GUNTHER KARNER

On quantum twist maps and spectral properties
of Floquet operators

Annales de I'l. H. P, section A, tome 68, n°2 (1998), p. 139-157
<http://www.numdam.org/item?id=AIHPA_1998_ 68 2 139 0>

© Gauthier-Villars, 1998, tous droits réservés.

L’acces aux archives de la revue « Annales de I'L. H. P., section A » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1998__68_2_139_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré,

Vol. 68, n° 2, 1998, p. 139-157. Physique théorique

On quantum twist maps and spectral properties
of Floquet operators

by

Gunther KARNER#*

Center for Mathematical Physics, Virginia Polytechnic Institute
and State University, Blacksburg, VA 24061-0435, USA.
E-mail: karner@math.vt.edu

ABSTRACT. — Quantum twist maps are introduced as the representatives
of “kicked” quantum systems in the Heisenberg picture and their orbit
structures are related to the various spectral types of the corresponding
Floquet operators iy (7, 0). By means of geometrical RAGE methods a la
Enss and Veseli¢ sufficient conditions for the absence of o,. (Uy (7, 0)),
respectively geone (Uy (7, 0)) are derived.

For the example of §(t) = —id/df + V (0) - 30, 6 (t — j7T), defined
on L' (S, df), the quasi-energy spectrum o (Uy (7, 0)) as well as the
orbit structure of the twist map are determined for all V' € C?(S!) in case
of T/27 € Q, respectively for 7/27 an irrational number of constant
type. © Elsevier, Paris
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RESUME. — On introduit les applications tordues quantiques en tant que
représentantes de systémes frappés quantiques dans la représentation de
Heisenberg et la structure de leurs orbites est reliée aux divers types
spectraux des opérateurs de Floquet correspondant Uy (', 0). On dérive
des conditions suffisantes pour I’absence de o, (Uy (T, 0)), respectivement
Ocont (Uy (I, 0)) au moyen de méthodes RAGE géométriques 2 la
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140 G. KARNER

Enss et Veseli¢. Le spectre de quasi-énergie o (Uy, (', 0)) ainsi que la
structure des orbites de I’application tordue sont déterminés pour I’exemple
H(t)=—id/d§+V (0)->; §(t—jT), défini sur L2 (S*, df) pour tout
V € C3(S!) dans le cas I'/2m € Q, respectivement I'/27 un nombre
irrationnel de type constant. © Elsevier, Paris

1. QUANTUM TWIST MAPS

Quantum twist maps naturally emerge in the study of so-called “kicked”
quantum systems. The latter are quantum systems under time-periodic
external perturbations, which act in form of “6 (¢ — n 7)-pulses” (with the
Dirac §-distribution and n € Z, T > 0, see [1] for a review and references).
Quantum models of this kind are particularly suitable for numerical studies,
however, the number of analytic discussions of the subject is limited, [1-6]
for instance. Kicked quantum systems are often represented by a formal
time-periodic family {$ (¢), ¢ € R} of Hamiltonians with

G(t)=Ho+W Y 6(t—jT). (1.1

‘ Jjez
For convenience, the operator Hy in (1.1) acts on H = L? (Q, dz),
with Q = [a, b], —00 < a < b < oo, and is assumed self-adjoint with
o (Hy) = 04isc (Ho) and finitely generate eigenvalues E,., m e M. The

kick-potential W in general is a self-adjoint multiplication on ‘H and
T := 27v € R is the kick-period. (For other models see [3], [6].)

Although there exist no self-adjoint realizations of {$) (t), t € R} on H,
the corresponding one-period propagator (the Floquet operator) is well-
defined and sometimes used as the mathematical expression for kicked
quantum systems:

U (T, 0) = exp (—iT Hp)exp (—i W). (1.2)
(For a discussion of (1.1), (1.2) in terms of the so-called extended Hilbert

space formalism, see [7] and Section 2, for instance.)

To characterize the dynamics of the kicked quantum system in question,
one often studies the evolutions ¥ (N T) := [Up (7, 0)]Y ¥, of some
initial state U,. In particular, numerical investigations of several models
[8, 9 and references, for example] have led to new and important insights.
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DYNAMICS OF QUANTUM TWIST MAPS 141

In the present article, however, we shall concentrate on a different point
of view, usually referred as the Heisenberg picture of quantum mechanics
[10] in order to define a quantum twist map as an automorphism of the
observables, i.e. the selft-adjoint operators f (Hp) and g (W), generated by
Uw (7, 0) on the “quantum phase space” P (H) such that

[f (Ho)ln41 := (Uw (7, 0))" [f (Ho)ln Yw (T, 0) }
g (WM)]ns1 == Uw (7, 0))" [g (W)], Uw (T, 0)

with [f (Ho)]o := f(Ho) and [g(W)]o := g(W). Typically, W is some
bounded self-adjoint operator on H and g (W) is bounded as well. However,
f (Hy) is assumed unbounded and the quantum phase space P () can be
imagined as a “strip” in S (H) x BS (H) with S (H) the space of self-adjoint
operators on H and BS (H) the subspace of bounded self-adjoint operators
on H. Thus, the notion of a quantum twist map seems justified since repeated
application Uy (7, 0) stretches and folds the orbits ([f (Ho)ln, (g (W)]n)
defined by (1.3). (A more precise definition of “orbit” is given in Section 4).

