ANNALES DE L’I. H. P., SECTION A

A.M.BLOKHIN
V. ROMANO

YU.L. TRAKHININ

Stability of shock waves in relativistic radiation
hydrodynamics

Annales de I'l. H. P, section A, tome 67, n°2 (1997), p. 145-180
<http://www.numdam.org/item?id=AIHPA_1997__67_2_145_0>

© Gauthier-Villars, 1997, tous droits réservés.

L’acces aux archives de larevue « Annales de I’I. H. P,, section A » implique
I’accord avec les conditions générales d’utilisation (http:/www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1997__67_2_145_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré,

Vol. 67. n°® 2. 1997, p. 145-180. Physique théorique

Stability of shock waves in
relativistic radiation hydrodynamics

by

A. M. BLOKHIN
Institute of Mathematics, Novosibirsk 630090, Russia.

V. ROMANO

Politecnico di Bari, sede di Taranto, V. le del Turismo 8, 74100 Taranto, Italia.

and

Yu. L. TRAKHININ
Institute of Mathematics, Novosibirsk 630090, Russia.

ABSTRACT. — The linear stability of shock waves in a radiating relativistic
gas is analyzed. According to the ratio between the sound speed and gas
speed behind and ahead the front of discontinuity, the radiative shocks are
classified as slow and fast shock waves respectively. With the help of the
technique of dissipative energy integrals, it is proved that the fast shock
waves are stable. An ill-posedness example for stability problem for slow
shocks is constructed.
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RESUME. — Nous analysons la stabilité linéaire des ondes de choc dans
un gaz relativiste radiatif. Les chocs radiatifs sont classifiés comme chocs
lents et rapides selon le rapport entre la vitesse du son et la vitesse du gaz a
I'arriere et & ’avant du front de discontinuité. A 1’aide de la technique des
intégrales d’énergie dissipative on démontre que les ondes de choc rapides
sont stables. On construit aussi un exemple mal posé pour le probleme de
la stabilité¢ des chocs lents.
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146 A. M. BLOKHIN, V. ROMANO AND Yu. L. TRAKHININ
1. INTRODUCTION

Radiation represents the more efficient mechanism for dissipative effects
occuring in many problems of relativistic astrophysics and cosmology.

Radiation can be well described by means of kinetic theory [1]. but
such an approach is a formidable task even for numerical simulations.
We shall follow a macroscopic description in the framework of radiation
hydrodynamics [2]: radiation is considered as a dissipative fluid which
obeys the usual balance law of continuum mechanics. We will adopt the
mathematical model for radiation by Anile-Pennisi-Sammartino [3], [4]
(hereafter APS), which is based on a generalization to the relativistic
case of the variable Eddington factor given by Levermore [5]. The APM
model is formulated in the framework of the Extended-Thermodynamics
of irreversible processes [6], [7] and leads to equations of hyperbolic type
(for other theories which give rise to nonlinear parabolic equations see
Refs 8, 9).

As well-known, the solutions of hyperbolic systems can develope
discontinuities in a finite time [10], [11] (shock waves, contact
discontinuities, rarefaction waves). In particular, shock waves in radiating
gases are of great importance in models of gravitational collapse, supernova
explosions, formation of quark-gluon plasma.

Stability of relativistic shock waves in simple fluids was investigated
by several authors (see Ref. 12 and references therein). We will follow
the method previously adopted in [13], [14], [15] for relativistic simple
gas, magnetofluid dynamics and superfluid. It consists in the application of
the so-called technique of dissipative energy integrals to the investigation
of the well-posedness of mixed linear problems (Cauchy and boundary
value problem). If the mixed problem for the pertubation of the basic shock
solution is well-posed, then the shock wave is stable; othewise, it is unstable.

We classify the shock waves as fast and slow ones. It is proved that fast
radiative shocks are stable while for the slow ones a ill-posed problem is
constructed. This imples in turn the instabilility of the second type solutions.

One of the most important stages of our approach is the symmetrization
of initial quasilinear equations which describe the motion of radiating gas
in order to apply, with suitable developments, the theory of mixed problems
for symmetric t-hyperbolic systems (by Friedrichs).

The problem of stability of strong discontinuities in continuum mechanics
has recently assumed a special importance in view of the wide application
of computational methods to find approximate solutions to the problems
of continuum mechanics with strong discontinuities (e.g. see ref. 16 for
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STABILITY OF SHOCK WAVES IN RELATIVISTIC RADIATION HYDRODYNAMICS 147

a recent numerical code in radiation hydrodynamics). Clearly, a positive
answer on the question of stability of discontinuities in a given model is an
essential preliminary step for the application of computational methods.

The paper is organized as follows. In section 2 we set forth the complete
system of Radiation Hydrodynamics equations and in sections 3 the problem
of their symmetrization is discussed. In section 4 the problem of shock wave
stability is presented. Section 5 is devoted to prove the well-posedness of
the mixed problem for fast shock waves. The case of slow shocks is
investigated in section 6, where the fulfilment of the Lopatinsky conditions
is discussed and an ill-posed problem is presented.

We shall use units such that ¢ = A = 1, with ¢ being the speed of
light in the vacuum. Repeated indeces are to consider summed and in
local coordinates the Greek indices run from O to 3 and Latin ones from
1 to 3, except where stated otherwise. Moreover the simbol * indicates
transposition for matrix.

2. THE COMPLETE SYSTEM OF RADIATION
HYDRODYNAMICS EQUATIONS

The relativistic radiation hydrodynamics equations of motion are
represented by the continuity equation and the balance equations for the
energy momentum-tensor of matter and radiation,

Vu(pu”) =0, (1)
VuTrﬁ:t = f, (2)
V. . Tlq = —f*, (3)

where Th” is the energy momentum tensor of matter and 7% that of
radiation. V, is the covariant derivative with respect to the metric g,.
of the space-time, u* is the four-velocity of an observer comoving with
the fluid.

In usual problems in which radiation is important the main dissipative
processes occur due to the transport of photons, therefore we neglect
viscosity and heat conduction of gas. In general matter and radiation behave
like two distinct fluids whose interaction is expressed through the source
terms f”. In thermodynamics equilibrium radiation becomes thermalized
and it is completely determined by means of the local temperature of the
gas (black-body radiation).

Vol. 67. n® 2-1997.



