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ABSTRACT. — It is shown that the Cauchy problem for the nonlinear
Schrodinger equation iu; — Au = clu|?u has a local solution in the
class C°([0,T), H**(R™)) if the initial value belongs to H*?(R™), where
l<s<n/2,and 0 <o < 2 ifl1<s<2 s-2<0< = if

n—2s n—2s
2<s<4, and s—-3 <0< n_42s if s > 4. If moreover o > % and

||| =2 (rry is sufficiently small this solution is global.

RESUME. — 11 est démontré que le probleme de Cauchy pour I’équation
de Schrodinger non linéaire iu; — Au = c|u|”u posséde une solution
locale dans 1’espace C°([0, 7], H>?(R™)) si la valeur initiale appartient a
H*2(R") sous condition que 1 < s <n/2et0<o < ——sil<s<2,

s—2<o0<—2-si2<s<4ets—3<o< =5 sis>4 Sienplus

n—2s

o > 2 etsi||¢||ge2mn) est suffisamment petite la solution est globale.

1. INTRODUCTION

Consider the Cauchy problem for semilinear Schrédinger equations in
R™:
tuy + Au = f(u), A=-A (1)

u(0,z) = ¢(x) (2)
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260 H. PECHER

where
f(u) = clu|u, ceC (3)

¢ € H**(R") (4)

The corresponding integral equation reads as follows

u(t) = €4 + (Gf (w)(1) (5)
where .
(GFW) () = —i / =04 f(u(r)) dr (6)

Large data global results can be found in J. Ginibre-G. Velo [4]. As a
general reference see also the monograph by W. Strauss [12].

We are interested in solutions to (5) in the class C°(I, H*2(R™)) where
either I = [0, 7] (local problem) or I = [0,+00) and ||@||zs.2(r~y small
(small data global problem). It is well known that in the case s > n/2 and
smooth f such solutions exist locally regardless of the value of o. In this
paper we concentrate on the range 0 < s < n/2.

This case was already treated in detail by Th. Cazenave and F.B. Weissler
in [2] which is the first main reference here.

Concerning the local problem two restrictions on the power o were
made by them

e an upper bound o < Zf—n which is a consequence of embedding

conditions for Sobolev spaces and

e a lower bound which ensures enough smoothness of the nonlinearity f
at the origin. The precise assumption they had to impose is as follows: if
s ¢ N then 0 > [s], whereas if s € N then o > s — 1.

e In the special case s = 2 only ¢ > 0 was assumed.

o These lower bounds are unnecessary if o is an even integer so that f
is smooth.

Concerning the global small data problem they assumed in addition
4

n—2s"

L o a—
The second main reference is the paper [3] by J. Ginibre, T. Ozawa
and G. Velo who mainly consider the asymptotic behaviour of solutions of
nonlinear Schrodinger equations but also give the following improvement

concerning the problem of local H*-solutions:
o If s < 2 the range s — 1 < ¢ < —%— is allowed.

n—2s

Concerning the global small data problem assume in addition o > %
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SOLUTIONS OF SEMILINEAR SCHRODINGER EQUATIONS IN H* 261

However it is clear that these bounds in the range s > 1 conflict with
each other in many cases, namely excluding high dimensions for a given s.

The aim of the present paper now is to improve the lower bounds on o.

The main results in section 3 show the local solvability in the space
C°([0,T], H**(R™)) under the following assumptions (because the range
0 < s <1 is completely solved by [2], [3] we consider only s such that
1 <s<nf2)

e If 1 < s < 2 we need no lower bound on o, ie. 0 < o0 < —2

n—2s"
elf2<s<4weneeds—2< o< 25 andifs > 4:5-3< 0 <

Moreover we have in all these cases the global solvability if in addition
||l zr2(rny is sufficiently small and o > 2.

4
n—2s"

Thus the lower bound is less restrictive. Especially we are able to
cover arbitrary dimensions n if s < 2. The limit case ¢ = n_42$ is not

considered here (in contrast to [2], [3]) and would require probably special
considerations.

The special (global large data) result for s = 2 which goes back to
Kato [5] is the starting point for my paper now. However, we do not use
any conservation law at all. Because our method will be to use Banach’s
fixed point theorem for (5) directly our aim is to minimize the number of
derivatives lying on f(u) in order to weaken the lower bound on o . For
this we use in principle the fact that the differential equation (1) allows to
replace spatial derivatives by half the number of derivatives with respect
to t and a certain nonlinear term. This idea is used for the inhomogeneous
linear Schroédinger equation first (in section 2) by performing certain partial
integrations in the inhomogeneous term. Because these calculations have to
be carried out also for fractional values of s we are forced to use certain
interpolation spaces with respect to z and ¢ as well. For technical reasons
we have to use a real interpolation method especially because a result
on interpolation of intersection of spaces (¢f. Lemma 2.2 below) could
only be proven by this method. This means that we have to use Besov
spaces—which are the real interpolation spaces of pairs of Sobolev spaces—
instead of Sobolev spaces of fractional order in many places making things
technically more complicated. On the other hand just these Besov spaces
are more convenient to study the mapping properties of the nonlinear term.
However I remark that due to well-known embeddings between Besov and
Sobolev spaces in the final statement of the theorems it is possible to avoid
these Besov spaces completely.

The basic fact which is used all the time as also in [2] are the by
now standard estimates of type L(0,7; L"(R")) for the inhomogeneous
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262 H. PECHER

linear Schrodinger equation (see also [14]). Technically we first apply the
contraction mapping principle in spaces of fractional time and space
derivatives (at least in the most critical range 1 < s < 2) such as
By*7(0,T; LP(R™)) N LY(0,T; B3*(R™)) (see (31) in Theorem 3.1)
endowed with a non-natural metric d avoiding the use of too many
derivatives again. A posteriori we then show that the solution belongs
to C°([0,T], H**(R™)) (Theorem 3.2).

Corresponding results for semilinear wave equations which of course
do not allow to replace space derivatives by a smaller number of time
derivatives (as here) were given e.g. in [7] and [9].

The interpolation technique used in this paper could possibly be applied
to other types of equations as well where spatial and time derivatives of
different order appear.

The author was informed by the referee of a preprint by T. Kato [6]
where related problems are discussed. Kato considers in [6] the Cauchy
problem (1), (2), (4) but f(u) not necessarily being homogeneous. New
uniqueness results in various solution spaces of the type L”(0,7; H**(R"))
are given, especially it follows from his results ([6], Corollary 2.3) that in
all my cases (1 < s < n/2) the solution is unique in C°([0, T}, H>*(R")).
Moreover the local existence results of Cazenave-Weissler [2] are
generalized to different spaces and more general nonlinearities. If however
power nonlinearities like (3) are considered Kato also has to impose upper
and lower bounds very similar to the conditions in [2] mentioned above to
ensure the existence of a solution in C°([0, T], H**(R")) which excludes
e.g. for s slightly bigger than 1 any dimension n > 7 unless o is an even
integer (in contrast to my assumptions). Global existence in this space
for small data is also proven in [6] provided the same upper and lower
bounds for ¢ as for the local results hold (and not only in the critical case
o= fﬂ as in [2]) and provided o > 4/n. This last condition coincides
with my assumption, but again the other lower bound on o causes the
same problem (especially for n > 7) mentioned in the local case already.
Because I only need weaker lower bounds many more cases are included.

In this paper H*? denotes the Sobolev spaces and Bf* the Besov
spaces (of fractional order k, too). As reference we use the monographs of
H. Triebel [13] and J. Bergh-J. Lofstrom [1], where also different equivalent
norms especially in the Besov spaces are introduced which are used as well
as embedding theorems between Besov and Sobolev spaces.

I thank my colleague Michael Reeken for valuable discussions.
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SOLUTIONS OF SEMILINEAR SCHRODINGER EQUATIONS IN H* 263
2. LINEAR ESTIMATES

In this section we consider the inhomogeneous linear Schrodinger
equation

iug + Au = g, u(z,0) = ¢(z) where A= -A (7)
The solution is given by
u(t) = e + (Gg)(t) (8)
where .
(Ga)(t) = =i [ e Ag(r)dr 9
The results in the following proposition are well-known.

