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ABSTRACT. — The expansion of Hadamard’s necessary and sufficient
condition for the validity of Huygens’ principle for a second order partial
differential equation with four independent variables is taken to fifth
order. This expansion takes the form of a covariant Taylor series in
normal coordinates, and is extended to a coordinate invariant expansion
by imposing invariance of the resulting coefficient under the set of trivial
transformations. The requirement that this coefficient vanish for a Huygens’
equation provides a sixth necessary condition.

RESUME. — On développe au cinquieme ordre la condition de validité
du principe de Huygens due 2 Hadamard, s’appliquant 2 une équation aux
dérivées partielles du deuxieéme ordre. Ce développement prend la forme
d’une série de Taylor coyariante dans les coordonnées normales, et s’étend
aux coordonnées invariantes en imposant 1’invariance des coefficients qui
en résultent sous I’action d’un ensemble de transformations élémentaires.
La condition d’annulation de ces coefficients dans une équation de Huygens
fournit une sixi¢me condition nécessaire.
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374 W. G. ANDERSON AND R. G. McLENAGHAN

1. INTRODUCTION

We consider second order linear partial differential equations of normal
hyperbolic type for an unknown function u(z*), a € {1, ..., n}. Such
equations can be written in the coordinate invariant form

Flul:=g"uu+ A0, +Cu=0, (1.1)

where ¢° is the contravariant metric on a Lorentzian space V, with
signature (+, —, ---, —) and ; denotes the covariant derivative with
respect to the Levi-Civita connection for this metric. We assume that the
coefficients g°®, A%, C are C™ functions and that V,, is a C'* manifold.
All considerations in this paper are entirely local.

According to Hadamard [14] Huygens’ Principle is said to hold for
Equation (1.1) if and only if for every Cauchy problem the solution at any
point o € V,, depends only on the Cauchy data in an arbitrarily small
neighbourhood of the intersection of the past null conoid C~ (z¢) from
zo with the initial manifold S. Such an equation is called a Huygens’
differential equation. The problem of determining up to equivalence all
Huygens’ equations is called Hadamard’s problem.

We recall that two equations of the form (1.1) are equivalent if and only
if one may be transformed into the other by any of the following trivial
transformations which preserve the Huygens’ character of the equation:

(a) coordinate transformations.

(b) multiplication of both sides of wave equation (1.1) by a conformal
factor e~2%(®), which is equivalent to a conformal transformation of the
metric gop = e~ () YGab-

(c) replacement of the dependent variable u by A(z)u where A(z) is
a nowhere vanishing function.

Hadamard showed that a necessary condition for (1.1) to be a Huygens’
equation is that n be even and = 4. He also showed that a necessary and
sufficient condition for Huygens’ principle to be satisfied is the vanishing
of the coefficient of the logarithmic term in the fundamental solution.

It was also in [14] that Hadamard conjectured that the only Huygens’
equations were the n-dimensional wave equations

n—1
8%u u
9102 912
a=1

=0, (1.2)

for n even and = 4 and those equivalent to them. This is often called
Hadamard’s conjecture in the literature. The conjecture has been proven
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THE VALIDITY OF HUYGEN’S PRINCIPLE 375

in the case when Vj is conformally flat ([4], [15], [18]). However, it has
been disproved in general by Stellmacher ([24], [25]) who gave counter
examples for all even dimensions n 2 6 and by Giinther [12] who found a
family of counter examples in the physically interesting case n = 4. These
examples arise in the case A* = C' = 0, from the metric

ds? = 2dz°dz? - Qop dz™ dz?, (1.3)

where a, 3 € {1, 2} and a,p is a symmetric positive definite matrix
depending only on z°. The above metric may be interpreted in the context of
general relatively as an exact plane wave solution of the Einstein-Maxwell
equations.

In light of this counter example, a modification of Hadamard’s conjecture
was proposed by Carminati and McLanaghan [6], namely that every
Huygens’ equation for n = 4 is equivalent to the ordinary wave equation
(1.2) or to the wave equation on a plane wave space-time with metric
(1.3). Work by Carminati, Czapor, McLenaghan, Walton and Williams
([51, [6], [71, (8], [21], [22]) based on the conformally invariant Petrov
classification, as well as by Giinther and Wiinsch ([13], [27], [28], [29]),
has verified this modified conjecture for wide classes of spacetimes.
Nonetheless, the conjecture is still open.

These results are a consequence of necessary conditions for (1.1) to
satisfy Huygens’ principle obtained by a number of authors ([11], [19],
[201, [23], [26]). The first five of these necessary conditions are

1 1 1
I Ci=C— =A% — 24, A"~ ZR =0, .
C—54% - 3 sR=0 (1.4)
II H*; =0, (1.5)
PR P k1 Kl
111 Sabk; — 50 ab Lt = =5 | Hop Hy' — 7 Jab HyH* ), (1.6)
v TS [3 Sapk HY. + C*¢ Hopy] = 0, .7

V' TS [3Creatim C¥es'™ +8C¥ i ic Skis + 40 Sca® Ses
—8C* 4" Siie;s — 24C% 4! Sepra +4C* it Ci™ ek Lym
+12C*% ' D™ o1 Ly + 12 Hyeoge HY — 16 Hy H o 5
—84H* Coge H'y — 18 Hy. H* 4 Los] = 0. (1.8)
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376 W. G. ANDERSON AND R. G. McLENAGHAN

In the above conditions

Hab = A[a,,b]1 (1.9)

R
Lgp := —Rgp + Eg“b’ (1.10)
Cabed = Raped — 2 glafp Lt)qs (1.11)
Sabe 1= La[b;c]7 (1.12)

where A, = gu5 A%, Rgpeq denotes the Riemann curvature tensor on Vj,
Rap = g°® R.q3q the Ricci tensor, and R := ¢g?® R,; the curvature scalar.
Our sign conventions are the same as those in [20]. The symbol T'S [- - -]
denotes the trace-free symmetric part of the enclosed tensor [19]. It should
be noted that the conditions /-V are necessarily invariant under the trivial
transformations. For some of the results mentioned above a further necessary
condition VII, derived for the self-adjoint equation (A® = 0) by Rinke and
Wiinsch [23], was required. This condition is too lengthy to be given here
(necessary conditions with an odd number of indices vanish identically in
the self-adjoint case).

However, recent work [2] indicates that the first five necessary conditions
may not be sufficient to prove the conjecture for the non-self-adjoint
equations (1.1). Thus, it appears that a continuation of this programme will
require the derivation of a sixth necessary condition. The main result of
this paper is the derivation of the condition which is given in the following
theorem. The condition has been published without proof by Anderson and
McLenaghan [3].

THEOREM. — A necessary condition for any equation (1.1) for n = 4 to
satisfy Huygens’ principle is that the coefficients satisfy

VI TS[36C*! Creqmup H™e — 6 C* it Crae™ Him
— 138 Sub” Crear H'e + 6 Sapr H* .o +6 C* - e Hyae
— 24 Sopke Ho o +12C* 4t Lie Hygo
~9C* e Lia Hie — 9 Sapk Lea H*.] = 0. (1.13)

The derivation of the condition is based on Hadamard’s necessary and
sufficient condition extended to C* equations and is an extension of the
method employed by one of us [20] to derive condition V. This method is
based on the Taylor expansion of the diffusion kernel in normal coordinates
about some arbitrary fixed point xg, with the use of an appropriate choice
of the trivial transformations to simplify the calculations.
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THE VALIDITY OF HUYGEN’S PRINCIPLE 377

The plan of the remainder of the paper is as follows: the Hadamard
necessary and sufficient condition is given is Section 2. The choice of
the trivial transformations is outlined in Section 3. The invariant Taylor
expansion of the diffusion kernel to fifth order is obtained in Section 4.
The Theorem is proven in Sections 5 and 6. The conclusion is given in
Section 7.

2. THE NECESSARY AND SUFFICIENT CONDITION

In the modern version of Hadamard’s theory for the equation (1.1), given
in the book of Friedlander [10], the fundamental solution is replaced by
the scalar distributions Effo (z), where 2 € V4 is fixed and z is a variable
point in a simply convex set  C V, containing z°. These distributions
satisfy the equation

G [Eg ()] = 620 (z), @.1)
where

Glu] == g uup — (Au)., + Cu, (2.2)
is the adjoint of F [u] and 0,0 () is the Dirac delta distribution. For n = 4,
they decompose as

E¥ (z) =V (m0, ) 6% (T (o, 7)) + V* (z0, ) A* (20, ), (23)

where

S(I) t
V (2o, x) = L exp {—1/ (g** T — 8 — A° 1“7[1)%—}, (2.4)
0

27 4

§ (T (zo, x)), x € C*(xo)

+ _ 0 ) )
6+ (T (zo, x)) = { 0, z € CF (z), (2.5)

+ _ 1, z ¢ D* (-'L'O),
A* (29, ) = {O, € D* (zo), (2.6)
and the function V* (z0, ) is defined by the equations

GVE]=0  when =z e D* (x), 2.7

s(x)
VE (z9, ) = &2’@/ EI[/L] dt when z € C% (z0). (2.8)
0
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378 W. G. ANDERSON AND R. G. McLENAGHAN

The symbol C* (x0)(C~ (zo)) denotes the future (past) light cone or
characteristic surface of the point o and D* (zo) (D~ (z)) its interior.
I' (2o, z) is the square of the geodesic distance z, to z and s is an affine
parameter.

If S is a non-compact space-like 3-manifold in €, then a weak solution
of Cauchy’s problem for (1.1) in the future of S is given by

u(zo) = / *(uVe=Vua+uV T ,—uVA,)6 (T (xo, z))
S3

+uVT .6 (T (zo, 7))
+ WV, =V7u, —uV A,) A~ (z9, )] dz?, 2.9)

where x is the Hodge star operator. An analogous solution for points in
the past of S may be obtained by replacing V~ with V* and similarly for
6 and A. These solutions will also be classical solutions of equation (1.1)
if the Cauchy data is C°.

It can be shown that Huygens’ principle will be satisfied by (1.1) for
both the advanced and retarded Cauchy problems if and only if

V¥ (29, 2)= 0, Vzo,Vz € D¥ (z0). (2.10)
It can further be shown from (2.8) that (2.10) is equivalent to
[G[V]] =0, @.11)

where [---] denotes the restriction of the enclosed function to C (o) =
C* (20) NC~ (x0). The function [G [V]] is called the diffusion kernel. This
is the form of the necessary and sufficient condition which we will use to
derive the sixth necessary condition.

3. THE TRIVIAL TRANSFORMATIONS

It is not possible to calculate G [V] directly in most cases. It will be
our approach, therefore, to derive covariant expressions from the necessary
and sufficient condition (2.11) which will be necessary but not sufficient
conditions for (1.1) to be a Huygens’ equation.

In [20] it was proven that (2.11) is invariant under the trivial
transformations (a), (b) and (c) listed in Section 1. This implies that
the Huygens’ nature of (1.1) is invariant under these transformations. By
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examining the behaviour of the coefficients of equation (1.1) under these
transformations, choices were determined which simplify the derivation of
necessary conditions for the transformations (b) and the transformation that
Hadamard [15] called (bc), which is defined as:

(bc) replacement of the dependent variable u by A (z) w and simultaneous
multiplication of both sides of wave equation (1.1) by A~1, where A (z)
is nowhere vanishing.