148 A. M. BLOKHIN. V. ROMANO AND Yu. L. TRAKHININ

With respect to the normalized four-velocity u#. the energy-momentum
tensors can be decomposed as

Thae = (e + p)utu” + pg"”,
T = Jutu” + H*u” + H u* + K**.

rad

e and p are the total energy density and pressure of gas. By writing
e = p(l + eg) with e the. specific internal energy and p the density
measured in the frame determined by u* and by introducing the specific
entropy s and the absolute temperature 7' of the gas, one can relate eg, p
and p by means of an equation of state according to the Gibbs relation

1
Tds = deg + pd;, 4)

on the basis of kinetic theory or statistical mechanics. For the moment we
do not restrict ourselves to a particular equation of state.

J, H* and K*"¥ are the radiative energy, density, flux and shear tensor.
They satisfy

H"u, = K", =0,

For thermalized radiation the expression of J is obtained by the
distribution of Planck

J=B=0oT%,

where B is the black-body energy density and o the Stefan-Boltzmann
constant.

In order to close the system (1)-(3) one has to specify a relation between
J, H* and K*¥ (closure problem), by taking into account

K!=J.

If the radiation field is isotropic, K*” is given by the classical Eddington
approximation .
K" = —Jh*
3 b

where h*¥ = g*¥ 4+ utu” is the projection tensor orthogonal to u*.
Levermore [5] in the case of static medium has obtained on the basis of
kinematic considerations a variable Eddington factor,

1
K" = ST (ua” + ") + fJEH#H",
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STABILITY OF SHOCK WAVES IN RELATIVISTIC RADIATION HYDRODYNAMICS 149

; HYH,
where o1 = 1 — ¢, o2 = %, 0 =A%) =2 —V4-3)\ N\ = T3,
We observe that the physical range of values for A is 0 < A2 << 1, the
limiting case being isotropic radiation and free streaming respectively.

Lately APS [2], [3] have cast the previous closure in covariant form
and showed that it can be derived by means of the entropy principle as
formulated in the framework of extended thermodynamics [6], [7].

The source terms in (2)-(3), which model the interaction matter-radiation,
are the moments of the collision kernel of the transport equation for photons.
Except Thomson scattering, in general it is not possible to express them
as explicit functions of J, H* and K" [17], [18]. We will adopt a
phenomenological description by means of a sort of mean absorption x,

(2.7) #¥ = pr{H" +u”(J — B)}.

We note that by using the continuity equation, the balance equation and the
Gibbs relation, the following additional consevation law holds

pu®Vys = Vo (psu®) = %(J — B). (5)

The fluid flow, in contrast with a simple ideal gas, is not adiabatic on account
of the dissipative effects of radiation. The presence of the additional relation
(5) will play an important role in the next section for the symmetrization
of balance equations for matter.

Since the thickness of the shock is almost always negligible compared
with the characteristic length for which curvature is relevant, we will work
in Minkowski space-time M. Only for special problems in very early
universe we expect the inclusion of curvature effects to change significantly
the results.

Let (t.z") be local coordinates in M. Then
9uy = diagonal (—1,1,1,1)
and the four-velocity of the fluid has components
ut =T(1, ).

where I' = (1 — v2)71/2 is the Lorentz factor, with v2 = v'v;.

Vol. 67, n° 2-1997.



150 A. M. BLOKHIN. V. ROMANO AND Yu. L. TRAKHININ

Explicitly eqs (1)-(3) now read

) o .

5 (PT) + 55 (pu) = 0, (6)
a 2 8 k 7

57 (P —p) + 5ok (PRLU") = pr[H'v; + T(J — B)], (7)
1o} : o} . A ) 4
Hle+p)lu+ w(ﬂhuluk +p8%*) = pr[H' +u'(J - B)].  (8)
0 ) ) . . ,

- (JT2 4+ 20 H; + K) 4 %(Jw +uiv* Hy + TH + K%)

= —p,u;['uiHi + P(J — B)], (9)
&(Jl“uz +TH"+ ulkak + Klo) + %(Juzuj +2v'H' + KY)
— —pRlH' + (] - B, (10

with h = 1 + eg + p/p the relativistic hentalpy.
If the state equation is in the form

€y = 60(:07 3)7

in view of (4) we can write

(2.8) T = (eo),(p;s), p=—(eo)y(p;s)

and consider system (6)-(10) in the unknown variables vector

where

3. SYMMETRIZATION OF BALANCE EQUATION

Our aim is to investigate the stability of shock waves arising from the
system (1)-(3) by applying the energy method. One of the most fruitfull way
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to employ that method is to rewrite the balance equations in a symmetric
form. We recall that a system of the type

U . oU
%Y | i
ot " ° oz

=6(U)

is said symmetric if B® and B' are symmetric matrices. Further if B°
is positive definite then the system is said symmetric t-hyperbolic by
Friedrichs. We shall symmetrize the balance equation for matter and
radiation saparately with different methods.

3.1. Symmetrization of the balance equations for medium

Since for gas the additional law

0 : PK
- Y= —(J — B),
o (psu) = 25T - B),
holds we can use the procedure suggested in Refs 19, 20, 21, 22, 23. The
basic ideas are the following.

If

0
&(Prs) +

PU) 9 .
=+ 3P U =9() (ay

is a system of balance equations such that the supplementary relation

od°(U) 09*
- = g(U
ot o 90U
is satisfied by each solution of (11), then a new set of dependent variables
Q = (g1, .-, gn) can be introduced by means of the relation

Q- dP° = da°,
with - standard scalar product in R3. Setting
L=L£Q)=Q-P°-® and M=Q P"-

the system (2) can be rewritten in a symmetrical form as

9 022 g

. .A(O) + A(k 5ok g(U)~

where
A® =) and AW =(ak),
with af; = Lgig; and af; = M}, ..

Vol. 67, n° 2-1997.
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The calculation can be simplified by introducing the matrices I(®) and
I®) with the aid of the relations [13], [14], [15]

dQ = 1dU,
dL, = 194U,
dM = IMdU,  k=1,2,3,
where
dLg = (Lg,.....Lg,)*. dM® = (MP, ... ME), k=123
Then
A© = (Lqeqj) =177,
AW = (ME)) =101, k=123, jj=T5

In the present case we find the following canonical variables

. hoowt w? wd T\

Q — (QLQQ: 43,44, QS) - (3 - T7 _T7 _7—1—7 —Ta T)
and productive function
r

L= — TP and .M(k) = Lv.

