude that the quantities 1o, U4, A4Z, and A45C in the new
constitutive set are all given by derivatives of h'4 with respect to the new
variables, the Lagrange multipliers; hence the name “vector potential” for
h'4. £ and IAB are restricted by the residual inequality.

The conditions (4.7), (4.8) incorporate all restrictions implied by the
entropy principle. Unfortunately these restrictions are largely formal. Indeed,
since the Lagrange multipliers have no physical interpretation in their own
right, we must convert the results (4.7) to statements on the physical
quantities n,, U4, ¢, A48 AABC [AB This is a complicated process that
can only be performed for near-equilibrium processes.

5. LAGRANGE MULTIPLIERS

5.1. Determination of the Lagrange Multipliers

In equilibrium the productions ¢ and /45® must vanish, and therefore
(4.8) implies that A and A4p also vanish:

A=0, Afp=0. (5.1)
This fact permits us to write the near-equilibrium representation of h'A

as a function of A, A\, A4, Aap. We include second order terms in A and
A4p and obtain

‘o= [To +TIA+ TN 4 T01G1 + T{HAGL + T2 G5 + TosGa+

TosHo)As + [T1 + TIA +T11G1]AapA® + [[2]A% gAE. (5.2)

Here the coefficients I' may be functions of A and Gy = A A4 and we
have defined

Gy = AMAspAB,  Go=A*A%pAP. Hy=A*PAup. (5.3)

Annales de Ulnstitut Henri Poincaré - Physique théorique



THERMAL CONDUCTIVITY AND DYNAMIC PRESSURE: MIXTURE OF GASES 321

Insertion of (5.2) into (4.7) and linearization in A and A 4p provides linear
representations for

n n
ZmanaUAa (_1 _ '—Z—)UA, AAB, AABC;
> Y2
these, however, do not automatically satisfy the requirements that

ZmanaUA and (%1——:2)0“ are parallel,
o 1 2

A4B is symmetric (cf. (2.2)2), (5.4)
o A=Y manaUt  (cf. (3.3)s).

For these requirements to be satisfied the I”s must be interrelated.
Summarizing a cumbersome calculation we may write

or or{

B, = [I‘0+F0)\+I‘”/\2+ —Gi1+ =LAG + = LY FzG + ol
0

2 0G2 a_GOG2

9G, oG

oI’y

2C, —2G1|AapAB + [[2]A35AB. (5.5)

1
+ZF2H2] Aa+ [Fl +TiA+

This ensures the symmetry of A42. The trace condition (5.4); requires

8G3T,
9Go

OGAT,
8Go

AG3T!

- eairy, S
0

= 2G| =2c2GirY, (5.6)

and finally the condition for parallelism (5.4); requires

or or! 8T arf ar
i =0==2 L _ L 11 —_0 I_g=—1
0 QaA’ 9G, QaAaGO’ 2L Q I QaA’
(5.7)
where @ is given by
— 20 Mo (5.8)

Q=
(5 - =)

Vol. 69, n° 3-1998.



322 G. M. KREMER AND I. MULLER

Insertion of A/, from (5.5) into (4.7); 2,3 gives linear relations of the form

———l[ma'yapa+'rna'yapaA AJUA = (F0+2F”/\+ggl GI)A"‘ +TIAABA
0

__[ZpaJerEA A]UA (?ﬂ+%x+ Oy GI)AA 8F1AABA

aA " oA~ 9AdG, oA
1
tA4B) 4 [Zp{f +7r] hAB + C—Q(UAqB +UB¢*) + (5.9)
1
+§[Z o - )+Z<p — PR A A | UAUF =
ar, ar, ori . ~ o°T
T 1‘\[ el AB AB 0 0 1 A\B
= (To+ Mg G1)g*P+T1A +2(8G0 6G0A++8G3G1)A AP+

8I‘1 (ABAACA +A*APCAc).

From this set of equations we may, in principle, determine the
Lagrange multipliers in terms of a, T, A, U4, 45, ¢#, 7. In practice this
is impossible, except in equilibrium and in linear approximation.

