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ABSTRACT. - The expansion of Hadamard’s necessary and sufficient
condition for the validity of Huygens’ principle for a second order partial
differential equation with four independent variables is taken to fifth

order. This expansion takes the form of a covariant Taylor series in

normal coordinates, and is extended to a coordinate invariant expansion
by imposing invariance of the resulting coefficient under the set of trivial
transformations. The requirement that this coefficient vanish for a Huygens’
equation provides a sixth necessary condition.

RESUME. - On developpe au cinquieme ordre la condition de validite
du principe de Huygens due a Hadamard, s’ appliquant a une equation aux
derivees partielles du deuxieme ordre. Ce developpement prend la forme
d’une serie de Taylor coyariante dans les coordonnees normales, et s’étend
aux coordonnees invariantes en imposant 1’ invariance des coefficients qui
en resultent sous 1’action d’un ensemble de transformations elementaires.
La condition d’ annulation de ces coefficients dans une equation de Huygens
fournit une sixieme condition necessaire.
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374 W. G. ANDERSON AND R. G. McLENAGHAN

1. INTRODUCTION

We consider second order linear partial differential equations of normal
hyperbolic type for an unknown function a E {1, ... , 7~}. Such
equations can be written in the coordinate invariant form

where gab is the contravariant metric on a Lorentzian space Yn with

signature (+, 2014, ~ ~ ~ , , -) and ; denotes the covariant derivative with

respect to the Levi-Civita connection for this metric. We assume that the
coefficients A a, C are Coo functions and that Vn is a Coo manifold.
All considerations in this paper are entirely local.

According to Hadamard [ 14] Huygens’ Principle is said to hold for

Equation ( 1.1 ) if and only if for every Cauchy problem the solution at any
point xo E Vn depends only on the Cauchy data in an arbitrarily small
neighbourhood of the intersection of the past null conoid C- (xo) from
xo with the initial manifold S. Such an equation is called a Huygens’
differential equation. The problem of determining up to equivalence all

Huygens’ equations is called problem.
We recall that two equations of the form ( 1.1 ) are equivalent if and only

if one may be transformed into the other by any of the following trivial
transformations which preserve the Huygens’ character of the equation:

(a) coordinate transformations.

(b) multiplication of both sides of wave equation ( 1.1 ) by a conformal
factor e-Z~~x~, which is equivalent to a conformal transformation of the
metric .

(c) replacement of the dependent variable u by A (x) u where a (x) is
a nowhere vanishing function.
Hadamard showed that a necessary condition for ( 1.1 ) to be a Huygens’

equation is that n be even and &#x3E; 4. He also showed that a necessary and
sufficient condition for Huygens’ principle to be satisfied is the vanishing
of the coefficient of the logarithmic term in the fundamental solution.

It was also in [ 14] that Hadamard conjectured that the only Huygens’
equations were the n-dimensional wave equations

for n even and ~ 4 and o those equivalent to them. This is often called o

Hadamard’s conjecture ’ in the literature. The conjecture ’ has been proven

Annales de l’Institut Henri Poincare - Physique " theorique "



375THE VALIDITY OF HUYGEN’ S PRINCIPLE

in the case when V4 is conformally flat ([4], [15], [18]). However, it has

been disproved in general by Stellmacher ([24], [25]) who gave counter
examples for all even dimensions ~ ~ 6 and by Gunther [ 12] who found a
family of counter examples in the physically interesting case n = 4. These
examples arise in the case Aa = C = 0, from the metric

where a, ~3 e {1, 2} and a«~ is a symmetric positive definite matrix
depending only on The above metric may be interpreted in the context of
general relatively as an exact plane wave solution of the Einstein-Maxwell
equations.

In light of this counter example, a modification of Hadamard’s conjecture
was proposed by Carminati and McLanaghan [6], namely that every

Huygens’ equation for n = 4 is equivalent to the ordinary wave equation
(1.2) or to the wave equation on a plane wave space-time with metric
( 1.3). Work by Carminati, Czapor, McLenaghan, Walton and Williams
([5], [6], [7], [8], [21], [22]) based on the conformally invariant Petrov
classification, as well as by Gunther and Wunsch ([13], [27], [28], [29]),
has verified this modified conjecture for wide classes of spacetimes.
Nonetheless, the conjecture is still open.

