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ABSTRACT. — We study the point limit of the linearized Maxwell-Lorentz
equations describing the interaction, in the dipole approximation, of an
extended charged particle with the electromagnetic field. We find that
this problem perfectly fits into the framework of singular perturbations
of the Laplacian; indeed we prove that the solutions of the Maxwell-
Lorentz equations converge - after an infinite mass renormalization which
is necessary in order to obtain a non trivial limit dynamics - to the solutions
of the abstract wave equation defined by the self-adjoint operator describing
the Laplacian with a singular perturbation at one point. The elements in
the corresponding form domain have a natural decomposition into a regular
part and a singular one, the singular subspace being three-dimensional.
We obtain that this three-dimensional subspace is nothing but the velocity
particle space, the particle dynamics being therefore completely determined
- in an explicit way - by the behaviour of the singular component of the
field. Moreover we show that the vector coefficient giving the singular
part of the field evolves according to the Abraham-Lorentz-Dirac equation.
© Elsevier, Paris
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RESUME. — Nous étudions la limite ponctuelle des équations linéarisées de
Maxwell-Lorentz, qui décrivent ’interaction d’une particule étendue avec le
champ électromagnétique, dans I’approximation dipolaire. Nous démontrons
que le probleme s’étudie dans le cadre de la théorie des perturbations
singuli¢res du Laplacien. En effet nous prouvons que la solution des
équations de Maxwell-Lorentz converge - a la suite d’une renormalisation
de masse infinie, nécessaire pour que la dynamique limite ne soit pas triviale
- vers une solution d’une équation d’ondes abstraite, définie par 1’opérateur
autoadjoint décrivant le Laplacien avec perturbation singuli¢re en un point.
On peut décomposer d’une facon naturelle les éléments du domaine
de forme correspondant en une partie réguliere et une partie singuliere
appartenant a un espace de dimension trois coincidant avec 1’espace des
vitesses de la particule. La dynamique de la particule est donc complétement
déterminée par le comportement de la composante singuliere du champ.
En outre nous démontrons que le coefficient correspondant a la partie
singuliére du champ est solution de 1’équation de Abraham-Lorentz-Dirac.
© Elsevier, Paris

1. INTRODUCTION

One of the most important, and difficult, problems in classical and
quantum field theory is the passage to the so called “local limit”, i.e. the
limit in which the interaction takes place at one point.

The most meaningful theory in which this problem shows up is
electrodynamics of point particles, both in its classical and its quantum
version ([D],[Be],[CN]). The goal of this paper is to show that it is
possible to construct a complete and mathematically consistent theory of
the dynamical system constituted by the electromagnetic field interacting
with a charged point particle, at least in the linear (also called dipole)
approximation.

Such a program goes back to the early studies of Kramers ([Kr]) in
renormalization theory, the most comprehensive report on which is perhaps
the Ph.D. thesis of Kramers’ pupil N.G. VanKampen ([VK]).
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CLASSICAL ELECTRODYNAMICS OF POINT PARTICLES 353

But these efforts did not reach the goal, and, up to now, a system
of equations already renormalized and describing the dynamics of the
coupled system was lacking. The model here studied is the point limit
of a regularization of the Maxwell-Lorentz system, also called, in this
particular case, the Pauli-Fierz model ([PF],[A],[BG],[B1]): it consists of an
extended charged particle, described by a spherically symmetric form factor
p, interacting with the electromagnetic field and in linear approximation.
In Coulomb gauge this corresponds, for the vector potential A and for the
particle position g, to the equations

—liA =AA+ ﬂM(jp

C C

moi =~ & / p(2)A(z) de (1.1)
R3

A(O) :AOa A(O) = AO» Q(O) = 4o, Q(O) =qo;

here M is the projection onto the divergenceless part, e is the electric
charge, c is the light velocity, and my is the bare, or mechanical, mass, a
parameter to be suitably redefined to get the equations in the point limit,
i.e. when p weakly converges to §y, the Dirac mass at zero. Notice that
in the Coulomb gauge the scalar potential ¢ plays no role, in that it is
purely static, being the solution of —A¢ = 4mep, and for a spherically
symmetric form factor p it gives no contribution to the Lorentz force on
the particle (see e.g. [H]).

As it stands the system is meaningless in the point limit, due to the fact
that the solution for the field is not sufficiently regular to be evaluated at the
origin, as would be required in the right hand side of the particle equation
in (1.1), so that the Lorentz force on the particle appears to be ill defined.

The traditional way of dealing with this problem consists of decoupling
the system, firstly eliminating the degrees of freedom of the field by
integrating the field equation in (1.1) and then substituting into the particle
equation. This procedure leads, through heuristic manipulations, to the
classical Abraham-Lorentz-Dirac equation for the particle, namely

—m7oq(t) + m(t) = Ferr(t, q(1)), (1.2)

([D],[L]), where 75 = %, while m is the renormalized (or phenome-
nological) mass. A first rigorous analysis of the behaviour of the particle
in the point limit appears in [BN] and more thoroughly in [B].

But the dynamics of the field is usually not even dealt with. To the
authors” knowledge the only previous papers in which the field dynamics
plays some role are [IW] and [K] (both inspired by [EIH]).

Vol. 68, n° 3-1998.