The metric tensor is invariant under transformation (bc). The notation a
shall be used to denote the quantity obtained by applying transformation
(b) to a quantity a, while a shall denote the effect of both (b) and (bc) on a.

First, let us examine the transformations of some quantities that we will
be using extensively. We begin with the effect of (b) on the covariant and
contravariant metric tensors

3 =e 2 g = §op = €** gap, 3.1)

which induces on the Christoffel symbols (of the second kind) the
transformation

{lflc} :{gc}+25&¢c>—9bc¢“, (3.2)

where

$a:=¢a and  ¢*:=g" ¢ (3.3)

Using the above transformations, we may now apply transformations (b)
and (bc) to equation (1.1) obtaining

Flu] := g Ugp + A%u g + Cu= 271 e 2 F [\, (3.4)

where B
A=A, +2(log N o — (n—2) ¢, 3.5)
C:=e2(C+A"10OX+ A% (log )) ). (3.6)

From (3.1)-(3.6) it is straightforward to derive the transformation properties
of the quantities defined in (1.9)-(1.11). We find

Lab = Lay = 2 $ap + 2 o b5 — gab $* i, (3.7
C%ea = C®ea, (3.8)

Hyy = Ha, (3.9)

C=e??C, (3.10)
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380 W. G. ANDERSON AND R. G. McLENAGHAN

S'abc = Pabc — ¢k C’kabc- (3.11)

We first specify the choice of the gauge parameter A which determines
the transformation (bc). It may be shown [20] that V' (wo, z), which may
be rewritten in the form

1 1 we di
2W\/_exp{ /AI‘ t}’ (3.12)

where o is defined to be

o’r 17
0:=164/g(z) g (z0) [deté—g] , (3.13)
z® Oz

and g (z) = det (gqs (z)), transforms as

V=)'V (3.14)
Thus, following Hadamard [15] and McLenaghan [20], we choose for the
given point zg
1 @ t
A(z) = exp {——/ A“F,ad—}. (3.15)
4 Jo
It follows from (3.14) and (3.12) that we have
_ 1
V= . 3.16
27m./o ( )

By (3.12) and equivalent statement of (3.16) is
s (z) dt
/ AT, —-—0:>A“I‘ =0. (3.17)
0

We now consider the conformal transformation (b). Following
Giinther [11] we can choose the derivatives of ¢ at the point x( such that

o

Loy =0, (3.18)
z/(a,b;c) = Oa (319)
jl(ab;cd) = Oa (320)
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THE VALIDITY OF HUYGEN’S PRINCIPLE 381

where f,ab = I:Jab (z0) and so on. Various consequences of equations (3.18)-
(3.20) used in the sequel are compiled in Appendix A. For the remainder of
this paper we will assume that our specified choices of the transformations
(b) and (bc) have been made, and we will drop the corresponding tildes
and bars from the transformed quantities.

Finally, we specify the choice of coordinates (transformation (a)), in
which we carry out the expansion of (2.11). Following [20] we choose a
system of normal coordinates (z*) about the point z,. These coordinates
* are admissible in the convex set 2 and are defined by the condition

Gab T Zgap 2°. (3.21)

In normal coordinates, V takes the simple form

Bl

1

|
2w

) (3.22)

@ | Qo

where = signifies equality only in a system of normal coordinates. It is
then straightforward to show that

el
%
Zy4+4A4% +4A%¢" gpe o —4C, (3.23)

where

*

1
7= 9% 9abe 9°4 9% ger.a + (9% 9°% Geara) b | - (3.24)

Since V (o, ) # 0, Yz € Q, it follows that (2.11) is equivalent to

[6] = 0, (3.25)

This is the form of the necessary and sufficient condition used in our
derivation. In order to obtain a Taylor expansion of o, we will need Taylor
expansions of gap, g?, A°, and C. These will be developed in the next
section.

Vol. 60, n° 4-1994.



382 W. G. ANDERSON AND R. G. McLENAGHAN
4. THE NECESSARY CONDITIONS

Necessary conditions may be obtained from the necessary and sufficient
condition (3.25) by performing a Taylor expansion of the quantity o [20].
We write

] o 1o .
0=0+4 0,2+ 5 0apT®+---=0 on Cl(z), @4l
where we have introduced the notation z°® := z°z® and so on. It may
be shown [1] that if z* = k® s are normal coordinates and A is a scalar
function in a normal neighbourhood €}, then

ay |

An a a
Agp g, o™z = A4 g, % -2 “4.2)

for all n € Z*. Thus, we may rewrite equation (4.1) as
o5+ g;a %+ g;ab z?®+...=0 on C(xo), 4.3)

which implies

*

c=0

T 0
U;ab k"’ kb é 0 mOd g, (4.4)

or equivalently [19]
([ 320)
Su
J o » modg, 4.5)
Ti(ab) = 0
\ /

where “mod g” signifies that all terms involving the metric tensor Eab have

been removed.

In order to obtain a form of the necessary conditions involving the
coefficients of (1.1) we use the form of o given in equation (3.23). It will
be necessary, therefore, to find the Taylor expansion of the right hand side
of equation (3.23). Further, since we would like to find conditions which are
independent of our choice of normal coordinates, it will be advantageous
to express the coefficients of this Taylor series in covariant form. Herglotz
[16], Giinther [11], and one of us ([19], [20]) have developed, methods
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THE VALIDITY OF HUYGEN’S PRINCIPLE 383

which enable one to obtain the required Taylor expansions g.s, g%, A, and
C. We will not repeat their calculations here but rather states the results:

1 o .. 1 o ..
Gab ZGab + 3 Faijo g% + & Raijo gk

1 o 8 o o .
+ 20 (Raijb;kl + 5 R.jr R rklb) ik

1 [} o o
+ % (Raijbikim + 2 (Raijr R " kibym

2 2 r 17klm
+ Raijrik R "ims)) ¥

1

1, mn ]7T R mn
+ =04 (Ra ijbikl + (Ra 5 kib;

+ Raijr;kl R Tmnb)

o}

8 o o
+_ Ra'ijr Rrkls Rsmnb

11 ) 0 .
Raz]'r skl lmb;n) xz]kl'mn +..0 (46)

b 7k
Rl]k.'L‘

1
3
1 o 4 o o L.
"2 < ik — 3 R % R’kzb) g @)

) . 2 o .. 1 o 1 e o ..
Aa =Hai z' + ‘?: Ha.i;j z" + Z (Hai;jk + § Ra'i.jr Hrk) xz]k

1 o [} o 1 o - [ iikl
T (Hai;jkl+ Rei;" Hepg + 2 Raij" ik Hrl) z*
1

+ ﬁ (Haz,]klm +2 Raz] rk lm+2 Raz] ik Hrlm

o 1 o o o ..
+ (E Raij*m+ 5 Rai” Rrkls> Hsm) g (4.8)
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384 W. G. ANDERSON AND R. G. McLENAGHAN

o o o 1 o o
5 (Hai;jkl+ R%;" H g+ 5 R%;"x H’rl>
R aij T;k Hﬂ) .,L,'ijkl

[ (o) [¢] o
a a ™ a ™
isjkim +2 R%;" Hepim +2 R%" % Hypm

_|_
AN O N
=
A~
(o]

[o)

o 1 o o [}
R%;" 0 Hrpm + £ R;" R.u° Hsm)

3
)
1 o a o 1 o s o
12 R%; Hrk;lm+§ R’ Hgp
1 o
5 aijr;k Hrl;m

1

[\~
[ew]
pu— Syo

o 4 o o ° B
R aijs;kl _ g R aijr R rkls> Hsm) mz]klm 4o ’ (49)

o o 1 o
C=C+C,z"+ 57 Clab 4. (4.10)

For the purposes of this paper it is necessary to carry these expansions
to higher order than was necessary in [20]. This is accomplished using
the algorithms in [20] with the aid of the symbolic computation package
MAPLE.

The results are:

« 1 23 o
ab [7] = 3, mn Ra,z‘r R imn,
Gab [7] 5040( Ra]bkl p+3 j kib;mnp
33

23 °
r
Razgr sklm R npb+ 2 Razjr;k ermb;np
o
T r s
ry Raijr;kl R mnb;p+ 'E Raijr R kls R mnb;p
31 o o
+ = Raz]s Rrklsm Rsnpb

41 0 ° )
+ & Raijo R "ims Rsnpb> giikimnp .11
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THE VALIDITY OF HUYGEN’S PRINCIPLE 385

(e} (o] o
g’ 5] = ——== (4 R%yr R"u’m+4 R%jrx R "im?

4 o .
-3 R “i,f’;klm) g Ikm (4.12)

1 (o 102 , ¢
A, [6] z_—— (Hai;jklm'n + —3_ Raijr rk;lmn

o o
=+ 5 Raij7 ik Hrl;mn

[ o o o o

+ 3 Raijr;kl H'rm;n_" I?'aijr Rrkls Hsm;n
2 o ) s o 1 o o o

+ 5 Raijr Rrkl m Hsn + '3: Raijr;k erms Hsn

+

Wiy W

o o ..
Raijr;klm Hrn) ngklmn’ (413)

Ac 6] = (ﬁ Iofai;jklmn - % +5 R o Io{rk;,mn
- —1% Io%aijr;k Ioirl;mn
- 2112% ;{aijT;kl IoIrm;n

1—32% Iozaijr }O?/rkls IoIsm;n

1 o o o

+ o R%;" Ropi®sm Hon

17 o o o
+ é@‘ R aijr;k erms Hsn
1 o o ..
— o5 B “a"kim Hm> ghkimn, (4.14)

+

where the [ 1's give the order of the expansion in z.

We are now able to obtain the required expansion for o by substituting
the expressions for 9®, gap, A%, A, and C given by (4.6)-(4.14) into (3.23)
and (3.24). Again, this is accomplished using MAPLE. The derivation of
the first five necessary conditions (1.4)-(1.8) is carried out explicitly in
[20]. We will concentrate here on the derivation of the sixth necessary
condition in sufficient detail to allow the reader to follow the procedure.

Vol. 60, n°® 4-1994.