It is easy to verify in the particular case u?> = u® = 0 (which will be
considered in the following, even if the same result holds in general) that
—A©® > 0 if the following inequalities take place

mg > 0,
hmo — (u')?(momah + m?) > 0,
(u')?[ma — hmg — 2my 4 T (memah + m7)]

—th’n’lo(?) + Fzmg) - (]. + m1F2)2 > O,

(12)

where

mo = _60)35
T A
pT(eo),s — h(eo)
- 1 ps ss )

mi + A \
h (ST = hp(eo),,)?

my=—-3— — — > ,
c2 h2c2A

A =ceo),, — (€)= (p(0),),
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It is easy to show that, as in classical Gas Dynamics, inequalities (12) are
fulfilled if the state equation ey = eg(p, s) satisfies the following inequalities
which express causality (sound speed smaller than the velocity of light)
and convessity of the relativistic free entalpy:

(eO)V < 0? (60)5 > 0’ (13)
(eO)VV > 07 (eO)VV(eO)ss - (60)2"'3 > 0.

Note (see Ref. 15) that system (2) can be rewritten as

U S oU
0% 9T _
B 3t+k§=1:3 7% = F. (14)

where in the particular case u? = u® = 0

o= 0 % 0 0
0 pTm® 0 0 0
BO =_r1®=| » o £ o o |,
0 0 o 2L o
hT
0 0 0o o 2f
au’ 0 L 0o o
1
0 —ay—37 (ig)"’ 0 0 0
BW =M= 1 0 e 9 0 |,
1
0 0 0o 2 9
hl
0 0 0 0 chu
0 00 £ O
000 0 O
B =_ri®»=10 0o 0 0 o,
100 0 0
0 00 0 O
0 000 %
0 00 0 0
B®=_-ri®=10 00 0 0
0 00 0 0
1000 0
F=-IF. Itis easy to see that the matrices

B@® = _*J®) = _* A =03

are symmetric and B(®) > 0 since —A(® > 0 and inequalities (13) fulfilled.
Consequently system (14) is also symmetric ¢-hyperbolic (by Friedrichs).

Vol. 67, n° 2-1997.
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3.2. Symmetrization of radiation equation

In this subsection we discuss the topic of symmetrization of radiation
equations (3). With this purpose we adopt the same idea used in refs 3.4
and based on the procedure of extended thermodynamics [6]. We want to
impose the entropy principle on system (3), i.e. we assume that there are
functions ®* = ®*(W), g = g(W) and canonic variables (or Lagrange
Multipliers ) r, = r,(W) such that the relation

TG{ rad + Z or k( rad)}
—'TO{ ad)+za % rad }
+ZTJ{8 rad +Za k( rad}

(0)
= —rafa =qg= 82 + div® (15)

holds for every smooth solution of system (1)-(3). Here
® = (oW @ ®)*,

We define the productive functions L, M® k= 1,2, 3:
3
L= r T~ 80 = T + 3 r 05 — 20,
k=1

M® = r, T - 0¥, k=123,

By using the theorem of representation formulas for tensor-valued isotropic
function [24], we seek the productive functions in the form

L = L(G)r°,

M® = £(G)r*, k=1,23,

where

0 k 2,2, .2 .2
G =r,r® =71or° + E Tt =11+ 715+ 15 — 715
k=1
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From (15) derive

T = 0C = o - £,
To
- oL
Troa’:i = 6—?% = —27‘kT0£’, k= 1,2,3,
_ OM®)
Tr,;?i = oo = —QT'OTkﬁl, k=1,2,3,
Tkj 6M(k) ’ .
Trad = 87"0 = 27"ij£ + £5kj7 Js k= 17 2, 3.

To compare expressions (15) with expressions (3), we introduce the
representation for H®

H* = cou* + dr*,

where ¢y, d are related by

3
k_ Co
Tro + ; TEUT =
J2N\? = d*G + c2
and satisfy the conditions
T'(col — dro) = up HE,
J?A\? = H*H,,.

Substituting the expressions (16) into (3) and comparing the obtained
expression with (15), one has

P2 .9
2L = T=2d°
J
1
L :-§J<P1,
J (7)
Co= ——,
P2
¥1 P2 o
J(1+?> +2Co+768=0~

actually, the last expression is an identity (for the given expression of cg
and ¢). Using relation (16)2 and (17); 2, we have the differential equation
for unknown function L:

GL = -2L,

Vol. 67. n°® 2-1997.
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its solution is

Since

we have that

4 J%p
G=T?+T§+T§_Tg:—§d2g02

3
G=—/5—,
Jo1
3/2
d:”ﬂ(ﬂ) .
w2 \ 3

By means of the previous relations, we obtain

wherefrom

4
2 = 5»77”0801,
2
Q(k)z—'?—)J’f'k(pl, k‘=1,2,3,
= —(p1J — B).
g des (1 )

Consequently system (3) can be rewritten in the canonic form

R O OR -
AQ— B = ®. 1
rad ot + ; Aradaxk ( 8)
Here
A9 = (L..,,). A% = (M,@fz.j), k=1,2,3, «3=03.
@ = —(f0~f17f27f3)*7
0
Ah
—31r0(G+2r3) (G +6r2) 712(G+ 6r3) r3(G+613)
4 - (G .2 _ 2 _ — @ ..
B r1(G+6r5) 1o(G—6717) 6roT1T2 67107173
T G| (G +613) —6rorir2  1o(G — 673) —67To73

r3(G +6rd) —6rori73 —6rorary  7o(G — 673)
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® _ 4 (& _ o
Arad - EZ Qa3 |- a7ﬂ - 07 3?

aéo) = ri(G + 673), a(()';) = agz) = 1x(Gbor — 6r07,), a=1.3.

a*) = ) = 6ri7rars — G(ribas + T30k + Tebasbar). a.8=1.3.

Considering the case

w=u*=0, H*=0, k=123,

we have
3(2I? —1) 2Y(6I2—-1) 0 0
1(aT2 1)2
©) _ s|vt(6I'*—1) 1+6(x')* 0 0
Arsa = 4o 0 0 10
0 0 0 1
vI(6T2—1) 1+6(u')? 0 0
1) 1+ 6(u1)2 301(2P2 -1) 0 0
Arad - 4F 0 0 Ul 0
0 0 0 !
0 0 1 O 0 0 0 1
_ 0 0 o' 0 3) _ 5[0 0 0 o!
Arad 4]‘_\7-"0 1 ’Ul 0 ol Arad - 4]‘—‘ln’O 0 0 0 0
0 0 0 O 1 22 0 0
where ng = (%)1/4.
It is easy to verify that in the particular case u? = u® = 0, H* = 0,

k =1,2,3 the matrix Arad > 0, i.e., system (17) is symmetric ¢-hyperbolic
(by Fnedrlchs)

Moreover, we have for system (6)-(10) the entropy relation
17} . 47 J
g{pfs + 09} 4 div{psu+ ®} = pn{?(J - B) + E@—g(cpl‘] — B)},

which holds for every smooth solution of system (6)-(10).