5.2. Lagrange multipliers in equilibrium

Sofar we have maintained a notation which emphasized the fact that
nE are derivatives of pE as in (2.12). This notation becomes impractical
now; we introduce

= Zmanf, and pf = pr, (5.10)

and use these quantities and their derivatives so as to provide always
the most compact form of equations. Of course, the fact remains that
pZ = p,(a,T) determines all these quantities. In equilibrium we have from
(5.9)1,2,3 and (5.6), (4.3)

1. o
mnEUE = 1_‘(I)ija —T‘pEUE = —B—KAA,
E}E I ErrEpE o'y
pPhEp + 5ePULUE =Togap + 255 Aals, (5.11)
c? 090Gy
T’y Ty
hE:—\iAm“F 8 G()]AA
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Thus we conclude

aT’
pP=-T,, pP+e= 2Go%ﬂo, (5.12)1
S A4 =—A 5.12
Tp c BA’ UA GO A ( )2
E C I E _ _ 3F0 6]-—‘0 GO 5.13
mnf =Tl hE [A—8A+2——6G0G0 0 (519)

Combining these relations we obtain

E _

c_ . _c A man® + c A
Vo, ' F JGormi N T Gy ama

and we compare this equation with a well-known thermodynamic relation
which involves the absolute temperature 7' and the fugacities aq

ef 4+ P man¥, (5.14)

e — ThE 4 pP = —TZafmanf. (5.15)

The comparison shows that we have to set (recall (2.14))

VGo 1
= _f’ A= —a; (516)

a being the mixture fugacity.

Therefore in equilibrium we have now identified all Lagrange multipliers.
We have

A= 0, A= —a, AA = —%Uf, AAB =0. (517)

5.3. Linear Lagrange multipliers

We shall now use the equations (5.9) to calculate the Lagrange multipliers
as linear functions of A, {48} ¢4 and 7. In order to linearize the system
(5.9) we introduce

A=—a+A,
1
AA=_TUA+TUA+TA7 (518)

3 1
Aap = U(hAB + c—zUAUB) + g(UAUB +Upoa) + 0(aBy,
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and neglect products of A, T, Ta, 0, 04 and o(4p). The vectors 74, 04
and the traceless tensor o(4p) are space-like 2

We obtain linear algebraic equations for the linear contributions to the
Lagrange multipliers, viz.

—mi®  Tmn® —QFmaf -1 (g 3I"E)QE 1
T PP-pT —ma® A(3PF-a0F) [T
_pE Tp/E TmnE 31—~/E' + FE) A

pE _ I-)/E T(p”E _ p/E) Tmn'E -233(2FE F/E F,I,E) 2
E manEALA
_| rXa p aAal | (5.19)
Za(pa - pa )AO(A
-E 11E A
__TpIE (1‘\11‘3 _ I\llE) ] [O'A] - [qA :|7 (520)
oam = L yam (5.21)

FE
It ought to be emphasized that all coefficients in this set are explicitly

related to the thermal equations of state (2.15). For I'¥ - and later 'Y - this
is true, because we obtain from (5.6); » by integration 3

E E 2
I =227¢ [ 22 g1, TP = 4278 / Qe (
(5.22)

T6 T3

From the solutions of (5.19) through (5.21) we obtain the linear
representations of the Lagrange multipliers

A=A+ AAA,

2 Note that the I'’s in (5.9) have to be linearized in the deviations A and Go — %27 = - ZfiT
of their variables A and Gy from their equilibrium values. Thus for instance on the R.H.S. of
(5.9); we have set, cf. (5.13)1, (5.16)

= ~Tmn®? + TmaP A = T?(mn'F + mn® )7,

and analogous expressions for the other I'’s and their derivatives.

3 Constants of integration have been set equal to zero, since nobody sofar has found them to
have physical significance.
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A= —a+ A7+ AAA,

Ay = —%UA + (1o +7aA)Us + quA, (5.23)
Aap = (0'7r7T+UAA)<hAB + %UAUB>"I'%Uq(UAQB‘*‘UBQA)'FF—lFt(AB),
where all coefficients are known functions of ¢ and T given by the

determinants of the matrices in (5.19), (5.20). We do not exhibit these
functions, because they take up too much space.