(1.3)

The aim of this article is a simple characterization of the quantum
dynamics represented by Uy (7, 0). At first we formulate an abstract
“RAGE”-theorem for the Floquet operator Uy, (7, 0) using the methods
devised by Enss and Veseli¢. From that result sufficient conditions on the
time evolution of W generated by Hy, which guarantee o, (4w (7, 0)) =
0, respectively ocont (Uw (7, 0)) = @, are deduced. Afterwards, in
Section 4, the notions of stable, strongly stable and unstable orbits of the
quantum twist maps (1.3) are introduced and related to spectral properties
of Uy (7, 0). Finally, in Section 5, the preceding findings are applied to
the model sketched by § (t) = —id/df + V (0)->_, 6 (t — ;5 T).

2. AN ABSTRACT RAGE-THEOREM
IN EXTENDED HILBERT SPACE

This section prepares the ground for an application of results of Enss
and Veseli¢ [11] to Uy (7, 0). The deviation is necessary since the direct
treatment of 4y, (7, 0) a la Enss and Veseli¢ runs into serious obstacles.
First of all, the periodic family {9 (¢), ¢ € R} is not self-adjoint on H,
but equally disturbing is the fact that Uy (7, 0) cannot be represented
in strongly continuous Floquet form, since Uy (¢, 04) = exp (—it Hy)
for all 0 < ¢t < 7. Thus, if the Floquet representation iy (¢, 0) =
P (t)exp (—it G) with P(T) = | would apply, G = H, would follow.
(Nevertheless, Uy (7, 0) is called Floquet operator).

Vol. 68, n® 2-1998.



142 G. KARNER

Therefore, another representation of the kicked quantum system is needed.
A convenient structure to describe the kicked quantum system is the
extended Hilbert space formalism. We briefly recall some of the results:

Introduce the extended Hilbert space H., as the (closed) tensor product
Her = L2([0, T], dt) ® L*(Q, dz), with norm

W, = [l @ 0,0 e
s :=[0,T]

and corresponding scalar product (-, -)5,. In this set-up the unperturbed
dynamics is represented by the self-adjoint, so-called Floquet Hamiltonian
K, with

where
D(-id;) = {g € L*(n,) : 9g/0t € L* (n,) and g (0) = g(7T)}
— 10y g == —idg/Ot Vg€ D(—id).

The operator K is obviously self-adjoint on H., and its resolvent is
represented by the strongly convergent expansion

(Ko—2)'f=) Z/ . di di g(z = By, - 8) Y1 (@) F (£, 2) Ym0

neN leL
2.3)

with {%, 1, (n, I) € N x L} the orthonormal basis of eigenfunctions to
Hy and g(z — E,) denoting Green’s function to —i ;. (For details see
Lemma 2.1 below.)

The 6-kicks enter the formalism via the domain properties of the time-
derivative. Formally, the “operator” —id/0t + W ()6 (t — T), with
Z € ) fixed, generates translations along =, with the jump condition
g(0) = exp(—iW (2))g(7T). Thus, a singular time-derivative can be
introduced by the following self-adjoint operator on H.:

D(—Z 8@1{/) = {f € Hem : f (-, .Z') € D(-—-’L at,w' (a:)) a.e.,
D(—i0yw () = {9 € L*(n,) : 0g/0t € L? (x,)
and g (0) = exp (- W (2)) g (T)}},
— 1O, wf = —i0f/ot VfeD(—id,w),

exp (— Do) W (1, ) = exp { =W (@) Gign ) Y- O ~)]

y U (t— fi, 2)if t > jis
exp(—iW @)V (t+T —f, z)if t < ji_ (2.4)
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DYNAMICS OF QUANTUM TWIST MAPS 143

forall py=k7 +f, k€Z,0< <7 and ©(v) :=1 for all v > 0 and
© (v) = 0 otherwise. Together with | ® H, that singular time-derivative
constitutes the Floquet Hamiltonian Ky for the kicked quantum system
as demonstrated in the sequel. As a preparatory step, we introduce several
intermediate operators:

(i) The minimal symmetric operator k on M., is defined as
D(k) = Cg° (0, T) x @), kf = [~i0/0t + ha f
VfeD(k),Q :=(a,b).
where ho is the symbolic differential operator defining | @ Hy, i.e.

Hotp := hgt for all ¢ € D(H,). General principles [12, for instance]
imply that k* ¢ = (—109/0t + ho) ¢ for all ¢ € D (k*).

(ii) The operator closure of K is denoted by K, with the former given by

D(K) ={¢p € Hey : 3¢/Ot € Her, ¢ € DR Hy)
and ¢ (04, z) = ¢ (7T —, z) = 0 ae. (2.5)
K¢ _(—16/8t+h0)¢ Ve D(K )

Information about ran (K — z)% is collected in

LEMMA 2.1. — The closed symmetric operator K = K** defined in (2.5)
has deficiency indices equal to infinity and the defect space ker (K* — z) is
spanned by the orthonormal system

S(z) :==A{Pn,1 (2, T; t, x) =icn, (2, T)expi(z — En)t] ¥, (x)}

with (E,, ¥n1) the (n'" eigenvalue, (n, 1)™" eigenfunction) of Ho and
¢n.1 (2, T) the normalization.