Vol. 67, n° 2-1997.
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4. SHOCK WAVES IN RELATIVISTIC RADIATION
HYDRODYNAMICS: THE STABILITY PROBLEM

A shock wave is an oriented hypersurface ¥ in space-time, across which
the field variables suffer a jump discontinuity, i.e. the tensor fields governing
the motion are regularly discontinuous [12].

We will be deal with shocks between two equilibrium states. In such a
case radiation is completely thermalized and radiative stress-energy tensor
is, then, given in the smoothness regions by

4 1
T = 3BTt u” + gB(T)gW. (19)

The mathematical properties of shocks for relativistic radiating gas were
discussed in Ref. 25, where it was proved that under the assumption (13) on
the equation of state the jump conditions admit a unique solution satisfying
the entropy inequality. Moreover, it was shown that the ipersurface ¥ is
space-like. Therefore, if ¥ is described by the equation

SO(IQ) = 07 dSO |27£ 0,
we can introduce the unitary space-like four vector
I = g"'V,$/9*°VadV 5

and the conditions

[putp,] =0, (20)
[Thaceu] =0, (21)
[Tr(lléy(pﬂ] =0, (22)

must hold on ¥ for the system (1)-(3) where for every regularly
discontinuous function f is [f] = f- — f4, the subscripts +, — denote
the value of the function ahead and behind the shock front, respectively.
We assume the undisturbed shock to be stationary. Then, one can choose
the local coordinates (t.z') adapted to the shock front. In particular, the
local chart can be taken such that the equation z' = 0 represents locally the
hypersuface 3. The shock wave will be given by a step-wise function with
different constant value for for each ¢ in the two region z! < 0 and ! > 0.

We will investigate the stability of the solution under small disturbances
(linear stability).

Annales de I'Institut Henri Poincaré - Physique théorique
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The indisturbed state has the following form:

when z! < O:
D = Poo = cCONSt, § = §,, = const,
v! =91 =const >0, v®=1%=0,
P = Poo =cCONSL,  Poo = —(€0)y (foor 8o0),
Voo = l/ﬁoo’
1

2, = A;(eo)vv(ﬁw’gw) = (pz(eo)p)p(ﬁoo7§°0))
I S
V1= (93)?

Co

, & o .

b = 7=, hoo =14 €0(foos Sc0) + Poo Voo,
hoo

TOO = (eo)s(pAooaéoo)7 -FI1 = H2 = H3 = O,

J=Jo=0oT%,

when z! > O:
p=p=const, s= 3§ = const,
p=p=const, p= _(eo)v(ﬁv 8),

;2 = V2(60)Vv(ﬁ, 8) = (pz(eo)p)p(ﬁ7 8)
1

f:—7

s iL=1+€0(A,§)+ﬁV,

. 2
V=1/p, &= B
J=J=0T% T =(e),(p5), H'=H>=H?=0.
We assume that at ! = 0 conditions (20)-(21) hold on the discontinuity
surface
pit = pocitl, = j #0, (23)
P + b = poohos(itly)? + oo, (24)
Al = hool'eo =1 #0 (25)
[32] = D1V + hoo Vo), (26)
[jfal] =0, (27)
[j(l + 4(@1)2)] =0

Vol. 67, n° 2-1997.



160 A. M. BLOKHIN, V. ROMANO AND Yu. L. TRAKHININ

((R?] = > — h%. [p] = p — pc)) and require the fulfilment of the
necessary conditions: '
D> Poc: P> Pocy 8> S,
(€0)s1-(Focs o) > 0, (€0)yy-(5,3) > 0,
{(e0)1-(€0),s = (€0)3:} (P 8) > 0, (29)
{(eo)v-v-(e0)ys — (€0)7:,} (5, 8) > 0,
VY > Coso, D1 <8 (01,01, Gones s < 11).
Let us c0n51der a small pertubation of the previous solution and denote
by B(U), A (W), B*(Us), A (W), the matrices B and A,

rad rad

for U = U and so on. Let us linearize the system (14)-(18) around the

indisturbed state. In order to simplify the notation we indicate again the

pertubation of the matter and radiative variables with the vectors U and W.

The stability is investigated by studying the well-posedness of the
following mixed problem with moving boundary conditions.

MAIN PROBLEM I. — To find piece-wise smooth solution which satisfies
3

BO(U) BU — t ZB<’°> g‘i = —I*(U)Quatc ()W, (30)

3
OR .
AW ZAEZ& (W) = —Qra(OW, (31
for t > 0 and x € R3;
BO(U,, ) ZB(’“) (Us) U = T"(Us)Qumat (U)W, (32)
aR > R
Afh (W) == + ZA&Z& ~Qraa (U)W, (33)

fort>0andeRi,
the boundary conditions:

Fy = up + p1peo + p2500 + paul,,
u' +dp = d1pec + daseo + dzul,,

A
2 2
- = —Fz-z = s
A
u3 - —FI:Z = Al’ll.ic
I
S = VP + V1Px T V2Sxc!
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F,[(41? — 1)a]
ARWIRI = | _p gianeas (35)
—F,3[16(4!)%nd

for t > 0 and x’ € R?, z' = 0; and the initial data

W(0,x) = Wo(x), x€ R, F(0,x)=Fx), x'€R® (36)
for t = 0. '
Here z! = F'(t,x’) is a small displacement of the discontinuity front,
2 _ 32 51 . ~1 32
H=—A/\ ’ d:'«Ta /67 >\=—1i°°f(d{)1—I‘2)=—13‘;°’3,
].—‘[’01] v a (31’[)1]._‘2 vcia
AV ~1151 A a
= Aﬂ U ]7 a = é&ay, a1:2—v [o ](1_'_—(60)},3(;),3)),
Tolcia C1 Té2p
=1l = D _ P a@n)+p e
1 o) 1 p’\]_—‘['i}:l] o0 1 'l’}éo a Cgo )
a . hoo¥ T2
AOO = -7 ioz (eO)Vs(pOO7 SOO)UI P A2°0 = — poodlv
h’OO Cle's) 800
O E@RNBL e _ e o1y r
=@ Folea o = Cooo — (050) " /\1=ds=i,
~1 1
- u A A Uso A a A
b2 = Z_@g(eO)VS(p’S)Vz - Bwézm (€0)vs(Poos 8oo) + Pda,
ol oL [t e Doy 8
po = — = M2, aloo:2+—_OO[ ](14—"————( O)AVSA(p ~ OO)),
pr[o] 2 TooC3oohoo
IA‘ooj—'ooa'loo 1 d leme a A1oo 1
Vo= —= =" =z = — o — — — .
2 H3 T 2 Alo] 1 a

f‘Tal
By performing the following change of coordinates, which is regular for
sufficiently small values of F(¢,x’),

(t,z) — (t,z* — F(t,x'), 2%, 23)

we reduce the problem to a problem with fixed boundary conditions.