354 D. NOJA AND A. POSILICANO

The procedure here adopted is more functional analytic minded, but
equally simple in spirit. We too decouple the system, in the reverse way
however, obtaining an equation for the field variable alone as follows.
Integrate the particle equation in (1.1) and substitute into the field equation,
neglecting for the moment the contribution of the initial data ¢o, Ap - a
contribution that, as a matter of fact, will turn out to disappear in the limit
(see lemma 2.6 for this non completely trivial fact). The result is

2

4me
2M/R3 p(x)A(z)dz p.

%A:AA—
C mocC
Now the right hand side is a finite rank perturbation of the Laplacian,
which, as we will show, turns out to converge in the point limit, in norm
resolvent sense, to a well defined self-adjoint operator — H,,,, provided mass
is renormalized according to the classical prescription adopted also in the
quantum context ([Be])

8me?
mozm—memzm——?)—c-Z—E ),
where E(p) is the electrostatic energy of the form factor, and m is the
phenomenological mass which appears here as an arbitrary parameter not
contained in the original system (1.1) (see thm. 2.1). Instead, if such a
renormalization is not performed, the limit dynamics turns out to be trivial
in a sense to be explained in thm. 2.11.

The limit equation for the field is then
) m4l, ( . )

an abstract wave equation where H,, is an operator that is self-adjoint,
bounded from below, containing the renormalized mass only.

Operators of this kind, when m is replaced by a parameter to be
interpreted as the scattering length, are well known in ordinary quantum
mechanics, and a wide mathematical literature exists on them (JAGHH]).
In the quantum mechanics context they are related to the so called “Fermi
pseudopotentials”, which describe potentials with a singular support - one
point in our situation (see remark 2.4). Such an operator H,, represents a
rigorous version of the formal writing “—A + M - §”, in which §y would
act as a multiplication operator.

A main characteristics of the operator H,, is the structure of its form
domain, the elements of which being the sum of a regular part and of a
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CLASSICAL ELECTRODYNAMICS OF POINT PARTICLES 355

singular one with a fixed singularity, of the Coulomb type, at the origin (see
thm. 2.3). The remarkable fact is that the solutions of the Maxwell-Lorentz
system (1.1) converge to the ones of (1.3) if and only if the coefficient
of this singular component is proportional to the velocity ¢ of the particle
through the relation

3c
= lim / Ale)dpn () (1.4)

(see corollary 2.9 and (2.5)). So to determine the flow of the complete
system it suffice to calculate it for the field alone, i.e. for the equation (1.3).
This is easily done (see thm. 3.1), and the particle evolution is then readily
and explicitly calculated by (1.4) (see (3.2) and (3.3)). Moreover it turns
out that the vector coefficient determining the singular part of the solution
of (1.3), i.e. (), evolves according to Abraham-Lorentz-Dirac equation
(1.2), where F...(t,q(t)) is now the (linearized) Lorentz force due to the
free evolution; more precisely it satisfies its integrated version

q=

—mTog(t) + mg(t) = —gAf(t,O),

where A; denotes the solution of the free wave equation with the given
initial data (see thm. 3.2). With such a ¢(t) the solution of (1.3) satisfies
then the distributional equation

4re

—A AA+ ——Mib

(see remark 3.4). This establlshes the lmk with the traditional description.

We conclude with two remarks. The first one deals with the well-known
problem of runaway solutions ([D],[CN]). The operator H,, has a negative
eigenvalue (given by (2.6)), so that equation (1.3), and hence the particle
motion too, admits runaways. We do not discuss here this relevant physical
problem because we are concerned only with the mathematical description
of the system. In any case, on the purely mathematical side, the runaways
can be readily eliminated by projection onto the absolutely continuous
subspace of H,,.

The second remark concerns the possibility of extending the procedure
here pursued to the non linear complete Maxwell-Lorentz system. Its point
limit resists, up to now, every effort of a mathematical study. Some
preliminary work shows, contrarily to the most obvious conjecture, that
the solution to this problem is not given, as regards the limit operator,
by the Laplacian with a singular perturbation moving along the particle
trajectory. This indicates that, in the case of a moving delta interaction, the
situation for the wave equation is very different from the one for the heat
equation, as studied in [DFT].

Vol. 68, n® 3-1998.



356 D. NOJA AND A. POSILICANO

2. THE POINT LIMIT OF THE
MAXWELL-LORENTZ EQUATIONS

Let us start with some notations. We denote by LZ(R?) the Hilbert space
of square integrable, divergence-free, vector fields on R3. M will be the
projection from L%(R?), the Hilbert space of square integrable vector fields
on R3, onto L?(R3) and we will use the same symbol (-,-) (|| - ||z is
the corresponding Hilbert norm) to indicate the scalar products in L%(R?),

L3(R?), L2(R?) and also to indicate the obvious pairing between an element
of L%(R®) and one of L2(R?) (the result being a vector in R*). By the
same abuse of notation, given two functions f and g in L*(R®), by f® g
we will indicate the operator in LZ(R3) defined by f ® g(4) := f(g, A).
H*(R?), s € R, indicates the usual scale of Sobolev-Hilbert spaces, and
the meaning of H3(R?) and H:(R?) should now be clear. Finally, given a
measurable function p we define its energy F(p) as

o

On L2(R3) x R? (the correct domain of definition will be specified later)
let us consider the system of equations (r > 0)

A =AA, + 4—7TEMq,~pT
My = — E(pr, A;) (2.1)
Ar(0) =45, A(0) = Ao, :(0) =0, 4:(0) = do,
where gre?
my i =m — '?,c_zE(pT)’ (2.2)

and where p,(z) := r~3p(r~lz), p € L*(R?) a spherically symmetric
probability density with bounded support. Therefore

1 87e?
my =m — ;?E(P),

(observe that E(p) is finite by Sobolev lemma since p € Ni<p<2L?(R?))
and p, weakly converges, as r | 0, to do, the Dirac mass at zero. Integrating
the particle equation in (2.1) one obtains

e

. . e .
4 = — c(ﬂr,Ar>+QO+ c(pr,A(])-

T
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Inserting this expression into the field equation one gets

4
%A — _H,A, +—”5Mv,p,,
where 4
He=-A+— me’ M pr ® pr,
and

- qO + <pr7Ar>

Since M - p, ® p, is a bounded symmemc operator, H, is a self-adjoint
operator on L2(R®) with operator domain HZ(R®) and form domain
HL(R3).