DerINITION 2.1 (cf. [2]). — A pair (v, p) is called admissible if 2 < p <
2n ——
PROPOSITION 2.1. — Let (7, p) be admissible. If n > 3, s > 0 the following
estimates hold:

”eitA¢||L“r(R,B§‘P(R")) S C Hs2(R") (10)

< cf|¢|

L7 (R,B;”(R™))

“*‘ (e"9) H+22(R") (11)

Here L* can be replaced by C° and By’ by H**.
Proof. — [2], Thm. 2.1 and 2.2.

PROPOSITION 2.2. — If s > 0, the following estimates hold for admissible
pairs (v, p), (q,7), I :==[0,T] and c independent of T':
”GQHLW(I,B;”(R")) < C”g”Lq'([’B;*T’(Rn)) (12)

i (&
T PR

”Gg”Lv(] B§+2-P(Rrb))

(dg

dt
Vol. 67, n° 3-1997.

+”9(0)”H5'2(R")> (13)

La' (1,BS" (R™))

, - +1g(0)l
Lo (1,By™ (R™))

Hxvz(R")+|lg”L"'(I,B§‘p(R"))> (14)
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2

d
G
g a2

dt 2259

“Gg“Lv(I’B;HvP(Rn)) + H

L7(1,B3T>7 (Rn)) } Lv(I,By* (R™))

d%g dg
Ll |l + |lg]| s+2.0 mnyy T “
( dt? qu(I,B;r((R") Lv(I,B; (R™)) dt L'Y(I,B;p(R"))
dg
IO ety + || 2 (0) ) (15)
He2(Rn)

Here again L> can be replaced by C° and the Besov spaces by the
corresponding Sobolev spaces.

Proof. — (12) [2], Thm. 2.2 (ii).
(13) By partial integration we get

ditGg(t) = i/ot diT [ei(t_T)Ag(T)] dr — i/ot ei(t_T)A%(T) dr —ig(t)
= —ieitAg(0) + ( ji) (1) (16)

so that (12) and (10) give the desired estimate.
(14) Again integrating by parts gives

Ydr, dg
1) = /’L(t‘T)A _ 1(t T)A
AGy(t) /0 e g(T)] dr /0 Drydr

= g(t) — e*g(0) —ZG (t) (17)
Then we use (12) for g replaced by ‘;g, (10) and the fact that
A B§+2”’(R") B3”(R™) is an isomorphism ([2], Lemma 2.6).
(15) We use (17) twice, first multiplied by A and secondly for % 5
2 itA dg
ATGy(t) = Ag(t) — Ae™g(0) —iAG— (1)
dg dg d%g
— _ itA bl itA > 8
Ag(t) = A 4g(0) =i (1) + 4 L 0) - L (1) (18)

An application of (10) and (12) for 44 7> gives the estimate for Gg.
By differentiation one has

dtGg( ) = —ig(t) +iAGg(t) (19)

Using the estimate just proven we have the bound for %Gg.
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SOLUTIONS OF SEMILINEAR SCHRODINGER EQUATIONS IN H*® 265

Differentiation of (19) gives

d? .dg o d
ﬁGg(t) = —za(t) + ZAEGg(t)

Again using the estimate of %Gg just proven the bound for di:gGg follows
which completes the proof.

PROPOSITION 2.3. — Let s > 0, (v, p) be an admissible pair, I := [0,T].
Then

||GgHL“r(I,B§+2"’(R")) + ”Gg”Hl-“f(I,B;"’(R"))
< c(“g”le‘// (1135-9’(Rn)) + “gllL‘*(I,B;“’(R"))) (21)

1Ggllcor,mo+22@nyy + 1Gyller @, m02 @)
< cllgll gz 2o’ gy T lgllcocr,mr=2mn))) (22)

Here c is independent of T, and the Besov spaces can be replaced by the
corresponding Sobolev spaces.

Proof. — (22) If (v, p) = (00,2) it is clear that (13) and (14) directly
give the result.

1) If (v,p) # (00,2) then (13) and (14) show the claimed estimate
if we show

ol 2y < (190001 o oy + 1911532 wen)  (23)

This is a consequence of the trace theorem. More precisely we use [13],
Thm. 1.8.2 with A4q = By*(R"™), Ay = By” (R").
With the notation

Ty :={a€ Ag+ Ay : g€ L"(RT, Ao)
with ¢ € LY (R*, A1) and g(0) = a} (24)

lallzy i= inf (gl +g o men) (25

it holds 7¢ = (Ao, 41)e,p, Where
and

Vol. 67, n® 3-1997.



266 H. PECHER
Thus
13 = (By*(R™), B;” (R"))

A=

,=BI’(RY) =HR")  (27)

™

by [1], Thm. 6.4.5. This gives (23) with I replaced by R*. But then it also
holds for I, because the restriction operator from H (R*, By* (R™))

onto H'(I, B* (R™)) is a retraction with a corresponding coretraction
(extension). We refer to [13] here.

In the same way one can show
PropOSITION 2.4. — The estimate (15) is true without the term
d . .
|52 (0)|| g2y in the special case (v, p) = (q,7).
Next we want to give some interpolation results.

LEmMMA 2.1, —Let 1 £ v < 00,1 <p<0o0,0<0O<1,1<q< 0.
Then

(L'(R, L*(R™)), H" (R, L*(R")))e,, = By (R, L/(R™))  (28)
The same identity holds for R replaced by 1.

Proof. — It is well known that A = % is the infinitesimal generator

of the translation group G(t)u(r) = u(r +t) in L?(R,LP(R™)) with
D(A) = HY(R,LP(R™)). From [1], Thm. 6.7.3 and p. 160 we get
(L"(R,L*(R™)),D(A))e,, = B (R,L°(R™)) which is our claim.
That the identity also holds for I is a consequence of the fact that
the restriction operator from BY7(R,L?(R™)) onto B (I,L/(R™))
and from H*7(R,LP(R"™)) onto H*7(I,L?(R™)) is a retraction with
a corresponding coretraction (extension), cf. [13], Thm. 4.3.2.
As a direct consequence we get

PROPOSITION 2.5. — Let (7, p) be an admissible pair, 0 < s < 2. We have

”eim‘b“B;/?W(R,Lp(Rn)) < C||¢“H5’2(R“) (29)
Proof. — Use Lemma 2.1 and (11) and (11) with s = 0.
The next result concerns intersection of spaces.
LEMMA 2.2. — Let 0 < O < 1,1 <w < 00,1 <v,p,q,7 < o0 or
(¢,7) = (00,2). Then
(L (R, L¥(R™), H" (R, L (R")) N LR, L' (R™)))o
= (LR, L (R"), H"" (R, I (R")))ou
n (LR, LY (R™), LR, L"(R"))e,u
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SOLUTIONS OF SEMILINEAR SCHRODINGER EQUATIONS IN H*® 267

Proof. — We apply [10], Satz 1.1 and Korollar 1.1. With his notation
we define 4, := LY (R,L°(R")), A} := HY' (R,L*(R")), A} =
LY(R,L"(R™)), Ay = A N Af.

Vi(t)a := F~*(m(t,7)a(r))
Vi(t)a := FH(t(r? + DY2m(t, m)a(r))

— 1
where m(t,T) = m
Here "~ and F~! denote the Fourier transform with respect to time and
its inverse, 0 < ¢ < oo. Following [10] we have to show

IV (®allay + HIVI(D)llay < cK(t,a, Ao, A1), a€ Ao+ A7 (30)

and
IVi(t)allay < cllallay,  a €AY (31)

Here K denotes the K -functional in real interpblation theory ([1],
Chapter 3.1). In order to prove (30), let a = @o(t) + @1(¢t) be an arbitrary
decomposition with ag(t) € Ap,a,(t) € A}. We have by Lemma 2.3 below

Vo (t)all
< llao()lla + 1~ (m(t, 7)ao(t, 7))l 4,
+HHFTHm(t T)an ()l
< cllao(®)llao + tllar ()].a;)

thus
IVo(#)alla, < cK(t,a,Ag, A}) (32)

Moreover by Lemma 2.3 again
HIVI ()4
< e(lF~H(H(r? + )M 2mit, )do(t 7)) g
+HF (m(t, m)aa(t, 7))l ay)
< c(IlF7H = m(t, 7))ao(t, 7))l 4, + Hla@ (6)]]a;)
< c(llao(t)]] 4o + tll@ar ()]l a;)

thus
tllW(t)a”A'l < CK(t7 a, Ao, Ail) (33)

Now (30) follows from (32) and (33), and (31) follows from Lemma 2.3.