Proof. — From k ¢ K ¢ K* C k* we infer that K* is densely defined
and acts via (—i 8/t + ho) as well. Therefore K =: K = K**.

It is obvious that S (z) C ker (K*—z) = linspan (S (z)) C ker (K*—2z).
The latter indeed represents an equality as seen from the following: The
kernel g (z — E,; t, t) of the resolvent (—id; — (z — E,,))™! is

g(z— Ey,; t, t)=iexpli(z — E,) (t —1)]

><{exp( i(z — ( E)T)(1 —exp(i(z — E,)T)) Vift > ¢

1—exp(i(z—E,)T))tift <t (26)

Vol. 68, n® 2-1998.



144 G. KARNER

Assume that there exists some function ¥ € ker (K* — z) such that
U ¢ linspan (S (2)). Then (®,, ; (2, T), ¥)y,. =0 forall (n,l) e N x L
and we infer from (2.6), respectively the form of ®,, ; (2, 7) that

(9(Z-FEn; 0,4), 9, , 1=/ dx 1 () Y (-, )12 (r, 0ty = O
Q
V(n, 1) e N x L.
Hence, from (2.6) and (2.7) it follows that (=i, — (z — E,,))"1 ¥, ; (s =

0)=0,ie ¥, €ran(—id,—(z—E,)), where —i d, is defined on proper
functions vanishing at ¢ = 0. That feature, together with the fact that every

§ € Hey is represented as € = 35, ) (Y1, £ ()12 () ® P, yields

¥ € ran (K — z) in contradiction to the assumption ¥ € ker (K* —z). [

Having prepared the prerequisites, we introduce a self-adjoint realization
Ky of the formal operator —i /0t + ho + W (z) - § (t — T).

Lemma 2.2. — Let W € D(Hy). Then the self-adjoint Floguet
Hamiltonian Kw on H., is thg operator closure of Ky, defined on
D(1® Hy) N D (=i 0y, w) with Ky ¥ := —i0V /0t + Hy V.

Proof. — From Lemma 2.1 we infer K;V c K*. Yet, integration by
parts assures that linspanS () is not contained in D (K73,). Therefore,
the operator Ky has deficiency indices (0, 0). Owing to W € D (Hp) the
boundary conditions are compatible. O

Q.7

According to Stone’s theorem the Floquet Hamiltonian Ky generates the
unitary one-parameter group Uy, = {exp (—i st Kw )}, and the following
statement connects the latter to iy (7, 0).

LEMMA 2.3. — Define K as in Lemma 2.2. Then the monodromy operator
Uw (T, 0) introduced in (1.2) and Uy are related according to

lexp (=i (kT) Kw)V](T) = [exp (—i T Hy)exp (—iW)]F ¥ (T)
forall V € D(Kw) and k € 1.
Proof. — On account of Lemma 2.2 the Trotter product formula applies as
exp (=17 Kyw)
= s;Lango [exp (—i 7 (1® Hp)/n) - exp (=7 05w /n)]". (2.8)

The decomposability of | ® Hy and (2.4) allow the explicit computation of
the nth-term at the RHS of (2.8). In particular, at 7 = 7 we find on D (Ky)

fexp (—iT (T8 Ho)/n) - exp (=T By /)" 4 (1)
=exp(—i7 Hp)exp (—i W) ()

Annales de I'Institut Henri Poincaré - Physique théorique



DYNAMICS OF QUANTUM TWIST MAPS 145
for all ¢ € D (Kw) and almost all (1 —n~*)7 < ¢ < 7 and therefore

nll_r)I;o [exp (—i7 (1® Ho)/n) - exp (=T 05w /n)]" ¥ (T -)
=exp(—t7 Ho)exp(—i W)y (T-)

in L?(Q)-sense. Note that the “kick condition” ¢ (04) =
exp(—tW)9 (T—) holds on the entire D (Kyw) and the pointwise
limit n — oo of (2.8) exists due to dominated convergence. Thus, the
claim follows by closure and the extension to any number of kicks is
straightforward using the group properties of Uy,. U

Remark that Lemma 2.3 demonstrates that o (Kw ) and o (& (7, 0))
are closely related. For instance, if A € o,, (K ) with eigenfunction(s)
U,, we obtain an eigenvalue equation for Uy (7, 0):

exp(—tT AU, (T-) =exp(—i7 Hy)exp(—i W)V, (T-).

We shall need a sufficiently explicit representation of (K — z)~ .
Therefore recall Krein’s resolvent formula [12] as

(Kw —2)"' = (Ko —2)7"
= S (3 NG W) @i (2, T), Y, @i (2, T) 29

(m. k) (n,1)

for all z € C\R. The numbers A*. (z, W) are uniquely determined
by the domain properties of Ky, respectively Ky, and the choice
of the orthonormal set {®,;(z, 7)} from Lemma 2.1. Note that
Dty At (2o W)@y 0 (2, T) € ker (K* — z) for each fixed pair (m, k).