THEOREM 2.1. — As 7 | 0, i.e. as p, weakly converges to o, the self-adjoint
operator H, defined above converges in norm resolvent sense in L2(R3) 10
a self-adjoint operator H,, where H.,, has the resolvent

(Hp+ X = (mA+ X+ Toa(A) 7'M -Gr @ Gy,

and where
me2 VA
-A Hm ) A ) m = - )
€ p(Hm) >0 Lm(3) 4me? 67
le =V|=|
Gi(z) := —_—
||

Proof. — The proof proceeds as in [AGHH, 8IL.1.1]. Since

(f, Mvg) = 20f,9)

if v € R%, f,g € L?(R?) spherically symmetric, a straightforward com-
putation gives

(Hy+2%) 7" = (042" 4T, (%) T M (=A+2%) 7 pr@(=A+2") o,
where Im 2 # 0, Re z > 0, and

mpc: 2 -
Ame2 - _<(_A +22) lprv pr)

Fr(zz) = —

= ﬁ;+——w@rw<A+ﬂ£)p,». (2.3)

Vol. 68, n® 3-1998.
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Obviously
lim I,(%) = Tn(s%), lim (= +2%)7p = Gasllo = 0,
and so
lim [|(H, + 22) 7~ (Hn +2%) 7 Ylas =0

(here HS stands for Hilbert-Schmidt). In order to prove that (H,, +22)~1 is
the resolvent of a self-adjont operator one needs to prove that it is injective
and symmetric. This is done as in [AGHH, page 112]. O

Remark 2.2. — As clearly indicated by (2.3), H, has a non trivial, i.e.
different from —A, limit if and only if m, diverges according to the
classical prescription (2.2).

We summarize the properties of the operator H,, in the following

THEOREM 2.3. — The vectors A in the operator domain D(H,,) of Hp,
are of the type

A= ApAT(N)IMAL(0)Gy, Ax € HXR®), —X€p(Hn), A>0.

The above decomposition in a regular part Ay, and a corresponding singular
one, is unique, and with A € D(H,,) of this form one has

(Hp + M)A = (A4 XA, (2.4)

Let F,, be the quadratic form corresponding to H,,. Then the vectors A in
the form domain D(F.,,) are of the type

A=A+ TEMQAG),  Aye HIRY), QaeR’, A>0.

Given A € D(F,,), Q4 can be explicitly computed by the formula

30
Qa=

2e rlO

s [, Al (z), (25)

where S, denotes the sphere of radius r and .. is the corresponding surface
measure. The above decomposition is unique, and with A € D(F,,) of this
form one has

Fp (A, A) :=Fn (A, A) + M43

4me

=i(-5 -+ A+ (29) To Al

Annales de I'Institut Henri Poincaré - Physique théorique
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Moreover

Uess(Hm) = Uac(Hm) = [O7+OO)7 Usc(Hm) = @7

0p(Hp) = {_(3;';;2)2} = {=Xo}, (2.6)

where — Ao has a threefold degeneration and, given an orthonormal basis

{es}d

and

c
X? = 2V2mm -Me;Gy,,
e
are the corresponding normalized eigenvectors.

Proof. — Everything follows proceeding as in [AGHH, §I.1.1, §I1.1.1] as
regards the operator, and as in [T, §2] as regards the form. However, for
the reader convenience, we give the proof. At first observe that, if A > 0
and =X\ € p(Hp),

D(Hp) =(=Hm + A7 (LI(R?)) = (—Hm + )7 (=A + 1) (HI(R?))

=HZ(R®) + T;' (A)M - G\ ® G» - (—A + X) (HZ(R®)),

and (Gy,(—A + M\)A) = A(0) if A € H2(R?). This gives the result about
D(H,,). As regards the univocity of the representation let A = 0. Then
Ay = -T,,(\)"'M A5(0)G), and the LHS is continuous if and only if
Ax(0) = 0. This implies Ay = 0 and univocity follows. As regards the
singular and absolutely continuous spectrum everything follows from a well
known theorem of Weyl. The elements in the point spectrum are the poles

of the resolvent, i.e. the zeroes of I',,(22), —2z? < 0; a straightforward
calculation gives formula (2.6).

On the dense domain
D(F,,) = {A € L2(R% : 3Q4 eR®
st. Ay :=A— L—I-Z-EMQAG)\ € H:(Rs)}

let us now define the (positive, when A > A¢) symmetric quadratic form

4re

2
A4 A) =+ 03+ (22) i@l
Now we prove that F,, is closed. Take any sequence {A,}° C D(Fy,)
converging in L2(R?), and such that

lim FA(Ap — Ap, A — A,) = 0.

n,mloo

Vol. 68, n° 3-1998.