Vol. 67, n® 3-1997.



268 H. PECHER

LemMA 23. —Letl <p,gq<ocorp=2,q=00,0<t<00, 7T€ER

m(t,T) = T-Tt(r—21+T)_177 Then

|E= m(t, 7)a(r) | e o@ny) < cllallpo®, Lo @) (34)
where c is independent of t.

Proof. — a) If 1 < p,q < oo we use [11], Cor. 10. We need

ey

—00

oo am

- < -
57 (t,7)|dr <c

which is easily checked.
b) If p =2, ¢ = oo we use [1], Lemma 6.15, and we need

e, o | .

<c (36)
L*(R)

An elementary calculation shows [lm(t,)li:ry < @y and

“%—T(t, -)“;(R) < et if t <1and < § if ¢ > 1, which completes
the proof.

The interpolation results just obtained are now used to get

PROPOSITION 2.6. — If (v,p) is an admissible pair, (v,p) # (00,2),
0 < © < 1, € > 0 arbitrarily small, the following estimate holds with ¢
independent of I:

HG9||L‘1(I,B§®"”(R")) + ||Gg|‘Bf+"7(I,LP(R"))
< (ol et (120 oy + 19111700201, 070 eyizsosc oy
+ 119l 50 (I,Lﬁe—e(Rn)nLﬁc—m(Rn)))
where ﬁ%@ = %-F%,Q,Fle—: %-F%Q.
Proof. — From (12) and (21) we have the following continuous mappings:
G: LV(I,L/(RY) — L'(I,L'(R"))
G: HY(I,L®")NL(I,L(R") — L(I,H*"(R"))
Thus Lemma 2.1 and Lemma 2.2 give
G : BO*7(I,LF (R™) N (LV'(I, L7 (R™)), L7(I, L”(R”))) e
— (LI, LPR™), L H*(R™)) o (37)
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SOLUTIONS OF SEMILINEAR SCHRODINGER EQUATIONS IN H*® 269

Now we have by [13], Thm. 1.18.4 and Thm. 2.3.2 and [1], Thm. 3.4.1
and Thm. 6.2.4:

(LY(I, LP(R™)), LY (I, H**(R")))o+e,2
C (LV(I,L"(R")),L”‘(I,HQ*”(R")))
= L(I,(LP(R"), H**(R"))ote,v)
= LV(I, B¥®+9»(R™)) ¢ L(I, Bi”"(R™)) (38)

O+e€,v

Moreover using [1], Thm. 3.4.1 and [13], Thm. 1.18.4 we have
(LY (1, L7 (R™)), L7(I, L (R™)))e e ,2
S (LY, LY (R™), LI, L (R")))o+2¢50 4.
N (L1, L7 (R™), L"(I, L (R")e 5o
= Lo+ (I, (L7 (R"), L’ (R"))o+2¢ fos2.)
nL¥e(I,(L" (R™), L*(R"))o 50 ) (39)

By [1], Thm. 3.4.1 (¢) and Thm. 5.2.1 we conclude
(LPI(Rn)’ LP(Rn))@+2€,"Y®+2<
D (LF (R™),L"(R"))e,56 N (L" (R"), L (R"))ot1¢ 50 41c
= LPo(R™) N LPo++(R") (40)

Similarly

(L7 (R™), LP(R")e 50 D L7o~ (R")NL/OH(RY) (41
From (37), (38), (39), (40), (41) we get the claimed estimate for
||Gg||Lﬂ/(I’B§e.p(R,,)). Similarly from (12) and Prop. 2.3

G: L"(I,L” (R")) — L'(I,L*(R"))
G: H"(I,L° (R")n L (I, L°(R")) — H"(I, L*(R™))

One has (L7 (I, LP(R™)), HY(I, LP(R™)))o1c 2 = By 777 (I, LP(R™)) so
that as before the claimed estimate for ||Gygl| BO+< (1.Le (o)) TOLOWS.

PROPOSITION 2.7. — If (v, p) # (00,2) is an admissible pair, 0 < © < 1,
we have with ¢ independent of I:
“GQIICU(I,HQGJ(R"))
< (Ngll gose (1,1 gy + 19llLo0+e 1200 Rr)ALo0 42 R)) (42)

where € > 0 is arbitrarily small, and - = =2, L = 1=9 1 8
g o % Po P 2

Vol. 67, n°® 3-1997.



270 H. PECHER

Proof. — The proof is similar as in Prop. 2.6. We interpolate between

the estimates (12) and (22):
G: L"(I, L (R")) - L=(I, [*(R"))
G: Hl'"’,(I7 L"'(Rn)) NL®(I, L*(R™) — L=(I, H**(R™))

As before we use Lemma 2.2 and
(L(I, LX(R™)), L®(1, H**(R"))) 0,00

= LOO(I’ (LZ(RH)7 H2‘2(Rn))®+s,oo)

— LOO(I, B§£®+€)’2(Rn)) c LOO(I,Bge’z(Rn)) — L°°(I,H2@’2(R"))

The first identity follows from [13], Thm. 1.5.3 and [8], p. 47. Similarly

(LY (1, L7 (R™), (1, LA(R™)))oec0
2 (LW (I’LP (Rn))vLoo(Iv L2(Rn)))®+éy“/@+e
= Lo+ (I,(L* (Rn)’ L2(Rn))@+ﬁﬁe+e)
D LYe+<(I,Lf°(R") N LFo+2<(R™))
The claimed estimate now follows as in the preceding Proposition. The
continuity of Gg can be easily seen by choosing a dense subset P of
smooth functions, e.g. C*°([0,T], C§°(R™)). Now obviously G : P —

C°([0, T], H*®2(R™)) and the claimed estimate holds for g € P, so that a
limiting process shows Gg € C°([0,T], H*®*(R")).

3. THE NONLINEAR PROBLEM

We consider the integral equation (A = —A):

a(t) = ¢4 + (Gf(w)(t) (43)
where ,
(GFwW)(t) = —i / SHTIA f (u(r)) dr (44)
Q
and
fu) = cu|u, ceC (45)
b € H**(R") (46)

First of all we construct local solutions of (43) for s < 2 by using the
interpolation results of the previous section.
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SOLUTIONS OF SEMILINEAR SCHRODINGER EQUATIONS IN H*® 271

THEOREM 3.1. — Let 1 < s < 3/2ifn =3, 1 < s < 2ifn >4
Moreover assume

0<o< (47)
n—2s
1. Let (v, p) denote the special admissible pair
2
4(o + 2) oot (48)

:a(n—Zs)’ P= 14+ aos/n

Then the integral equation (43) with (44), (45), (46) has a unique local
solution v € Y.
Here
YVi={ueX :ul0)=¢} (49)
X := BY*Y(I,L/(R™)) n LY(I, By"(R™)) (50)

where I := [0,T] and T = T(||}||g-2@mn))-
2. If the admissible pair (v, p) is chosen as

2n(o + 2)
Sy =0+2, = m (51)
and if moreover
o >4/n  and ||| ge2mn) is sufficiently small (52)

then the integral equation (43) with (44), (45), (46) has a unique global
solution v € Y with Y, X defined by (49), (50) and I := [0, +00).

