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ABSTRACT. — We study the asymptotic behavior in time of solutions to
the Cauchy problem for the derivative nonlinear Schrodinger equation

iy + U +ia(ufu), =0, (t,7) € R x R’} (DNLS)

’U,(O,l‘) :'U,()(fE), z € R,

where a € R. We prove that if ||uo||g1.2 + ||ug||zs.0 is sufficiently small,
then the solution of (DNLS) satisfies the time decay estimate

lu(®)llz= < C1+[t) 2,

where H™* = {f € 8[| fllm,s = I(1 + |2[*)*>(1 = 87)™/?f|| 12 < oo},
m, s € R. The above L time decay estimate is very important for the proof
of existence of the modified scattering states to (DNLS). In order to derive
the desired estimate we introduce a certain phase function. © Elsevier, Paris
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RESUME. — Nous étudions le comportement asymptotique temporel des

z

solutions du probléme de Cauchy pour 'équation de Schrodinger non
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160 N. HAYASHI AND P. I. NAUMKIN

linéaire dérivée
Uy + Ugr + 10 u2uw=0, t,x) e R xR,
! (l l ) ( ) } (DNLS)

u(0,2) = uo(z), = €R,

ol @ € R. Nous démontrons que si ||ug||z1.2 + ||uo|| 3.0 est suffisamment
petit, alors la solution (DNLS) obéit & I’estimée temporelle

Ju()llz= < C(L+]t)7V2,

ot H™* = {f € &[fllms = (1 + |2*)*/2(1 = 32)™/f[|z2 < oo},
m,s € R. La borne L* ci-dessus sur la décroissance temporelle est
trés importante pour la preuve d’existence d’états collisionels modifiés de
(DNLS). Pour montrer la validité de cette borne, nous introduisons une
fonction de phase appropriée. © Elsevier, Paris

1. INTRODUCTION

In this paper we study the asymptotic behavior in time of solutions to
the Cauchy problem for the derivative nonlinear Schrodinger equation
iUy + Uge + 1a(|ufu), =0, (t,z) € R xR,
: (fufw). =0, (t,2) (DNLS)
u(0,2) = uo(z), =z €R,

where the coefficient ¢ € R. This equation was derived in [18], [19]
to study the propagation of circular polarized Alfvén waves in plasma.
The (DNLS) has an infinite family of conservation laws and can be solved
exactly by the inverse scattering transform method [16]. The local existence
of solutions to (DNLS) was proved in [23], [24] under the condition that
ug € H*0 (s > 3/2) and the global existence of solutions to (DNLS) was
also proved in [23], [24] for the initial data uy € H>° such that the norm
||wo || zr1.0 is sufficiently small. These results were improved in [6],[7]. More
precisely, the global existence of solutions to (DNLS) was shown in [6] if
the initial data uo € HY? are sufficiently small in the norm ||uo||z> and
in [7] the smallness condition on ||ug||z2 was given explicitly in the form
[luol|2. < 2m/|a| and also the smoothing effect of solutions was studied.
The final state problem for (DNLS) was studied in [9] and the existence of
modified wave operators and the non existence of the scattering states in
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ASYMPTOTICS IN TIME FOR DNLS EQUATION 161