360 D. NOJA AND A. POSILICANO

Then
Jim l(Am)s = (Al we) =0,

and
nlrinl?oo IQAm - QAnl = 0‘

Therefore there exists Ay € H}(R®) and Q4 € R® such that

lim [I(An)x = Axll ey =0,

and
1111TI£o |Qa, — Qal =0.

The two previous formulas and the uniqueness of the strong limit give then

4re

A=A+ —C—'MQAG)‘ € D(Fm),

and
lim FA(A, — A, A, — A) =0.

nToo

This gives closedness. Obviously D(H,,,) C D(F,,), and, if A € D(H,),

th
en 4me

Trm(/\)QA = Ax(0).

By a straightforward calculation one then verifies that
VA€ D(H,) {((Hn+MNA,A)=Fn(A,A).

As regards formula (2.5) observe that Qurq, 6, = (22¢)7'Q4 and that the

H~'(R®)-norm of the measure (47r2)~ 'y, is of the same order as 7~/2.
So QAA =0 0

Remark 2.4. — By (2.4) we have that for any A € HZ(R?) such that
A(0) =0, H,,A = —AA. Therefore H,, is a singular perturbation of —A,
the perturbation taking place only at z = 0.

Remark 2.5. — By the definition of D(F,,) given in thm. 2.3, any
A € D(F,,) can be written as

A:@m+w—iX=@A+Ar52+#?MLMXXA

X,X € L2(R%),

Annales de IInstitut Henri Poincaré - Physique théorique
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where L,, : L2(R3®) — R® is the bounded linear operator defined by

Lm(X) = Q(HM+A)‘1/2X'

Moreover for any A € HL(R®), A > )Xo, r sufficiently small so that
-\ € p(H,), we can write

4re

A=(H, + N X = (~A+ X)X, + —ML(X)(-A+ ) "p,,

¢
X, X, € L(R%),

1

where, since (H, + A)~2 converges to (H,, + A)~% in norm, liﬂ)l (1X, =

X||2 =0, and L, : L?(R®) — R? is a bounded linear operator such that

lim [[Lr — Lyl g5 = 0.
710 *?

Let us now give some general results on second order linear differential
equations in Hilbert spaces which we will need below (for the proofs of
such results see [F, Chaps. II and III],[Ki],[S1,2]). Let H be a bounded
from below (this is a necessary condition) self-adjoint operator on L%(R?),
and let F' the corresponding quadratic form. Then H generates a cosine
operator function C : R — L(L%(R®); L2(R%)), i.e. C is a strongly
continuous function such that

C)=1, C(s+1)C(s —t) = 20(s)C(t),
D(H)={ Ac L®) : lim %(C(t)A — A) exists },

VAeD(H) HA=lm %(C(t)A —4),
C(t)D(H) C D(H).
Moreover ¥z € C such that —22 € p(H) and Re z > |inf o(H) A 0|3

2(H —P'z'z)-“lA":/ e O A dt,
0

and so, by (H + 22)™'A = 2724 — 272(H + 2?)HA, and by inverse
Laplace transform, V¢ > 0, VA € D(H),

1 x+100 1
Ct)A=A—- — e*~(H + 2*)"'HA dz,
2T z

(2.7)

Z—100

z > |info(H) AO|2.

Vol. 68, n° 3-1998.



362 D. NOJA AND A. POSILICANO

One defines then the sine operator function S : R — L(L2(R3); L2(R?))
by

S(t)A = /t C(s)A ds.

Given Ag, Ao, X € L%(R3), let
t
A(t) := C(t) Ao + S(t) Ao + / S(s)Xds.
0

Then A € C(R;L2(R%)),

Ay € D(F), Ay € L2(R%)
= A€ C(R;D(F)n C*(R; L2(RY)),
Ay € D(H), Ay € D(F)
= A€ C(R;D(H))nC*(R; D(F))nC*R; L2(R%)),
and A(t) solves the inhomogeneous Cauchy problem

Aty =-HA@Mt)+ X
A(O) = A(), A(O) = Ao.

Moreover there is a well defined dynamics on the “phase-space” in the
following sense: on D(F) x L2(R®) define the Hilbert norm

1A, AP = I(HA+X)? XA, AF2 k2 = F(A, A+ AL+ AL,
with X\ s.t. H + X is strictly positive. Then U(t) defined by

oo=[56) 8]+ 2]

is a strongly continuous (w.r.t. the energy norm ||| - |||) one-parameter
group on D(F) x L?(R®) with generator

o] [x)

and U(t)(D(H) x D(F)) C D(H) x D(F).

The lemma below is the key ingredient in the proof of the next theorem
and hence of the successive corollary. It essentially says that convergence
of the solutions of the Cauchy problem (2.1) occurs only and only if

Annales de Institut Henri Poincaré - Physique théorique
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some compatibility conditions on the initial data are satisfied and the
inhomogeneous term Mwv,.p, disappears in the limit.

LEMMA 2.6 — Given X, Xo € L2(R3), go € R%, A > ), let
, 1 4re 1
A= (~A+ N)7HXo + TEML(Xo)(=A + ),

. e ,
Ur 1= qo + m*rc(PmA(ﬁ-

Then 1 1
lim [|(Hy + )72 Mvrpy = (Hom +2) 72 X[l = 0

if and only if

1 4
X=0, lim L(Xo) = do, lim (o, (~A+N)7Fx0) = %Pm(x)qo.