To apply the Enss-Veseli¢ results to the present situation, introduce a
family of orthogonal projections on H., by

P (Hy) = {PM (Ho) = 1@ Py (Ho), Pas (Ho) := Y P, (Ho)}
neN MeN
In|<M
(2.10)
with P, (Hp) the finite-dimensional orthogonal projection onto the n-th
eigenspace of Hy. Evidently,

1Par (Ho)lls (n.,y =1 and si}i_lrpoo Pr (Ho) = 1.

LEMMA 2.4. — Define Ky as in Lemma 2.2 and Py (Hy) by (2.10). Then
P (Ho) (Kw — )~ is compact for all M € N.

Vol. 68, n°® 2-1998.



146 G. KARNER

Proof. — On account of Krein’s formula (2.9) we only
have to deal with the operators [l ® P, (Hy)] (Ko — i)' since
(X ny ML, Ml (2, WY@, (2, T), fiYn.. — Oforall (m, k) e M x K

Jj—o0

and every f; — 0. However, as
j—oo
I@P,(Ho) (Ko—4) ' =(~i0, + E, —i)"'@P,
and both factors on the RHS are compact, the claim follows

immediately. [

Lemma 2.4 allows the adaptation of the “abstract RAGE-Theorem” of
Enss and Veseli¢ [11, Theorem 3.2] to characterize elements of H,, (K )
and Heone (Kw), respectively. To this end we introduce the following
subspaces of H.,:

Define M® (P) as the set of ¥ € H,, for which

lim sup ||(1 — P (Ho))exp (=i (kT) Kw) ¥y, =0. (2.11)
M—oo peN

(For (—k) € N introduce M® (P) in the same way.) In addition, denote
by ML (P) the sets with

nF1l
ML (P)={¥ eH,, : lim o7t Z |Par (Ho))
X exp (—’l (k T) KV[/) \IJ”H” =0 VM¢e N} (212)

Combining several of the Enss-Veseli¢ [11] and above findings we formulate
the main result concerning the spectral decompositions of Ky and
Uw (T, 0).

THEOREM 2.5. — Define Uy (7, 0) by (1.2), Kw as in Lemma 2.2, P (Hy),
M (P) and MY (P) by (2.10)-(2.12), respectively. Then

(i) M®(P)= M, (P)="H,, (Kw)
(i) ML (P)= M (P) = Heom (Kw)
(ii) o (Uw (7, 0)) = ocont (Uw (T, 0)) U gy, (U (7', 0)).

Proof. — Claims (i) and (ii) follow from [11, Theorem 2.3 and
Theorem 3.2] applied to K. Empty residual spectrum of Uy, (7, 0) is
implied by unitary. (Here A € gcont (Y (7, 0)) if A is not an eigenvalue
and ran (A — Uy (7, 0)) is dense in H.) O
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3. AN ABSTRACT RAGE-THEOREM FOR Uy, (7, 0)

Based on the results for Ky and Uy (7, 0) in Theorem 2.5, we now
characterize point and continuous spectral subspaces of L? () with respect
to Uy (7, 0). To this end, define H,, (U (7, 0)) as the closed linear
span of the eigenvectors of Uy (7, 0) and Heons (Ui (7, 0)) as its
orthogonal complement with respect to H. Accordingly, B,, (Uw (7, 0))
and Peon: (HUw (7, 0)) denote the corresponding orthogonal projections.

THeorREM 3.1. — Let ¥ € Heon (Kw) N D(KW) and define
Par (Ho) by (2.10). Then W (T) € Heone (Mw (7, 0)) N D (Hy) and
lun n=t S r o 1P (Ho) U (T, 0 W (T) W3 =0 forall M € N.

Proof. — Lemma 2.3 guarantees that & € linspan {¥, = eigenfunction
to Kw} = @(7) € linspan {¢, = eigenfunction to Ly (7, 0)}.
Norm-closure in the sense of (2.1) and the expansion theorem provide
® € D(Kw) NHpp (Kw) = ®(T) € D(Hp) N Hyp (Uw (T, 0)). Now
the first claim is deduced from the definition of the scalar product in (2.1)
and the t-continuity of ® and .

A computation similar to Lemma 2.3 provides the existence of unitary
operators W (t, t — k7) on H such that

lexp (=i (kT) Kw) W] (£) = W (¢, t — kT) ¥ (¢)

almost everywhere on 7, and for all k € Z. In particular, W (¢, t—7) = s-
limp, oo {exp (=47 Ho j/n) - exp(—i W) -exp(—i7 Hy(n — j/n)} for
t/T € ((j —1)/n, j/n) with 1 < j < n. In addition, we remark that
W (t,t—kT) =W (t,t—T)]*, i.e. the unitary family {W (t,t—kT),t €
(0, 7)} is strongly differentiable and for all ¥ € D (Ky ), k € Z, it follows
that ||[Pas (Ho) exp (—i (kT) Kw) U] ( - )||5 is differentiable on (0, 7).