6. FLUX TENSOR

The linear flux tensor follows from (4.7), by insertion of the vector
potential A’ in (5.5) and removal of all non-linear terms. Thus

AABC = [g(l;z gg A+ Zgj Gl] A*ABAC
+§ l:rl +1—\I)\+ gg_?G ](gABAC _l_gBCAA +gCAAB)+
+11—\ ( ABACDAD+gBCAADAD+gCAABDAD-I—AABAC+ABCAA+ACAAB)+
ggz (A*ABACPAp + ABACAAP AL + ACAAABL Ap). (6.1)

This is A4BC expressed as a linear function of the Lagrange multipliers.
Naturally, however, we want A4BC as a function of the physical variables
a, T, A, ©, U4, ¢*, and t‘4B)_ In order to get that we introduce

Ty =TF —-TPA+TTFr,
or T? o
5. = ga (¥ ~TPA+TEIFAT%)y),  (62)

and replace all other I"’s by their equilibrium values. Thus

8F{ _T_2 EYvE

F{ = —QEI"fj, 8—Gg = 922 1 Ty = FQEa
Ty T2 8°r,  T*
G- e et (G TE). 6
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Also we introduce (5.18) - always neglecting non-linear terms in A, T,
g, and t‘4B). A lengthy calculation provides the result

111 1o,p: (1 1 1 ..
AABC = -7 { = [—§P’1E+§F’1EA+ <§r’;E—§P;E) (—TT)+§QEF’1E/\+
1 nE 'E E ArrBrrC 1 E I'E"
+3| 72" —T5" + 27 |o | UAUPUC+ 51T — 5ITA+

1 1
(irf - §F'1E> (-T7)—
1 .
—5Q°TTA+ (Pf - ZFQE> a] (94PUC + gP°UA + g°4UB)+
T
+55 1 [UAUPTC + UPUCT + UCUA P+

1 1
+= (Ff - §F;E> [UAUP6C + UPUC o + UU40P] -

T 1
_EI‘.IE [gABTC _|_gBC7_A +gCA7_B]+§1-\§7 [gABO'C +gBCO'A +gCA0_B]+
+%r53 [a<AB>UC +oBOyA 4 a<CA>UB] } (6.4)

This expression is far from being explicit in the variables a, T, A, 7, U4,
q*, and t*5) mainly because it still contains the Lagrange multipliers A,
A 7,0, 74, 04, and 04B) These Lagrange multipliers may be calculated
from the algebraic system (5.19) through (5.21) and thus results A4B€ in
the form (3.6)2 with coefficients C' which have the forms

1
0 __ ' E

Cl - 2T62 ]'—‘1 ’ (65)

- 3 [wEx . 3

Ofr+CPA = — 5 [PPA+ (TP -TF ) (~Tr)+ QPP Pa+ (ST -2 ) o],
. (6.6)
(]

1 I T¥ 1 TF

Cs Cs=-grpp- (67

ST [p TF T
b et
Note that 1~\, 7, A and o in (6.6) may be calculated from (5.19) as linear
functions of m and A. Thus CT and C{ can be determined in terms of
p¥, TF, T'Y. The explicit result is too complicated to be written down
in this paper.

Annales de UInstitut Henri Poincaré - Physique théorique



THERMAL CONDUCTIVITY AND DYNAMIC PRESSURE: MIXTURE OF GASES 327
7. PRODUCTIONS

We insert the representations (3.6); 3 for the reaction rate density and
the flux production into the residual inequality (4.8). Also we introduce the
calculated expressions (5.23) 4 into that inequality. Thus we obtain

r Al 120, Bf — MAly  120.B{ — MAda |[7 ]
4 120’ABI‘— - M)\Aeﬂ- 120’AB1A - M/\AKA

A
2 - B 1 (AB)
_-c—za‘qB4qu - fIEB3t<AB>t Z 0. (71)
and it follows that we must have
120,BT — MAzly 120.Bf — MAfla | os. def
120ABT — MApl, 1204B2 — MAaLy |~ PO 50
. B
0484 >0, = <0.