386 W. G. ANDERSON AND R. G. McLENAGHAN
S. THE SIXTH NECESSARY CONDITION

51. v - -?2:R to fifth order
After gathering together like terms we have the fifth order contribution

v[5] = (% R (amsabede) § "= % R* o R gasizoary §™
- 2—27 Iofkabl -;z(kl;cde - % ﬁk(mnl;a ﬁlklbclll;dE) ;mn
- R * vty R (lcsde) — =R bale R (kl;de)
10 ’ ’ 10 ’ ’
-3 R (klsa) R Foctide — % R (kasb) R * e ae)
+ % 102 k(st;” ;2 lab|m| ;2 mcdlkl;e) ESt
+ 2—17 R kbt R ™ (kijn] R " cdjmlse)
+ % 10? kob! ;3 [km|n|l| }OE mcdn;e)
+ g 102 ka?,l ].é z(kmm ;2 cd;e)
+ 51(5 R km 1 R kbel R (md;e)) gbede, G.D

2
We begin by expanding the symmetrisations of the y— §R term in o. This

2
process is simplified by breaking (fy - §R> [5] into parts. Consider first

1 o 2 1 o

o = @ R (mn;abede) gmn xabcde 3 . m R abede xabcde
1 e e 1 e abcde
= % R (mn;abcde) gmn -’Babad - ﬁ R ;abede T bed
1 25 o
- I@ (_? R ,abede

o [e] [e]
k k k
+ 2 R a;kbede +2 R a;bkcde +2 R a;bckde
2k Pk >k
+2 R gpcare +2 R "gjpedert R b ckae
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o o o o] o
k k k k k
+ R ap; ckdet R ap; caket R ab; cdek+ R abic’ kdet R abic dke

o o [ [
k k k k bed .
+R ab;c dek+ R ab;cd ket R ab;cd ekt R abjcde k) z?7ee, (52)

By the Ricci identity (B.1), our special conformal gauge (A.1)-(A.14),
and the contracted Bianchi identity (B.6) we have the following:

o
k bede
R abjcde k z*

% 0 N o Lo °, o &
= (R ab;cd ek +3 Rab; Rlc;de+2 R abk Rlc;de

o o [ o o o
+ 3 R ab;l R cd;le+ R labk R cd;lek+ R labk R cd;elk) xabcde, (53)

o
k bed,
R abjed ek e

. k pl T k
= (R abjed ke +2 R abk R Ic;de

o [e] o o
+ R'lak R caze"+ Rlapk R ca®) z2°°%, 5.4)

o

k abcde
R abjed ke T

o}

o 3 o
—i‘ (R ab;ckdke + '2‘ R ab;l R cdile
o ;o °, o k
+ 3R ab; R lc;de + 2 R abk;c R ld;e
o o o o
+2 Rlak Rica®et R 'apkie R aey®
pl. p ok bed
+ R abk R cd;l e> x®° e, (55)

o

k abcde
R ab;c dek z

>k pl ok
= (R ab;c dek +2 R abk Rlc;d e

[e) o [e] o
+ Rk Rcai®ct Rk R caar®) 220, (5.6)
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()

k
R ab; cdke T

*

(

+

R

DN =
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o

k bed
R ab;c dke gaese

o o o o o
* k l k ! k
- (R ab;c kde + 2 R abk;c R ld;e +2 R abk R le;d e

o o}

o o
) k 1 k
+ R abk;c R de;l + R abk R cd;l e

—

o o
1 bede
- R ab; R cd;le) z° )

[\

o

k abcde
R ab;c kde T

o o o o o
* k l l
= (R ab; ckde — 2 R ab; R cd;le +5 R ab; R lc;de

o o o o
! k. l k
- R abk;cd R 1€ +4 R abk;c R ld;

€

o o
l k bed
+2 R abk R ley de) z®° e’

o
k abcde
R ab; cdek T ¢
o o o
* k l k
= (R ab; cdke + 2 R abk R le; de

o o [ o
l k i k abed
+ R abk R cd; let R abk R cd; el) % e7

abede

[e] [¢] o o
k 1 k 1 k
ab; ckde 2 R abise Bic"e +2 Rlgi R ae

o e}

o o
! l l k
R ab; R ed; et R abk;c R de; 1

o o
1 k abed
+ R ok R cq; te)x e,

(5.7)

(5.8)

(5.9)

(5.10)
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o

k abede
R ab; ckde T

o

(o) o (o} o
* k 1 k 1 k
= (R ab;"kede— R “abkied R 1e +4 R apkic R "ae

o

[o] o [ [e] (o}
+2 Rlap Rie¥aet Rap' Reage— R by R crde) 2%, (5.11)

We may combine (5.3)-(5.11) to obtain

2 % m cde
IB :=10 R ab;(cdemn) 9 " xab ¢

o

(33 R ab;l R le;de +38 R ab;l R cd;le

1ES

+36 R labk R lc;kde

1 5k Bl 2 k
+18 R Ricge +6 Rtk Ricae

o l o k
+12 Rk Recqi’e

1 2 k 1 2 k
+4 R'ur Regge” +4 R'aor R cae

= 2k
+ 80 R abk;c Rld; e

o l o k (o) l [} k
+10 R gk Rgey” —15 R aprsea Ri"e
+ 10 R op,%kede) T20°%. (5.12)

Next, consider

§:=5 R*kabedey T°0°%. (5.13)

Again, by the Ricci identity (B.1), our conformal gauge (A.1)-(A.14),
and the contracted Bianchi identity (B.6) we have the following:

o
k abcde
R a;bedek T

o o o
k l k
= (R a;bcdke"" R abk R l;ede

e}

a o o [} o
+ R la,bk R kc;lde+ R labk R kc;dle+ R Iabk R kc;del) :Eabcde7 (514)
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o
k abcde
R a;bedke T

% o & 1 o ! o
- (R a;bckde + 5 Rab; Rlc;de

o

o o o
l k 1 k
+ R abk;c R l;de+ R abk R l;ede

o o o o
l k l k
+ 2 R abk;c R d;le+ R abk R c;lde

o o
4 Rlabk R kc;dle) mabcde, (515)

o
k abcde
R a;bckde T

o}

o 3 o
; (R ka;bkcde + 5 R ab;l R le;de

1 [ o o o
+ 3 R'uked R¥1.+2 R Labkie R *1de
o] o o ]
+R labk R kl;cde +2 R labk;c R kd;le
= 2k
+ R'sk R c;lde) gobede (5.16)
2 k
R* 4 bhede 0%
1 o ) o
é (5 R ;abede + 3 R ab;l R la;be
51 2k 51 2k
+3 R abkica R71e +3 R abie R “1ide
(5.17)

o o
l k abed
+ R abk R l;cde) x ©.

Thus, putting (5.14)-(5.17) into (5.13) we have

o (o] o o
6= (20 Rlak R Fcae+12 Rl R ke
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(o] l o k o l o k
+6 R abk R c;dle +2 R abk R c;del

+35 R a,b;l R lc;de +40 R labk;c R kl;de
+ 20 R labk;c R kd;le + 27 R labk;cd R kl;e
(5.18)

o
+ 5 R ;abcde) xabcde-

Combining equations (5.2), (5.12), and (5.18), and applying the third

condition (1.6) we obtain for «

1 25 ¢
- 6__R~ace abcde
1680 (ﬂ+ 3 "’-")x
* 1 o o o o
=— (68 Rap! Ricae+8 Rav' R cate
1680 ( b; le;de T b; d;l
+40 R ’abk R lk;cde
+48 R labk R le;kde + 24 R labk R le;dke

+8 ﬁlabk -&lc;dek
+12 ﬁlabk fofcd;zke +4 lc"%'abk R cqen
+4 ;zlabk }Ofcd;etk
+100 -lo%labk;c ﬁzk;de-I' 100 ;flabk;c -;zld;ke
+10 foflabk;c ;Ede;lk+72 ;?labk;cd j{lk;e
4200 H tapea H'e +600 H 1040 H d;e> 2% modg.  (5.19)
Once again, by the Ricci identity (B.1), our conformal gauge (A.1)-
(A.14), and the contracted Bianchi identity (B.6) we have the following:

abede

(o] k 1 o
R%p Ricda®
o] o]
m
R kcl R de;m

|
N | =

* o k l ]
=R "' | R kedie
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1 o o
+ 5 R mcdl R km;e) xabcde,

o
k 1 bed
R ab R ke;dle zrete

« ok 1 (2 o 0
=R ab R kc;lde — R kel R de;m

N~

o o
bed,
+ R mcdl R km;e) ¢ 87

o o
k 1 abede
R ab R cdiekl T

o o o o
* k1 bed
=R ab (R cd;kel — R mcdl R km;e) e

)

[e] o
k1 abcde
R Rcgrac

ZR*, (R cdiktet B ™kt R gen— B ™cat B kmie) 2°0°%.
Finally, putting (5.20)-(5.23) into (5.19) we obtain for «

1 o o o [}
1_6% (68 R ab;l R le;de + 8 R ab;l R cd;le

+40 R labk R lk;cde

I+

o o o o
+80 R'w* Rickae +20 R'oF R cane
o o
+100 R'w*. R irde
+100 R4y, R 10 Rk, R
ab ;c ld;ke + ab ;e de;lk
+72 R labk;cd R lk;e
o o o o o o
+]-2 R kabl R kmel R de;m + 24 R kabl R lcdm R km;e

o (] e e
+200 H 1apca H'e +600 H jop. H'g.) 2% modg.

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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. . 2
Next, consider the following terms of | v — §R [5]

1 o o o
= -= R k mnl R ab|l|;cde mn
: ( 36 B o B jabitisede) 9

2 o o
- ﬁ R kabl R (kl;cde)) :L,abcde. (525)

First, we notice that our gauge (A.1)-(A.14), requires

o
0 éL (kl;cde)

o 1 ° o
=R (ri;cde) — g 9 R ey, (5.26)

which implies

] [¢] . 1 o ) ° o
R*u! R (itjeae) 3°0°% = 0 R 4 (g0 R cde+6 gre R jae

° o
4 3 J ed R ;kle) xabcde

Z0 modg. (5.27)

Thus, (5.25) becomes

1 o o 2 F
R ("2 R kmal R kmbliede — 2 R kmal R kbml;cde

o o o o
km 1 km 1
-2 R a R kbclymde — 2 R ma R kbcl;dme

11+

£

o o

o o
km 1 k 1
-2 R ma R kbcl;dem ™ R ab R kl;cde

o

[e] o] o
k 1 m k 1
-2 R ab R k  clymde — 2 R ab R kmcl;dme

o o o o
k 1 k 1 m
-2 R ab R kmcl;dem_ R ab R kcdl; me
o

o
k1
- R ab R kcdl;mem

-2 R¥u! R peare™m) 2% mod g. (5.28)
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By the Ricci and cyclic identities (B.1) and (B.2) we have

o o
km 1 abcde
R a R kbcl;dem T

o

(o] o o o o
* D km 1
=R """ (R kbetamet R "kem R nbct;at R "vem R knetid

o

e} o o
n n
+ R"cem R ktntzat B "iem R kbend

[e] [e]
n abcde
+ R "gem R kbeiyn) T

) em 1,2 0 o
= m n
=R a (R kbcl;dme+ R kem R nbel;d

(o) (e} o o o o
n n
+ R "pem R knctia— R "cem R nkbiat R "cem R nbkiza

o o o o
n
- R eml R kbcn;d+ R nmel R kben;d

(o] o
n abcde
+ R "4em R kbetn) T .