L? were shown. For the cubic nonlinear Schrodinger equation, the modified
wave operators were constructed and the non existence of scattering states
in L? were proved in paper [22] (see [4], [5] for the higher dimensional
case). However the result in [9] does not say the asymptotics in large time
of solutions to the Cauchy problem (DNLS). As far as we know there are
no results concerning the time decay estimate of solutions to (DNLS). Our
purpose in this paper is to prove L> decay of solutions of (DNLS) with the
same decay rate as that of solutions to the linear Schrodinger equation and
to give the large time asymptotic formula for the solutions which shows
the existence of the modified scattering states. Our proof of the results is
based on the choice of the function space which was done in the recent
paper [20], [21], the gauge transformation method used in [6], [7], [17]
and the systematic use of the operator J = x + 2itd,.. The operator J was
used previously to study (1) the scattering theory to nonlinear Schrodinger
equations with power nonlinearities ([3], [11], [25]), (2) the time decay of
solutions ([2], [10]) and (3) smoothing properties of solutions ([12], [13]) to
some nonlinear Schrédinger equations. The main results in [3], [11], [25] are
obtained through the following a priori estimate of solutions ||Jul||z: < C.
This estimate along with the Sobolev type inequality (Lemma 2.2) in the
one dimensional case yields the required L> time decay of solutions for
the nonlinear Schrédinger equations with higher order power nonlinearity.
However it seems to be difficult to get the same estimate ||Ju|| < C in
the case of cubic nonlinearity. To derive the desired a priori estimates of
solutions in our function space taking L*° time decay estimates of solutions
into acount we have to introduce a certain phase function since the previous
methods ([3], [11], [25]) based solely on the a priori estimates of the value
(x + 2itd, )u(t) without specifying any phase function does not work for
(DNLS). The nonexistence of the usual L? scattering states shows that
our result is sharp. Some phase functions were used in [4], [22] to prove
the existence of the modified wave operators to the nonlinear Schrodinger
equations with the critical power nonlinearity. Their results were shown
through an integral equation corresponding to the original Cauchy problem
and therefore the derivative loss in the equation can not be canceled via
integration by parts. The method presented here is general enough, since
it is also applicable to a wide class of nonlinear Schrédinger equations
with nonlinearities containing derivatives of unknown function and for
the generalized and modified Benjamin-Ono equations (see [14]), where
derivatives are treated via integration by parts. We finally note that the
cubic nonlinear Schrodinger equation of the form

iUy + Ugy = (Og|u)?)(ou + Pu,), «,feC

Vol. 68, n® 2-1998.



162 N. HAYASHI AND P. I. NAUMKIN

was considered in [15] and the existence of scattering states in L? were
shown by making use of a priori estimate of Ju for the solutions of this
equation. However it is clear that their method does not work for (DNLS)
because the non existence of scattering states in L? was shown in [9].

Let us explain the difference of our approach from the previous methods.
The precise time decay estimate ||u(t)||oo < C(1+¢)~'/2 of solutions v of
(DNLS) will be obtained in Section 3 from the asymptotics of solutions v of
(DNLS) for large time (Lemma 2.5). The main term of this asymptotics is
determined by the Fourier transform of U(—¢)u(t) (where U(t) is the free
evolution group associated with the linear Schrodinger equation) and we
also need a certain phase function to obtain the desired estimates concerning
the main term (see Lemma 3.2). The remainder term of the asymptotics
is estimated by the norm ||Ju||r: (see Lemma 2.5 ) so that the estimate
[[Jul[zz < C(1 4 t)7 (with some small positive ) is sufficient for the
precise L>° time decay estimates. Thus in our approach we can allow a
little growth in time of the norm ||.Ju||z2. That is the main different point
from the previous methods.

Before stating our results, we give

Notation and function spaces. — Let F f or f be the Fourier transform
of f defined by

Ff(E) = / e~ (o) de.

The inverse Fourier transform F~! is given by

F@) = 5= [ e repie.

Let U(t) be the free Schrodinger evolution group defined by

U)f / eI R f(y)dy = Fle T F .

)f \/—

We introduce some function spaces. L? = {f € S';|fll, < oo},
where [|fll, = ([|f(z)Pdz)"? if 1 < p < oo and [|fls =
ess.sup{|f(z)|;z € R} if p = oo. For simplicity we let ||f]| = ||f|l2.

Weighted Sobolev space H;“* defined by H;"* = {f € S';||fllmsp =
l(1+22)*/2(1 - 82)™/2f||, < oo}, m,s € R, 1 < p < oo; H™* = Hy"°,
I s = ||+ [lm,s,2- We let (f,g) = [ f - gdu. Different positive constants
will be denoted by the same letter C.