Iy (7.2)

These are rather weak restrictions on the signs of the coefficients ., ¢a,
BT, B2, B, and B;. There is no more to be had on these coefficients
from extended thermodynamics, nor from any other macroscopic theory.
However, we shall proceed on the assumption that the leading terms of
these coefficients are “classical”, i. e. of O(1). After all, they are due to
intermolecular collisions and therefore they are expected to be of the order
of magnitude of the collision frequency.

8. RESULTS

8.1. Linear Field Equations of Relativistic Extended Thermodynamics

We summarize the results of the preceding sections by writing the
linearized forms of the field equations. There are four scalar equations, two
vectorial ones and a tensor equation. We have

- d_(l -
. E & dr
mn mn’ mn¥ 0 0 0 d}i“T
=
B G E B .E A
P P —p P 0 X 0 Uiy
-/ 954 "E 1E /E d =
P —p P —p P 0 X 1 =
LF—3rf  rYf—ar43ry rf-rf cor 20A 50 da
2T 2T 2T 701 07 3 dr
A
L4 A U
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Yo YaMal M(Lxm + £AN)
0 0
O = O ? (8'1)
L1,pUAUB —3(BFm + BRA) + M (L + LoD
pEE p/E 1 Za pan 1 p/E 1 :l y
s 'E_E 5 2 JE _pE
- -HE g Sgop o H o
- hABa’B -
hAB(lnT)yB
hABW,B .
hABA _ A
X ,B = .
%d[}A
1 g
- c? dr -
I B(a,ByD E(A} B)D dt{AB) AB
—?h h U(D,E) + 203h h q(D,E) + 05 = Bgt< )
(8.3)

In (8.1) X1 =3, AaP and X, = 3 AL (p/F — pE). These are fully
general results in the linear approximation. In particular, they are valid for a
relativistic non-degenerate mixture of gases at arbitrarily high temperatures.
The only unknown cofeficients are £, £o, BY, B2, B, and Bj *.

8.2. Linear Field Equations
of Non-Relativistic Extended Thermodynamics

In the non-relativistic limit the coefficients C' can easily be calculated
explicitly and we obtain

1
o =nf3m1+n£m2+(’)<c—2>, (8.4);
6 1
cr = —C—2+0<c—4), (8.4)2
=02 8.4
1 =0 g ’ ( . )3

4 Note that the coefficients CT, C2, C3 and Cs on the L. H. S. of (8.1) through (8.3) occur
only for brevity. Indeed, these coefficients - as well as ma, $, etc. - are all determined by
the equations of state (2.15), as was explained before.
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2 (P +(nF)? | Tmitmi
5 nEnk + 5 mimo 1
03 = 1 2 + (9 _2 5 (8.4)4
yit+y2 Mc? (nf)2+(nf)? + me+m§ -5 ¢
yive kT nfnf" 2 mimo
1

Note that CT and C{ had to be calculated including terms of O(%),
because - by (8.1) - these coefficients have an explicit factor ¢?.

The formulation of the non-relativistic limit must be done carefully, since,
because of the smallness of the mass defect M = ) yama, the presence
of the order parameter ¢? does not always indicate big terms. Indeed, M ¢?
is the heat of reaction, an entirely non-relativistic quantity, inasmuch as
the conversion of mass into energy - which occurs in a chemical reaction
- can be called non-relativistic.

The linear field equations of non-relativistic extended thermodynamics
result by insertion of the coefficients C from (8.4) into the set (8.1) through
(8.3). Also in that system we replace the other matrix elements according
to the following list:

. 1/min?  monf
mn¥ = mn? + manf, mnf = - —L - =22} (8.5)1
! Y2

2
B _ € 2, E 2 E 3 kT
g 14 = he

mn T [mln1 ( + 2m102) + myny (1 + 2 a2

E E E E

.E ny Ny 2 1 (ny n;

P =—T(———), =—(—+—>, 8.5
n 7 Pr=p\r 7 (8:5)s

5 kT 15/ kT \?
/E 2 E
= 14+ = b
P c mml( +2m162+ 3 <m162> >+

5 5 kT 15/ kT \’
tmany 1+§m2c2 8
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15/ kT \* N
2 m162
1
) ) 0(c—2> (8.5)s