These results are a consequence of necessary conditions for ( 1.1 ) to

satisfy Huygens’ principle obtained by a number of authors ( [ 11 ], [ 19],
[20], [23], [26]). The first five of these necessary conditions are

Vol. 60, n° 4-1994.



376 W. G. ANDERSON AND R. G. McLENAGHAN

In the above conditions

where Aa := gab Ab, Rabcd denotes the Riemann curvature tensor on V4,
db := gcd Rcabd the Ricci tensor, and R := gab Rab the curvature scalar.
Our sign conventions are the same as those in [20]. The symbol TS [’’’]
denotes the trace-free symmetric part of the enclosed tensor [ 19] . It should
be noted that the conditions I-V are necessarily invariant under the trivial
transformations. For some of the results mentioned above a further necessary
condition VII, derived for the self-adjoint equation (Aa = 0) by Rinke and
Wunsch [23], was required. This condition is too lengthy to be given here
(necessary conditions with an odd number of indices vanish identically in
the self-adjoint case).

However, recent work [2] indicates that the first five necessary conditions
may not be sufficient to prove the conjecture for the non-self-adjoint
equations ( 1.1 ). Thus, it appears that a continuation of this programme will
require the derivation of a sixth necessary condition. The main result of
this paper is the derivation of the condition which is given in the following
theorem. The condition has been published without proof by Anderson and
McLenaghan [3 ] .

THEOREM. - A necessary condition for any equation ( 1.1 ) for n = 4 to
satisfy Huygens’ principle is that the coefficients satisfy

The derivation of the condition is based on Hadamard’s necessary and
sufficient condition extended to Coo equations and is an extension of the
method employed by one of us [20] to derive condition V. This method is
based on the Taylor expansion of the diffusion kernel in normal coordinates
about some arbitrary fixed point xo, with the use of an appropriate choice
of the trivial transformations to simplify the calculations.

Annales de l’Institut Henri Poincaré - Physique theorique



377THE VALIDITY OF HUYGEN’ S PRINCIPLE

The plan of the remainder of the paper is as follows: the Hadamard

necessary and sufficient condition is given is Section 2. The choice of

the trivial transformations is outlined in Section 3. The invariant Taylor
expansion of the diffusion kernel to fifth order is obtained in Section 4.
The Theorem is proven in Sections 5 and 6. The conclusion is given in
Section 7.

2. THE NECESSARY AND SUFFICIENT CONDITION

In the modern version of Hadamard’s theory for the equation ( 1.1 ), given
in the book of Friedlander [10], the fundamental solution is replaced by
the scalar distributions E o (x), where Y4 is fixed and x is a variable

point in a simply convex set H C Y4 containing These distributions

satisfy the equation

where

is the adjoint of F [t6] and b~o (~) is the Dirac delta distribution. For n = 4,
they decompose as

where

and the function x) is defined by the equations

Vol. 60, n ° 4-1994.



378 W. G. ANDERSON AND R. G. McLENAGHAN

The symbol C+ (xo) (C- (~o)) denotes the future (past) light cone or
characteristic surface of the point xo and D+ (xo) (D- (~o)) its interior.
r (~o, x) is the square of the geodesic distance xo to x and s is an affine
parameter.

If S is a non-compact space-like 3-manifold in S2, then a weak solution
of Cauchy’s problem for (1.1) in the future of S is given by

where * is the Hodge star operator. An analogous solution for points in
the past of S may be obtained by replacing V- with V+ and similarly for
8 and A. These solutions will also be classical solutions of equation ( 1.1 )
if the Cauchy data is 

It can be shown that Huygens’ principle will be satisfied by ( 1.1 ) for
both the advanced and retarded Cauchy problems if and only if

It can further be shown from (2.8) that (2.10) is equivalent to

where [...] denotes the restriction of the enclosed function to C (xo) : =
C+ (xo) n C- (xo ) . The function [G [V]] is called the diffusion kernel. This
is the form of the necessary and sufficient condition which we will use to
derive the sixth necessary condition.