Annales de 'Institut Henri Poincaré - Physique théorique



ASYMPTOTICS IN TIME FOR DNLS EQUATION 163

In what follows we use the following commutation relation and identities
freely.
J = z+42it0, = S(t)2itd,S(—t) = U(t)zU(-t), [J,L]=JL-LJ =0,
where S(t) = e*'/4 and L = id, + 92. )
Our main results are

THEOREM 1.1. — We assume that ug € H>°NHY? and ||uo||3,0+]||uwol1,2 =
€ < € where € is sufficiently small. Then there exists a unique global
solution w of (DNLS) such that

u e C(R; HY? n H3Y),

lu(®)lloo + llus(t)lloo < Cllluollso + lluofla,2) (1 + [t) 712,

THEOREM 1.2. — Let u be the solution of (DNLS) obtained in Theorem 1.1.
Then for any small initial data uy € H*° 0 H? there exist unique functions
W,® € L*° such that

I -ou e 22 [ atnpL)-wi..

< Clluolls,o + lluollr,2)t =P+ for t>1, (1.1)
. t .
_ dr -
H ’p“/ a(m)PL - 2P a0) P logt — <1>“
Y T oo
< Clluolls,o + lluollr,2)?77C for t > 1, (1.2)

where Ce < 3 < 1/4. Furthermore we have the asymptotic formula for

large time t
2\ |? x
Wi —1]|1 —

1 T 1ax

tz) = —W | = il 4t — ——
u(t, x) o <2t>exp <zx / o
+ O((lluolls,0 + lluolls,2)t~ 2 =746 (1.3)

uniformly with respect to x € R.

The following corollary shows the existence of the modified scattering
states.

Vol. 68, n® 2-1998.



164 N. HAYASHI AND P. I. NAUMKIN

COROLLARY 1.3. — Let u be the solution of (DNLS) obtained in Theorem 1.1.
Then for any small initial data ug € H>° N HY2 there exist a unique
function W € L such that

F =00 - wes(~ 52w |
< Cllluollso + llwolls2)*¢ 7+ for t> 1,
where Ce < f§ < 1/4.

Remark 1.1. — The inequalities (1.1) and (1.2) show that W and ® can
be obtained from the initial function w, approximately.

Remark 1.2. — Our method can be applied to the following more general
nonlinear Schrodinger equation.

s 4 Ugy + ia(Ju?u), + Y|ulPu+ AulPlu=0 (t,z) € R xR,
u(0,2) = uo(z), = €R, (1.4)

where v,A € Rand p >3 if a =0, p > 4 if a # 0. The reason why we
need the condition that p > 4 when a # 0 comes from the fact that our
method requires some regularity of solutions to obtain time decay estimates
of solutions. On the other hand, if ¢ = 0, by using the method of this
paper we can obtain the asymptotic formula and the time decay estimate
in the HY° N H%! space.

We organize our paper as follows. In Section 2 we give some preliminary
results. Sobolev type inequalities are stated in Lemmas 2.1-2.2 and Lemma
2.3 is used to treat the nonlinear terms. In Lemma 2.4 some estimates
of functions are shown which are needed when the gauge transformation
technique is used. Lemma 2.5 says that the time decay of functions can be
represented by using the free evolution group of the Schrodinger operator. In
Section 3 we first give the local existence theorem (Theorem 3.1) without
proof and we prove the main results of this paper by showing a priori
estimates of local solutions to (DNLS) in Lemma 3.1 and Lemma 3.2.

2. PRELIMINARIES

LEmMMmA 2.1 (The Sobolev inequality). — Let 1 < ¢,r < oo. Let
jym € N U {0} satisfy 0 < j < m. Let p and « satisfy 1/p =
j+al/r—-m)+(1—-a)/gj/m<a<lifm-j—1/re NU{0},
and j/m < a < 1 otherwise. Then

102411, < CllET IR 1l (2.1)

Annales de I'Institut Henri Poincaré - Physique théorique
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provided that the right hand side is finite.

For Lemma 2.1, see, e.g., A. Friedman [1].