"E /E‘

E (m g
f - o),

T = 2kT (nf +n¥) + (8.5)7
n¥ 5 nf 5 kT 1
L 2L e -2 (14= -
[7 ( 2m ) "/2( T e ]+0<c4)’ (8:5)s
r'E FE . - kT i kKT \?
n —
. myc? 2 \ ' myc? +
25/ kT \2 1
+m2n2 (1 + 5TTL202 + ‘5— <m202) ) + O<g>7 (8 5)

L{E —aTP +30f _ et |, 5 9 kT 135/ kT \’
2T “wr |\ M T e ) )T
mic 8 \myc

+m3n¥ 1+ng+135 A + O ! (8.5
272 2 moc? 8 \ myc? c2 )’ S

mz - ml)nanT
zpa = +
m1n1’Y2 — ManN271
+n1n2(n2fyl - 711’72)[20("&1’71 - m2’Y2)/k + 3’7172(7”2 - ml)] kT?

2 2
27172(man1y2 — manayi) ¢
1
+O<EZ)' (8-5)12
All of these expressions have been restricted to the relativistic order that
matters for non-relativistic equations.

8.3. Dynamic Pressure 7 and Reaction Rate Density ¢

First we evaluate the scalar equations (8.1). It is useful to eliminate

j—: and .d_lleZ between these equations and thus obtain expressions for the
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reaction rate density £ and for the dynamic pressure 7. With the definition

2
Mc? Mc?
D= <_kT ) +3(m1 +’Yz)< T >—

3 m2(nf)? + m2(nk )2 mz + m2
o o Mil™h 2 1 2 _¢ 8.6
4’7172< mymanEnf mime (8.6)

we obtain to within terms of O(%)

2\ 2
% (]ZI;, ) [( +n3)U% — leqAA] = M{c?, (8.7)

KT ( Mc?\?
() f s

1 (Mce2\? 2(nliE";L(2;’2 _|_7"7‘r:+n'l';2 —10 )
- 5( kT ) * Tty Mc? (( nfP ) | 7 mitm] _5) gat
Yiv2 kT nPnk 2 Tmama
d
—3;5 = —3(Bim + B{"A) + M{c. (8.8)

The equation (8.7) may be interpreted by saying that for a reaction to
proceed we must have expansion U j“ , or heating q’:‘A, or both.

The equations (8.7), (8.8) are equations of extended thermodynamics
where 7 is a variable. The reader may be more used to ordinary
thermodynamics, where 7 is a constitutive quantity, depending linearly
on U fh and A. Such a constitutive quantity for # may be derived from
(8.8) approximately. The approximation is suggested by the Maxwellian
iteration of the kinetic theory of gases (e. g. see [6], [5]). This iteration is
adapted to the present case by subtracting equation (8.7) from (8.8) and by
replacing all quantities on the L. H. S. of the resulting equation by their
equilibrium values, i. e. by setting ¢, 7 and A on the L. H. S. equal to
zero and thus obtain a first iterate for w, viz.

A BA
= —nU —A, .
™ nva— BT (8 9)
where
2 Mc?
n= —W( T ) ( + ny )kT (8.10)

is the bulk viscosity.
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Insertion of this expression for 7 into ¢ = £,m + {oA provides the

constitutive relation of ordinary thermodynamics for the reaction rate
density ¢, viz.

2, (MA\? o oo BA
The equations (8.9), (8.11) are the “phenomenological equations” of linear
irreversible thermodynamics, linear relations between the

fluxes and forces
dynapic pressure 7 divergence of velocity UYAA
reaction rate density affinity A

Among the “phenomenological coefficients” relating forces and fluxes
the most important one is the bulk viscosity 7 given in (8.10). The main
purpose of this paper is the determination of the bulk viscosity n and its
“relativistic order”, its dependence on nlE R nQE and on the mass defect M,
or the heat of reaction Mc?. We are now in a position to discuss 1 and
we itemize its salient features

e The bulk viscosity is proportional to 1/BT which - by (8.8) - is
the relaxation time for the dynamic pressure. We know that in gases
relaxation times are of the order of magnitude of times of free flight
of the molecules. Therefore 1/B7 is of relativistic order O(1).