(5.29)

Similarly, making use also of the conformal gauge (A.1)-(A.14), and the

contracted Bianchi identity (B.6) we have

o o
km 1 abede
R a R kbcl;dme T

e}

o o o
* km 1 n
=R a (R kbcl;mde+ R kdm;e R nbcl

o

(o] (o] (e} o [o)
n n
+ R "kim R npetiet B "pamie R knctt R "pam R kncie

o [e] o

0 o o
n
+ R cdm;e R nbkl+ R ncdm;e R nbkl+ R ncdm R nkbl;e
[e]

o [s] [e] o] (o)
n
+R ncdm R nbkl;e+ R ndml;e R kbent+ R mdl;e R kben

o 0 o o
bede
+ R ndml R kbcn;e+ R nmdl R kbcn;e) z* )

o o
k1 abed
R ab R kmcl;dem zoere

* 7 k 1 2 m 7 n.m 2
=R ab (R kmel;d e+R ke ancl;d

(5.30)
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o o o o
n m
+ R ce R kmnl;d+ R neml R kmen;d

[}

o o o
+ R nmel R kmcn;d+ R ndem R kmcl;n) xabcde, (531)

o o
k 1 m abed
R ab R kmelid e cae

* o o

o o o
*pk 1
=R ab <R klycde ™ R kc;lde+ R nkdm;e R nmecl

o <] 1 o o
+ R"d™ R pmete + 3 R gna R g

o

o o o
+ R ncdm;e R kmnlt R ncdm R kmnl;e

o

o o o
n m m
+R ld ;e R kenm ™ R nld ;e R kncm

o 0 o o
n .m n
+R ld R kenm;e ™ R ldm R kncm;e

o

o o ]
+ R nmel R kmcn;d‘l' R ndem R kmcl;n) -’Eabade» (532)

] o
k1 m abcde
R ab R kedlie m T

o

o o o
* k 1
=R ab (R kcdl;mem +2 R nkem R ncdlym

)

+3 R ce;n R kndl + 2 R ncem R kndl;m) xabcde, (533)

o o]
ko1 bed
R%uw' R kcat,"em %7°°
* 2 k1 ° m > n m 2
=R "' (R kedt;"me +2 R"™ke™ R nediym

+2 R ncem R kndl;m) xabcde. (534)

We may combine some of the above terms by noting that, using the
cyclic identity (B.2)
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k 1l pn abcde __ pk 1 n bed
R ab R lem kacn;d T - R ab (R mel ~— Rneml) kacn;d xa cae
k 1 abed,
=R ab Rnlem (Rkncm;d - chnm;d) z®° e»

k 1 abcde k1l bed,
=R ab Rl'n.cm;e Rndmk z =R ab Rlncm Rndmk;e e, (535)

Combining (5.25)-(5.35) we obtain for e

1 [} o o o
76 (-2 R* ' R ymbticac —2 R*™,' R kbml;cde

o] o
km 1
=6 R™ " R tbetmde

Hix

o o o o o o
k 1 k1 k 1
-3 R ab R kcdl;mme ~7R ab R kl;cde +6 R ab R kc;lde

o

o o o o o
k 1 k 1
+ 16 R ab ;e R lemn R ndmk -6 R ab R lemn R ndmk;e

[ o o o o o
k 1 n m k1
-14 R ab ;e R Ilmen R d k— 6 R ab R Ilmen R ndmk;e

o o o o [} o
k1 m n k1 m n
-4 R ab ;e R cd R kmnl — 6 R ab R cd R kmnl;e

o

o o o o o
k1 k1
-5 R ab R kncl; R de;n -2 R ab ;n R mcdn R kmel
o 1 ° o
m n
-8 R ab R cd R kmel;n

o

-6 R kabl R lednym R nkem) xabcde mod g. (536)

Using the identities (B.12) and (B.14) we may combine the following
terms

o o o o
kml kml
-2 R a R kmlbjede — 2 R a R Imkb;cde

o vt 2 A
+6 R°™ a R kbclmde — -6 R*™ a R kmlb;cdes (537)

and using the Bianchi identity (B.3), the Ricci identity (B.1), the cyclic
identity (B.2), the conformal gauge (A.1)-(A.14), and the contracted
Bianchi identity (B.6)
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o
l m abcde
ab R kedl; "me T

(o] o (e}
_nDk 1 m m bede
=R *4" (R kedmi1™e— R ketmia™e) ¢

=R*,' (R ketm."de + [~ R™1 Rndck + R"a™ Rimndk

+(Ria"™ — Ri"a™) Ruenk + R" 1™ Runcanlielo
o
— R pick;"de — [ R"a Rpick + R™1a™ Rinck

+R"q™ Roini + (R"™ 4k — R™3™1) Ronten)selo) 2%

(o] (o] (o] (o]
xDk 1
=R "' (R kiede — 2 R kejdet R cdshie

o o o o
-2 R lcdn R kn;e +38 R lem R ndmk;e
o o o o
n . m m n
-4 R lmen R d k;e + 2R cd ;e R kmnl

[ o
+2 R mcdn R kmnl;e) xabcde. (538)

Combining (5.36)-(5.38) one obtains

*
£ =

1
756
[e] o]
+12 R*.' R keyae

o o o o
kml k1

(_6 R™™ a R kmlbcde — 10 R ab R kl;cde

o ;2 ° 1 ° . o

n m

-3 R ab R cd;kle + 16 R ab ;e R cmn R d k

Dk I pl 7 Dk 1 1 7

n m n . m

-30 R ab R cmn R d kje — 14 R ab ;e R men d k

° 1 2 o o L o o

n m m n
+6 R ab R men R d ke — 10 R ab ;e R cd R kmnl
o, 2 o o1 2 o
m n n

-12 R ab R cd R kmnl;e — 5 R ab R kncl R de;

°o L ;0 o ° o m [

n

+ 6 R ab R led R knie — 2 R ab ;n R cd R kmel

o, 9 o

m n

—8 R ab R cd R kmel;n

-6 R kabl R lednym R nkem) xabcde mod g. (539)
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. 2 . .
The third group of terms | v — §R [5] that we wish to consider are
- 3 ;z k 1 ;z ° mn
C - = ‘":16 (mn ;a |k|bell];de) 9

1 o o
-— R k(abl;k) R (Ic;de)

10
1 o P o) 1 o P o
- E R ab ;c R (kl;de) — % R ab ;ed R (klse)
1 o o
- 1—0' R k(lal;bc) R (kd;e)) xabcde‘ (5.40)

Clearly, the last two terms in (5.40) vanish due to the conformal gauge
(A.1)-(A.14). Expanding the symmetrisations and making further use of

the gauge we obtain

1 ° ° o 7
¢ = @ (—3 R kl;a R kbelide — 0 R kmal;m R kperide

o] [¢] o (o]
k 1 k 1
-6 R ma ;b R kmecl;de — 6 R ma ;b R kemlide
o o
k l
-6 R ma HA R kcdlyme
© rm 1 [ o o
m m
-6 R"% R kcatiem —6 R%".™ R kmetide
° L [
m
-3R ab ; R kcdl;me
[ o o o
k 1 k 1
-3 R ab ;m R kcdliem — 17 R ab ;c R kl;de
[ o
k 1
-6 R ab ;c R kmdl;me
°o L o ° k1 o
m m
-6 R ab ;c R k dlem — 3 R ab ;c R kdelym
o ;o
—-28 R ab; R le;de
o A ° b 1 o
-28 R ab; R cdile — 56 R ab ;c R kd;le
bk 1 T bed
—14 R ab ;c R de;kl) %%, (5.41)
Once more we use the Ricci identity (B.1), and the cyclic identity (B.2),
y

to obtain

Annales de UInstitut Henri Poincaré - Physique théorique



THE VALIDITY OF HUYGEN’S PRINCIPLE 399

o o
km 1 abcde
R™ % R kedliem T

o o [e] o
* & km 1 n
=R "™, b (R kedtymet B "kem R neat

o ¢}

o] [¢]
n
+ R"cem R knai— R"dem R nke

o o} o

o (e} (o]
+ R"em R neki— R "emi R keant R "met R kean) %%, (5.42)

o o
kE Ilm bede
R ab ; R kedl;em z*

o

[o) o o]
* k lm
=R ab ; (R kedlyme +2 R nkem R ncdl

o)

+ R ncem R kndl) xabcde (543)

o o
k 1 m ,.abcde
R ab ;c R kmdlie T

o [e] [o) (s}
*nk 1 m
=R " c (R kma" e+ Rk R pnmar

o o (o] (o]
+R":™ Rimni— R"™1 R kmdn

+ R nmel R kmdn) xadee- (544)

From (B.12) and (B.14) we have
-6 R kmla;b R kmlc;de — 6 R kmla;b R lmkc;de
-12 R kmal;b R kcdlyme — 6 R kmal;bc R kdel;m
=—18 R*"y R imicae-  (545)

Also, from the contracted Bianchi identity (B.6) and the conformal gauge
(A.1)-(A.14) we have
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o o o

R kmdl;me =R kl;de — R kd;le (5.46)
o m 3 o
R kmal; = E R kl;a- (547)

Using a similar argument to that for (5.38) we obtain

5k 1 1 bed
m abcde

R ab ;e R kedlym T

* o k l (o] o o (o] m n o

=R " e (R ktied =2 R kestat Reaii +2 R™ed™ R kmm

o o o o
+ 4 R lemn R ndmk -2 R Imen R ndmk) .,L,abcde. (548)

Thus, we have for (

1
840
o o o o
-38 R kabl;c R kd;le — 17 R kabl;c R de;kl

o o o o
* kml k1
C = (_18 R a;b R kmlc;de — 32 R ab ;c R kl;de
o o o ;° o ;@
-12 R kabl;cd R e T 28 R ab; R lesde ™ 28 R ab; R cd;le
° o o P o
n . m n.m
-24 R ab ;e R lemn R d Kkt 18 R ab R lemn R d ke
° o o °o L. 1 2 o
n . m n.m
+ 12 R ab ;e R Imcen R d k — 18 R ab R Ilmen R d kje
° o o ° L o o
m n m n
—12 R ab ;e R cd R kmnl — 6 R ab ;m R cd R knel

¢}

o o o o
-6 R kabl;m R lcdn R nkem — 6 R kabl;m R kcdl;me) xabcde‘ (549)

2
Finally, we collect the remaining terms of (fy — §R> [5] together into

o

the term

& k ]o% l 102 m O st
(st|l ab|lm cd|k|;e) 9

e &l

o o o
R*4" R™ (i) R ™cdimise)
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+— R* (@b’ R(km|n|ll R "ed" )

o [e]

R kabl R l(kmm R cd;e)

R¥"! Ry R <md;e)> gobede, (5.50)

+

g~ oo

Again, the last two terms vanish identically due to our choice of gauge,
and we may expand the symmetrisation brackets and use the cyclic identity

(B.2) to obtain

()

n ; 945 (R ab e R lemn R d k+ 2 R a,b R lemn R ndmk;e
o o o o o 0
+ 16 R kabl;e R lmen R ndmk + 32 R kabl R Ilmen R ndmk;e
° o o o 1 ° o
+ 14 R ab ;e R mcdn R kmnl + 7R ab R mcdn R kmnl;e
R*4' Rua R 14 R*0' R et R o™
+ 8 R ab led kn;e + ab kmel de;
o o o o o o
+4 R* '™ Rid™ Roumer +4 R¥ '™ R g™ R pemi
o 0
+14 R* ablim BR™ed" R knel

