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ABSTRACT. — We prove lower bounds in small neighborhoods of the
real axis on the number of scattering poles for a trapping obstacle with
unique periodic non-hyperbolic ray. The periodic ray is such that all
eigenvalues of the corresponding Poincaré map are equal to one.

ResuME. — Nous prouvons une borne inférieure pour le nombre de
poles de diffusion dans un petit voisinage de ’axe réel pour un piége avec
un seul rayon périodique non hyperbolique. Ce rayon périodique est tel
que les valeurs propres de I’application de Poincaré correspondante sont
toutes égales a un.

1. INTRODUCTION

In this note we consider scattering by two disjoint convex obstacles Q,
and Q,, which admit only one periodic ray, such that all eigenvalues of
the corresponding Poincaré map are equal to one.

(*) Grants MM1/91 and MM3/91.
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292 L. S. FARHY

Denote by S(z) the scattering matrix [6] for the following acoustic
boundary value problem:

4 2
a—zu(x, H—Au(x, 1)=0 in QX (—o0, + 0),
t

u(x, 1)=0 on I'x(—o00, +00),
u(x, 0)=f(x) in Q,

wa‘u(x, 0)=0 in Q,
ot

(1.1)

\

3
where Q=R3*\{Q, UQ,}, A=) */ox} and I'=0Q is smooth. It is well
j=1

known [6] that S(z) is an operator valued function, meromorphic in the
whole plane and analytic in {zeC:Imz<0}. We define the scattering
poles to be the poles of S(z).

We consider the same geometric situation as in [4], where M. Ikawa
proved that if B> 0 is sufficiently small, then for every a>0, the regions

G, ;={zeC;ImzZa((Rez|+1)7F} (1.2)

contain an infinite number of poles of S(z) (Theorem 2 from [4]).

The purpose of this work is to obtain information about the density of
the scattering poles in any of the regions G, 5. To our best knowledge,
there are only two works, which consider a unique periodic ray, such that
all eigenvalues of the corresponding Poincaré map are equal to one. The
first one is the above mentioned work of Tkawa [4]. The second one [5] is
also by Ikawa and it refers to a special case of two convex obstacles in R?.
This work shows, that for such a special obstacle, the poles of the
scattering matrix near the real axis accumulate to the ‘‘pseudo-poles”
(gm)/d, qeZ, where d is the distance between the two bodies. The result
of the present work shows that there are too many poles of S(z) near the
“pseudo-poles”, in contrast to the case of two disjoint strictly convex
bodies ([2], [3]), for which, roughly speaking, one pseudo-pole [1] corre-
spond to one actual scattering pole.

In the work of Sjostrand and Zworski [8] it is shown how some knowl-
edge about the singularities of the trace distribution [1], allows us to
obtain lower bounds on the number of poles in logarithmic neighborhoods
{zeC:0<Imz<Cln |z|} of the real axis. Their result proves in some
cases, for which it is possible to investigate the singularities of the trace,
a weaker version of the Modified Lax and Phillips Conjecture.

Our method is based on a careful study of the singularities of a specific
representation of the trace [4]. After that we use a suitable formulation of
part of the result from [8] in order to count the poles of S(z) in the
regions Gg.
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DISTRIBUTION OF SCATTERING POLES 293

The paper is organized as follows. In Section 2 we describe the geo-
metry of the scattering obstacle and formulate the main theorem. We
also state some preliminary notations used in the sequel and prove a
modified version of the result from [8]. Section 3 is devoted to the inves-
tigation of the singularities of the trace and in Section 4 we prove the
main theorem.

2. MAIN THEOREM, PRELIMINARY NOTATIONS
AND RESULTS

We consider the same geometry as in [4]. Namely, let Q, and Q, be
convex sets in R*® with sufficiently smooth boundaries T'; and T',. Let
a;eT’;, j=1, 2 be such points that d=|a, —a, |=dist (Q,, Q,). We suppose
that the principal curvatures k; (x), /=1, 2 of T'; at xeT; satisfy for j=1, 2
the estimates

Clx—a;?2k;(x)2C ! |x—a;[ 2, xel,

2.1

for some C>0 and o0 >s5=4.
We shall use the following counting function

N, s (N=#{1;€G, s:|Re);|<r},

where A, j=1,2, ... are the poles of the scattering matrix associated
with (1.1).
Now we state the main result of this work.