(2.8)

Remark 2.7. — The third condition in (2.8) requires, obviouslly, some
regularity at the origin for X,. Such a limit exists if X, € HE+€(U0),
Uy a neighbourhood of the origin. Moreover note that if we define
Ap = (H, + \)7'Yq, Yy € L%(R3), then one can prove (by proceeding
as in the proof below) that lemma 2.6 holds true under the condition,
beside X = 0,

4re

(=84 0)7Y3(0) = 5T (Wi,

which coincides with the relation, holding for an element in D(H,,),
between Q4 and A»(0) that can be obtained by thm. 2.3.

Proof of Lemma 2.6. — By the expression for (H, + A)~! we have
_1 2 _
ICH + 2)7F M pe3 =3 o (=2 + 2oy, 1)
4 _ -
+ 5T Ml (=2 + )7 v, p0))

Since .
lim Tw(3) =Tm(}) = gm —vX) >0,

we have the sum of two positive terms, and so |v,.[((=A + \)~1p,, p,)
needs to converge. However ((—A + A)~!p,, p,.) diverges, and so [V,

8me?

(Prs (=D +X)"EX0) + o L(Xo){(—A+ M) g, py),

e
m,c 3m,c

Ur:QO‘F

Vol. 68, n° 3-1998.
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needs to converge to zero. Since (—A + A “3X, € H(R3) c L8(R?), and
lorlless = r‘1/2|lp||6/5, by Holder inequality we obtain

(prv (_A + A —%X(J)

hm = O,
r]0 m,
and so we need
8
lm o+ me? I (X0)<( A+, pr) —0
3c? m,
Since Aty )
lim <(_ + ) pr,pr):_3c ,
10 m, 8me?
we obtain
lim L,(X0) = Lin(X0) = .
Therefore

((_A + )‘)—lpra pr)

My

. _ 1 _ 1
l:rol (A +A)" pr, pr) lrlﬁ)l

. 8me? _ _1
X(qo(mr-l- %((_A'l')\) 1pr7pr>> + %(pr,(_A"_)\ 2X0>).

As

. ((_A+ )\)_lprapr> 871'62 -1 _ 3

]:-Ig mr mT + 362 <( A+ A) pT’pT‘) - 2Fm(A)7
we have

liﬂ)l U,-((—A + A)_lprapr>
3
=-2(u (A + N 72 X0) = Trn(M)do |-
2 (1 5 lon (-2 07 X0) = T )
Since H, converges in norm resolvent sense to H,,,
lim [|(Hy +X)" Mo, pr = (o + X)7# X[J2 = 0
if and only if

lim [|(H, + X)~* (Mnpr = X)||2 = 0.
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Moreover

I(He + X)™3 (Morp, = X)II3 = (=4 + 273 (Mv,pr = X3
+ Fr()\)_l((—A + )‘)—lpraM'Urpr - X)27

so we have the sum of two positive terms, and therefore we need

lim [[(-A+ A) "% (Mv,p, — X)||l2 = 0.

Since v, {(—A + A)~"!p,, p.) converges, and v, converges to zero, we have
lim fI(-A+ X7 Mu,p,||2 = 0.
Therefore X
I(-=A+X)"2X]]; =0,

and so X = 0. This implies that v.((—A + X\)~!p,, p,-) needs to converge
to zero, and so

) 1 4 .
lim (pr, (=2 +X) 74 Xo) = TV =

Now we want to study the convergence of U,.(t), the one-parameter group
on H}(R3) & L2(R3) generated by solving the equation

1. 4
S Ar = —H A, + = Mu,p,.
C C

To avoid the problem given by the fact that the limit operator H,,, generates
an energy norm different from the one given by H,, we will indeed study
the convergence, w.r.t. the L2(R?) x L2(R?) norm, of

(H, + A% x 1)U (t) - (Hr + A)77 x 1).
THEOREM 2.8. — Given X, Xy € L2(R3), go € R3, A > X, let

4re

Af = (A + ) TEXo + ——ML(Xo)(=A + )y,

{pr; Ag),

) e
v o= o + ——{
m,c

let U,(t) be the strongly continuous group on H(R3®) x L2(R3) with

generator
0 1 44 0
——C2Hr 0 rec Muv,.p, ’
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and let U, (t) be the strongly continuous group on D(F,,) x L2(R3) with

generator
0 1 n 0
—c*H,, 0 X\
1

(Hr +A)% x 1) - Up(t) - (H, +0) 7% x 1)

Then

converges, strongly in L:(R3) x L%(R®), uniformly in t over compact
intervals, to

(Hm + 2% X 1) - Up(£) - (Hp + A)~F x 1)
if and only if
. . . _1 4re .
X =0, lim L(Xo) = do, Lim (pry (~A+)7#Xo) = T (N)do.
o (2.8)

_ Proof. — Let us at first prove that the theorem holds true for (~Jr(t) and
U (t), the affine, strongly continuous, groups with generators

0 1 0
[—c2(Hr +) 0} +dmee [Mvrpr]’

[~c2<HOm+A) fl)] * m

By functional calculus we have °

i 3 L(H, + 271 — cos ct(H, + \)2)Mu,p,
U.(t) =U.(t) + 47re[ (H, + )\)—% sin ct(H, + /\)%Mvrpr )

O.(t) = cos ct(H, + \)? L(H, + N~ sinct(H, + \)?
o) = —¢(H, + N\)? sinct(H, + \)? cos ct(H, + A)? ’

L(Hp + N7 (1 = cosct(Hp, + N)2) X
Y Hp+ N 3sinct(H, + X)X |

U(t) = cos ct(Hm + A)% L(H,, + A)~} sinct(H,, + )}
m ’_ _C(Hm + )\)% Sin Ct(Hm + A)% cos Ct(Hm + )\)% .