LEmMMA 2.2, — Let 1 < q,7 < oc. Let j,m € N U {0} satisfy 0 < j < m.
Let p and o satisfy 1/p = j+a(l/r —m)+ (1 —a)/q; j/m < a < 1if
m—j—1/r € NU{0}, and j/m < a < 1 otherwise. Then

177 £llp < CRP=™ 1™ FIF Al
provided that the right hand side is finite.

Proof. — By applying Lemma 2.1 with ¢ = S(—t)f, we obtain
2t 1025 (=) fll, < Cl2tP |97 S (=) IR 1S (=) £llg ™
< CIP=m |1l
where we have used the identity (C). We again apply (C) to the above
inequality to get the desired result.

LEMMA 2.3. — We have
2

lea’(fgh 1< U+ gl +1RIZ) Y I0Lf 1+ 10291l + 1921)),

7=0 =0

<.

2

2

Il < CUFE +NgllZ + B YT Fll+ 17 gll+ 17 A,
j=0 j=0

provided the right hand sides are finite.

Proof. — We only prove the last inequality in the lemma since the first
one is proved in the same way. From the identity

J(fgh) = (Jf)gh + f(Jg)h — fg(Th),
we obtain
T*(fgh) = (J*f)gh+ f(J29)h + fg(J2h) + 2(J f)(Tg)h
= 2(J f)g(Th) = 2f(Tg)(Th).

By applying Hélder’s inequality and Lemma 2.2 to the above inequality
we get

1729 < Mglloollallooll-72 £l + I oo Nlloo 1729 |+ [1F oo llglloo 172
+ 20T fllp 1 7gllp M2l + 2117 Fllpllgllell Tglle + 21L£ N1 T gllp | TR

< lglloolelloo 1721+ 11 Nloo Nlloo 17211 + (| lloollg oo 172 R
+ Ot PA=2 e (| 1T lgllas * RIS 2 177 FI1* ([T gl|* [T Rl >
+ Il lglles 2 RS e 172 FlI* 12 gl (| T2 Al
+ I lglles ™ Rlle = 12 Fl1° ] Tl | T2 Al|*),

Vol. 68, n® 2-1998.



166 N. HAYASHI AND P. I. NAUMKIN
where
I/p=14+a(1/2-2), 1/r=ax(1/2-2), 2/p+1/r=1/2.
A direct calculation shows that
2001 + g = 1.

Hence Holder’s inequality gives the desired result.

LEMMA 2.4. — We have

Do IPul < Y 1P Clelllulll, Y 1P uM |+ CE ull ull,

0<5<2 0<5<2 0<5<1
Do Full < Y 1Fu®
0<5<2 0<5<2
+ CllullZ (1 + [l 2> [[77u®)
0<5<2

T+ e 1) + S Nl
o Nul < Y 05u@) + CllulZ, Y 193uM]] + Cllulllull,

0<5<2 0<j<2 0<5<1

Yo ol < Y Nomu®)

0<j<2 0<j<2

+ Ol (1 4+ ulZ)C D 105D+ 10.u® ] + llua ) + llull ),
0<j<2

provided that the right hand sides are finite, where

u) = wexp (ia/ |u|2da;'>,
u® _—.exp<ig/ |u|2dx’) <8$(uexp(ig/l |u]2d$/)>)

= (uy + ia|u|’u) exp (ia/ |u|2d:r’).

—o00
Proof. — We only prove the first two inequalities since the other estimates
are shown in the same way. A direct calculation shows

Ju® = (Ju — 2ta|ul?u) exp (za/ |u|2dw’>,

—00

Annales de I'Institut Henri Poincaré - Physique théorique
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T2 = (JPu — 2tad(Ju|?u) — 2talul* Ju + 4t2a?|ul*u)
X exp (ia/ |u|2d:c’),
Ju® = (Ju, + iad(|u)*u) — 2talu|*u, — 2ita® |ul*u))

X exp(ia/ |u|2dx’),

Ju® = (Pu, + iad?([ul?u) — 2tad (Ju?u,) — 2ita®J(|u)*u)
— (Jug + iaJ(Ju?u) — 2talul?u, — 2ita®|u|*u)2talu|?)