Necessary conditions for the stability of shock waves are the geometrical
Lax conditions (see Ref. 10 for a review), which assure that the problem is
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well formulated with respect to the number of boundary conditions. Shock
solutions satisfying the Lax conditions are said evolutionary.

We observe that the matrix

by 0 b 0 O
0 91 0 0 O
o - bs 0 b 0 O
— 70 —17(1) _ 3 1
0 0 0 o0 9t
~1(q1 A2 AT A2
where b; = M by = ehcf , bs = AlA —, has the following eigen-
A IBA ph'A
values:

P11 — &) + Lo
Aos = ! /\45=_L_L2
2, ) s A 9
and if o1 > &, then A; > 0, j =T, 5; if 91 < ¢, then A 234 > 0, A5 < 0.

The matrix Aii‘)i(VAV) has the following eigen-values:

Az = 4fﬁ3{2@1(3f2 1) & \/4(51)2(302 — 12 — (3(51)2 1)},

A T 5
)\3,4 = 4U1Fn0,

and A\134 > 0, A2 < 0if 3(61)2 < 1, and A1 234 > 0 if 3(91)% > L.
Therefore, one has evolutionary shocks when

1
oL > max(—,ésoo), 37
L v (37
L cotce (38)
— <D Cs
V3
or when
LSl se (39)
\/§ oo 500 3
ot < min(i.é > (40)
V3

We call the last two type of discontinuous solutions as fast and slow shock
waves respectively. In the next sections the stability properties will be
studied for both the type of evolutionary shocks.
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We observe that fast shocks can occour only in very special situations,
as in early universe, because it is required that the sound speed of gas is
greater than that of radiation. An example can be a barotropic fluid with
equation of state e = yp with v = 1 (stiff matter), considered in several
cosmologial models.

The slow shock waves include almost all the cases of interest for radiative
phenomena in astrophysics or laboratory experiments.

5. WELL-POSEDNESS OF STABILITY
PROBLEM FOR FAST SHOCKS

By virtue of the first inequality from (37), the matrix B;(U) has
five positive eigen-values, and the matrix Aﬁiﬂi(wm) has four positive
eigenvalues. Consequently system (32), (33) does not need the boundary
conditions for z' = 0 and its solutions in this case is completely determined
by initial data for 2! < 0. Without loss of generality we presume that
W(t,x) = 0 for z! < 0 (see also Refs 13, 14).

We can turn the stability problem for fast shock waves into the proof of
the well-posedness of the following problem.

MaiN PrOBLEM II. — We seek a solution to the system of equations (30),
(31) which satisfies the boundary conditions

F, = pp,
ul +dp =0,
u?? — 3sz,3 =0, (41)
g s =vp;
, F,[(41% — 1)Ad]
(AL (W)R] = 0 (42)

—F,2[16(4")%ng]
—F,s[16(a')27g]

for t >0 and x’ € R?, 2! = 0 and the initial data
W(0.x) = Wo(x), x€R, F0.X)=F(x), xck (43)

for t = 0. The coefficients u, d, )\, v are described above.
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As in Gas Dynamics (see Ref. 14), we can derive the following boundary
condition at ! = 0 for Main problem II

A2

m(r'*P + n(€])*P — ZrEP + Fo =0, (44)
v
where
A N2 N A2
v==(f5) > m=(F) 2 ramt P
I3 s o112 AT
Fo=a17P + a2§273 + agng,
0 0
T 8t, fk B.Tk’ 9y
T =por’, & = pi&y + Par’,
A A - A _ 2 A
with po = I8, p1 = £, po = AIPI—#, B = & — (9")* while the

Po
coefficients ar, k£ = 1,2,3 can be determined from boundary conditions

(41), (42).

We will obtain the so-called a priori estimation without loss of smoothness
for Main problem II. This allows us, by using standard techniques (see for
example Ref. 27), to prove the well-posedness of Main Problem II and in
turn to achieve the fast shock waves stability in Radiation Hydrodynamics.

The basic idea used is to consider besides the eqs (30)-(31) also another
problem with dissipative boundary condition at ' = 0. By taking a suitable
linear combination of the two systems we obtain an expanded system which
has also dissipative boundary conditions. This allows us to get the desidered
a priori estimate for Main problem II. The construction process of the
expanded system consists of two stages. Firstly from the system

3
AoV, + E AV + OV =0
k=1

we construct the following symmetric ¢-hyperbolic (by Friedrichs) system:

3
Aop(Vp)e + D Ap(Vp)ar + 2V, = 0. (43)
k=1

V=) = (U0 )
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Q) is the square matrix such that
v (IFOF)
v = ( -® )’

V, =(V*, 7V* & V* &V &V 72V* 76,V 76V,
&V, GV, 66V, 6E VGV, LGV, 6V
dap = diag(Isx A, e(I10x As)), @ = 0,3, Q, = diag(I5xQ, e(I;0xN)) are
block-diagonal matrices, I5x A, is the Kronecker product of the matrices
I; and A,, I is the unit matrix of order 5 etc.; € is a positive constant.

Writing the energy integral in differential form for the symmetric
system (45) and integrating it over the domain R3, we obtain

d ,
00 [[ v, V)| ax
+ // (R + XV, V,)dx = 0, (46)
Ry

=], o

AOP P) (A()V,V) + (AOVth) + ..+
(A()st 3 VIS) + E{(Avth Vtt) + oo + (AOVw3z37Vz3z3)}

where

etc. In order to deduce eq. (46), we have assumed V,, to be square integrable
in Ri Therefore |Vp,—>0 when z!—o00 or |$2’3|—>OO.

Estimating the second and the third term in equality (46) with the help
of boundary conditions (41), (42) and system (14), we obtain the inequality
d

T Jo(t Ml// -{P"’ + (u?)? + (u®)? + P?