(o] (e} o]
+14 R*' R™ ™ R kmetom) £2°°%. (5.51)

Combining (5.1), (5.24), (5.39), (5.49), and (5.51) we have
(7— gR) 5] £ (@ +e+C+n)

* 0
= 108 R ab’ R kode—
15120 ( b T keyde
o o o
—432 R ab;k R cd;ke+ 160 Rkabl Rkl;cde
o o o v 12
+ 960 Rkabl ch;lde + 120 R ab Rcd;kle
o o o o
+ 324 Rkabl;c R kl;de + 216 R kabl;c R kd;le
7 7 Dk 1}
— 216 R kabl;c‘ R de;kl + 432 R ab ;cd R klie
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2k lm ¢ 2 kml 3
m
- 108 R ab ; R kcdlyme — 120 R a R kmlb;cde
2, kml 2 Sk L p A n
—-324 R ab R kmlc;de + 232 R ab R kncl R de;

o o [} o o
+ 464 Rkabl R lcdn R knje — 96 Rkabl e R lemn R ndm k
0k 1 2 o © ke 1 o )
—-244 R ab R lemn R nd mk;e + 192 R ab ;e R lmen R ndmk
o

+ 308 Rkabl R lmen ndm ke — 192 Rkabl;e R mcdn R kmnl

o

o o o o o
k 1 k 1
—128 R ab R mcdn R kmnl;e — 12 R ab ;m R lcdn R knem
o 1 o o o e 12 o
m n m n
+76 R’ m R™ca" Rina+64 R R™ed" R knetym
o ]

+ 64 Rkabl;m R lcdn R nmek + 64 Rkabl;m Rlcdn R nemk

+ 1800 H 10pca H'c +5400 H jpc H 'a0) 2% mod g.(5.52)

Equation (5.52) can be reduced somewhat by comparing it to the covariant
derivative of the fifth condition (1. 8) at the origin of normal coordinates. To
convert the fifth condition to Riemann and Ricci tensors, we will consider
one term at a time. During this conversion, repeated use will be made of
the conformal gauge (A.1)-(A.14). It will be assumed that all tensors are
symmetric with respect to the indices a, b, ¢, d and e and that Z refers to
equivalence mod g (with respect to the special gauge). We may begin with

o o
k 1 k 1
3(0 ab 'kacdl;m);elo =6 C ab ;me c kedlym

3

o 1 o o
;6<R kabl~me+ 5(; Kl Lab;me_éll: Lal;me
o o
- 55,, L kb;me+ 3 ab L kl;me)>
o 1 ° o ° o
X (R kabl;m + 5 (_ gkl R ab;m+ g kb R al;m
) ° o °
+9a Rebm— 9 R kz;m)>

R ab;m 1(')2 cd;em)- (553)

o) o 1
Z6 (R¥u"™e R kedtym — 3
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Likewise
8 (Ckabl;c Skld);e IO
= 8(0 kabl;Cd L k[l;e]+ c kabl;c L k[l;d]e)

é 8 (R kabl;cd
1 ok ¢ k7ol
+_2‘(g Lab;cd_‘sb La;cd
o ° o 3 o
- 5,’, L kb;cd+ gar L kl;cd)) (— Z) R ke
o ° o 1 o (o]
+ 65;, R kb;c" g ab R kl;c)) 5 (L kl;de ™ L kd;le)
= (-6 R*'ca Rue—4 R*,3'.. R kide +4 R*0' 0 R rae
(5.54)

- R ab;k R cd;ke +4 R ab;k R kc;de)a
—8(C*ab' Skica)ie lo = —=8(C *as'ic L gyt C F s’ L E[l;c]de
o 1 ° ) [}
-8 (R kabl;c + '2‘ (" g K R ab;c + 61]: R al;c

o ° [} 1 ) o
+6, R*c—ga R*.)) 2 (L ki;de— L kase)

o 0o o
: E o1
—4 R"0" (L rizede— L keitde)

[ [ o o
k1 k 1
(4 R ab ;¢ R kl;de — 4 R ab ;c R kd;le

%

o [} (e} o
+4 R*' Riyese —4 R* ' R ke;lde
o k o
ab; R kc;de), (555)

+ R ab;k -;)'2 cd;ke ™ R
— 40 (Sap”* Sear)ie lo — 80 S w* S cdk;e
—1' -20 (L ab;k° L ak ;b) (L cd;ke ™ L ck;de)
£ R cae), (5.56)

é -30 (R ab;k R ke;de ™ R ab;
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— 24 (ckabl Scdk;l);e |0
=-24(C kabl;c L giequ+ C kbt L cldik]le)

] 1 ° o o
2—24(R kabl;c+§ _gkl Rab;c+6ll;c Ral;c

o ° o 1 o o
+ 55,, R kb;c_ g ab R kl;c)) E (L de;kl ™ L dk;el)

[e] o
—12 R*'" (L carie— L chote)

0 o o o
(12 R kabl;c R de;kl — 12 R kabl;c R dk;el

11E3

o o [ o
+12 R*" R canie — 12 R* ' R critae
°o L 40 o T o
+6 R ab R Imck R de;m + 12 R ab R lcdm R km;e

+ 3 R ab;k R cd;ke — 3 R ab;k R kc;de), (557)

4(Ckabl Clmck Ldm);e iO _—*— 2 R kabl R Imck R de;'ma (558)

12 (Ckabl C’lcdm Lkm);e |0 é -12 R kabl R lcdm R km;e- (559)

Thus, the covariant derivative of the fifth condition at the origin of the
normal coordinate system is

o o [ o o o
0Z24 Rop® B caee — 24 R aps® R peae —4 R*a' R ijeae
o o o o o o
-16 R kabl R kc;lde +12 R kabl R cd;kle — 12 R kabl;c R dk;el
oL 1 ° ° b o o o
+12 R ab ;c R de;kl — 6 R ab ;cd R kl;e +6 R ab ;m R kcdlyme
o o o o o o
-4 R kabl R kmcl R de;m —-24 R kabl R lcdm R km;e
o o o o
+12 H ka;bcd H ke -20 H ka;bc H kd;e

—168 H 4o C ¥4t H 1ge —84 H o CFpely Hi. mod g.(5.60)
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18
Multiplying (5.60) by 15190 and adding it to (5.52), we obtain for

(W-gR) 5]

1 ) o [} o
5120 (=324 R 44,% R keae +112 R* 3" R pijeae

+672 R*,' R keae +336 R kst R cakie

1=

+ 324 R kabl;c R kl;de + 324 R kabl sed R kl;e
—120 R kmla R kmlb;ede — 324 R kmla;b R kmlc;de
+160 R*;' Rinet Rae,” +32 R*4" Rica™ R knie

[e] o (o] o o
-9 R kabl;e R lemn R ndmk —244 R kabl R lemn R ndm k;e

)

o o

[} o o o
+ 192 R kabl;e R Ilmen ndmk + 308 R kabl R lmen R ndmk;e
o o o o, ;2 o
-192 R kabl;e R mcdn R kmnl — 128 R ab R™ cdn R kmnl;e
° L 1 o o o, ;2 o
+7 R ab ;m R™ cdn R knel + 64 R ab R mcdn R knel;m

o

° L o o ° L [
+76R ab ;lecannmek+52R ab ;lecannemk

o

+2016 H jopca H'c+5040 H japc H Lie

3

o

—3024 Hyo C*p! H ige

—1512 H o C 3ty H o) 2% modg. (5.61)

Next, consider (B.25)

[¢] [+]
C k’ma;bc C kimde z%° =0 modyg, (5.62)
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2 kim 1 kB Im O km Pl
X R d;e + ‘2‘ [_64 R ;e+ g R d;e
1 P km °Im Pk abede
+6; R™™c— g R%i] | mod g
* Pkl 2 2k 1
= (R ma;bc R klmd;e ™ R ab ;c R kl;de

o o o kO bed
-R kabl;cd R klet R ab; R kc;de) z*°*®  mod g. (5.63)

However, from (B.23) we have

o (o] (e} o
kl ki bed
(2 R aped R kime +6 R ™™ 40 R pimase) £20°%
* Hk o1 % 2k 1
= (6 R ab ;ed R kl;e + 6 R ab ;c R kl;de

o o o o
+2 R kabl R kl;cde — 6 R ab;k R kc;de) xabcde mod g. (564)

Combining (5.63) and (5.64) we have
R*m™ R kimbscde T20%° ZR*,!' R kliede T°2°% mod g. (5.65)

Furthermore, by the Bianchi identity we have

o

(o) [¢] o
ko1 bed komo 1 n
R "™ Rica" Rpemie ¥ = (=R *,™." R14™ R pems

o

Dk 7 bed
m n abcde
- R a ;b R led R nemk) x
Dk 1} 2 bed
n m aobcae
= (0+ R a R lemn R d k;e) T ’ (5.66)
and
o o o
k 1 bed
R ab R ncdm R knel;m e
Hhk | pn 7 2 bed
m abcde
=R ab R cd (R kmnl;e+ R knem;l) T 3 (567)
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o o
k 1 bed
ab R ncdm R knel;m e
(5.68)

o
n m abede
cd R kmnlie T .

Using the identities (5.63), (5.65), and (5.68), equation (5.61) becomes

(-3 R) 15

1
15120 (112 R ab R kl;cde + 672 R kab R kc;lde
+ 336 R kabl R cd;kle + 160 R kabl R kncl R de

o o o o o
k1 k 1
+32R ab Rlcankn;e_QGR ab ;e Rlcmn Rnd k
o ° L o o
n.m n . m
d k;e+192R ab ;e lecnR d k

III*

o, 40
—-192 R ab R lemn
[e] (o] o o o
+308 R*,' Rimen R™d™ ke — 192 R* abtie R™ed™ R kmnt
o ;2 o 0 .
-9 R kab R mcdn R kmnl;e +7 R ka,b ym R™
o

+7 R kabl ™ R lcdn R nmek + 2016 H la;bed H

o
n
cd R knel

3

4o —3024 H o, C Foo! H 14,

+ 5040 H 105 H
— 1512 H 4, C %yl H 1) 2% modyg (5.69)
We may further simplify by again using our conformal gauge
0 EL (htiede) T
é (L (kl)iede + 2 L (klelsiyle T 2 L (klc;d|D)e
e (5.70)

L (klesdelt) T L cd;(kl)et L cdi(klel) T L cdse(kl)) T

which implies, when we use (5.20)-(5.23)
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0 é (R kl;cde +6 R kc;lde -+ 3 R cd;kle

+2 Ri;.s™ R knset R jna R cd; n) R kabl:L‘adee modg. (5.71)
Equation (B.34) implies

1
% Rck(abl C|k|cd,l =C* (abl C]l|cd)m Lim

+ C* (' Clijejy™ Laym, mod g, (5.72)

o o
k 1 m abcde
ab R led R kmie T

o o

R*4" R jomt R 4o, ™ 2%%% mod g. (5.73)