Proof. — We show that the mapping
(Su)(t) = ™ + (G f(u))(t) (53)
is a contraction in a suitable ball in X endowed with the metric
d(u,v) = llu = v||Lv (1,00 ®n)) (54)

Part 1. - In order to show that S maps X into itself we use Prop. 2.6
with (7, p) as in (48), g = f(u) , and © = £ — ¢, and want to show

”f(u)“Bf‘"'(l,Lp’(Rn)) < CTK”“”Z"/(I,B;‘P(R“))HUHB?"/(LL,,(R,I)) (55)

with Kk > 0.
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Using one of the equivalent norms in Besov spaces ([13], Thm. 4.4.2(2))
we have with I := {t : t,t +7 € I} :

1)l
= |[f(w)ll L~ (I,L¢' (R™))

00 . dr 1/2 ‘
n { / (e H Sl 4 7)) = S a1, 1y H} (56)

(I,L¢' (R™))

Holder’s inequality gives

[f(ut + 7)) = fu)l L @

Selllult + N e+ O e Ilult +7) = u(®)l|zemn)
Le=¢" (R") Le—¢" (R") .

so that the second term in (56) is estimated by Holder’s
inequality with exponents # and X with respect to 7 by
R 11 S

vav (I,LSTP?(R")) By (LLe@m)
This can be estimated as required by (55) if the following conditions
are satisfied:

- <7 (57)
v
and
By*(R™) C Le# (R™) (58)
(57) is equivalent to o < —5- (which was assumed) under the choice (48)
of . (58) holds by [1], Thm 6 5.1 provided ;’—U yimi 2 which is easily

seen to be equivalent to our choice (48) of p.

Returning to (56) we remark that the estimate of ||f(u)|| 1+ (1.1 ®n))
is straightforward now:

ILf ()l N, () S C“““ om 2leo H“HL”(I,L"(R”))
T (1o (R™))

<" ||u||Lw(1,B;~P(Rn))||“”B;/2v"(1,u(m))

Thus (55) is proved.
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The next estimate we need in order to use Prop. 2.6 (using its notation
also) is of the type (!):

A o
Hf(u)”L"@(I,L‘_’@(R”)) <l ||u| B-(;l/z—w)m(IyBél—n)s,p(Rn)) (59)

where 0 < <1, A > 0, w > 0 small.
If (59) is fulfilled we use Lemma 4.1 below and B5* C H** (p > 2)
([1], Thm. 6.4.4) and arrive at

(o+1)n NCENCU)) .
Bj/z"”(I,LP(R"))”uHL"’(I»B;P(R")) (60)

£l 3o (1,150 @y < T |ul
Proposition 2.6 and (55), (60) lead to
IGf(llx < (T +TH)ull™ (61)
Now we prove (59). We need the embeddings

Bés/Z—w)n,'y(L Bél—n)s,p(Rn)) C Bés/z"‘*«')ﬂﬂ‘(]"Lﬁ@(0+1)(Rn))
C L’Y(—)(U'H)(LLﬁ(—)(a-l'l)(Rn))

These are true provided we have (62) and (63):

1 1 s
—_— > — — 7 62
FJolo+1) ~ v 2 / (62)
1 1 1 1—mn)s
1ot 1 (- (63)
p- pelc+1)" p n
The last condition in (63) is equivalent to
nfl 1 o
l—-m>—-|—-—-= = 204+ (4+n)—2s
1> 3G 7o) " T TEE T A

(64)
where the equality follows from elementary calculations using the definition
(48) of p and pe according to Prop. 2.6. The last expression lies between
Oand 1 if 0 < 0 < ;‘1-2—3, so that n can be chosen such that (64) holds
with almost equality, thus (63) is fulfilled.

Again an elementary calculation shows that (62) is equivalent to

2 o(n — 2s) 2—s

1-n<1i- L2 ) -
g oD | ATy Ot

(65)

(") Here we ignore terms of order ¢ in the parameters which is possible because the conditions
to be fulfilled are given by strict inequalities.

Vol. 67, n°® 3-1997.



274 H. PECHER

Thus (62) and (63) are compatible if the right hand side of (64) is smaller

then the r.h.s. of (65). A lengthy calculation shows that this is the case iff
o . .

Next we estimate the linear term e”*“¢ in (53) by Prop. 2.5 and (10):
[l o]

From (53), (61) and (66) we conclude

B/, eitAﬁbHLv(I,B;vﬂ(Rn)) < cl|llzs2mny  (66)

[Sullx < ¢

(T* +TH)|ull5) (67)
Our next aim is the desired Lipschitz property of S with respect to the
metric d defined in (54).
(12) and Holder’s inequality first with respect to space variables and
exponents p—1 and ”— and then w.r. to time and exponents v — 1 and
1== gives
IIGf(U) = Gl Lo @y
< cllf(u) = FO)lzo 1,00 mny)

< e(lul” (u = )l 1,2 ey + W01 0 = )l ey

< C U — ¥ n
(I 25, gy + 1 Yl = vl

L7372 (1,172 (R")
< T (Il 2 g oy + 1015 1,33 0oy ) 1 = Dl 2oy (68)

The last estimate holds with 3 > 0 provided we have
oy

<7 (69)
v—2
and .
By*(R") C L72(R") (70)
(69) is fulfilled by the definition (48) of v iff ¢ < ;4% — 2 which is

equivalent to our assumption o < . (70) holds by Sobolev’s embedding
theorem and the embedding Bs”(R”) c H*>*(R™) ([1], Thm. 6.4.4) if
p=2 _ 1

o =5 % which is exactly our choice of p in (48).

From (68) we have
d(Su, Sv) < TP (|lullk + [[0]|%)d(u, v) (71)

Standard arguments using (67), (71) and Banach’s fixed point theorem
complete the proof.
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Part 2. — The proof is similar as in 1. but we need (55) with x = 0. This
requires equality in (57) which is fulfilled with our choice (51) of (v, p).

(58) holds by [1], Thm. 6 5.1 pr0v1ded ; > % 2 - £ which is easily

seen to be equivalent to i<g < -=5;- Thus (55) w1th % = 0 holds.

Next we need (59) w1th A= 0. Th1s would lead directly to (61) with
x = A = 0. In order to check (59) we need (62) and (63) and moreover
(because I = [0,00) is unbounded now) % ml—) The latter however
can easily be checked for any o > 0. The last condition in (63) is now

equivalent to

n(o+2)c—4(c+1)+4s—4
2s(c+1)(c +2)

(72)

The last expression lies between 0 and 1 if 4 < o < —5;,80 that ) can
be chosen s.th. (63) is fulfilled. An elementary calculauon also shows that
(62) is equivalent to

g

o+ )o+2) (73)

l-n<1-

Thus (62) and (63) are compatible if the r.h.s. of (72) is smaller than the
r.h.s. of (73) which can be shown in our case ¢ < n_425. Because (66)
holds here, too we arrive at (67) with kK = A = 0.

Concerning the Lipschitz property of S we get (68) with [3 =0
because (69) holds with equality and (70) requ1res L> e p2 > % -2 Wthh
by elementary calculations can be seen to be fulﬁlled if 4 ~ <0<
Thus (71) follows with 3 = 0.

The proof can be completed from (69) and (71) with k = A = 3 =0
by standard arguments.

n—23'

Now we are able to show a posteriori the desired regularity of the
solution.

THEOREM 3.2. — The solution wu of Theorem 3.1 belongs to
CO(I,H*?*(R™)).
Proof.

1. Concerning part 1. of Thm. 3.1 we use Prop. 2.7 with © = 5 —eand
7, p as defined by (48) and have to estimate || f(u)|| 5. /2.+ (11" (R7Y) which
s ;

has already been done in the previous theorem and (*) || f(u)|| 15 (1,Lo(r"))

(®) We here again ignore terms of order ¢ in the parameters as before.
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1-s/2 .
where }/ = :,/ + . We want to show an estimate analogeous

1—s/2 1_
to (59) and need the embeddings

’

By BTN (R) € BT (1, LA (R))
C LY, L H)(R))

These are true if the following two conditions are satisfied:

1 1 s
o+ Ty 2" (™)
1 1 1 (1-n)s
PR Ca ) R i (78)

Using the definition (48) an elementary calculation shows that the second
inequality in (75) is equivalent to

1—-n> (40 + 8+ n — 2s) (76)

4(c+2)(c+1)

The last expression lies between 0 and 1 s.th. 5 can be chosen s.th. almost
equality holds here. (74) is equivalent to

2 o(n — 2s)
s(c+1)| 4(c +2)

s 2—s
25

l-n<1- (42—

Thus (76), (77) are compatible if the r.h.s. of (76) is smaller than the r.h.s.
of (77) which can be shown to be the case iff ¢ < which is just
our assumption on o.