X exp(z'a /JU |u[2dx').
By the Holder’s inequality v_ve have
[Tl < [ TuM)| + Clelllul % 1wl (2.2)
172l < 1726 + ClellalZ 1 Tull + CRlulli laf,  (23)
1Tl < [ Tu® |+ Cltllfull (1 Tull + luall) + Cltlflulliull,  (24)

and

720 | < (1726 )| + CllullZ (17ull + (] Tu|)
+ Cllull SN Tull + 8wl + €3]l lull) + Cllllulloo| [t oo || Tul]-
(2.5)

We substitute (2.2) into (2.3) and (2.4) to get
172l] < (|76 + ClellullZ )| TuD| + CEull ] (2.6)
and
1T | < T+ Cleflfaall % (1T + [Jua]]) + C(t] + tz)ll-%lliollgllé
We use (2.6) and (2.7) in the right hand side of (2.5) to obtain

1720 || < [| 72|
+ CllullZ (L + [#llullZ) (1T ]+ [#]]|uz )
+ [EllZ N Tu ) 4 82 a5 ) - (2.8)

The desired estimates follow from (2.2), (2.6), (2.7), (2.8) and the identities
ull = 1D, e + ialulull = [[u®].

Vol. 68, n® 2-1998.



168 N. HAYASHI AND P. I. NAUMKIN

LeEMMA 2.5. — We let u(t,z) be a smooth function. Then we have

> lu)llso < O 2UIF (@) (D)lloo + 1F () (D)]loo)

0<j<1
+ Ol (=t)u(b)a for [t >1,
where o € [0,1/2).
Proof. — We have the identity

u(t,z) = U)U(=t)u(t,z) = ! , /ei(m_y)2/4tU(—t)u(t,y)dy

Vamit

(2.9)
The identity (2.9) can be written in the following way for n = 0,1
eiw2/4t ) .
Fult,v) = iz e~ VRGN (—thult, y) {1+ (74— 1)}dy
o (i) (FU=tyu@) (. 2 ) + Ralt ), (2.10)
=7\ - a1 niby L),y .
Vimit \ 2t ) T2t ’
where
e1'1'2/4t ) s
R, (t,z) = i eIV (e /A 1)on U (—t)u(t, y)dy
We let « satisfy 0 < a < 1/2. Then we have the estimate
2 «a
iy /at 1] — o I Y|
le 1|—231n8t‘30|t|a/2.

Hence we have by the Schwarz inequality

[Ra(t)lloe < Clt|7Y2772 |yl * 0y U (=t)u(t, y)llx

< O VE U (=t)u(t)|l,  for |t >1 (2.11)
since @« < 1/2. From (2.10) and (2.11) the lemma follows, since
F(U(-1)2u)()loe = [IF(050)(E)]|oo-

Proofs of Theorems. — We define the function space X as follows
Xr={f € C([-T,T}; S |l flllx~
= s (1 + DN FB)ls0

te[-T,
+ sup_ 1+|tl)‘ ST FOllo

te[-T 0<j<2
+ sup (1+|t|)1/2 (Iflloo + [ felloo) < o0},

te[-T,T)

Annales de IInstitut Henri Poincaré - Physique théorique
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where € is a sufficiently small constant depending only on ||ug||gz0 +
”UOH HL.2.

To clarify the idea of the proof of the Theorem we only show a priori
estimates of local solutions to (DNLS). For that purpose we assume that
the following local existence theorem holds.

THeEOREM 3.1. — We assume that ||ugl|so + ||uolli2 = € < € and € is
sufficiently small. Then there exists a finite time interval [T, T| with T > 1
and a unique solution u of (DNLS) such that

llulllx, < Ce.

For the proof of Theorem 3.1, see [6]-[8].