From the assumption on ¥, (3.1) and Theorem 2.5, we infer for all
intervals Z C [0, 7]

n—1

lim /I dtn1 Z IPar (Ho) W (¢, t —kT) ¥ (8)||2, =0

n—o0
k=0

which, together with the continuity of the norms, implies a.e. on 7, that

n—1

L ™t N P (Ho)W (£ t—kT) W (D)3 =: (M, ) = 0. 3.1)
k=0

Remark that d (|W (-, - — kT)W (- )|})/dt = d|[¥( -)|3,/dt < B

everywhere and if a(M £) > 0 for some (M, t), then o (M, ) > 0
for all M > M is implied. However, the latter and (3.1) would yield

Vol. 68, n® 2-1998.



148 G. KARNER

da (M, t)/dt|,_; = oo for all M > M in contradiction to the boundedness
of da (M = oo, -)/dt. Therefore, (3.1) must be valid fo all ¢ € [0, 7],
which proves the second claim of the theorem. [

COROLLARY 3.2. — Let 4 € D (Hy). Then 1 € Hooni (Shw (T, 0)) implies
that lim,, oo 71 1220 |Par (Ho) U (T, 0)F |3, = 0 for all M € N.

Proof. — Assume nj“l Z:J:BI IPar (Ho) Usy (7, 0) 9|2, > C > 0
for some subsequence {n;, j € N} with n; — oo, some M € N
and note that every ¢ € D (Ho) can be identified with ¥ (7), ¥ €
D (Kw), since there exists some ¢ € D(Kw), ¢(7T) = 1 such that
U := 9¢ € D(Kw) and ¥ (7) = 1. Hence, from Theorem 3.1 we
conclude that B, (4w (7, 0)) ¢ # 0 in contradiction to the assumption
of 1/) € H(‘.ont (LLVV (T7 0)) u

Theorem 3.1 allows the determination of sufficient conditions for the
absence of o,. (4w (7, 0)), respectively ocont (Uw (7, 0)). To this end,
rewrite powers of Uy (7, 0) as

k
Sy (T, 0)F = exp[—i T Ho [
j=1

x exp (i [exp (i (k — ) T Ho) Wexp (=i (k= ) T Ho)l}.  (32)

That relation follows from insertion of exp [—ij7 Hoplexp[ij 7T Ho] =1
into Uy (T, 0)* and regrouping. Abbreviate the unperturbed evolution (i.e.
generated by Hy) of the kick-potential W over (k — j)-periods by Wi._;.
Then there are the following characterizations of o (Uw (7', 0)):

THEOREM 3.3. — Define Uy (T, 0) by (1.1) and (1.2). Then

W If T, = 'w—llim 7:1 exp (—i W,—;) is unitary for some
(unbounded) subsequence {k; € N}ien, then Uw (T, 0) is pure
singular.

(i) If T = w- lim T15_, exp (=i Wi_;) is unitary, then Uw (T, 0)

is pure point.

Proof. — (i) Assume that o, (Uw (7, 0)) # 0. The spectral theorem
for unitaries, the Randon-Nikodym theorem and the Riemann-Lebesgue
lemma imply that Uy (7, 0)* kf’oo 0 on Hae (Uw (7, 0)). Note
that exp[—iki 7T Ep,] e exp(—i&y) for all E, € o(Hg). Hence
s-limy_,c exp [—i k; T Hy) exists and together with the assumption on
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DYNAMICS OF QUANTUM TWIST MAPS 149

Ty, we deduce Uy (7, 0)* l—s—> (s-lim;_,oo exp [—ik; T Ho]) T}, in cont-

radiction to Uy (7, 0)k 1 _—1:300 0 on H, (4w (7, 0)), since the assumption
of weak convergence implies 77, = s;clingo fl=1 exp (—iWy,—;) as well.
(ii) As in (i) we infer T = slim TT5_, exp(—iWi_;). Set A :=
I1;_, exp(=iWi_;) — T and with (3.2)
S‘;P (1= Par (Ho)) Uw (T, 0)* 4|l
< Sup (0= Par (Ho)) Akl + (I(0 = Pas (Ho)) T ohlln

as well as ||(1 — Pas(Ho))Axtllz < ||Art||% 7 0 uniformly in M € N
follow. Hence,

(3.3)

lim sup|[(1 = Pas (Ho)) Ax ¥||n
M—oo

= sup Jim (0= Pas (Ho)) Ak ll2 = 0. (3.4)
As
n—1 )
n! Z P (Ho) $w (T, 0)* 4|13,
k=0
n—1
= [l5 —n" YN = Pas (Ho)) Yw (T, 0) 9|13,
k=0 > (3.5
n—1
and n7! Z (V= Pas (Ho)) thw (T, 0)* 9|3,
k=0
< SI;P (1 = Pas (Ho)) Uhw (T, 0)F 4|13,

relations (3.3) to (3.5) imply

n—1

n” Y NPy (Ho) thw (T, 0 9)f2, >C >0
k=0
for all M > M and all ¥ € H. In particular, for all ¢ € D(H,)
Corollary 3.2 implies that *B,, (U, (T, 0)) ¢ # 0. Thus ¢ € D (Hy) N
Heont (Uw (T, 0)) is impossible. [