Combining the analogue of (59) just proven with Lemma 4.1 below
completes the proof.

4 _
n—2s’

2. Concerning the global part of Thm. 3.1 we conclude as above but with
(v, p) defined by (51). The analogues of (76) and (77) are

no?+ (2n —4)o + 25— 8
2s(c +2)(c+1)

o+1

o+2

1—-9> (78)

1-9< (79)

These conditions are easily shown to be compatible if o < n—f2—s. Moreover
we need in (74) % > m which is true and in (75) % > ,5(g_l+17 which
is fulfilled if ¢ > %. The proof is completed as before.
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4. HIGHER REGULARITY

If 2 < s < 4 we use Prop. 2.3 and if s > 4 Prop. 2.4 without further
interpolation. The case of non-integer s is the more complicated one because
we have to use Besov spaces instead of Sobolev spaces.

THEOREM 4.1. — Let s € N, 2 < s < 4. Assume

s-2<0<— (80)
1. Define (v, p) as the special admissible pair
V= a(n4—(02$ j-) 2ne’ p= %& (81)
where € > 0 is sufficiently small (i.e. (48) slightly changed).
X = H"(1,B;>*(R™))n L"(I,By"(R™)) (82)
Y={uve X :u)=4¢} (83)

Then the integral equation (43) with (44), (45), (46) has a unique local
solution v € Y.

Here I := [0,T] and T = T(||p||g+2®))-
2. If
2n(o + 2)
—5+2 = _Mo*2)
Y=ot =G~ (84)

and o >2  and ||¢||gs2mn) is sufficiently small the integral equation
(43) has a unique global solution w € Y with Y, X defined by (82), (83)
and I = [0,4+00).

Proof. Part 1. — We proceed as in Theorem 3.1. According to Prop. 2.3
we have to estimate

L] P (85)

and
||f(u)||Lv(1,B;*2"’(R“)) (86)
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In order to treat (85) the most difficult term is f'(u)u,. We use

/
”f (u>utl B;—Qvﬁ’(Rn)

= ”f/(u)ut”LP’(R")
e 2 (e s 9wt w1
laj=[s]-2 * /0 I

h| <1

2 g\ 1/2
- OOl ) E) (57)

We have to treat the integral term by using the chain rule. Among the many
terms which appear and can be treated in a similar manner the following one
shows where the lower bound on ¢ comes in and also why the pair (v, p)

has to be changed slightly (which also excludes the limit case o = nfzs):

I - + b)) = fEID ()] D% - D¥e= | 1 gy
<cllu(- + h) = u()l|7 72
XD ul| s (D2 ]| o el o (88)

by Holder’s inequality with % +Z[5102 pi =1, ol =10 =1,...,[s]-2).
Here we assumed s — 2 < pt < [s] — 1, the case o0 > [s] — 1 bemg easier

because f(*1=1) being lipschitz in that case.

Returning to (87) we have the following bound from (88) of the
corresponding integral term:

o el dr) /2
e [T s e ) = Ol o207
0

|h|<T T
'”Dalu”LPlP" ”Da[s] 2u”[}’[ zf””ut”LPoﬂ’ (89)

(Remark that 0 < =l < 1if s—2 <o < [s]—11

o—([s]-2
The integral here is bounded by c||ul|” 72 . In order to
BU(S >PP(°' (Is1-2))”
get the desired bound for (89) by c||u||%, B mr) lut| :-2.0 (g the following
embeddings are needed:
pp' (0—([s]-2)) e
s, n o > o n 1,p; ! n
By*(R") C Bz(;[g[s” 2 (R™)N () B (R")  (90)
Jj=1
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and (
B;7*"(R") C LP? (R") (91)

These are fulfilled if the following conditions hold ([13], Thm. 2.8.1 and
Remark 1):

' s—s]
s _————
! 2 — ! > L () with strict inequality
ppp(o—([s]-2)) " » n
8 —
Iy Lol szl oy s -2)
p PP TP n
1.1 1 s-=2
— Z > — —
p T pop p n

These conditions can be satisfied with suitably chosen p, p;, if
o+l _ 1 1 8-
> = > (0 —([s] —2))(; - ————)

=25 -2 +

1 s-2
p n

(92)

An elementary calculation shows that on the r.h.s. equality holds with (v, p)
defined by (48) and strict inequality with our choice (81). Because all the
terms in (87) can be treated similarly (or easier) and lead to an equality
equivalent to (92) we arrive at

I (w)uel By~ (Rn) < C“'U’“%;»P(Rn) U B™2P(Rn) (93)
Thus Holder’s inequality with respect to t shows
!
“f (u)ut“Lv’([YB;*‘l-ﬂ’(Rn))
< CH““Z(aH>v'(1,B§-P(Rn))||'U'tHL(a+1)w’(I,Bj—“(Rn)) (94)

With our choice (81) of v one has (0 + 1)y < v if 0 < n_425, i.e. (80),
so that we have § > 0, s.th.

Ilf/(u)ut“L"Il (1,B3~** (R™)) < CT&““‘”?(-'_1 (95)
A similar estimate holds for || f(u)

(1,352 -
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It remains to consider (86). This is somehow easier because we have one
derivative less compared to (85). We have

”f(u)”B;_z'p(R") = | f(W)llre@n)

+ {/ (T_(S_[s]) sup
%_2 0 |R|<T

lo|=

2 g 12
D FGut-+ ) = D ln ) 1 (09

Because f{*1=?) is lipschitz in our case o > s — 2 all the terms appearing
here after application of the chain rule can be treated essentially in the
same manner.

A typical term with

Slal=ll-2  a<[]-2 (07)

IF@ () D* - D= ruD (u(- + h) = u(:))l| o ()
< cllullg e 1D ullors -+ D% u| poras
X 1D (ul- + h) = u(-))l Love
Here  + Z;zlpij =1
Thus the corresponding term in (96) can be estimated by

llull g i ey ID* | poos -+ | D=2 u| poras ||D°"‘u||B;—[s],ppa

< C”Ul ;-21-—129./) (98)

provided we have

a—1
B;—Q@,p(Rn) c Lpp(cr—a—{-l)(Rn)ﬂ ﬂ Hlajl.pp] (Rn)mBlftuH‘S—[S]»PPa (Rn)
7=1
(99)
The embedding theorem ([13], Thm. 2.8.1) gives the sufficient conditions:
1 1 s-20
e — > —_—
pp(c —a+1) " p n
R e e
pPP; P n
1 >1_[s]—|aa|—2® (100)
PPa P n
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These can be satisfied with suitably chosen p,p; if

%>(a—a+1)(l—s_2®)

n
s — 20 + || [s] = |aa| — 20

- - (101
+ S (3l D HEEE o

Using (97) an elementary calculation shows that this is equivalent to

24+ 0(s—12)

0< ——F 102
S 211 (102)

Because all the other terms in (96) can be estimated similarly and also lead
to (102), we have if (102) is satisfied (with £ > 0):

@l r,B5-2 @ry) < C“u||2j<1a+1>(1,35-‘2@~*’nn))

K o+1
S cT ||u| Be—é (1, B;—ze ?(R™))

“ © a'+1 1 © 0'+1)
< CT “u”H(l "(I Bs 2, p(Rn )” H )B(s p(R"))
< T ull (103)

provided we have By~ 5’”([ ByT29#(R™)) € LYe+D+(1, BsT29P(R™))
(6 small) which requires

ﬁ >1_e (104)

In (103) we moreover interpolated by Lemma 4.1 below. Using the
definition (81) of (v, p) an elementary calculation again shows that (103),
(104) are compatible with a suitably chosen 0 < ©® < 1if o
is our fundamental assumption (80) on o.

The estimates for (85) and (86) just given imply by Prop. 2.3:

1GF(w)llx < e(T* +T%)|ull T (105)

The rest of the proof is exactly as in Theorem 3.1.