By norm resolvent convergence of H, to H,, we have that

Upn(t) = Un(t) + [

1

((Hr + )% x 1) - U(t) - (Hr + X)7% x 1)
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converges, strongly in L2(R%) x L2(R3), uniformly in ¢ over compact
intervals, to

(Hm + N} x 1) Un(t) - (Hm + A% x 1),

and so we only need to study the behaviour of (H, + )% Mv,p, as r 0.
By the previous lemma we have therefore proved the theorem with U, (t)
and U,,(t) in the place of U,(t) and U,,(t) respectively. Let us now go
back to U,(t) and U,,(t). Let

0 O
A= [62)\ 0]’

be the difference between the generators of U,(t), Uy, (t) and U,.(t), U (t).
Then define the non autonomous, affine, vector fields

A(t) = U (8)1 - AT, (2),
A () := Up()™F - A - U (t),

and let P,(t, s) and P, (¢, s) be the corresponding evolution operators. With
these notations we have, as can be easily verified,

Ur(t) = Up(t) - Po(t,0),  Un(t) = Un(t) - Pu(t,0).

Since
1

(He+ N x 1) - U,(t) - (H +N)7F x 1)
converges, strongly in L2(R3%) x L2(R3), to

(Hum + N x 1) Un(t) - (Him +A) "% x 1)
if and only if (2.8) holds, we have that

((Hr + X% x 1)+ An(t) - (Hr +X)7% x 1)
converges, strongly in L2(R3) x L2(R3), to

(Hm + 2?7 X 1) Ap(t) - (Hm +A)"% x 1)
if and only if (2.8) holds. Therefore

1

(Ho +X)% x 1) Po(t,s) - (H, + A)7% x 1)
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368 D. NOJA AND A. POSILICANO
converges, strongly in LZ(R®) x L2(R3), to
(Hm + )% X 1) - Pt ) - (Hp + A)™
if and only if (2.8) holds. In conclusion
((He + 2)F X 1) 0,(2) - Pr(t,0) - ((H, + A)”
converges, strongly in L2(R3®) x L2(R®), uniformly in t, to
(Hm +X)? X 1) - Upn(t) - Pr(t,0) - (H + A)™

and the proof is done. O

We can now state our main result about the convergence of the solutions
of the Maxwell-Lorentz system:

CoroLLARY 2.9. — Let (A, ¢,) € C(R; H}(R®)xR®)NC(R; L2(R®) xR?)
be the mild solution of the Cauchy problem

1

2 x1)

1

2 x1)

1

7 x 1),

1 . 4
—Ar =AA, + T Mi,p,
C 4

. €
myqy = — E(pra Ar>

< (2.9)

1 4
A(0) =(=A + A1 X, + —::EMLT(XO)(—A + )7 1p,

\Ar(o) :A07 qr(o) = 4o, qr(O) = qo,
with A > Xo, Ag € L2(R3), and with X, € L2(R®) such that

4
lim Ly(Xo) = do, lim (p,, (~A+ 1) X) = %rmu)qo. (2.10)

Then YT > 0
lim sup [|(Hy + A)? A (t) — (Hom + N EA@)]2 = 0,
™0 g <t
lim sup ||A,(t) — A(t)||2 = 0, (2.11)
0 <

lim sup [¢,(t) — Qa)| =0,
0 <7

where A € C(R; D(F,,,))NC*(R; L2(R3)) is the mild solution of the Cauchy
problem

%A’ =-Hn,A
C
1 4
A) = (=2 + 075X + Mo, (2.12)
A(0) = A,.
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Moreover if X, does not satisfy the relations (2.10) then there is no
convergence of the A,’s.

Remark 2.10. — If in the corollary 2.9 we are concerned with strict
solutions of (2.9), i.e. if A,(0) = (H, + X)'Yo, A-(0) = (H, + A -2Y,,
Yo, Y, € LE(R?’), then, by remark 2.7, the (2.11)’s hold under the condition

(=84 0)7¥5(0) = 5T (Mo,

and A(t) is now the strict solution of (2.12) with initial data
-1 4me . H 1y
A(0) = (-A+ )" Yo + —C—MQOGA, A(0) = (Hm + A)"2Y.
Proof of corollary 2.9. — The assertions about the convergence of the
A,’s immediately follows from the previous theorem equating the initial

data gg, X to the elements defining the vector v,.. Let us now prove the
convergence of the g, ’s.

Let C.(t), S.(t) and C,(t), Sn(t) be the cosine and the sine
operator functions of ¢?H, and c?H,, respectively. Then, writing A,.(0) =
(H, + X)73YY, A(0) = (Hm + N)"7Y,,

t
A () = Co(B)(H, + N YT + Su(t) Ao + drec / S.(s) M, prds
0
= (H, + \) 72 X,(t),
where
t
X, (t):=C.(t)Yy + (H, + )\)% (Sr(t)Ao + 47rec/ Sr(s)M'vards>,
0
and
A(t) = Con()(Hum + X3 Yo + Siu(t) Ao = (Hi + N)E1X(2),

where
X(t) := Con(£)Yo + (Hp 4+ A) 7 S (t) Ap.