3. THE TRIVIAL TRANSFORMATIONS

It is not possible to calculate G [V] directly in most cases. It will be
our approach, therefore, to derive covariant expressions from the necessary
and sufficient condition (2.11 ) which will be necessary but not sufficient
conditions for ( 1.1 ) to be a Huygens’ equation.

In [20] it was proven that (2.11 ) is invariant under the trivial
transformations (a), (b) and (c) listed in Section 1. This implies that
the Huygens’ nature of ( 1.1 ) is invariant under these transformations. By

Annales de l’Institut Henri Poincare - Physique theorique



379THE VALIDITY OF HUYGEN’ S PRINCIPLE

examining the behaviour of the coefficients of equation ( 1.1 ) under these
transformations, choices were determined which simplify the derivation of
necessary conditions for the transformations (b) and the transformation that
Hadamard [ 15] called (bc), which is defined as:

(bc) replacement of the dependent variable u by A (x) u and simultaneous
multiplication of both sides of wave equation (1.1) by A’B where 03BB(x)
is nowhere vanishing.
The metric tensor is invariant under transformation (bc). The notation a
shall be used to denote the quantity obtained by applying transformation
(b) to a quantity a, while a shall denote the effect of both (b) and (bc) on a.

First, let us examine the transformations of some quantities that we will
be using extensively. We begin with the effect of (b) on the covariant and
contravariant metric tensors

which induces on the Christoffel symbols (of the second kind) the
transformation

where

Using the above transformations, we may now apply transformations (b)
and (bc) to equation ( 1.1 ) obtaining

where

From (3.1 )-(3.6) it is straightforward to derive the transformation properties
of the quantities defined in ( 1.9)-( 1.11 ). We find

4-1994.



380 W. G. ANDERSON AND R. G. McLENAGHAN

We first specify the choice of the gauge parameter A which determines
the transformation (&#x26;c). It may be shown [20] that x), which may
be rewritten in the form

where o is defined to be

and g (x) = transforms as

Thus, following Hadamard [ 15] and McLenaghan [20], we choose for the
given point ~o

It follows from (3.14) and (3.12) that we have

By (3.12) and equivalent statement of (3.16) is

We now consider the conformal transformation (b). Following
Gunther [ 11 ] we can choose the derivatives at the point xo such that

Annales de l’Institut Henri Poincare - Physique theorique



381THE VALIDITY OF HUYGEN’ S PRINCIPLE

0

where Lab = Lab (xo) and so on. Various consequences of equations (3.18)-
(3.20) used in the sequel are compiled in Appendix A. For the remainder of
this paper we will assume that our specified choices of the transformations
(b) and (bc) have been made, and we will drop the corresponding tildes
and bars from the transformed quantities.

Finally, we specify the choice of coordinates (transformation (a)), in

which we carry out the expansion of (2.11 ). Following [20] we choose a
system of normal coordinates about the point These coordinates

are admissible in the convex set H and are defined by the condition

In normal coordinates, V takes the simple form

where ~ signifies equality only in a system of normal coordinates. It is

then straightforward to show that

where

Since V (xo, ~) 7~ 0, E H, it follows that (2.11) is equivalent to

This is the form of the necessary and sufficient condition used in our

derivation. In order to obtain a Taylor expansion of cr, we will need Taylor
expansions of C. These will be developed in the next
section.

VM. 60, n" 4-1994.



382 W. G. ANDERSON AND R. G. McLENAGHAN

4. THE NECESSARY CONDITIONS

Necessary conditions may be obtained from the necessary and sufficient
condition (3.25) by performing a Taylor expansion of the quantity 03C3 [20].
We write

where we have introduced the notation xa xb and so on. It may
be shown [ 1 ] that if xa are normal coordinates and A is a scalar
function in a normal neighbourhood 0, then

for all n E Z+. Thus, we may rewrite equation (4.1 ) as

which implies

or equivalently [ 19]

where "mod g" signifies that all terms involving the metric tensor gab have
been removed.