In order to obtain the a priori estimates of solutions u to (DNLS) in
Xr we translate the original equation into another system of equations. In
the same way as in the derivation of [6, (2.3)] we find that »(V) and u(?®
defined by Lemma 2.4 satisfy

Lu® = ja(u®)?u®), }

Lu® = —ja(u®)?u®), (3.1)

where L = 10, + 0°.
LemmA 3.1. — Let u be the local solutions to (DNLS) stated in Theorem
3.1. Then we have for any t € [-T,T]
L+ Ulu®llso + Y [T u®)ll10) < Cllluolls.o + lluoll12),
1<5=22
where the positive constant C' does not depend on T > 1.

Proof. — In what follows we only consider the positive time since the
negative case can be treated similarly. By (C) we have by (3.1)

L2 = iaJZ((u(l))QW),
(3.2)
LI2u® = —iaJ?((u®)*u®).
The integral equations associated with (3.2) can be written as
t
T2 (t) = U)z?u™(0) + ia/ Ut — 8)J%((uM)*u®) (s)ds,
0 .
(3.3)

J2u(2)(t) — U(t)ﬂ?zU(Q)(O) Cia /Ot Ut — s)]2((u(2))2m) (s).

Vol. 68, n® 2-1998.



170 N. HAYASHI AND P. I. NAUMKIN

The operator U(t) is a unitary operator in L?. Therefore we easily obtain
by (3.3) and Lemma 2.3

IIJ%“)(t)t” + [ P2u@ @) < PP 0)]] + [l2*u® (0)]]
+ C/O (M N2 + M@ N2 AT M ()] + [177u® ()] ds.
(3.4)
Since
& uD ()] = [lz%uoll,  [la*u(0)]] < [lz°uos|| + Clluol 2|2 uoll
and
D B)lloo < fulloor 16 (B)lloo < lua(®loo + Cllul®)|I2,
we have from (3.4)
1PaD Ol + |72 (1)) < 2lla>uoll + e uo|
+ C/O ()12 + e (DIZ) U2 D ()] + 1726 (s)])ds,
(3.5)

where we have used the condition that the initial data is sufficiently small
and Theorem 3.1. We again use Theorem 3.1 to get

726D @ + ([ Pu@ @) < 2llzuoll + [l vox |
+ Ce/ot(l +8) (12 ()] + (1 72u® (s)]))ds (3.6)
Applying the Gronwall inequality to (3.6), we obtain
172D )] + (1726 ()] < 2o uoll + 12> uox|I(1 + ).
This implies
1+ )PP @) + 7P P D)) < 2llzuoll + lz*uocll.  (3.7)
In the same way as in the proof of (3.7) we have

(147U Oz + [u® Ollzo+ D (S D@+ 17w @)])

1<5<52
< C(lluolls.o + lluolls,2)- (3.8)

The lemma follows by applying (3.8), the condition that the initial data is
sufficiently small and Theorem 3.1 to Lemma 2.4.

Annales de IInstitut Henri Poincaré - Physique théorique
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LEMMA 3.2. — Let u be the local solutions to (DNLS) stated in Theorem
3.1. Then we have for any t € [-T,T]

(L+1EDY2 D N1du(®)lleo < Cllluolls,o + lluollz 2),

0<j<1
where the positive constant C' does not depend on T > 1.

Proof. — By Sobolev’s inequality (Lemma 2.1) and Lemma 3.1 we have

L+ Y7 103u(t)lloo < Cllu(®)l20 < C(lluolls o+ |uoll1,2) for ¢ < 1.
0<j<1
(3.9)
We assume that ¢ > 1. From Lemma 2.5 and Theorem 3.1 it follows that

3 0u() oo < CE22H0 (gl + [Juollr 2)
0<5<1

+ Ot || F(05u) (1) oo (3.10)

0<5<1

We now consider the last term of the right hand side of (3.10). Multiplying
both sides of (DNLS) by U(—t¢), we find that

iU (=t)u(t)), + ial (~t)(|ul*u(t)) = 0.
We put v(t) = U(—t)u(t). Then we have
i (t) + iaU (=t)(|U(#)v|*U(t)v). = 0. (3.11)

On the other hand we have

U=)([U#0PU @) = U(=t)((U(t))*U(~t)0)

= Jim s | 1 i [ [ [ desdedeatt. eute,)n €0

x exp(— (e =€) = (61— )7 = (€1 = &0)* + (& — £)?).
A simple calculation gives

(=& = (G- &) — (& - &)+ (& — &)
= (2" - - &+ &) +26(~v+ &+ &+ &)
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Hence
1
UOUEPUE = s [ [ [ ot ote &0,
X exp (_ﬁ(wz —& -+ 62)) d€2d€sdy
A .