Part 2. — The global part is similar. One easily shows that (92) holds

with our choice of (v,p) if 2 < o0 < ——. We get (95) with § = 0,

because (o + 1)y = . Also (103) holds with x = 0 if (104) is satisfied.
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The conditions (102) and (104) are again compatible if o < n—425' We

arrive at (105) with 6 = x = 0. The proof is completed exactly as in
Theorem 3.1.

In the next step we show a posteriori the desired regularity of w.

THEOREM 4.2. — The solution w of Thm. 4.1 belongs to C°(I, H>?(R"))N
CI(I, HS—Q,?(R‘H))‘

Proof. Part 1. — Concerning the local solution by (22) it is sufficient to
show the following estimate:

||f(u)||H1.7,(I’B;_2,p/(Rn)) + ||f(u)HLoo(I,Hs—z.z(Rn)) S CT)‘”'U,”;’(_HL (106)

with A > 0 and (v, p) as in (81).
The first term was already treated in the preceding proof.

Concerning the second term we use the well-known identity
H*=22 = B5™>? and estimate similarly as before (replacing p by 2 in
(96)):

Ifllare-22@ny = [|f ()]l @)
N { / (T—@—[sl) sup
Ia|§—2 0 [p|<T

2 412
D ful- + ) = Fu ey ) Z (10

In analogy to (99) and (100) we need here

a—1
B;—Qesp(R") c LQP("““H)(R")HH HIQJ"»?PJ'(R”)ﬂBlaa|+S_[s]»2Pa(R")
j=1
(108)
which is fulfilled if
1 S 1 S 1 8= 20
p  2p(c—a+1)" p n
I, L s=20lal iy o
P 2p;  p n
Lo 1 1 [s]— o] -20
P 2pa P n
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The Lh.s. can be shown to be fulfilled and the r.h.s. leads to the following
analogue of (102): '

2+0(s—%) +n(———)

109
2(c+1) (109)
If (109) is satisfied, we get (cf. (103)):
||f(u)“L°°(I Hs=22(R")) < C”U' L°°(I BS 20, P (R))
< 0+1
—= C”’U/”Be_e (1, B§—2@ ?(R™))
O(c+1) (1-9)(e+1)
< C”“”H; (I, Bs 2, P (R™)) || ”L'y([ Bs P(R™))
< clfullTH (110)

provided B ~°7(I,B*®*(R")) c L°°(I, By *®”(R"))  which
requires

0> 1/y (111)

In (110) we also used Lemma 4.1 below.

Again it is elementary to check that (109) and (111) can be satisfied with
0 <©® < 1if o< -=;. This completes the proof.

Part 2. — Concerning the global part we need (106) with A = 0. The
embedding (108) requires as before (a + 1) > 1 which is fulfilled if
o> ; and (109). The conditions (109) and (111) are again compatible if
o< n_425, which completes the proof.

The following interpolation type lemma was used several times above.

LemMmA 4.1. - If 51,80 > 0,0 < £ < 2,0< O < 1,p,v > 1 the
following estimate holds (for ¢ > 0 small):

”’UJ“Bk(Gﬂ) (I, Besl+(17@)52 p(R, N
< CllullHk (1, le P(Rn))”u”}ﬂO] BS2 P(Rn)) (112)
Here H*Y can be replaced by By” and also (B3'",B3**) by
(HsvP Hs2:P),
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Proof. — Using B*1 7=z _ (B3'",B3>")o2 and one of the
equivalent definitions of Besov norms ([13], Thm. 4.4.2 (2)) we have
||u||B;’(9—€)v'Y(IYB?SI‘*'(I_@)Ssz(Rn))

= ”u”L'Y(I,B?sl‘*'(l—@)szyp(Rn))

+{ [t

—00

' dr
+ u(t - T) - 2u(t)”L‘y([7_’B?sl+(1*@)52«P(Rn)))2 m}

< C(”“”p 1,Bb ”)”u“m(I B;2*)

+ { /+oo(7"k<@"6>||u(t +7)

—0o0

drM?
Fult = 7) = 2002, 1o 057 g H}

(”U”L‘r(l B’l ")”u”L-y(] 1352 S + “u”@ ( le p)” I L“V(I BSz P))

The embedding H*" C Bs(_;ﬁ“' ([13], Thm. 2.3.2 and [1], Thm. 6.2.4)

completes the proof.

Similarly using Beler (1=6)s2p _ = (H®**,H*>")g 5 ([1], Thm. 6.2.4) we

get the estimate with (B3"”, B3>") replaced by (H®:*, H*2°).
THEOREM 4.3. — Let s ¢ N, s > 4. Assume

4

s—3<o0<
n—2s

(113)
1. Define (v, p) as in (81) and
X = H>'(I,B;~"(R™) N H' (I, B;™**(R")) N LY(I, By"(R™))
(114)
Y={ueX :u0)=9¢} (115)

Then the integral equation (43) with (44), (45), (46) has a unique local
solution u € Y.

2. If (v, p) is defined by (51), o > 2 and ||p||g=2(mn) sufficiently small
the integral equation (43) has a unique global solution uw € Y with Y, X
defined by (114), (115) and I = [0,+400).
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3. If o is an even integer 1. and 2. hold without the lower bounds on o
(remark that o > % is automatically fulfilled).

Proof. — We proceed as in Theorem 3.1. According to (15) and Prop.
2.4 we have to estimate

?[f (w)] (116)
dt? L' (1,B" 4 (R))
H df (u)] (117)
Lv(I1,B;~**(R"))
||f<u>||m<I,B;—w<m» (118)
£ (@)l (119)

Since all the terms can be treated in essentially the same manner we
concentrate on typical ones in each of the cases. Concerning (116) we
consider the term

Is1=2) () D% gy - - - DPs1—4 gy 442 120
|42 @D ] R
One here has to estimate e.g.
“+oo
{ [ sup D a4 1) = D )
Jo [RI<T
d 1/2
D%y D“[51—4uufHLp/(Ru))z—T} (121)
T

where |a;| =1 (5 =1,..,[s] —2).

If we have the most critical range s — 3 < ¢ < [s] — 2 the function
f51=2) is no longer lipschitzcontinuous but only héldercontinuous unless
o is an even integer in which case we therefore need no lower bound on o.
Holder’s inequality with exponents p,p; (j = 1, .., [s] —2) gives in this case

NI+ 1) = FED (D™ - Dt sy
-3
<c ”u( + h) “( )HZW('[(SJ—([Z]—a»n
X ”D u”LPu” te HDa[s]_‘luHL”[s]ﬂP’
' |Iut|ILP[~]—';P'“utHLP[ J—20 (122)
Thus (121) is estimated by (similarly as before we remark 0 < — i = []5] 3y < 1
if s—3< o< |[s]-2)

. —([s]-3)

ellul” %'h/(a—([s]fs)) ull grp1er - ”U“H""[s]ﬂw’
Bsto—(ta1-9)) (B7)

X ||?Lt||Lp[s]—3f)/ ”utHLP[s]_zP’ (123)
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In order to get the desired bound by c|]u|lBs , Rn)||ut| ZB;_Q,‘,(R”) we need
the embeddings
EN) n %J’P’(U—([S]“g)) iy 1.p5p
B3 (R") C By L5 RN () H(R")  (124)
=1
and
By *P(R") C LU=/ (R™) 0 LFe-2F (R™) (125)
These are fulfilled if ([13], Thm. 2.8.1):
,_ _s—[s]
1y 1 N (0 )
p = pr'(o—=([s]=3)) " p n
1 1 1 s-1
->—>=_ j=1,..[s] -4
e 51 -4
1 1 1 s-2
-2 — > - - = |s]—3or[s] -2
STl (=l -sorl-2)

These conditions are satisfied with suitably chosen p, p; if

s—[s]
o+1 _ 1 w1 85— Tmss
2—>(o—([s]—d))<;—¢)

n

1 s—-1 2
s|—2) - — — 126
(-5 -2 + 2 (126)
An elementary calculation again shows that this is true with our choice (81)
or (51) of (v, p) and our assumption 0 < 25 or £ <o < —4- respectively.
Similar estimates can be given for all the other terms in (116) so that we
conclude with 6 > 0 in part 1. and 6 = 0 in part 2. of the theorem:

&[S (u)]
dt?