In order to obtain a form of the necessary conditions involving the
coefficients of ( 1.1 ) we use the form of 03C3 given in equation (3.23). It will
be necessary, therefore, to find the Taylor expansion of the right hand side
of equation (3.23). Further, since we would like to find conditions which are
independent of our choice of normal coordinates, it will be advantageous
to express the coefficients of this Taylor series in covariant form. Herglotz
[ 16], Gunther [ 11 ], and one of us ([ 19], [20]) have developed, methods

Annales de l’Institut Henri Poincaré - Physique theorique
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which enable one to obtain the required Taylor expansions Aa and
C. We will not repeat their calculations here but rather states the results:

BL 60, nO 4-1994.
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For the purposes of this paper it is necessary to carry these expansions
to higher order than was necessary in [20]. This is accomplished using
the algorithms in [20] with the aid of the symbolic computation package
MAPLE.

The results are:

Annales de l’Institut Henri Poincare - Physique " theorique "
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where the [ ]’s give the order of the expansion in ~.

We are now able to obtain the required expansion for cr by substituting
the expressions for ga~, ga~, A~, Aa and C given by (4.6) - (4.14) into (3.23)
and (3.24). Again, this is accomplished using MAPLE. The derivation of

the first five necessary conditions ( 1.4) - ( 1.8) is carried out explicitly in

[20]. We will concentrate here on the derivation of the sixth necessary

condition in sufficient detail to allow the reader to follow the procedure.

Vol. 60, n ° 4-1994.
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5. THE SIXTH NECESSARY CONDITION

5.1. ~ - 2 R to fifth order
After gathering together like terms we have the fifth order contribution

We begin by expanding the symmetrisations of the ’Y - ~ R term in Q. This
process is simplified by breaking (’Y - [5] into parts. Consider first

Annales de l’Institut Henri Physique . theorique
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By the Ricci identity (B .1 ), our special conformal gauge (A.1 ) - (A.14),
and the contracted Bianchi identity (B.6) we have the following:

Vol. 60, n ° 4-1994.
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We may combine (5.3) - (5.11) to obtain

Next, consider

Again, by the Ricci identity (B .1 ), our conformal gauge (A.I)-(A. 14),
and the contracted Bianchi identity (B.6) we have the following:

60, n" 4-1994.
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Thus, putting (5.14)-(5.17) into (5.13) we have

Annales de l’Institut Henri Poincaré - Physique - theorique -
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Combining equations (5.2), (5.12), and (5.18), and applying the third
condition ( 1.6) we obtain for a

Once again, by the Ricci identity (B .1 ), our conformal gauge (A.1 ) -
(A.14), and the contracted Bianchi identity (B.6) we have the following:

Vol. 60, nO 4-1994.



392 W. G. ANDERSON AND R. G. McLENAGHAN

Finally, putting (5.20) - (5.23) into (5.19) we obtain for 03B1

Annales de l’Institut Henri Physique - theorique
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Next, consider the following terms of (’Y - ~ R J [5]

First, we notice that our gauge (A.I)-(A. 14), requires

which implies

Thus, (5.25) becomes

Vol. 60, n ° 4-1994.



394 W. G. ANDERSON AND R. G. McLENAGHAN

By the Ricci and cyclic identities (B.1) and (B.2) we have

Similarly, making use also of the conformal gauge (A.1 ) - (A.14), and the
contracted Bianchi identity (B.6) we have

Annales de l’Institut Henri Poincaré - Physique theorique
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We may combine some of the above terms by noting that, using the

cyclic identity (B.2)

Vol. 60, n 4-1994.
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Combining (5.25) - (5.35) we obtain for c

Using the identities (B .12) and (B .14) we may combine the following
terms

and using the Bianchi identity (B.3), the Ricci identity (B.I), the cyclic
identity (B.2), the conformal gauge (A.1)-(A.14), and the contracted
Bianchi identity (B--6)

Annales de l’Institut Henri Poincaré - Physique theorique
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Combining (5.36) - (5.38) one obtains

Vol. 60, n 4-1994.
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The third group of terms C~y - 3 RJ [5] that we wish to consider are

Clearly, the last two terms in (5.40) vanish due to the conformal gauge
(A.1 ) - (A.14). Expanding the symmetrisations and making further use of
the gauge we obtain

Once more we use the Ricci identity 1 and 0 the cyclic identity (B.2),
to obtain

Annales de l’Institut Henri Poincare - Physique theorique
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From (B.12) and (B.14) we have

Also, from the contracted Bianchi identity (B.6) and the conformal gauge
(A.1 ) - (A.14) we have

Vol. 60, n 4-1994.