4. THE DYNAMICS OF QUANTUM TWIST MAPS

To derive detailed information about the twist maps (1.3), we
assume the following convenient properties: (A1) D (f (Ho)) D D (Hy),

Vol. 68, n° 2-1998.
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(A2) o (f(Hy)) is discrete and unbounded and (A 3) exp (—i W) D (Hp) C
D (Hyp). In addition, we also assume that g (W) is bounded and everywhere
defined on H. Then the map (1.3) can be iterated without domain problems
and the following expressions are well-defined on D (Hy):

n+1 W

[f (Ho)lnt1 = f (Ho)+ >
j=1

X [Uw (T, 0)*) [f (Ho), Yw (T, 0)] Uw (T, 0)'*
n+1

l[g(W)]ns1 =g (W) + Z

=1

X [Uw (T, 0)F [g (W), Uy (T, 0)] Uy (T, 0)7~ |

.1)

with [f (Ho), thw (T, 0)] := f (Ho) Uw (T, 0) — U (7, 0) f (Ho).

In contrast to “classical” iterative maps, the question concerning the
choice of the proper topology arises for the operator map. In order to relate
quantum and classical maps, expectation values of quantum observables are
desirable. However, based on the findings in Chapters 4 and 5, we propose
the use of the strong topology in the study of (4.1).

DEFINITION 4.1. — An orbit O (to) of the quantum twist map (4.1) is
defined as the set {[f (Ho)]n %o, 9(W)ln %o with ¢o € D (Hp), n € N}
and is called

(i) stable if {||[f (Ho)]n Yoll# nen is bounded,

(ii) strongly stable if O (1)) is stable and

S;L}IE'IIOO {[f (HO)]nj 7/)07 [g (W)]"J 1/)0}

exists for a subsequence {n; (1) € N};en,
(iil) unstable if O (o) fails to fullfill (i).
If every orbit O (1) is (strongly) stable then the quantum twist map (4.1)
is called (strongly) stable.

Before relating the different orbits of (4.1) to the various spectral types
of Uy (7, 0), we recall an important implication of the RAGE-theorem.
(See also [13], [4].)

LEmMA 4.2. — Let f (Hy) such that (A1), (A 2) hold and assume )y €
D (H()) If ‘Bcont (5.1W (T, 0)) ’(/)0 75 0 and uw (T, O)k ’(/)0 eD (f (H0)2)
for all k € N, then there exists a subsequence {k; (1o) € N} such that

Tim (St (T, 0)"% o, £ (Ho)? thw (T, 0)* o) = oo
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Proof. [13]. — Let %, = Beont (Uyy (T, 0)) o # 0 and ¢, =
By (Uyy (7, 0)) 4hp. Corollary 3.2 implies that

n—1
lim n! Z”PM (Ho) Uw (T, 0) 4|3, =0  forall M eN.
k=0

Define (), = n~! ZZ “o . Then (||Py (Ho) thy (7, 0)F ¢0||H>
((IPar (Ho) Yw (T, 0)F thelle + |IPar (Ho) L (T, 0)* tppll2)?)n yields

limsup ([|Pas (Ho) 4w (7, 0)* oll3)n < 19pll7

n—0o0

and

loll2, = (14w (T, 0)* 4holl3)n = ([IPar (Ho) Uw (T, 0)* ol )n
+ (l(V = Pag (Ho)) Yw (T, 0)* holl3)n

provides
lim inf (||(1 ~ Pag (Ho)) thw (T, 0)* Gol3hn > [l

Hence,
lim inf ((Uw (7, O)k Yo, f (Ho)2 Uw (T, O)k Yo)H)n

> inf f E ) ”’L/)CHH

In|>M

As M is arbitrary, the claim immediately follows with

inf f(E,)* Pt O

In|>M M—o0

In view of Definition 4.1 several conclusions can be drawn from the
results of Chapter 3 and Lemma 4.2. Sufficient conditions for global
stability are discussed in the following

THEOREM 4.3. — (i) Let f(Hq) such that (Al) and (A2) hold, let
o € D(Ho), Uw (T, 0)* 4po € D (f(Ho)?) for all k € N and D (f(Ho)?)
be H-dense. Then, if the quantum twist map (4.1) is stable for all
o € D (Hyp), Uw (T, 0) is pure point.

(i) Let W = w- A}im Hf\le exp(—iWy_m) be unitary and
W D (Hy) C D(Hy). Then the quantum twist map (4.1) is strongly stable.

Proof. (i) The stability assumption implies C (v0) > ||[f (Ho)]x %oll3, =
(U (T, 0)*apo, f(Ho)?Uw (T, 0)F4hg)y. Now the claim is deduced
from Lemma 4.2.
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(i1) Note that

M
W =s- A}Enm o XD (=1 War—m)
implies s- Mlim (H%=1 exp (=i Was—m))* = W*. (All operators involved
are unitary.) As

[f (Ho)lm = (ﬁ eXP(—iWM—m>>*f(H0) (ﬁ eXP(—iWM—m>),

m=1 m=1

the strong convergence of [f(H)],vo immediately follows. The
discreteness of Hy yields exp (+ij; 7 Hy) li» T for some subsequence

{J1 € N}, see Theorem 3.3. Hence, [g (W)],, Z/?go is strongly convergent. [

Remark. — (i) The converse of Theorem 4.3 (i) might not be true,
since expectations of f (Hp)? might grow unbounded even for pure point
Uw (T, 0), cf. [9] as well.