+ P2+ P+ P2 + €(P 4 Q) } o1 —0dxX <My Jo(t), (47)

where M7, M> > 0 are constants;

3

3
P:Pt:')t‘l’PIl-f— ta? x3+z iy Q:ZZ IJI

7,7=1 i=2 j,k=2

From boundary conditions (42) and system (30) (31) at 2! = 0 we deduce
3
(6 +&)u’ = (b7 + Bob1)&P + (w + Zwksk) P, i=2,3, (48)
k=1
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where ; 2, Y0.1.2 are constants. Using the inequality [29] that

2
// Qlr1—odx’ < const// Z(u;zzz + Uls 45 )] er odx’
R? R? =1
2
< const// Z((ﬁﬂ + B2£1)&P)? o1 —odx’.
R? i

and the property of the trace of a function in W3 (R3) on the plane z' =0
(see Ref. 29), we transform inequality (47) to the following form:

i]o(t) — EMl// P|11=0dXISM2J0(t), (49)
dt R?
where Ml, Mz > 0 are constants.

Now we proceed to the second more complicated stage consisting in the
construction of the expanded system. Since 9! < &, we observe that P
satisfies the wave equation

()= (@)’ -g-&P="h
with A
I2A

A2
Cs

h =

1
Lh® — Eglhl — &h? — £h3.
Then the vector
Y = (T/P, gilpa 52,P7 53’P)*
satisfies the symmetric system [13]

(BT + Q& + Raés + R3&3)Y = h,

1 -my —la =l
—m 1 0 0
E = E(my,l3,13) = _121 0 1 0 )
—ls 0 0 1
mi -1 0 0
B -1 om b ls
Q= Q(m.l2.13) = 0 I -m 0
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{lz 0O -1 0 \
0 —l2 mi 0
-1 my 12 l3

0 0 Ils =l

I3 0 0o -1
0 —l3 0 my
0 0 -z L}
-1 m; l2 l3

Ry = Ry(ma, la,l3) =

R3 = R3(ma,lp,1l3) =

where m, l2, I3 are some constants, and E > 0 if 1 > m? + 12 + 12;
h = h(my, Iy, l3) = (h, —mih, —loh, —I3h)*.
We rewrite boundary conditions (44) in the form:
(7' —a)LP+ Fy =0, z'=0,

where A
L=a7+ azf;.

The constants a, a;, as are derived from the system

Cs

ay=m, aaz=-n, am-—az=7y= 7.
v

Solving this system, we choose, for example, the number a as follows:

oz 1t V2 —4mn
- 2m )

In general, the number a is complex (if v2 — 4mn > 0, then a is real).

Therefore, the function LP is a complex function and the vector

Y, = (FY" 6Y ", &Y &Y, LY*)"

is a complex vector which satisfies a symmetric ¢-hyperbolic (by Friedrichs)

system:

{Ep™ + Qpéy + Rapéz + Rap€3}Y, = hy, (50)

where E,, Qp, R2p, Rsp, are block-diagonal matrices of order 20,
E, = diag(01E1,09F5,03E3,04E4,05E5), E; = E(mu, lai, 13:)

etc.; o; > 0, my;, ly;, l3; are constants, m?; + 12, + m3; < 1,

hp = (01h¥,0’2h;,0'3h§,0'4h2,0’5hg)*, hi = h(mli,lgi,lgi), 1= ].,
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We choose

loy =13 =0. i=1.5. my;; =0, mp=—1/2,

1 2 ;R
Mg =mys =b > 0. b:—min{mlal "e“},

2 nRea’ mla|?
2Rea m
mys = W, o1 = ;0-22
o mn (Rea)? nRea b
=04 = ———————-—05 o9 = | ——F5 — g
3 4 1 I |(ZI2 I(IP 5 2 m|a|2 4,

o5 is an arbitrary positive number. Thanks to this choice, we obtain
—(QpYp, Yp)lzr=0
3
< (Z{kliIizfiPIZ + k2i(T'6P)? + E3i(E16P)? + ks (626P)*)

=2

+ho(€PF + (2 - ) PR + Joal(€l)P)?

. 1 1
— GIILT"P|2 — —E—I,Foz) S (M3 — 61M4)PI1.1=0 — Efg|z1=o, (51)

z1=0

where k;;,i = 1,4, j = 2,3, ks, Mz, are positive constants; ¢; > 0 is
a constant such that

€ <M3
1 M,

We write out the energy integral in the differential form for system (50):
1
(DpYp, Yp)e + p_l(Qprv Yp)ar + (RopYp, Yoo
+ (R2p Yy, Yp)es +2(Y,, hy) = 0. (52)
Here D, = ploE,, — ﬁ—;’QP. It is easy to verify that D, > 0. We integrate
equality (52) over the domain R? assuming again that |Y,| is square
integrable in R% and therefore [Y,|—0 whether z'—occ or |£23]—xc. As

a result, in view of (50), with the help of the property of function trace
from W3 (R3) on the plane z' = 0, we obtain the following inequality:

ditjl(t) “+ M5/ R2P|11=0dx' S Me(Jl(t) + Jo(t)) (53)
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where

Ji(t) = / / (DY, Yy

M; = o-(Ms — My) > 0, Mg > 0 are constants dependent on €.

Adding inequality (49) to inequality (53) and considering that under an
appropriate choice of the constant ¢ the quadratic form

A= (M5 — M) P|,,—o

is positive definite, we obtain the inequality:

d
%JQ(t)SM?JQ(t), t>0,

where Jo(t) = Jo(t) + Ji1(t); M7 > 0 is a constant. The last inequality
implies the desired a priori estimation for Main problem II:

Jo(t)<eMtJ5(0), ¢>0, (54)
Thus, from (54) we conclude that the estimation
IW(@)llwz(ry)<Ms, 0<t<T < oo (55)

holds for Main problem II. Here Mg < oo is a positive constant dependent
on T.

Note that for the function F'(¢,x’) the estimation
1 F'lwz 0,1y x r2y < Mo

may be obtained (Mg < oo is a positive constant dependent on ).

From estimations (54), (55) it follows (see 27) that Main problem II is
well-posed for m,n > 0 and this implies the fast shock waves are stable.

6. INSTABILITY OF SLOW SHOCK WAVES

Now the slow shocks will be studied.
By virtue of (39), the matrix Bl(ﬁw) has five positive eigen-values,
and the matrix A’} (W) has three positive eigen-values and one negative

eigen-value. At the same time, as a consequence of (40), the matrix B;(U)

has four positive eigen-values and the matrix Ai;zj(VAV) has three positive
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eigen-values, ie., at ' = 0 it is necessary to set up eight boundary
conditions for systems (30), (31) and (32), (33) plus a condition to determine
the function F(t,x’).

The study of stability for slow radiative shock corresponds to the analysis
of the well-posedness of Main Problem I under the conditions (39)-(40).
Applying the same technique to the case of slow shock waves, omitting
details, we conclude that if the inequality.