400 W. G. ANDERSON AND R. G. McLENAGHAN

Using a similar argument to that for (5.38) we obtain

Thus, we have for (

Finally, we collect the remaining terms of [5] together into

the term

Annales de l’Institut Henri Poincare - Physique " theorique "
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Again, the last two terms vanish identically due to our choice of gauge,
and we may expand the symmetrisation brackets and use the cyclic identity
(B . 2) to obtain

Combining (5 .1 ), (5.24), (5.39), (5 . 49), and (5.51) we have

Vol. 60, n ° 4-1994.
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Equation (5 . 52) can be reduced somewhat by comparing it to the covariant
derivative of the fifth condition ( 1. 8) at the origin of normal coordinates. To
convert the fifth condition to Riemann and Ricci tensors, we will consider

one term at a time. During this conversion, repeated use will be made of
the conformal gauge (A. 1)-(A. 14). It will be assumed that all tensors are

symmetric with respect to the indices a, b, c, d and e and that = refers to
equivalence mod g (with respect to the special gauge). We may begin with

Annales de l’Institut Henri Poincaré - Physique theorique
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Likewise

Vol. 60, n° 4-1994.
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Thus, the covariant derivative of the fifth condition at the origin of the
normal coordinate system is

Annales de l’Institut Henri Poincaré - Physique . theorique
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Multi 1 in S . 60 b 
1 g 

and addin it to 5 . 5 2 , we obtain for

Next, consider (B .25 )

Vol. 60, n ° 4-1994.
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However, from (B .23 ) we have

Combining (5.63) and (5.64) we have

Furthermore, by the Bianchi identity we have

and

Annales de l’Institut Henri Poincaré - Physique theorique
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Using the identities (5.63), (5.65), and (5.68), equation (5.61 ) becomes

We may further simplify by again using our conformal gauge

which implies, when we use (5.20)-(5.23)

Vol. 60, n ° 4-1994.
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Equation (B . 34) implies

From the cyclic and Bianchi identities (B.2) and (B.3) and (5.66) we get

Annales de l’Institut Henri Poincaré - Physique theorique
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In view of (5.71 ), (5.73), and (5.75) (5.69) becomes

Finally, we can further reduce (5.76) by using (B.3~). The pertinent
equations are

and

Bbl.60,n° 4-1994.
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where the covariant derivatives of the Weyl tensor may be expanded as

Annales de l’Institut Henri Poincaré - Physique theorique
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Equations (5.77)-(5.80) together with (5.81 )-(5.84) gives us

So finally, combining (5.76) and (5.85) we have

5 . 2. A a,a and Aa Aa to fifth order

The remaining terms to be calculated in 03C3 [5] are the terms involving
the Maxwell vector Aa. Using (4.13) and (4.14) we find

Vol. 60, n 4-1994.
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Recalling (A.1)-(A.14) and (5.81 ), and that Hab is anti-symmetric, we
may rewrite (5.87) as

The expansion of the Aa ,a term is a bit more involved. For example, the
first term on the right hand side of (4.14) will give rise, when differentiated

0

with respect to the free index, to a term of the form The

expansion of such terms may be carried out using the Ricci identity (B. 1)
is a manner similar to that used in the previous section. The pertinent
expansions are

Annales de l’Institut Henri Poincaré - Physique " theorique "
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Taking the partial derivative of (4.14) and using (5.89)-(5.92) we have

where we have once again taken advantage of the fact that due to our gauge

(B.6) we have R * 1 2 R ab;k. We may now make further use of the
Ricci identity (B.1) to obtain further simplification of (5.93) as follows

Vol. 60, n° 4-1994.
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Equations (5.94)-(5.98) and (B.6) combine with (5.93) to give