< dlull

Lw’ (I,B:= %" (Rn))

2
oo gy [0t -2
< |ul 5 (127)

because with our choice of v and o we have (0+1)y < yand (6+1)y = v,
respectively.

Next we estimate (117). Typically we have to treat

”f(a+1)(u)DaJ w- - D%q Iut“L’Y(I,Bir[S]'p(R")) (128)

where Y0 |oy| = [s] — 4,0 < [s] - 4
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This leads e.g. to (with Holder exponents p,p;(j =1, ...
g j
(o]
{ (T—(S—IS]) sup ||f(“+1)(u)
0 [h|<T

dn /2
D ufus(- + h) — ut(~)]|ILP(Rn)27}

||D°‘au||Lppa

X D%y -

< cllull Tt 1D ull e -

< CI|U|IB§—4@~P(Rn) Iut|IBs~2—ze,p(Rn)

ya+1)):

—[ lPPat1

287

(129)

(remark that this term disappears if o is an even integer and a > o)

provided the following embeddings hold

Bs —40, p(Rn) C Lpplo—a) Rn ﬂ HI%IPPv(Rn)

7=1
and N
B;—Z—Z@,p(Rn) c B;—[s],ﬂpaH(Rn)
These are fulfilled if ([13], Thm. 2.8.1):
1 1 1 s-40
— 2 —_——— - -
p—pploc—a)  p n
1 1 1 —40 — |ay
R sl L7 T TS
p o pp; P n
1,1 1 [s§-2-20
P PPat+1 P n

A simple calculation shows that this requires

0(3—4@)+2—2(:)>%0

If (132) is satisfied we conclude from (129) with 113 + é =1:

”f(u)“Lw(ij;*

< cljull7

S CTK”ullgg((‘)—f)ﬂ(IYBSA“‘@-P(Rn)) llutllBé*‘f-ﬂ (1, BSA2*2(:)‘P(R71))

lull 52

< eT|lull s g

L7 (1,B3 " (R"))

e @)

”ut”Hl (1,BTP(R™))
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Lwaﬁ(I’B;’“l@-P(Rn)) ”ut”lﬂq(1‘35—2—2@»(Rn))

(130)

(131)

(132)

H2(1,B3™* ”(R"))” tl L‘Y(I BT3P (R
(133)



288 H. PECHER

This holds with £ = 0 and xk > 0 small as well. Here we used Lemma 4.1
and the embeddings Bz(e i ) c L”"”*‘S(I) (6 =0oréd>0 small) and

Be “7(I) c LY4(I) which hold provided — L > — 20 and 1 ; - 0.
These are satisfied with suitable p,§ if

200+ O > % (134)

Now (132) and (134) are compatible with 0 < O, O < 1if 27" < 2+40(s—12)
which can easily be seen to be satisfied with our choice (81) or (51) of
(7,p) and 0 < A

n—2s"
Thus (117) is also estimated by ¢T*|ju||%t with x = 0 and x > 0
small as well.

The term (118) was already treated in (103).

Finally in order to estimate (119) we use H*~%2 = B3y >, A typical
term in the most critical case s — 3 < ¢ < [s] — 2 is:

A (7 sup || [0+ 1) — 1 ()

2 0\ /2
L2(R") T

oo dr 1/2
—(s—[s o—([s]-3
SC{ / (r= (=D sup ||¢<.+h>—¢<~>||L2,,‘(Ll<[s%_3»>2—}
0 |h|<T T
[s]-2
x [T 1D |20,
=1

S CH¢| ;[t,l‘Z(Rn) (135)

D¢ ... D124

Here 1 5+ Z[S] 2 ]% =1 and the following embedding is used:

[s]—2
n ik 2= (51-3)) 1y o
H**(R") C B (;lg[s]” 3 (R™)N () HY5(R")  (136)
j=1
which is fulfilled if
_ 5[]
1 S A (D)
2p(o —([s]-3)) ~ 2 n
R e N N
2p; n
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An easy calculation shows that with suitably chosen p,p; these conditions
hold if ¢ < -2

n—2s"

The rest of the proof is exactly as before.

TueorEM 4.4. — The solution u of Theorem 4.3 belongs to
Co(I,H*?*(R™)) N C (I, H*~22(R"™)) N C*(I, H*~**(R")).

Proof. — According to (15) and Prop. 2.4 we have to estimate

lf ()| oo (1,15 -2.2 (7)) (137)
| f(u)llree (r,mra-2.2Rm)) (138)

and
”f(u)HszWl([’B;_“'p/(Rn)) (139)

by cT?|lul|5t (6 > 0 in the local case and § = 0 in the global case)
with v, p, X as in Theorem 4.3, and

()l

(139) and (140) are already treated in Theorem 4.3.

Concerning (137) we use H*~22 = B5~>? and typically estimate (in the
most critical case s —3 < o < [s] —2) with |a;|=1(j=1,...,[s] —2)

and Holder exponents p,p;:

He-22(Rn) < C”¢| Hs2(Rn) (140)

{/ (7= 6= sup 0D (u(- + B)) — FE-2 ()]

|h|<T

D%y oo D%l Zu”LZ(Rn)) dT}
-

9 1/2
o el o dr
<c / (T (==l sup [[u(- +h) — u(- )||L2p[(sj+i]+a)> -
0 |h|<7 T
[s]—2
X H 1D | 20,
j=1
< [l o e (141)
if the following embedding holds
B-s0e(Rr) ¢ BEEE IO gy N i e
(R") C By "1 (R*)N (| HY(R")  (142)
7j=1
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This is true if

1 1 N 1 s—40 — aSTfs[]i-]y_z
p- 2p(c—[s]+3) " »p n
1 1 >1 s—40 -1 G=1,[s] - 2)
— —_— - =1,..,|8 —
p 2p;  p n /
One easily checks that these inequalities hold with suitable p, p; if
1 1
a(s—4@)+2——4@>n(;(0+1)—§> (143)
Moreover we need
o+1 1
- 144
73 (144)

which holds with p defined by (81) and also if p is given by (51) if 0 > %
If (143) is satisfied we conclude from (141)

L@l r, =22y < ellullT pomson g,

< cHu”a?(@ €), 'y(I Bs —40, p(Rn )

@(0+1 l H(l —©)(o+1)

< p““”}]2 A (, Bs 4 P (R™)) LW(I,B;"’(R”))

by use of Lemma 4.1 provided we have B2©~9"(I) ¢ L>(I) which is
true if we have

1
20 > — 145
5 (145)

With both of our choices of (v, p) and o (143) and (145) are compatible
again.

The term (138) is treated like (117) with (v, p) replaced by (00, 2). Like
there we get under the condition

LS %(U +1) - %[a(s — 40) 42— 20] (146)

the estimate

I (wyuell e 1, me-12mm))
< C“““‘zw(1,3574@»P(Rn))”“t“Loo(I,Bg'z’Zé"’(R"))

< c”u”;;(eff),ﬁ(I7B;*4®,p(Rn))”,U‘t”BS)—C.’Y(I‘B;—z—Q(:),p(Rn))
< cffull 5 (147)
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Here we used Lemma 4.1 and the embeddings BS“'H”(I) C L*°(I) and
B9™¢Y(I) ¢ L>(I) which hold if

20>1/y and ©>1/y (148)

An elementary calculation again shows the compatibility of (146) and (148)
with both of our choices of (v, p) if 0 < n—fﬁ' Thus the desired estimate
of (148) follows. This completes the proof.

It remains to consider the case of integer s. The proofs are somehow
simpler because essentially we can use Sobolev instead of Besov spaces.

THEOREM 4.5. — Let s € N, s > 2. Assume

s-2<0< —— (149)
I
4o +2) _o+2 .
7= a(n — 2s)’ P= 1+o0s/n (150)
X = HY(I,H**(R")NL"(I,H>*(R")) (151)
Y ={ueX : u0)=¢} (152)

Then the integral equation (43) with (44), (45), (46) has a unique local
solution v € Y, I = [0,T].
2. If
2n(o + 2)
= 2, = — 153
r=ot P n(o+2)—4 (153)
o > 2 and ||¢||gs2mn) sufficiently small the integral equation (43) has a
unique global solution v € Y, where Y, X are defined by (151) and (152),
T = [0,400).
3. If o is an even integer 1. and 2. hold without the lower bounds on o.