(AL W) ™ = (ALWL) = (AL W) >0 (56)

holds, then the boundary conditions of the corresponding expanded system
are dissipative. However, by virtue of (39), (40) it is not difficult to see
that condition (56) is not fulfilled. Indeed, we shall show, by following the
Ref. 30, that it is possible to construct ill-posed examples of Hadamard-type
for slow shock waves, that is a sequence of solutions of the form

( 0 0
_ 0.2 c NP 0 _ .m0 .1
Ae Vn+n(not+iw;z?) 02 e~ . e et b zt > 0,
3
0 C4

0 _ 1.0 2
Auo e~ VRtn(not+ie e’ tivya )7 2! < 0;

L 0
where the matrices A and A, and the constants 2, Do, 79, w9 will be
described below and the constants ¢; will not be all zero and determined

by the boundary conditions.
In order to simplify the calculations we rewrite system (2)-(3) as

U & U
B (0) - +ZB£:; U) 7 = ~Quar(W)U = Duee (W)Y, (57)

) . OY . .
(0) (k) _
Brad )-‘5{ + ZBrad(U)a—x—]g - _Qrad(W)Y - Drad(W)U3 (58)
where
I =3 0 0
1os5 A-lm J |-at 3 o0 o0
Y = 12754 R’(H+§Ju)’ A=l 0o 0o 3 0
0 0 0 3
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1 o
—— A ALY (W)A, a=0,3.

B2)(U) =

= O o
o O O
o O O
o OO
o OO
OO =

=}
[e=]
=]
[e=]

1 00

Qmat> @rad are quadratic matrices and D¢, D;aq are rectangular matrices
such that

-I*(O)F U Qmat D

V — - — — ma mat

Q ( A* @ ) I V <Y ) 9 Q <Drad Qrad .
Applying the Fourier-Laplace transform to the Main Problem I, we obtain

the following boundary value problem for the system of ordinary differential
equations:

e}

A% - L
~dt + M(s,w)V =0, z'>0, (59)
A% A .
'_%l‘ + Moo(s7w)v - Oa’ - < 07 (60)
SoV — 51V =0 for z' = 0. (61)

Here
‘”/:V , 1’ = (2 1—3/2 -—st—i(w,x’)V x)dtdx’.
(s,z7,w) = (2m) ///Rae (t,x)dtdx’,
5:77‘*"55» "7>07 w:(w2’w3)a |§l7|w| < o9
M(s,w) = M(W)
_ ( Mpa(W) —(Bfiit(ﬂ))—lﬁDmat(W)) 7
~(BE(0)) " Draa(W) Myaa(W)
Mot (W) = M, (0) — (BL(0)) ™1 Qmac (W),
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o
MR (T) = MO (5.w)
= ~(0) (4B (0) 13- 0) |

(0) = (BEY(0) 1 Qraa(W),

rad

M a(W) = M)

rad
M,‘;Z(ﬁ):—(Bf:é(ﬁ))-‘{ r;’;(U)HZkaf:i }

Moo(s,w) = M(W), MO (0..) = MO0,

B
o a) (T ma U 0 na
B = Bl )(U)=< 6( ) B(")(U))’O‘:O’g’

rad

Vo = Vlaﬂ—»—O»

S0 0 Sl 0
S, = mat " — mat “
0= (S?ad Grad(w) )7 Sl (Srlad Grad(ww) ) ’

—iwafi O 0 s% 0
—twsit 0 0 0 s&
Sr?lat - Sglat(svw) = CZ 0 1 0 OA )
—-v 1 0 O 0
twafly  twally twalls 3“—:\\* 0
. ~ . - O SL)‘I_
st — gl _ | WsH1 wspy W3l Y
mat mat (87 Cd) dl d2 d3 0 0 ’
U 12 0 0 0
~[(4r?2 - 1)J)@ 0 0 0 0
g0 _ 0 0 0 0 0
rad = 0 0 0 [16(111)2.]]{% 0 ’
0 0 0 0 [16(at)2 )4
(41 = 1)J)an [(402 = 1) J]puy  [(412 - I)J]
0 0 0
1 _
Srad - 0 0 0
0 0 0
0 0
0 0
L1\2 71 A .
[16(u1)2J]“A 0 )
0 [16(at)2J] e

While applying the Fourier-Laplace transform, we assume that V(¢.x) = 0
for t < 0.
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Let

s=ns=n(f+i€) = n+i€, n>0, w=nd=n(dyds), n=123,...

Then R A
M(s,w) = nM(8,0), Mu(s,w)=nMy(5 ).

Further let n > 1. We can expand the values 7, é wy 3, the elements
of matrices etc. as a power series in the small parameter % because the
element of the matrices M, M, are analytic functions:

A 1, 1,
,,7:77(0)4,_77(1)_’__277(2)_’_‘”’
n n

. 1, 1.
oy tey ey
=87+ &7+ 00+,
N N 1, 1,
wz,s=w§?§+;w§f§+ggwé?ﬁ---

etc. Then we have:

B, O 0 0
YA A _ 0 Qm 0 O -1
M,0)="T 0 0 B. 0 T
0 0 0 Q.
Bo(0) + N, 0 0 0
=T 0 QO(U)+N2 N 0 0 T—l
- 0 0 B(U) + N3 0 ’
0 0 0 Q(U) + Ny
T Ao(U) + N; 0
0 A(U) + Ng )’
where
2ﬂ1f‘§—a 0 0
1 N 272
B= ——(2a'fs+0), Q= "0 -5 o |,
D212 Y s
0 0 -7
30'c+3s —30'o+3s 0 0
_ 1 —3als — N —3als + I'o 1 liws  4lliws
- f2 —iw2D2[‘ —Z'CU2D2I: S 0
—iws DT —iws D?T 0 s
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for n # a|lw| P + &2 +w? #0, k = 2,3);

1 s —|w|T 1 0
= EklCE +). @=| 0 -l 1
0 0 —|w|T

for n = 4'|w|, £ = 0 (it is also not difficult to write out the matrix A for
this case and for the case when 7% +£2 + w32 = 0 or n? +£2 4+ w? = 0). Here

D =+/1-3(4')2, o =1/3s2+ |w|2D?[?;
ReB > 0 and the eigen-values of the matrix @ lie strictly in the left
semi-plane (Re);(Q) < 0).

The explicit form of the matrices Qg, Ao and the parameter B, are
not relevant. We report only that ReBy, > 0 and the eigen-values of the
matrix (o lie strictly in the left semi-plane. N, k¥ = 1,6 are the matrices
with elements of order O(2). It is not difficult to write out the analogous
representation for the matrix Meo:

X Qme 0 0

Mo(3,0) =Tl 0 Bro 0 |TZ!