Annales de l’Institut Henri Poincaré - Physique theorique
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Equations (5.99) may be further simplified by considering the second
covariant derivative of the fourth necessary condition ( 1.7)

Equations (5.99) and (5 .101 ) yield

Vol. 60, n 4-1994.
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To proceed, it will be convenient to convert (5.102) from an expression
in the Riemann tensor Rabcd and the Ricci tensor Rab and their covariant
derivatives to one involving the Weyl tensor Cabcd and the tensor Sabc
and their covariant derivatives. Using ( 1.10)-( 1.12) and (A.1 )-(A.14) we
can derive

Annales de l’Institut Henri Poincaré - Physique theorique
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Thus, using (A.1 )-(A.14) and (5.103)-(5.107), we can write (5.102) as

It is not immediately obvious that the fourth and fifth terms and the sixth
and seventh terms on the right hand side of (5.108) are identically zero.
That this is, however, the case may be shown following the method of

McLenaghan [20] by using the identities of Lovelock [17]. The essence of
these identities is than in an n-dimensional space, the generalised Kronecker
delta with n + 1 indices, defined by

is identically zero. Since we are working in the case n = 4, we have

and

Vol. 60, nO 4-1994.
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Therefore, we have from (5.108), (5.110), and (5.111 )

6. CONFORMAL INVARIANCE OF
THE SIXTH NECESSARY CONDITION

We may, at last, now construct 7 [5]. First, we note that the first condition,
( 1.4), allows one to rewrite (1.10) as

Substituting (5.86), (5.88), and (5.112) into (6.1 ), we observe that to fifth
order only the term contributes, so that in our special conformal
gauge, the sixth necessary condition is

Annales de l’Institut Henri Poincaré - Physique , theorique ,
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It remains to find the form of the sixth condition for an arbitrary
choice of trivial transformation. Following [20] this can be done by
finding a conformally invariant expression that reduces to (6.2) in our

conformal gauge. The first step in finding such an expression is to observe
the behaviour of the right and side of (6.2) under a general conformal
transformation. This will be done on a term basis with the aid of (3 .1 ),
(3.6), (3.9), (3.2), and (3.11 ). For the remainder of this section we will
assume that all expressions are symmetric in the tensor indices a, b, c, d

and e and that - denotes equivalence mod g.
Consider first

Vol. 60, nO 4-1994.
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Although again not immediately obvious, it can be shown that the last
three terms on the right and side of (6.2) are conformally invariant with
the help of a further identity generated by the Lovelock method discussed
in the previous section (Section 5.2). This time we begin with

Thus we have, using (6.3)-(6.5) and (6.9),

Cursory inspection of the conformal transformations of the remaining
three terms from the right hand side of (6.2) leads quickly to the conclusion
that these terms are not, by themselves, conformally invariant. In particular,
terms involving the second invariant derivatives of the conformal factor ~
(eg. cannot be made to vanish using a Lovelock type of identity. It

seems, then, that one or more terms which vanish in the special gauge used
to obtain (6.2) will need to be added to obtain the sixth condition for a
general choice of trivial transformations.

Following [20], we notice that the transformation (3.7) for the tensor L~b
has a term containing the second covariant derivative of ~. Further, we note
that Lab vanishes identically in the special conformal gauge (A.1 )(A.14).
One is then naturally led to calculate the conformal transformations of the
following expressions:
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Combining (6.6)-(6.8) and (6.11 )-(6.13) we therefore conclude that
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We note that the last two groups of terms on the right hand side of (6.14),
which involve the derivative of the conformal factor vanish identically
(mod g) by the fourth necessary condition, ( 1.7). Thus, we have at last
the conformally invariant form of the sixth necessary condition, which is,
in the notation of [20]

Notice that, for the self adjoint case 0, this condition is vascuous

(0 = 0) as expected.