By the previous theorem, since liﬂ)l IIYy — Yoll2 = 0,
T

lim sup ||X,(t) — X(t)||2 = 0.
0 |¢<T
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Since
e
"r t) = Ty r
W(0) = (o A,(t) + v
e{pry (A +XN)"2X,(t)) Srme? A+ N1, pn
€ (pn 0)_8xe ;e (AN
c ™M, 3c m,
the thesis follows from
lim v, =0,
r]0
lim sup (p,.,(—A-l-/\)_er(t)) =0,
0 < My
lim sup |L,(X,.(t)) - Ln,(X(t)] =0,
0 <t
_ -1 2
lim (CAT N o) 33 0
r10 m, 8mre?

In the next theorem we study the case in which no mass renormalization
is done, i.e. m,. =const. By abuse of notation we will denote such a constant
by the symbol m. In this situation we prove that the limit dynamics is trivial
(As regards the particle dynamics, and for zero initial data for the field, the
same result already appeared in [BN]).

THEOREM 2.11. — Let (A, g,) € C(R; HZ(R*)xR*)NC?(R; L2(R3) x R?)
be the strict solution of the Cauchy problem

4
—A =AA, + EMq,pr

m(.jr == E(pr‘vA‘r>
Ar(O) :AO € HE(R3)7 AT(O) = AO € Hi(RS)a qr(o) = qo, QT(O) = éo'
Then YT > 0

lrlfn lslup |A-(t) — Az (t)]l2 = 0,

lim sup |g,() — go| = 0,
rl0 <

(2.13)

where Ay is the solution of the free wave equation with the same initial
data Ao, AO

Annales de Ulnstitut Henri Poincaré - Physique théorique



CLASSICAL ELECTRODYNAMICS OF POINT PARTICLES 371

Proof. — By remark 2.2 H, converges in norm resolvent sense to —A.
Therefore, proceeding as in thm. 2.8, the first formula in (2.13) follows from

lim {|(H, + A) T Murp, |2

2
ZI:E)I (1 + EFT(’\)—1<(_A + /\)_lpmpr>> “("A + A)_lMUTPTHZ =0.

Since, if ¢ > 0,

t
e
q-(t) =qo + vt — — / (pr, Ar(s))ds
me Jo

e (1 z+‘°°1
- ’I‘t__ o ()
—o+v (27”/ o (e () ) s
1 e 1
t o Lz —e ;(Pm(H +(2/c)?) "t Ag) dz

1 z+100 1 1
4 il et 2\—1
+ 4mec 57 /z_. 2¢ Z2(pr,(Hr+(z/c) )" Mwv,.p,) dz),
by
lm (5, (B, + 27 X)
) 2
:hfg (1 + gfr(zz)“1<(—A + zz)—lpr,pr))(pr,(—A +22)71X) =0,
X € L%(R®), —22% € p(H,,), by
lim v, = do + lim ——(p,, Ao) = do + ——Ao(0
10 r = qo 10 me PryA0) = 4o e 0(0),

by
2

mc . e
o (4o + = 40(0)),

lifg (pry (H, + 22)_1Mvrpr) =
and by Lebesgue dominated convergence theorem, we obtain

lim sup. lg:(t) — qo| = 0,
rl0 [t <

and the proof is done. (I
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3. THE LIMIT DYNAMICS

The results in corollary 2.9 induce us to declare that the system

%A’ = —H,A
C
¢§=0Q4
A(0) = Ay € D(Fy,), Qa, = do, A(0) = Ag € L2(R®), ¢(0) = go.

(3.1)
describes the classical electrodynamics of a point charged particle in the
dipole approximation. The next theorem gives us the solution of (3.1).

THEOREM 3.1. — Let C,,(t), Sn(t) the cosine and the sine operator
functions of ¢*H,, and let Cy(t), So(t) the cosine and the sine operator
functions of —c*A. Then, Vt > 0,

Con(t) = Co(t)+ M- K1 (t)+e/AoM-Ky(t), Sm(t) = So(t)+M-Ks(t),

where

Ky()A(z) = 8&9(ct —lz]) 1

A Cl— | b
|$| Ct_lwl s (y)dﬂt II(y)

ct—|z|

and K5 (t) is the Hilbert-Schmidt operator with kernel given by

1
6(ct — |z| = [yl) exp v/Do(et = || = ly])-

Ka(tiz,y) = ———
{680 = Gl

Here 6 denotes the Heaviside function. Moreover C’m(t), which is defined
on D(F,,), is given by
Crm(t)=Co(t)+ev/ Ao M - K1 (tHE N M - Ko (t)+cM - K (t)-V,+M - Ks(t),
where V, denotes the radial derivative and

Ks(t)A(z) = —mKl(t)A(x).

Proof. — By the explicit expression for the resolvent of H,, we have
Cn(t) = Co(t) + M - K(t) where K(t) has a Laplace transform given by
the integral operator with kernel

~ z
K(zz,y) :—2Fm(z2/c2)Gzz/cz ()G 202 (y)
c

_ 3 222 ex _E(L’El + | I)

T 8we —3mcd + 2e2z |x| |y| p c y
3 /1 3mc? 2¢2 1 2

“8r\c exp — = (|a| + [y]).
87r(c 2e? —3mc3+262z) |z| |y P c(l |+ 1)
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Since (here we use the same trick as in [ABD, §3.1])
2e?
—3mc3 + 2e22
exp—2(|lz[+|y])  3mc® [  3mc® exp—Z(|z|+ |y|+ s)
= + exp s ds,
z 2e2 2e2 z

since 0;_, and 6(t — s) are the inverse Laplace transforms of e~*° and
(1/z)e™** respectively, and since

z
exp—2 |z + Iy]) =

3me? [ 3mc?
O(ct — |z| — |y|) + 5 / exp mz s O(ct — |z| — |y| — s)ds =
2e? /o 2e

3mc?