0 0 Qre

MO (O) + Ny 0 0
=T, 0 B(Us)+Ns 0 T2
0 0 Q(Uoo) + NQ

o (L 0
* =\ 0 A(UL)+ Ny )’

Qe = M (U = ~ (B (0)) ™ Qe (W)

The eigen-values of the matrix M,(,?gt(Uoo) lie strictly in the left semi-
plane; I, is the unit matrix of order 5; N, k = 7,10 are the matrices

with elements of order O(2).
We have the following relations for constants ci, k = 1,9:

0
Cruat : Cs
0 0 Ce
SoT'| ¢ ~S1Tc|c; | =0, Cpat=|cr
c3 0 cg
Cy 0 &)
0
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The last equation has only the trivial solutions if
det £ # 0, (62)
where

1 1 1
det £ =19+ 1D 4 4+ —® L O(=), I°=detLO®,
n nk nk

SREIONAION WEHORAO) 0
(0) = (0) 20 o (0) - mat ’ 0 s
L=, o) ( Sraao(3©@, &) Leaa (59,60 )

50 = 7O 1O, 50 = (@, &),
det L) = det { 55, (5@, 0)Ao(5?,0) } det Lraa (5©,0),

det Leaa (3@, &) = 3(91)2D?D2, det L(3®, o).

Here
Ooo — 038 O's+o (21?7 — 1w’ (217 — 1)wsl
I 0000 — s s+ dlo 20w,y 20w,
- 0w ot I 0 ’
—VooW2 vV Wo S
——TA};O(U3 ’f]lw;}, 0 Ts

0o = \/352 + [W2DLT%, Do, = /T 3(3LY,
n#atw], 7 # il
It is also not difficult to write out the matrix L for the cases: 1). n = 4'|w|,
£=10,2).n =14l |w, £ =0.
One says that the boundary conditions (34), (35) of Main Problem satisfy
the Lopatinsky condition if requirement (62) is fulfilled for all % > 0,
(£,0) € R3. This means that exponentially growing solutions do not exist

for the problem under consideration. Let us prove that the Lopatinsky
condition is not fulfilled.

We consider the equality
det£L=0 (63)

as a relation which must be satisfied by the values 7, é w3 3. We show that
there exist 7 > 0, (é ,@) € R? such that equality (6.5) is fulfilled. As proved
in the Appendix, there exist 7o > 0, &, wo = (W3, ws) (M + &2 + |wol?® = 1,
w35 > 0) such that det L(3(®,0®) = 0, i.e., I° = det L = 0.
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We choose 7*) = . £® =0, = (w8,0) (g(no,0.w3,0) = 0) and
the values 5, &%), k =1.2.3... as roots of the corresponding relations:

=0 k=1,2,3...

Thus, for

. 1. 1
: =— o\ =
w3 nw3 + e

the Lopatinsky determinant det £ is equal to zero. Consequently, boundary
conditions (34), (35) do not satisfy the Lopatinsky condition.

The last fact allows us to write out the ill-posedness example of Hada-
mard type for Main problem:

( eanzl Cmat
0

T en@Qrat | €2 e‘ﬁﬂ(ﬁt“(“}’x')), z! >0,

e~ VAAn(itHi@x) g1 o g

5
o

S O O

F, = LR —vatntie+i@x) pO) — ¢onst £0.
n

with the eigenvalues of the matrices @,,, @, in the left semi-plane and
ReB,o« > 0 (Broe = U + O(%)). For the previous solutions it is not
possible to determine a uniform bound for ¢ > 0 and therefore we have
proved the instability of slow shock waves.
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7. CONCLUSIONS

The present analysis reveals substantial differences between fast and slow
shocks in radiation hydrodynamics. However, the obtained results have a
rather clear physical meaning.

Even if the shocks are treated as discontinuities, they are really
represented by thin region where the field variables have strong gradients.
The thickness of those regions is of the order of the mean free path of the
fluid (a mixture in our case). For very high temperatures (e.g. ultrarelativistic
limit) the sound speed of matter tends to radiative one. As a conseguence,
the characteristic velocities of matter and radiation are of the same order.

For slow gas at relatively low temperature matter and radiation behave
quite differently. For example if the temperature is 10* — 10° K the mean
free path of photons is of the order of 1072 — 10~! cm, while that of gas
particles is of the order of 10~° cm. Since the viscous exchange zones are
determined by the longer mean free path, one can consider pratically the
gas shock embedded in the radiative one. In fact in newtonian problems, in
the analysis of shock strucure for radiating gas continuity is required for the
radiative variables and jumps are allowed only for the matter fields [31].
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APPENDIX

PROOF OF THE EXISTENCE OF THE
ROOT OF THE LOPATINSKY DETERMINANT

Here we prove that there exist 7o > 0, £, wo = (W3, W) MR +E2+|wol?>=1,
53 > 0) such that q(n, £, w) = det L(3©, 3(©)) = 0. Let

n#atlwl, n#aljw, €=0, ws=0.
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Then we have

q(1.0.w2,0) = I'ng: (n, WZ);

Ooe — 0Ly 'np+o (202 — Dw,T
q1(n,wy) =det [ 8 00o — 7 n+ oo 241w,
—0X wa 9w I'n

o =1/3n2 +wiD?2?, o, = \/3772 +wiD2 12,

where ¢;1(n,ws) is a real-valued function.
Let us show that the equality

qi(n,w2) =0
has roots such that
77>07 (UQZO, 772—|-UJ§=1

On one hand we have

2{0'(2 — V30L) + V3 — 201} >0

quw2=0 = ql(lo) =

fafe
(see (39)-(40)). On the other hand
'f)l
qllwg:l = Q1(0; ]-) - _1:‘3]:_\20 B7

where
B = DI'0L (3 — 21%) + Dol (20 — (202 — 1)5L).
It is straightforward to verify
DI'> D lw.

Then R A
B> 2D T o' (1 — 20'91 I'?),
1-20%L 1% = (1 - (8")% — 2091 I
>T2(1-3(6L)%) >0 (oL, <1/V3)).
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Thus B > 0 and we have:
Q1lwy=0 >0,  q1|w,=1 <O.

This implies that there exist 0 < Mo < 1, wp = (w9,0), 0 < wf < 1,
& = 0 such that

q(m0,0,w3,0) = 0.
It remains to show that
Mo # Wwy, Mo F Uoows- (A1)
It is easy to see that

ql(ﬂlwg,wg) >0, ql('&iowg,wg) > 0.

Therefore conditions (A1) hold. This completes the proof.
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