7. CONCLUSION

The modified version of Hadamard’s conjecture on Huygen’s principle
is still an open question. Considerable progress has been made following
the programme outlined by Carminati and McLenaghan in answering the
conjecture for self-adjoint scalar wave equations. However, there has as yet
been little progress on the question of non-self-adjoint equations, although
work continues. In particular, it is found in [2] that a further necessary
condition is required in order to proceed. This sixth necessary condition
has been derived here.
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APPENDIX

A. SOME CONSEQUENCES OF THE CONFORMAL GAUGE

Our choice of conformal gauge, which is expressed in (3.18)-(3.20),
has various consequences which simplify the derivation of the necessary
conditions. There are derived in [20]. We begin by contracting (3.18) and
recalling the definition of Lab from ( 1.10) to obtain

Also, using the Ricci identity (B. 1) we get

which, with ( 1.10) and the fact that implies

Equation (3.19) can be expanded to yield

while by contracting the Bianchi identity (B.3) we get

Equations (A.6) and (A.7) imply

If one substitutes from ( 1.10) into (3.20) and contracts on indices b and
c, one obtains

where the covariant derivative of (A.7) has been used. A further contraction
on (A.10) yields
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Lastly, we have, considering ( 1.12), (A.9), and (3.19)

and, considering (3.20)

B. SOME USEFUL IDENTIFIES

A number of rather specialised identities are necessary for the derivations
in this paper, especially in Section 5. We begin by recalling some elementary
identities from differential geometry which are used frequently in this paper.
The first is the Ricci identity. Given any tensor of the form Xab on a
manifold with metric gab and corresponding curvature Rabcd, the second
covariant derivatives of X~b obey the Ricci identity

This is generalised to higher rank tensors in the obvious way. Two identities
obeyed by the Riemann curvature tensor which we will need are the cyclic
identity

and the Bianchi identity

From these we may derive a number of other identities. To begin with,
consider the Bianchi identity in the form

Contracting on the indices a and e in (B.4) we get

or, gathering the two Ricci tensor terms to the other side
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which is our first identity. Our second follows simply by expressing the
first in the quantities defined in ( 1.11 ) and ( 1.12), and is

The third identity also follows immediately from the first by contracting
the indices b and d on (B.5), which produces

or, collecting like terms

The fourth identity is derived from the cyclic identity (B.2). Consider the
expression Applying the cyclic identity to one of
the Riemann tensors one has

which implies, when one gathers like terms,

The fifth identity follows in a similar way from the Bianchi identity.
Consider this time the expression We expand
one of the derivatives of the Riemann tensor with the Bianchi identity
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The sixth identity follows from considering the expression Cklma
Converting this expression to spinorial form via the correspondence

we get

where c.c. means the complex conjugate of the preceding terms. But,
observe that

Recalling that any antisymmetric two spinor is proportional to the metric

we see that (B.18) implies

On the other hand, if we consider the expression gab Cklmn in

spinorial form we get

Comparing (B.20) and (B.21) we have
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Now, we write (B.22) in terms of the Riemann tensor and its contractions
using ( 1.10)-( 1.12) to obtain

which is the sixth identity.
Next, we wish to prove an identity given in [ 19], specifically that the

trace free symmetric part of vanishes identically. We begin
by again converting to spinors, i.e.

where S denotes the symmetric (in A, B, C, D and A’, B’, C’, D’) parts,
which implies that

which is the seventh identity we require.
The eighth identity we will need is due to Rinke and Wunsch [23]. We

begin by considering the quantity Ckabu Ckcdv which we are assuming is
symmetrized on the indices a, b, c, d. Converting this quantity to spinors
we have

Now applying the spinorial identity (B.19) on indices U and V we get
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Next, consider the quantity which expands in spinorial
form to be

Adding (B.27) and (B.28) one gets

Symmetrizing (B.29) on the indices u, v, we obtain

But using identity (B.19) once more, this is nothing but

Thus, since one may easily verify that
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we have, combining (B . 31 ) and (B . 3 2)

Contracting (B.33) with L~b and recalling (1.10) we get

which is the eighth identity.
Our last identity comes from [ 19] . Consider first the quantity

T S ClcmnCndmk). In spinorial form it can be written as

Similar calculations (which the reader should , now be " well

acquainted 0 with) for the quantities and ,

i i 1 yield ’ respectively
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From (B.35)-(B.37) we infer

which is the ninth and final identity that we will derive;
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