HES

4
N~ Byo

From the cyclic and Bianchi identities (B.2) and (B.3) and (5.66) we get

[ [} [}
k 1 m n abcde
R ab ;m R cd R knel T

[}

o o o
* k 1 k l m n bede
= (R a m;b+ R abm; ) R cd R knel z®

*

(- R mcdn (— R knel+ R klen) R ka,lm;b

[ o o [
k1 bed
- R ab ;m R lcdn (_ R nemk+ R nmek))xa e

*

° w1 0 o °© 10 o
n . m n . m
- (R ab R Imen R d ke R ab R lemn R d k;e

o o

o o o o
k1 n kIl m bede
+ R ab ;m R led R nemk R ab ; R lcdn R nmek)xa ¢ } (574)

o [} o
k 1 n _m abcde
=R ab R tmen R d kel

o

o o (o] o (o]
Z(R*p'm R™ea™ Rinert RFL.™ Rica™ R pmer) 2%, (5.75)
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In view of (5.71), (5.73), and (5.75) (5.69) becomes

(v-3#)m

1 o o o o o o
(48 R kabl R knecl R de;n + 192 R kabl R lcdn R kn;e ™

15120
-9 R kabl;e R lemn R ndmk -192 R kabl R lemn R ndmk;e+

x

o

+192 R kabl;e R lmcen ndmk + 384 R kabl R lmen R ndmk;e—
-192 R kabl;e R mcdn R kmnl — 96 R kabl R mcdn R kmnl;e+

+2016 H 1gpca H'c 45040 H g4 H' go—

o

— 3024 H ka C kbcl H ldie™

o

— 1512 H yo C Fpoly H 1) 2% mod g: (5.76)
Finally, we can further reduce (5.76) by using (B.38). 4The pertinent

equations are

1 m
C* ab' Clijepmn) C™ )™k = 3 C* (' Climejn) C"a)™x modg, (5.77)

=

ok 1 o o .
m

(C ab;eRlcmnR d k

o

o o o
k 1 n abcde
ndmk+ R ab R lemn c dmk;e) T

o o
k 1
+ R ab C lemn;e
* 2k LT o m
=(§C ab ;elecnR d k
o o o
k 1 abed
+ R%b" R imen C"d"’k;e) z*°*®  mod g,

—

(5.78)

and
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1
C* (' Cltjejmn] C™ )™k = 3 C* (' C™cd)" Chmm mod g,  (5.79)

=

©

o

o
k 1 n m
ab;e R lemn R d k

o

o o o o o
k1 n_m k 1 m abed
+ R ab c lemn;e R d kT R ab R lemn C nd k;e) A

o

o o
k1 ym n
(§ C ab ;e R cd R kmnl

N

[+

1 o o o
R kabl R mcdn C kmnl;e) xabcde modg, (5.80)

w

where the covariant derivatives of the Weyl tensor may be expanded as

o

o 1 o o
Cla'e SR e+ 5 (8 R+ 8, R*.) modg, (58D

o % © 1 o o
C lemn;e =R lcmn;e+§ (= .?] m R cm;e+ ; m R cnje
° o ° o
+ g cn R Imje™ 9 em R ln;e) mod g, (582)

* 2 1 2 p ?
C"i" ke ER "M ke + 9 (=6k Ra™ et 9™ R anse

+ g dk R mn;e — 5;” R kn;e) mod q, (5.83)

o

o * o 1 ° ° o
c kmnl;e =R kmnl;e‘l'i (— 9w R mn;e+ 9 km R mle

+Gmt R kme— G mn R we) modg.  (5.84)
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Equations (5.77)-(5.80) together with (5.81)-(5.84) gives us

)

+ (Ck abl Cmcd " Ckmnl);e |0] xabcde mod g

0 é [(Ckabl Clmcn Cndmk) e |0 -2 (Ckabl Clcmn Cndmk);e |0

o

o o o o o
k 1 k1
(R ab ;e R lemn R ndmk + 2R ab R lemn R ndmk;e

1+

o o o o o
k1 k1
-2 R ab ;e R lmen R ndmk -4 R ab R lmen R ndm k;e

o L1 o o °© v 1 2 o
+2 R ab ;e R mcdn R kmnit R ab R mcdn R kmnl;e ™
1 o ) o
- 5 R kabl R kncl R de;n
bk I p 7 bed
+2R"% Rid" R ]m;e) £%°°*¢ mod g. (5.85)

So finally, combining (5.76) and (5.85) we have

2 * ]_ o o o o
- = 5] = ——— (2016 H jopea H ‘e + 5040 H 100c H Ye
(’Y 3R>[] 15120(0 lasbed + 5040 H 0. H g

—3024 H 3, C*p.t H 1

H :
— 1512 H 4, C *3ctq H 1) 2*°% mod g.  (5.86)

5.2. A* , and A, A to fifth order

The remaining terms to be calculated in o [5] are the terms involving
the Maxwell vector A,. Using (4.13) and (4.14) we find

AR Ay [5] = (g A* A') [5]

1 [} o 2 o o
= 3 H iope de;e"‘ﬁ H tapea H*.
1 o o o
~z H o R*.' H .
1

o ) o
H ka R kbcl;d H le) xabcde. (587)
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Recalling (A.1)-(A.14) and (5.81), and that H,;, is anti-symmetric, we
may rewrite (5.87) as

* 1 o o 2 o o
Ak Ak [5] = <_ H ka;bc H kd'e H ka;bed H ke

1 o <] o
- g H ka Okbcl H id;e
1 o o )
— Tﬁ H ka C kbcl;d H le) (I,'adee modg. (5.88)

The expansion of the A® , term is a bit more involved. For example, the
first term on the right hand side of (4.14) will give rise, when differentiated

o
with respect to the free index, to a term of the form H k(k;abcde). The

expansion of such terms may be carried out using the Ricci identity (B.1)
is a manner similar to that used in the previous section. The pertinent
expansions are

o o o o
k abede * k l k
H a;bcdek T ¢ = (H a,;bcdke+ R abk H c;lde

o o o (o)
+ R H*cqte+ R'apr H K oder) £°2°% ) (5.89)

[} o 1 o [

k abede * k k
H asbedke T ‘= ( a;bckde + '2’ R ab;k H c;de
+

= °r k 1 Prk
R otk H "ge+ R oo H "cige

3

o (o} (e} [
+ R'opke H* g3+ Rl H kc;dle) z*ede ] (5.90)

o

]
*
H ka;bckde :L,abcde = (H k

o o
k
asbkede ™ R ka;bc H d;e
o o k o . o k
+ R abjk H c;de+ R abk;cd H e;l

(s} (e} o] (o]
+2 Rlopkee H* g+ Rlgor H * cade) T2°% (5.91)
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o o

o] o o]
k bede * k k
H ", pkede 2777 = (R kaped H "e =3 R pape H “gie

3 o o }
+ 3 R o H kC'de> gebede, (5.92)

Taking the partial derivative of (4.14) and using (5.89)-(5.92) we have

AF  [5] = 2520( 18 Rkab chdle_30 Rkab chdel_go Rabk H

- 27 R a,b K H kd;le — 63 R abl;c H kd;el

o

[e] o o
+24 R*pe H pae—48 R¥0! ca H ey
o) k o [e] m o k o o
+62 R"p1 Rickm H Mae +62 R %0 Ricam H ge;™
(o] k [e] o o k o [+]
+60 R0t Rickma H™e+60 R4 Ricimp H ™.
(e} k o o l o k l (o] o
+102 R ap,” R keat H e +51 R%";c B 1akm H ™.
o k l o [e] o k l o
+9 R c Rige™ H km —24 R0t jkea H 1
Sk 1 2 Sk 1 2 abede
—24 R*p' . cka Hie—24 R0 jcax H 1e) ) (5.93)

where we have once agaln taken advantage of the fact that due to our gauge

1
(B.6) we have R k(ap) = 5 R abjk. We may now make further use of the
Ricci identity (B.1) to obtain further simplification of (5.93) as follows

o

o]
k 1 abcde
R%% H pegat

o o o o o o
ZR* ! N (H redtet B ™ ket H meat R ™ael H keym) zobede  (5.94)

o o)

o
E 1 bede * D k
R %" H peare T° R ab (H keldet R kdlie H me

o o o o
+ R mkel H mc;d+ R mcdl;e H km) xabcde, (595)
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o [e]
k 1 abede
R%%' H pgazx

IO o o o o o
ZR* ' o(H raget R ™ket H ma+ R ™4 H k) T20°%€(5.96)

(o]

o
R kabl edk H le :L_a.bcde

o (o] (e} o
* ko1 m P
=H 1o (R s ;ckat R ™otk R "cm'

o

o) o (e}
+ R™ ok RFpemat R™apr R Fodt m) TP (5.97)

o o
k 1 abede
R ab ;ckd H le; T

o o 1 o o
éH le (R kabl;kcd + 5 R ab;m R mcdl> mabcde. (598)

Equations (5.94)-(5.98) and (B.6) combine with (5.93) to give

1

2520 (—-48 Rkabl H kc;lde — 90 Rab;k H kc;de

A* 5] =

o o o o

-90 R kabl;c H kd;le + 240 R ka;bc H kd;e
° L o o [

—48 R ab ;cd H ke;l + 72 R ajbed H ke
o o oL 1 2 o

-72 R ab;kcd H ke T 16 R ab R lckm H md;e
o 1 ° o o 0 o

+ 32 R ab R ledm H ke;m + 12 R kabl R lckm;d H me

+36 R*4' Ricamp H™+78 Rop* Ryear H'.

o o
—-12 R kabl;c Rldkm Hme

-6 R kabl;c R ldem H km) xabcde. (599)

Annales de I'Institut Henri Poincaré - Physique théorique



THE VALIDITY OF HUYGEN’S PRINCIPLE 415

Equations (5.99) may be further simplified by considering the second
covariant derivative of the fourth necessary condition (1.7)

0= (3 Sapk H*. — C*ot' Hreq)de |0 2*°°%  mod g

o o o o o o
— k k k
= (3 S abk;cd H e+ 6 S abk;c H d;e +3 S abk H c;de

Ak oLq Skl Nk oLop bed

abcde
-C ab ;cd H ke;l — 2C ab ;c H kd;le ™ c ab H kc;lde) z mOdg

N 3 o o k 3 o o &
= (_5 R ab;ked H et 5 R ak;bed H e

o ] 9 o o
+6 R abskc H kd;e - Z R absk H kc;de

(o] 0o
~R*)' H kc;lde) z%%  mod g, (5.100)

o o o o
=0 '_*‘(—6 R ab;ked H ke +6 R ka;bed H ke
o o . o o .
+ 22 R ka;bc H die — TR ab;k H c;de
0 o o o
-4 R kabl;cd H ke;l — 8 R kabl;c H kd;le

—4 R bt H keaae) 2% mod g. (5.101)
Equations (5.99) and (5.101) yield

1 ] o o o
A* 4 (5] z 2520 (=6 Rapk HF ege+6 R*p' e H rage

o

o o o o
-24 R asbe H kd;e + 16 Rkabl R keml H md;e

+32 R kabl R ledm H ke;m +12 R kabl R kmcl;d H me
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o k1 o o o k1 o o
-12 R ab ;c R ldkm H me + 36 R ab R ledm;k H me
o