Proof. — We proceed as in Theorem 4.1 and according to Prop. 2.3 we
have to estimate

W) gror (1, pre—2.0" my) (154)

and
Lf ()l (1,520 (R1)) (155)
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Concerning (154) a typical term with 0 < a < s -2, 377, |a]| = a,
> =0 laj| = s — 2 is estimated with Holder exponents p,p; (j = 0, ...,a)
as follows:

17D (@)D - D2 uD* | o gy

< cllull] ooy 1D | oy =+ (1D | o | DYt 0
< ¢||u]

Hw(Rn)”ut| Hs=2.¢(R")

(remark that this term disappears if o < a is an even integer) where the
embeddings H*?(R"™) C LP*' (>~ (R") N MNi=1 Hlexlpir' (R™)  and
He*=2¢(R™) C Hl*ol»or'(R™) were used which hold provided

L, 1 1
p - pplo—a) " p n
1.1 _1 :
Ly Lyl sl oy g
ppip TP n
l_ 1 Zl §—2— |ag]
P pap T op n

These conditions are satisfied with suitable p, p; if

o+1 1 1 s 1 s 1
>=2(-a)|l-——=)+a|l-——)+-—
P I p n p n P
which is easily seen to be fulfilled under the definition (150) (with equality
on the r.h.s.) and also with p defined by (51) if 4 <o <

Concerning (155) typically we have to estlmate with a, a; as before:

n25

£ (w) D w - - D ul| o (o
< ellullg i ID | e - - - [[D¥* | Lo

< C““H;Itize,p(nn)

The needed embedding

5—20,p n pp(oc—a+1) n lajl,pp; n
H*™2®P(R™) C L (R™) N () HI*bees (R

Jj=1
holds if
1 1 s—-20
pplc—a+1) = p n
1 1 $—20—|a; .
____-——-—| il (1=1,...,a)
pip P n
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which is easily seen to be satisfied if
o(s—20)+2-20>no/p (156)

Under this assumption we conclude by Lemma 4.1 (with x > 0 and also
with x = 0):

(@)l 2o (1,520 7))
< CH“”aw(aH)(I Hs—20.0(R"))

* O(oc+1 1-0)(c+1) ' o+1
<cT ”u”H(lw(I?Hs—z-p(Rn))” H(ng}gw(m) < T lull &

provided we have H®(I) C LY(o+D+<(]), ie.

1 1
I q 157
7(0+1)>7 © (157)

As before (see (103) and (104)) (156), (157) are compatible under our
assumptions. The rest of the proof is the same as in Theorem 4.1.

THEOREM 4.6. — The solution of Theorem 4.5 belongs to C°(I, H*?(R"))N
CI(I, HS—Z’Q(Rn)).

Proof. — Similarly as in the case of fractional s we have to estimate only
| £(w)| Lo (1, 7re-2.2(mny). The typical term || f(®)(u)D* u- -+ D% ul|p2gny
with 0 <a <s—2, 3%, |a;| = s — 2 is estimated with Holder exponents
p,p; by CIIUIIZzp“Z”a+1> | Dl gany - 1Dl < cllullfitie gy
if H*=2©7(R") C L»C~tD(R") N, H'*?:(R") which as in
Theorem 4.2 leads to condition (109).

The rest of the proof proceeds exactly as there (replacing Besov by
Sobolev spaces).

As before in the case of fractional s we can improve the lower bound
on o if s > 4.

THEOREM 4.7. — Let s € N, s > 4, and assume

s=3<0< (158)

n —2s
instead of (149).
Then the conclusion of Theorem 4.5 is valid with

X = H>Y(I, H*~**(R™)) N H/(I, H*=>(R™)) N L(I, H**(R")).

Proof. — Similarly as in Theorem 4.3 we have to estimate (116)-
(119) with Sobolev instead of Besov spaces. A typical term for (116) is
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£ (u) Dy - - - D20 Ry Where 0 < a < s—4, 377 o] = a.
Hélder’s inequality with exponents p,p; (j = 1, ..., a+ 2) gives the estimate

ellell e s 1Dl o - Dl ot 1| o it
S C”u| UH—t,];a(sz) utl i{s—&p(Ru)

if the embeddings HW(R”) C Lpr(o—as DRy Hol#5#' (R™) and
H*=2¢(R™) C LP=+17" (R")NLP=+2¢' (R™) hold. The embeddmg conditions
can be shown to be fulfilled again under our assumptions on p. This gives
the desired bound on (116) as there (cf. (127)).

The analogue of (117) with the typical term
17D @)D - D** | oy,
where 0 < a < s —4, 37, |a;| = a is estimated by

cllullZrto—o D% ullzose - (1D ull poee [|tte]| Lror
< cflull

Hs=40.0(R") Utl Hs=2-26.5(Rn)

if the embeddings H*~*®*(R") C LPP~%)(R™) N Ni= | Hleslpir(R)
and H*~2-29¢(R") C LP?(R™) hold.

The conditions to be fulfilled here are again given by (132) and (134) so
that similarly as in the proof of Theorem 4.3 we get an estimate of (117)
by ¢TI ||ul|%t" with & > 0 and £ = 0 as well.

Concerning (118) the typical term || f(u)D*w--- D%u||1o(gn)

with 0 < a < s -2 3% |a] = a can be estimated by
cllullf e s 1D ull Lors -+ ([ DYl pore < cllull%t e, »(rn) under the

condition H*~**(R") C LePl=**D)(R") N ;_; Hl*!#Pi(R") which
again leads to (102) so that (103) with k > 0 and /-e = 0 as well, i.e. the
estimate for (118), follows as there.

Finally (119) and its typical term [ f(¢)D*¢- - D% | 12(mn)
with o < s -2, 3% |a;] = a can be estimated by
el T e 1Dl g2y - | D | p2na < el|BlIFHE gy if H2(RT) C
L= ““)(R”) N(;—, H'*12P5(R™) which can be shown to be fulfilled
if 0 < —=—. The rest of the proof proceeds as before.

THEOREM 4.8. — The solution of Theorem 4.7 belongs to
CO(I, Hs,2(Rn)) N Cl(I, Hs—2,2(Rn)) N 02(17 Hs-4,2(Rn)).

Proof. — Similarly as in Theorem 4.4 it remains to estimate (137)
and (138). In (137) a typical term is ||f(*)(u)D*wu--- D%uyl|p2(gn)
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with 0 < a < s — 2, E;zl laj| = a which is estimated by
el 1Dl g - (D% ullgone < G oy ey i the
embedding H*~*€#(R") C L*(~*+*D(R")N(;_, HI*/!?i holds which
. 5—40 1 1 —40—|ay| +1 5 1
requ1resm2%——n"—andmzz—%—thus%2 1>
(o+ 1)(% — 2=49) 4 & which leads to (143) and (144) so that as in the proof
of Theorem 4.4 the estimate || f(u)||p(r,ae-22(mn)) < cl|ul|3T follows.

Finally (138) has a typical term with 0 < a < s — 4, ijl los| = a:

£ @D s D wn e

< cllullZanto-a 1D el 2os - - [[ D ]| L2ra [|ue]| L2vo

< C||U||Zs—4<->|p(m)”Ut”Hs—ﬂ—zéw(Rn)

This estimate holds if H*~*®*(R") C L*"~)(R")nI_, H'*/|?i(R")
and H*~2729¢(R") C L?°(R") which holds if

1 1 1 s—-40
T R ——
p = 2p(c—a) " p n
lzizl_w (G=1,..,a)
p T 2p; T p n
R I BT R
P 2p0 T p n
thus 1.1 1 40
o+ Z—Z(U—a)<~—s* >
p 2 p n
(1 s—4(~)) a 1 s-2-20
+ael-—-———)+ "+
p n n o p n

which leads to (144), (146) and (147). This completes the proof.
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