(ii) The first assumption in Theorem 4.3 (ii) already means pure point
Uw (7, 0) according to Theorem 3.3. Thus, oeon; (U (7, 0))) = @ is not
necessarily equivalent to strong stability of (4.1).

What about unstable dynamics? The next result shows that there might
be a countable set £ (H,) of perturbation periods 7 such that every
orbit O (v)g) is unstable and Uy (7, 0) is pure absolutely continuous
(“resonances”).

THEOREM 4.4. — Assume that o (Hy) and T are such that TE, =

27 pn/q for all En, (pn, q) € Z* and ([f (Ho)ly — f(Ho)) %o # 0
for all vy € D(Hy). Then all orbits O (1pg) of (4.1) are unstable

and o (Uw (7, 0)) = oac (Uw (T, 0)) iff [17._; exp (=i Wy_,,) is pure

absolutely continuous.
Proof. — A short computation demonstrates that

[f (HOlkq = f (Ho)+k Y [thw (T,0)F [f (Ho), thw (T, 0)] thw (7,0~

J=1

lg (W)lkg = ((H exp(—z‘Wq_m)*)kg(W) (JI exp(—z’wq_m)k

m=1

Hence, for ([f (Ho)]q — f(Ho)) %o # 0, the divergence of the map is
obvious.
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As TE, = 27p,/q, (3.2) yields

q k
Uw (T, 0)F = (H exp (—1 Wq_m>) forall keZ.

m=1
Hence, for all ¢ € H it follows that
27
(6, St (T, 0/ 9 = [ exp (AR (9. G (X))
0

where G ()) denotes the spectral family of ([}, _; exp (=i Wy_,n). Now
the second claim follows from o (U (7, 0)7) = 04 (Uw (7, 0)9) &
O'(ﬂw' (T, 0)) = Ogc (ﬂw (T, 0)) O

To compare classical and quantum dynamics, however, global results
as above are not always satisfactory. As classical mechanics is essentially
local, knowledge about the fate of individual trajectories in the sense of
Definition 4.1 is desirable. For instance, strong of stability O (1o) for some
initial condition 1)y represents a quantum analogue to the existence of an
invariant KAM-curve. Yet, using conventional methods, it seems to be hard
to investigate single orbits without fulfilling global requirements of the type
used in Theorems 4.3 to 4.5.

For the time being, we have to resort to explicit, sufficiently “simple”
examples like the foy model in the next section, the simplified quantum Fermi
accelerator [15], [16] or the related quantum Pustylnikov model [17].

5. THE TOY MODEL - AN EXAMPLE

This section contains applications of the above results to the family of
formal Hamiltonians

HH)=L-V(0)-Y 6(t—jT) 5.1)
Jj€Z
defined on L? (S, dfl), where the self-adjoint L := —id/d# acts on suitable
2 w-periodic functions and V' is a sufficiently smooth multiplication. (The
notion “toy model” was coined by J. S. Howland and refers to the significant
difference between (5.1) and the “real” kicked rotor, which contains L2
rather than L, cf. [7].) In [2] rigorous results for a certain class of potentials
were derived. In the sequel we basically recover some of these findings for
a wide range of kick-potentials V. As a consequenc of Sections 2-4 the
proofs of these statements are. simplified.
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The family (5.1) generates the one-period propagator ily (7, 0) =
exp (=47 L)exp (i V) and the corresponding twist map reads

L1 = Lo+ Y [y (T, 0)"1 Vo thy (T, 0)

=0

=1L0+ZV9,j
=

=0
Vo,nt1 =Voo(- +(n+1)7T)

(with Lo := L, V4 ¢ := dV/df) on account of the unitary translation group

{exp (=i (kT) L), k € Z}. It is obvious that the dynamics of the toy model

is determined by the number theoretical properties of the kick period 7.

5.2)

(A) Resonances

As o (L) = Z, any T = 27np/q with (p, q) € N? falls into the
class discussed in Theorem 4.4. Furthermore, W,,, = —V (. + 27w mp/q)
and the assumption on [[? _, exp(—iW,_,,) is obviously true for any
V e C'(S'), piecewise strictly monotone. Therefore, toy models of this
kind are characterized by instability. (Cf. [2, Sect. 1.3, Theorem 2] as well.)

(B) Irrational stability

The (in-)stability of the irrational toy model depends on the (un-)
boundedness of the sequence

{Z (dV/d8) (0 + 2k v), 6 € 51} .
KeN

k=0
That feature, in turn, is determined by the number theoretical properties
of v € R\Q, which are manifested in the specific way the unit interval is
filled by the fractional parts {k v}, for k € N. (Here {kv}; := kv —[kv];
with the integer part [kv]; € N.)