+ 78 Rab;k chdl H le

-6 R*4' Rige™ H gm) 2 modg.  (5.102)

To proceed, it will be convenient to convert (5.102) from an expression
in the Riemann tensor R,;.q and the Ricci tensor R, and their covariant
derivatives to one involving the Weyl tensor C,p.q and the tensor Sgp.
and their covariant derivatives. Using (1.10)-(1.12) and (A.1)-(A.14) we
can derive

1 o
— 6 R ac;’

(—Ekl Rab;c_2

N =

o [
k1l X~k 1
R ab ;c =C ab ;¢ T

_ %5}1 fz,,c;’“) modg,  (5.103)

(o] * o
R kmecl;d =C kmel;d
1 ° o o
—3 (— gkl R et Jr R mlid
1 o ° o °
3 gmi Regk—gme R kl;d) mod g, (5.104)
o * o m [e] o ]
Rica™x =Cied™ ik — = (—51 Rcgrt+ g1 R

o

-6 R ld;k) mod g, (5.105)

o 1 o
k * k k
C ae) = = L @ipe) + 5 O B spe)

o 1 o
== Satet g6 B, (5.106)
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o

R k(a;b) = - L k(a;b)

*

L - (5.107)

Thus, using (A.1)-(A.14) and (5.103)-(5.107), we can write (5.102) as

[

k[5] (6 S ok chde+60 abchdle

2520
—24 S sppe HFge+16 C kbt C kemt H ™ae

Ok 12 o ok 1 2 o
+32C%u Cream Hire™+12 C 7o' C pmea H™e
%k 1 o o k1 2 o
-12 C ab ;c C ldkm H me + 36 C ab C ledm;k H me
k1 o o
-6 C ab ;¢ C ldem H km

—136 S opF C reat H'e) %% mod g. (5.108)

It is not immediately obvious that the fourth and fifth terms and the sixth
and seventh terms on the right hand side of (5.108) are identically zero.
That this is, however, the case may be shown following the method of
McLenaghan [20] by using the identities of Lovelock [17]. The essence of
these identities is than in an n-dimensional space, the generalised Kronecker
delta with n + 1 indices, defined by

AT O i T el (5.109)
is identically zero. Since we are working in the case n = 4, we have

6klmnf 81 r 8: s p I°{ q ° abcde
pqrsd k am nb le;” 9 fcT

o

o o
- C kabl C rma H md;e) xnbcde, (5.110)

and
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° [

418
> bed
C %y Hie g go 2

o
0= 48 &
(0 bt & B
_(2 ab ;c kmdl e
(5.111)

> k 1 ~ > m abcde
-2C ab Ckmcl;d H e)w )

Therefore, we have from (5.108), (5.110), and (5.111)
abk H kc;de +6 CFule H page

1
(69
—-24 S abk;c H kd;e + 36 C kabl c ledm;k H me

AF (5] = S
+ 151 = 5550

-6 C kabl;c C'lclem H km
—-136 S abk C kedl H le) .’L‘adee mod g. (5.112)

6. CONFORMAL INVARIANCE OF
THE SIXTH NECESSARY CONDITION

We may, at last, now construct o [5]. First, we note that the first condition,
6.1)

(1.4), allows one to rewrite (1.10) as
027—§R+2M@—NAT

Substituting (5.86), (5.88), and (5.112) into (6.1), we observe that to fifth
order only the AF; term contributes, so that in our special conformal

gauge, the sixth necessary condition is
* o o o o
0 E(3 S abk H kc;de +3 C kab;l;c H kd;le
[e] o k o k 1 o o
=12 S sokie H 4e +18 C 0" Cicamp H ™

-3C kabl;c Cldem H km
6.2)

—-69 S abk C kcdl H le).’L‘adee mod g.
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It remains to find the form of the sixth condition for an arbitrary
choice of trivial transformation. Following [20] this can be done by
finding a conformally invariant expression that reduces to (6.2) in our
conformal gauge. The first step in finding such an expression is to observe
the behaviour of the right and side of (6.2) under a general conformal
transformation. This will be done on a term basis with the aid of (3.1),
(3.6), (3.9), (3.2), and (3.11). For the remainder of this section we will
assume that all expressions are symmetric in the tensor indices a, b, ¢, d
and e and that = denotes equivalence mod g.

Consider first

ékablfc C~Vlde"l Ekm
= 6—24) (Ckabl;c C’ldem Hkm - Ckabl C’lcdm Hme ¢k)a (63)

Ck ! élcdmzk Hpe =722 C* " (Creamik — 2 0k Cledm
+ 2 ¢ Cojkdm + 2 Cickld Om)
+ 29k C" clam Pn
+2 Clepa” gmik dn) H™
=e 2% (C*u' Cledmap H™.

— 261 C*a} Cregm H™.

— ¢m C¥ab' Chcar H™

+ ¢e C*a! Crmer H™a), (6.4)

Sapk CF gt Hie = €722 (SaprC¥cd' Hie — ¢k C*ab’ Crea™ Hpme),  (6.5)

Sabk H* 4o = €729 (Sapk — 1 Clapr) (H*c.a — 3 ¢a H* ).
€72 (Subk — 1 Cav) (H ciae — 3 daze H .
—~ 8¢ H ;g + 15 da e H.)
e™2? (Sabk H c;qe — 1 Clavk H  cige
— 3 Pae Savk H e + 3 da.e b1 C'apr H* .

1]
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-8 ¢e Sa,bk ch;d + 8 d)e d)l Clabk HkC;d
+15 ¢d ¢e Sabk ch
—~ 15 ¢4 pe 1 Clapi H*.), (6.6)

gabkzc H*4. = e72% (Suppsc — bre C' i Clapise

—5¢c Sabk + 5 ¢e $1 Clas
+ Gke @™ Sabm — ke P1 O™ Clabm)
X (H*g. — 3¢, H* 4 + 6% ¢ H,q)

= e 2% (Supkie H¥a.o — 3 e Sabk:e H* g
— d1e Clask H oo + 3 g Br.e Casr, HE.
— 1 Clophie H* 4o + 3 ¢ & Clopr,e H*y
= 5¢e Savk H  c.a + 15 g de Sapr H .
+5¢c ¢ Clopr HE g
—15¢4 ¢e 1 Clopr HF.), (6.7)

C*upbse Higne = €729 (CF . — 49, OF

+ 65 C™ b b + 8L CF ™ bi)
X (Hiay — 3¢ Hia)ze

=e2?(C*p'c — 49, CF !
+ 65 O™ b + 6L CF ™ b))
X (Hyge — 3 ¢r.e Hra
—4 ¢y Hyge — 4 ¢y Hiage + 15 ¢1 de Hyg)

=e 2 (C* i .c Hraue — 3¢1e C*ab'.c Hya
—4¢1 CF ot Hygo — 4 C* ' Hyase
+ 15¢; pe C*up'c Hrg — 4. C* ' Hica
+12 ¢34 de C*ap' Hie + 8 ¢y pe C* o' Hicra
+ 16 ¢g de C*a’ Hiey 451 da pe CF at' Hie
+ C* o' 1 Hyerge — 3¢ac Cul ¢y Hea).  (6.8)
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Although again not immediately obvious, it can be shown that the last
three terms on the right and side of (6.2) are conformally invariant with
the help of a further identity generated by the Lovelock method discussed
in the previous section (Section 5.2). This time we begin with

R TN O
= Opgrsd k am nb ¢ le 9 fc

o o [ (o) [e] o
- k1
=C %% Cima H"ape =2 C " C1cd™ H e ok

+CF ! Crear H me o™ 6.9)

Thus we have, using (6.3)-(6.5) and (6.9),

18Ck,)! é’lcdmzk H™, -3 ékablzc Crae™ Him — 69 Sop* Crear Ho
= e—2¢ (]—8 Ckabl c ledmsk H me -3C kabl;c Cldem Hkm

— 69 S.* Chear H'.). (6.10)

Cursory inspection of the conformal transformations of the remaining
three terms from the right hand side of (6.2) leads quickly to the conclusion
that these terms are not, by themselves, conformally invariant. In particular,
terms involving the second invariant derivatives of the conformal factor ¢
(eg. ¢1..) cannot be made to vanish using a Lovelock type of identity. It
seems, then, that one or more terms which vanish in the special gauge used
to obtain (6.2) will need to be added to obtain the sixth condition for a
general choice of trivial transformations.

Following [20], we notice that the transformation (3.7) for the tensor L,
has a term containing the second covariant derivative of ¢. Further, we note
that L,, vanishes identically in the special conformal gauge (A.1)(A.14).
One is then naturally led to calculate the conformal transformations of the
following expressions:

Oyt Line Higre = €72 CF 3! (Lo — 2 Dkse
+2¢k dc — Gre Pm ™)
X (Hige — 260 e Hna
+ G 9" Hna — 265 ¢ Hin)
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= e ?? (C*av'Lie Higie — 3¢e C*ap' Lic Hia
— 2 ¢k C*' Hycd + 6 dpsa pe CFop! Hie
+2¢k P C*at’ Hica
— 6 ¢ pa de C* ' Hye), 6.11)

ékablzc Lya He. = e 2% Hy, (C*aptic — 4. C* o'
+6; C™ o' bm + 6, C*ab™ $rm)
X (Lra = 2 dra
+ 2 ¢k da — Gra Pm ™)
=e 2% (C*ap'icLke Hie — 4 ¢e C*ap' Lic Hig
+ ¢ C*p! Loa Hie = 2 e C* o' .c Hig
+ 8 Pk e C¥ap! Hie — 2 dae i C¥ap’ Hye
+2¢1 ¢ C*up'.c Hig
~ 8¢k $a ¢ C*a' Hic), (6.12)

Sabk Leg H*. = 729 HF, (Sabk — 1 Clavk)
X (Led — 2 besa
+2¢c bd — ged b O™
= e 2% (Supk Lea H*e — 2 ¢a.c Supi H" .
+2¢a de Sark H* . — ¢ Capi, Leq H”.
+2¢1 g Clari H .
~ 21 ¢a pe Clapi H ). (6.13)

Combining (6.6)-(6.8) and (6.11)-(6.13) we therefore conclude that

(6 Sapk H zge + 6 CF ot Hyge — 24 gabkzc H* g,
+12C% ¢ Ly Hige —9 ékablzc Lya He -9 Savk Lea f_fke)
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= e 2% (6 Supk HF c.qe + 6 C*ab’ e Higte — 24 Sapric H 4.c
+12C* ! Lie Higo —9C* 0" Lia Hie — 9 Sapk Leg HY.
+ 24 ¢ (3 Supk H e — C* ot Hie)sa
+24 ¢4 P (3 Sark H* e — C* o' Hiey)). (6.14)

We note that the last two groups of terms on the right hand side of (6.14),
which involve the derivative of the conformal factor ¢, vanish identically
(mod g) by the fourth necessary condition, (1.7). Thus, we have at last
the conformally invariant form of the sixth necessary condition, which is,
in the notation of [20]

0=T5(36C*s' Cregmp H™.
—6C* . Crae™ Hym — 138 Sup* Crear H'
+ 6 Sapr HF c.ge + 6 C* ot c Hiage — 24 Sappee HF e
+12C% ! Lie Hige —9C*ab'c Lia Hie — 9 Savr Lea H®.).  (6.15)

Notice that, for the self adjoint case H,, = 0, this condition is vascuous
(0 =0) as expected.