X (Ah_x}go/ exp (—%tl(—-x + &+ & — 54)) d§1)

47rt // / ( s & + S )v(t,&)v(t, &3)(t, &)
X €Xp ("E(T —& -6+ f4)> d€d€3dEs
= ﬁ //’U(t, a)u(t, §3)0(t, &2 + &3 — @)
cow (-5 - G- 6+ @+ 6 - 2)) ) deade

Now we make the change of variables & = x —y, {3 = = — 2, then we
have & + & —x =2 —y — 2z and 22 — €3 — €2 + (& + & — )% = 2yz.
Therefore we obtain

U(=t)(|U()v|*U(t)v) |
= Zjﬁ / / v(t,x — y)v(t,z — 2)0(t,x —y — z) exp (—%)dydz

_ .A%Z / / o(t,z — y)v(t,x — 2)v(t,x —y — 2)dydz + Q(t, z), (3.12)
where

Q(t,x)zﬁ / / o(t, z—y)o(t, 5—2)B(t, 1—y—7) (exp (—%)— )dydz.

Substituting (3.12) into (3.11) and taking the Fourier transform, we obtain

. wa . N A .
“}t(t7p) + Z7r—t7'p|v(t7p)lzv(t7p) - apQ(tap) =0. (313)

In order to eliminate the second term of the left hand side of the equation
(3.13) we make the change of dependent variable

it = ott e (-2 [ prnPT). @)
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Then we have by (3.13)
ih:(t,p) = apB(t,p)Q(t, p), (3.15)

. t
. ipa N dr
B(t,p) = exp (—4?/ Iv(T,p)lzj)
1

Integrating (3.15) with respect to ¢ from 1 to ¢, we have forn =0,1

where

(i) (t,9) = (o) (1,) = [ ap(in) Blr. Q). (310
By a simple calculation
P Q(t, p)lloo < 10571 QL 2)|1

< %/ ontt //v(t,x — vtz — 2)0(t,x —y — 2)
dx

x(e"*/2 — 1)dydz
<& [1Zp (ot iutte = itz — 2ol —y =)
+ [o(t,z = Yo7 u(t, @ — 2otz —y = 2)|
+Jo(t,z — y)llo(t,z = 2|0 otz — y — 2)]
+ 3n(|0,v(t, x — y)||0,v(t, x — 2)||v(t,z — y — 2)]
+ |o(t, z — y)||0.0(t, z — 2)||0.v(t, . —y — 2)|
0,0(t, 2 — y)|Jv(t, x — 2)||0.v(t, x — y — 2)|) fdadydz, (3.17)
where we take 3 satisfying 0 < 3 < 1/4. Since
el = 1((z - 2) - (@ -y = D) (@ =9) ~ @~y — 2)|
<C(w-9?+ (-2 +(z—y—2))
we have by (3.17), Holder’s inequality and the identity U (t)zU(—t) = J
lp" "' Q(t, Pl < CET177
(lli3 =P op ol + 1105 ollslllsPPellllvll:
+ n(|llz*vll o2} + 2 vellvell1]lv]l1)
<Gt o), = C P IU (= u®)]l3,,
<ot > U(=03u®)lloa
0<5<2
< O (D)o + 3 U=t u(b)])
0<5<2

= Ct P (lult)llzo + Y [J0u®)).  (3.18)

0<j<2
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Integration by parts and Lemma 3.1 give

> 1oku@)l < Cllu®llso+ > [177u(®)l10)

0<j<2 1<5<2
<O+ 6)(luollso + lluoll12)- (3.19)
Hence (3.18) and (3.19) imply
o™ Q(t,p)lloo < CtPHC([lug]l3,0 + [[uoll1.2)- (3.20)