e Consequently the bulk viscosity » in a reacting binary mixture is
of relativistic order O(1). That means that a mixture of relativistic
gases - and of non-relativistic gases - has a bulk viscosity.

e The bulk viscosity 7 depends on the mass-defect M, or the heat
of reaction Mc?, explicitly. Without mass defect there would be no
bulk viscosity; nor would there be a reaction rate, as we have seen.

o If we proceed to the limit of a single gas by letting nf’ (say) tend
to zero, the bulk viscosity in (8.9) vanishes. This agrees with the
observation that non-relativistic gases have no bulk viscosity while
the bulk viscosity of relativistic gases has terms of (”)(c%) and of
smaller order, see [1].

o Table 1 in chapter 1 shows for the dissociating gas mixture consisting
of molecular and atomic iodine how the bulk viscosity depends on
the temperature. In that case we have Mc? = —148.7 x 10%J/mol,
see [4].
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8.4. Viscosity and thermal conductivity

Complex equations of the type (8.2) and (8.3) for ¢* and t*5) are
known in the kinetic theory of gases and they are boiled down to the
“phenomenological relations” of Fourier and Navier-Stokes by the first
step of an iterative scheme due to Maxwell. In that step all non-equilibrium
quantities on the L. H. S.”s of (8.2) and (8.3) are neglected so that equations
for ¢* and t{4B) result which serve as first iterates, viz. , without terms
of O(2)

pE p/E p/E hABa,B 0
re r”—rf rE-rg | (AP (InT) B :[ 3, }v 8.12
[_55"' 7 ¢ ] 1dut -2 (812
c? dr
FE
—TlhEMhB)DU( p.my = BatAB), (8.13)

The homogeneous equation in (8.12) may be used to eliminate hABa7 B
from the non-homogeneous one and we obtain

N Vi

1dUA1_ By 4
2T pE 2T ‘

hAB |:(l[1 T),B + —

2 ar |T el (8:.14)

Comparison of (8.13) and (8.14) with the classical equations of Navier-
Stokes and Fourier provides a definition of the shear viscosity p and the
thermal conductivity s, viz.

11,
w=—-——-=1I7, or
2T By !
1 & 1
= —B—3(n1 —|—Tl2E)/€T-I-(')(C—2)7 (8.15)
oefite e
By | 2772 pE otz |
1 |5 nfnf k2T EY2 E\2 2 2
KZT{_nEl 25 o) ;2“2) 470 )
By | 8 2L _ 22 mimamiy2 nPnk mims

1 Y2

4
X (miy1 — may2) + ﬁ(mg —mi)Mc?

bro(2). 810

1/Bs and 1/B, are the relaxation times of stress and heat flux and they
are of the order of magnitude of the time of free flight of the molecules
of the gas.
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There is nothing remarkable about the viscosity (8.15). It looks exactly
as it does in a single fluid, at least in the given approximation of O(1).

The thermal conductivity is more interesting. Indeed, it contains a term
that is proportional to the mass-defect M. Such an effect has been observed,
and as early as 1904 Nernst [2] developed a crude molecular model to
explain it.

Since the influence of the heat of reaction on the thermal conductivity
+ emerges here as a natural consequence of the systematic application of
extended thermodynamics, we make an estimate of the size of this effect
by forming the ratio R of the first and second terms in (8.16):

Me? -
R=4—% (m3 = mi) (8.17)
kT (,nE)2+(nE)2 m2+m2

Table 1 in Chapter 1 represents specific values of R as a function of
temperature for the dissociation of iodine I, — 2I. The value of R a
function of temperature is discussed in chapter 1.

In the limit of a single gas, i. e. for nf — 0 the thermal conductivity
becomes | 5nEET )
k=——a ol +0(—>, (8.18)
B,2 my c?
which agrees with the result given in [5], and - incidentally - to the result
of the kinetic theory of gases, see [7].
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