7. CONCLUSION

The modified version of Hadamard’s conjecture on Huygen’s principle
is still an open question. Considerable progress has been made following
the programme outlined by Carminati and McLenaghan in answering the
conjecture for self-adjoint scalar wave equations. However, there has as yet
been little progress on the question of non-self-adjoint equations, although
work continues. In particular, it is found in [2] that a further necessary
condition is required in order to proceed. This sixth necessary condition
has been derived here.
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APPENDIX

A. SOME CONSEQUENCES OF THE CONFORMAL GAUGE

Our choice of conformal gauge, which is expressed in (3.18)-(3.20),
has various consequences which simplify the derivation of the necessary
conditions. There are derived in [20]. We begin by contracting (3.18) and
recalling the definition of L., from (1.10) to obtain

o}

R=0, (A.1)
= Ra=0, (A2)
=  C abed =R aped- (A.3)

Also, using the Ricci identity (B.1) we get

;3 abied =102 abide) (A4)
which, with (1.10) and the fact that R..q = R.q. implies
z absed =2 absde- (A.5)
Equation (3.19) can be expanded to yield
fi’,,c+2f%c“;a—%fz,c:0, (A6)
while by contracting the Bianchi identity (B.3) we get
2R, —R.=0. (A7)
Equations (A.6) and (A.7) imply
R.=0, (A8)
= 10% abie = — 103 abic- (A9)

If one substitutes from (1.10) into (3.20) and contracts on indices b and
¢, one obtains

[} 1 ) 5 o
~0OR 4a+ P 9aall R -3 R .4=0, (A.10)

where the covariant derivative of (A.7) has been used. A further contraction
on (A.10) yields
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OR=0, (A.11)
= OR,, = —g R ab- (A.12)
Lastly, we have, considering (1.12), (A.9), and (3.19)
§ @ =5 Late (A13)
and, considering (3.20)
Lay,ca = g s (ab)(c;d) — % S(cd)(asb)- (A.14)

B. SOME USEFUL IDENTIFIES

A number of rather specialised identities are necessary for the derivations
in this paper, especially in Section 5. We begin by recalling some elementary
identities from differential geometry which are used frequently in this paper.
The first is the Ricci identity. Given any tensor of the form X,, on a
manifold with metric g,; and corresponding curvature R4, the second
covariant derivatives of X, obey the Ricci identity

1
Xabiled) = 3 (RF ged Xip + RFpea Xax)- (B.1)

This is generalised to higher rank tensors in the obvious way. Two identities
obeyed by the Riemann curvature tensor which we will need are the cyclic
identity

Ra[bcd] = 07 (B2)
and the Bianchi identity

Rab[cd;e] =0. (B.3)

From these we may derive a number of other identities. To begin with,
consider the Bianchi identity in the form

Rabcd;e + Rabde;e + Rabec;d =0. (B.4)
Contracting on the indices a and e in (B.4) we get
R¥pear + Roae — Roea = 0, (B.5)

or, gathering the two Ricci tensor terms to the other side
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Rkabc;k = 2Ra[b;c]7 (B6)

which is our first identity. Our second follows simply by expressing the
first in the quantities defined in (1.11) and (1.12), and is

Ckabc;k = _Sabc- B.7)

The third identity also follows immediately from the first by contracting
the indices b and d on (B.5), which produces

—RF .+ R°—RF . =0, (B.8)
or, collecting like terms
1
Raf = 3 R,. (B.9)

The fourth identity is derived from the cyclic identity (B.2). Consider the
expression Riimasa;...a, R"‘lkb;blmbq. Applying the cyclic identity to one of
the Riemann tensors one has

mlk
I%klm.a;a,l...a,p R biby...bg
klm
= R biby...by (_lema;al...ap - kala;al...ap) (BIO)

klm klm
= Rklma;al.‘.ap R biby...bg — Rklma;al‘..ap R biby...bg» (Bll)

which implies, when one gathers like terms,

1

lk kl
Rklma;al...ap R™ biby...bg = §Rklma;a1...ap R mb;bl...b (B12)

e

The fifth identity follows in a similar way from the Bianchi identity.
Consider this time the expression Ramia,...a, R¥5c'™,...c,- We expand
one of the derivatives of the Riemann tensor with the Bianchi identity

k Ilm
Rkaml;al...ap R be; c1...¢q
_ k Im km 1
- leka;al...a,, (—R b jcer...cq T R b ¢ 01---Cq)

_ klm k1
- Rklma;al...ap R bicey...bg — Rkaml;al...ap R be ;mcl...cq) (B13)
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1
k 1 klm
= Rkaml;al...ap R be ;mcl...cq = 5 Rklma;al...ap R bicey...bg - (B14)

The sixth identity follows from considering the expression Chima Ckm,
Converting this expression to spinorial form via the correspondence

Cabed <> Yapepeap €pc +VYapcp €aBEDC, (B.15)

we get

klm I
Ciima C*™p & (Ukrmacrn ema + Yk M a’ EKLEMA)

) , —K'L'M’
(UKIM o (KL My | RN KL My (B.16)

=4 \I/KLMA ‘IJKLMBEA’B’ +c.c., (B17)

where c.c. means the complex conjugate of the preceding terms. But,
observe that

UEIM Gy = ~Vgppa VEMp. (B.18)

Recalling that any antisymmetric two spinor is proportional to the metric
€4AB,

2€aB] = €4B cC, (B.19)
we see that (B.18) implies
Cklma Cklmb — \IJKLMN \I’KLMN EABEA'B! 4 c.c. (B.ZO)

On the other hand, if we consider the expression gus Crimn CFmn in
spinorial form we get

klmn
Gab Cklmn C

) ot —K'L'M'N'
H(SABEA/B/)(\IIKLMNﬁKL €MN +\IJ EKL&_MN)
(Urrmnex'L EmN + VKL MIN EKLEMN)

= 4 KLMN VigrLMNEABEA B + C.C. (B.21)

Comparing (B.20) and (B.21) we have
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1
CVk:lma C\’klmb = Z Gab Cklmn Cklmn. (B22)

Now, we write (B.22) in terms of the Riemann tensor and its contractions
using (1.10)-(1.12) to obtain

Rklma Rklmb =2 Rkabl Rkl + 2 Rka Rkb - RRab mod g, (B.23)

which is the sixth identity.

Next, we wish to prove an identity given in [19], specifically that the
trace free symmetric part of Cgpma.s C*'™ .4 vanishes identically. We begin
by again converting to spinors, i.e.

Kl
TS (Cklma;b C mc;d)
- S [(‘I’KLMA;BB' EK'L' EM AT T+ ‘IIK’L’M’A’;BB’ EKL 8MA)
KLM K'L' _M'1 —=K'L'M’ KL _M
(¥ C.DD' € e e+ cpp €7 eT o))

= S[VkrmaBB \I’KLMC;DD' ecrar +c.c.]
=0, (B.24)

where S denotes the symmetric (in A, B, C, D and A', B’, C', D’) parts,
which implies that
TS (Cklma;b Cklmc;d) = 0, (B.25)

which is the seventh identity we require.

The eighth identity we will need is due to Rinke and Wiinsch [23]. We
begin by considering the quantity C* .3, Ci.q, Which we are assuming is
symmetrized on the indices a, b, ¢, d. Converting this quantity to spinors
we have

!

k K K’ TK K
C%abu Creav & (V" apve™ arepy +V¥ apuye” acpy
+ (Ykepverec epv + Vkiopv EkcEDV)

= —VWapcvepv Varpicrv epryr — c.c. (B.26)

Now applying the spinorial identity (B.19) on indices U and V we get
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. —
C%abu Credv & —Vapev epu¥arpcv €Epru

Uapcpevy Yyviapio €piyr + C.C. (B.27)

Next, consider the quantity C*,;! Cotiu goa, Which expands in spinorial
form to be

k1 K L _K' | oK L' _K L
C%a Cekiu Guvd < (\I’ AB €" qgep” +V¥ 4p” €T g€ )
Vekrveok evv + Yok vu €ck ELU) €EvD EViD

= Veapu¥orap v evpevip + c.c. (B.28)

Adding (B.27) and (B.28) one gets

k k1
C abu Ckcdv + C ab Ccklu Guvd

o Yapcpevy Yviarpo epyr + c.c. (B.29)

Symmetrizing (B.29) on the indices u, v, we obtain
Ckab(uclkcd|v) + Ckabl Cckl(ugv)d
A —2- Y sBcD WA'B'c'v' Ep'U’ EUV
1 _
-+ '2— \IJABCD “IJA’B’C’U’ ED'vV' EVU + c.c.

= \I’ABCD WA’B’C’[U'EIDWV’] eyv +c.c. (B.30)

But using identity (B.19) once more, this is nothing but

C* abwClkecdp) + CF ab' Cort(uv)a

1 -
il Vascp Yapop €uv eyryr + C.C. (B.31) _

Thus, since one may easily verify that
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k1
C ab Ckcdl Guv
! U 1 !
o (VK gl e® grepl + UK gl X 4 epl)
(\I’KCDL excrep +¥YropL €ExC €DL) Euv Eurvy

=UapcpVapop eyv ey +cc., (B.32)

we have, combining (B.31) and (B.32)

1
C* abwClkedpo) + C*ab' Cort(ugvya = 3 C* ub! Credt Guo- (B.33)

Contracting (B.33) with L,; and recalling (1.10) we get

1
C* ot (Ched™ Lim + Cot™ Lina) = “% RC* ! Crears (B.34)

which is the eighth identity.

Our last identity comes from [19]. Consider first the quantity
TS (C*p; Clernn C™a™). In spinorial form it can be written as

k 1 n m
TS(C%a1 C crnn C"a™ k)
K = K’

o S[(Y* ac Upomn € areMN

—K' K
+V 4o VYpomne aemin)

N M __N M N M N M
(U Y ke pe” g+ pM e peMi))

=S (Vap® " Uyrop Vapop +cc.). (B.35)

Similar calculations (which the reader should now be well
acquainted with) for the quantities TS (C*q Cloen C"a™r) and
TS (C* ! C™cq™ Crmni) yield respectively

TS (Ckabl Clmen ndmk)
«— 25(\PABKL \IIKLCD WA’B’C’D’ +C.C.), (B.36)
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TS (Okabl Omcdn Ckmnl)
=38 (Vap™ Ykrop Yapop +cc). (B.37)

From (B.35)-(B.37) we infer

1
TS (Ckabl Clcmn Cndmk) = 5 TS (Ckabl Clmcn ndmk)

= %Ts (C*a' O™ ca™ Chomni).  (B.38)

which is the ninth and final identity that we will derive;
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