A detailed analysis, which is the content of [18], provides the tools
needed (see below) to prove the stability of the toy map (5.2) for all kick-
potentials V' € C*(S!) in case of v being an irrational of constant type.
Numbers of that kind are characterized by the boundedness of the partial
quotients in their continued fraction representation, [19] for example. In
[20] it is shown that if v is an irrational of constant type, a diophantine
condition |v — p/q| > k/q¢*>*?, with k > 0, 0 > 0, for all p, ¢ € Z, is
fulfilled. In addition, we remark that the set of irrationals of constant type
has Lebesgue measure zero, [19] for example.

The basic number theoretical property employed in the study of the toy
model below is expressed in the following
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ProposITION 5.1 [18). — Define ki := inf ol = inf (fmrv} —

{mi_1v}1) for the ordered fracnonal parts {mk vh and in the same
way introduce &, = max 7K. Then the sequence {mk, /mi.}Yxen is

bounded if and only if the irrational number v is of constant type.

(The proof of this statement is contained in [18].) Finally, the main result
of this section.

THEOREM 5.1. — Let T = 27w, v irrational of constant type, define
Uy (T, 0) by (5.1) with V e C° (SY), the toy map by (5.2) and
{xK /7K. Yken as in Proposition 5.1. Then Uy (T, 0) is pure point
and the quantum twist map (5.2) is strongly stable.

Proof. — Fix # € S*, replace without restriction Vp ¢ (¢ + 27m v)
by V(mv), V € C*([0, 1]), and remark that Jo d,cV(m) 0 holds.
We can rearrange Z:f:l V (mv) such that Zk=1 (my v), respectively
(=M |V (myv)]|), are ordered by {my v} > {my_1v} and series
over positive and negative summands alternate. (Here {a} is the fractional
part of & € R w.r. to [0, 1].) For simplicity, only the case with two series
is considered in the sequel.

Assume that V () > 0 for all z € [0, a] and V (z) < 0 for all z € [a, 1].
Then, for all M € N,

M K
Z V(mv) = Z V(mgv) —

m=1 k=1 1=

V(myv)|

M-

with my v € [0, a] and m; v € [a, 1]. Hence, using _}'01 dzV (z) =0,

M K a L
Z Z V(mpv) — (x})7? / dzV (z) — Z [V (myv)|
m=1 k=1 0 =1

() / dalV ()],

It suffices to discuss only the contribution from the interval [0, a), where
we have

K
S Vimen) — (wh) [ deY (@) < (alh/mih) (i)
k=1 0

x (?:1 V (my ) wK — /0 di(x)). (5.3)
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The Cauchy polygon method [21] sets the convergence rate of the
Riemann sum to the integral over a C!([a, b])-function as of order
of |n| := max (xp — @k—1) for any partition of [a, b]. Together with
Proposition 5.1 that proves the boundedness of the RHS of (5.3) for
M — oo.

The above arguments are independent of § € S'. Thus, we infer that the
sequence of multiplications {Ef\,le Vo,0 (- +m T)}aren is norm-bounded,
implying the stability of the quantum twist map (5.2). Now Theorem 4.3 (i)
yields o (v (7, 0)) = o, (L (7, 0)) as (Uy (T, 0)* 4o € D(L?) for
all k € Z and all ¢y € D (L?). The latter follows from application of the
above procedure to d* V/df?, which is justified on account of V € C3 (S?).
Finally, strong stability of (5.2) stems from Z?n[’:l Voo +mT) >

J—oo
V € 'H for some subsequence {M; € N} due to its #-uniform convergence
indicated by (5.3). O

What about 7 /2 7 diophantine, but not of the above type or a Liouville
number [22], i.e. an irrational extremly well approximated by rationals?

In the former case J. S. Howland recently remarked [23] that for analytic
kick-potentials the kick sequence {fozl Vo0 (- —mT)}aen is indeed
bounded, i.e. iy (7, 0) is pure point as seen from the arguments found
at the end of the Proof of Theorem 5.2. For Liouville numbers there is no
uniform behaviour and the (in-) stability depends on the individual character
of 7 /2. Using Baire category arguments similar to [5, 24], however, the
existence of a singular continuous Uy (7', 0) for (i) a certain R-dense Gs-set
of normalized kick periods and (ii) a particular class of kick potentials can

be shown [2, 5]. We conjecture that in these cases the toy map is unstable.

Finally, remark that via the identification (—i d/df, V (8)) — (£, V (9)),
where £ is the classical angular momentum and V is the classical
kick-potential, the classical toy map essentially looks like (5.2) and the
(in-)stability of its orbits is determined by the same criteria as in the
quantum case. Therefore, the (un-)boundedness of the sequence of kicks
{ZM Vo, 0 (- —mT)} for different periods governs the dynamics of the

m=1

classical model as well.

That feature exactly reflects the physical mechanism of energy exchange
between the rotor and the external kicks. If the kick frequency is “close”
to characteristic rotation numbers of the system, an unlimited amount of
energy might be transferred. On the other hand, boundedness of the force
S Veo(- —mT) indicates that the rotor can absorb only a limited
amount of external energy.
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