We apply (3.20) to (3.16) to obtain
[F(0zuw)B)lloo = IFU(=1)iu)(B)loo = [Ip"0(t, P)lloo = [[P"B(¢, P)l|oo
t
< lp"o(1, p)lloo + Clluollz,0 + Huolll,z)/ Ty
1
< IFU(=Du)(Dlle + Clluollz,o + lluoll,2)
< C(IU(=Da; w1 + [luollso + [luollr,2)
< Ollw(W)llo + 12U (=1)a7u(L)]l + lluolls,0 + [luoll1,2)

if we take [ satisfying 3 > Ce, where we have used the fact that
|B(t,p)| = 1. We now apply Lemma 3.1 to the above inequality to get

IF(Zu) Do < Cllluolls0 + lluolli2) for &> 1. (3.21)
From (3.10) and (3.21) it follows that
> Nu)llee < Ct2(|Jugllso + luolli2) for ¢>1.  (3.22)

0<y<1
We have the lemma by (3.9) and (3.22).
We are now in a position to prove our main results in this paper.

Proof of Theorem 1.1. — We have by Lemma 3.1 and Lemma 3.2

llulllxy < C(luolls0 + lluolli2) = Ce’ for te[-T,T).

We take &’ satisfying Ce’ < e. Then a standard continuation argument
yields the result.

Proof of Theorem. 1.2. — By (3.16) and (3.20) we have
t
i(t,7) = (5.9 £ C [ [pQ(r. )l

t
S C(IIUOHS,O + “uo“l,z) / T_l_ﬂ+C6d’T
= C(s™ 7+ — 7% (Jluolls 0 + lluollr,2).  (3.23)
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Hence there exists a unique function W € L such that
W(p) = lim w(t,p) in L.
t—oo
We let ¢ — oo in (3.23). Then we have

W — @t < C / PO, p)l|ocdr

< C(”u0”3,0 + ||’LL0||172)/ F1=6+Ceg,
t
= C(||uollz.0 + Juoll1,2)t 7, (3.24)

from which with (3.14) the first estimate (1.1) in Theorem 1.2 follows.
We let )

¥tn) = [ T2 (itr ) e,

. t
wap g9 . 2

= —= 1 — dr.
I, og78T|w(T,p)| T

Then by (3.16)

. t
ia .o A .
¥(t,) = 42 [ 2Re(=iapB(r.p)Q(r.p)ir.p) log i

In the same way as in the proof of (3.23) we get

¥(0) = 50 S € [ QD il o
< O(s77*C =779 (Jluollz,0 + [luolli2)?.  (3.25)
This implies that there exists a unique function ® € L such that
&(p) = lim ¥(t,p).
We let t — oo in (3.25). Then we have
18 = (t,p)lleo < Ct7F*(|luolls,0 + lluolls,2)*. (3.26)

We easily find that the following identity holds

. t
iap . 2, _ 2 ap
ar /1 [ (. p)Pdr = —ilW (p)[* . logt + (p)

+ (Ut p) — B(p)) + (fio(t, ) — W (p)[2) 22

47

logt. (3.27)
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Applying (3.24) and (3.26) to (3.27), we obtain the estimate (1.2). By (1.1)
and (1.2) we have
ap 9
[FU(=t)u)(t) = W exp ~ 2 Wl logt + @ )|
< C(|luoll0 + lluolly,2) =7+ (3.28)

The asymptotic formula (1.3) follows from (3.28), (2.11) and the identity
ei12/4t

varit

e1'22/4t

X
- m(fU(—t)u(t))(t, =) + Rolt, )

u(t, z) = e VY (—t)u(t, y) {1 + (e /% — 1)}dy

where
eizz /4t

varit

This completes the proof of Theorem 1.2.

Ro(t,z) = eTRY (<tyu(t, y)(e¥ /4 — 1)dy.

Proof of Corollary 1.3. — The desired estimate follows from (3.28) and
the fact that |W exp ®| = |W/|. This completes the proof of Corollary 1.3.
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