262 (Ct - |$| - |y|)7
the statements about Ci,(t) and C,,(t) then readily follows. By the
definition of S,,(t) the proof is then concluded by straightforward
calculations. [ _

Suppose now that Ay € D(F,,), Ay € L2(R®) are such that

= 0(ct — || - [y|) exp

4me

QAO = 40» A/\(Ta 0’¢) = AO(T76$ ¢) - TMqOGz\(T) = A}\(T)A§\(07¢)7

and ) ) )
AO(T7 0) ¢) = Afl)(T)A(z)(av ¢)
(here we are using spherical coordinates). Then, if (-) denotes the spherical
mean,
K1(t)Ao(x)
3 €. _Iet—lzh \ O(ct — |z
= (3tet~ e Ay et = o + g et ) A2

|

Kz(t)A()(.’L')

3 ct—|z|
= (£<A§>e“’\°(6t—lml)/ A} (r)e= VA rdr
0

bl

(e—\/X(ct—m) _ em(ct—m))) 9(0t|—| |z])
T

e . 1
2P e+

Kz(t)AO(x) = (%(Ag>em<ct—|w|) /Ct_'ml A(l)(r)e_ AOTTdr) O(ct — ’SL‘I)

||
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Since Co(t)Ax + So(t)Ag € HL(R®), since
Co(t)M¢oGx = Mgo®a(t),

where

A [ G, 18-l ,

D, (t,x
= oY I &

G)\(‘T),

B.(z):={y : |z—y| <r }, we have that Co(t)Ao + So(t)A, gives
no contribution to Q 4, and so

3¢?
Qap) =2 t (A3) A} (ct) + doe Vet

+———3c;f (420075 [ Ay (e rar

0
—do \/Xa (e—\/Xct _ e\/,\_o_ct)
Ve + VA
ct
+ %(Ag)em“/ Aé(r)e' AT, (3.2)
0

Let us now consider strict solutions, i.e. we suppose that Ay € D(Hp),
Ap € D(Fm) Then

43(0) = (43)43(0) = T (W)do = 5o (VA — VAo,

4me

Ax(r,8,¢) = Ao(r,6,9) — ——MQ;, Ga(r) = AX()43(6,9),
and
Qa 320— t (A3)A3(ct) + doe — Vet
+ 20 gy [* Ay rar
it (e - )
+ 2o [C wemrnar

0
Q;“*’ \/_1+ \/_( ﬁct—em“). (3.3)
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Moreover A € C*(R; D(F,,)), Qa4 € C*(R;R®), and
d
QA(:) = EQA(t)

. Vet , 3¢
= cv/ AoQa) — eV Agoe™ V> + §;<A§)A}\(0t)

3c3 P et 3¢ o
+ 5o t (AR AN (e) + Qe + (A AR (er). (3.4)

These results, and the classical Kirchhoff formula for the solution of the
free wave equation, give us the following

THEOREM. — Let A € C(R; D(F,,)) N C*(R; L2(R®)) be the mild solution
of the Cauchy problem

%A‘ = —HnA
(5
A(0) = Ao € D(Fy), Qa, = 4o, A(0) = Ay € L2(R®).

Then dre

A(t) = Ag(t) + "C“MAs(t),
where Aj(t) is the solution of the free wave equation with initial data

Ag, Ay, and

X
————Qua(t—|z|/0)-

As(t,z) = ﬁH(Ctk;ll )

Moreover if Ay € D(H,,) and Ay € D(F,,), ie. if we are dealing with
strict solutions, then Q4 € C*(R;R3), and it solves the Cauchy problem
. 3c?
Qaw) = eV AQap) + —z—é‘Af(f, 0)
Q4a0) = Go-

Remark. 3.3 . — Let us note that in the above Cauchy problem the function
t — Ag(t,0) is well defined for any ¢ > 0, and, by (3.3) and the Kirchhoff
formula, one has

. 2e .
ltlj%lAf(t,O) = @(QAO - C\/—)GQO)

Remark. 3 .4. — One can rephrase the previous theorem saying that the
strict solution of the Cauchy problem

{ %A’ =-H,A
C

A(0) = Ay € D(Hyp), Qa, = do, A(0) = Ag € D(Fy,)
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coincides with the first component of (A, Q), the solution of
1 . 4me
C—ZA =AA+ TM Qbo
. 3c?
Q) = ev/20Q() + 5 As(1,0)
A(0) = Ay € D(Hyn), Qa, = do, A(0) = Ag € D(F,), Q(0) = do.

Moreover if Ay € H3(R3), and Ay € HZ(R®), then, by (3.4), Q4 €
C?(R;R®) and one obtains, defining

t
at) = a0+ [ Qacods,
0
the Abraham-Lorentz-Dirac equation

.. .. € :
{ —mogi(t) + mi(t) = ——As(£,0)
q(O) = qo, Q(O) = q.07 q(O) = QAOa
where
_ 2¢?
© 3mc3’
Observe that —%A #(t,0) is nothing but the (linearized) Lorentz force
due to the free field evaluated at z = 0. Moreover let us point out

that the relation ¢(0) = Q4 , as the correct initial acceleration for the
Abraham-Lorentz-Dirac equation, already appeared in [B].

T0 -
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