THEOREM 2.1. — Suppose that the principal curvatures of T, and T,
satisfy (2.1). Then there exists Bo>0 such that for any B and B’ such that
0<B<P' <By and any a>0 the following estimate holds:

A 2(1-1/s)—-p'(1+2
Na, 5 (r) > Cu, bl ( 18)=B"( /s)’
where the constant C, g ;. is positive and independent of r.

Remark 2.2. — Note that for any v>0 we may choose B, >0 so small
that the order 8=2(1—1/s)—p’'(1+2/s) of the lower bound satisfies the
estimates:

1<3/2—v<d<2.

Note also, that if the “flatness” of the bodies near the periodic ray
increases (s — c0), and B’ — 0, then § tends to 2.

Vol. 60, n° 3-1994.
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A starting point for the proof of Theorem 2.1 is the trace formula of
Bardos-Guillot-Ralston [1] and Melrose [7].

u(t)="Try2 g3, (cos ¢ \/:Z —cost \/ —A,)

1 .

5 Y et t>0;

poles 22
1 —ik;t ( )
E Z e 77, t<0,

poles

which holds in the sense of distributions. Here A is the Dirichlet Laplacian
in L?(Q) and A, is the selfadjoint Laplacian in L2 (R%). We shall apply
u(?) to functions €'*' ¢ (f), e CZ (R"), in order to study the behaviour
of |@u ()| for A — 0.

In what follows we fix a function ¢, (£)eC3 (—1, 1), such that:

050D, 9O=1/2m),  Go(-M=0,(M)20 for AeR (2.3)

and we pose @, , (=00 (v~ ' (1—g)).
Let A be the set of all scattering poles. We define (see [8])
A,={MeA:ImA;Spln|X;|}; N, ()=#{reA,:|Re);|<r}.
In the rest of this section we follow [8], in order to prove

ProrosiTioN 2.3. — Let g>0 and 1>v>0. Then for any r>2 and
—1#£keR we have:

r/2 T~
Np(r)>Cf | @, ,0) W [dA=C, ¥ 1 =Cpy ™ r* 7P = C, 5y 77137,
1

where a>k, b, p>3, 8€(0, 1) and p>@B—k)/(g—7) are arbitrary and the
positive constants C, C, ,, C, and C, 5 do not depend on vy, g and r.
Proof. — First we note that (see (3) and (4) from [8]):

@ M= &,,A=1), heR; 2.9)
AjeA

{ 1@, 1) (E) | <7 Coy, €040 E (14 | yE )M,

2.9
+Im&=0, forall M,,

where Cy, >0 is independent of g and y. Using (2.5) we get for y<1
‘ Z (By,y()"—)"jn
AjeANA, |Ajl21

<yCy, Y eTOTMNAAy A=A )™

AjeANAp [2j]21

xw—m—wp
<Gy y M | J
! AjeANAn 1121 (TF[A=2; M
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DISTRIBUTION OF SCATTERING POLES 295
Then following [8] we get for any ke R and M, >k +1:

-~ 3_
S by, )|SCu iy A, for p>2 K (2.6)
Lje A\Ap, [2j[21 g~
where Cy, , is independent of v, g and A.
We introduce a measure p(dr) and a maximal function { for >0
(see [8]):
pdn= ) e @ 9™4§(r—Rek)dr; Y(t1)=sup|e ¥ 9°¢,  (t+io)].

ljeAp 60

Note that p(r)=0(r*) and since Y (t)=7sup|e® @, (y[t+ic])| the func-

c=0
tion Yy (1) is independent of g. The properties of Y (t) found in [8] ((6)
from [8]) remain valid:
2 -M
VO =1, G+ T WET2),
, Y 2.7
j V@ di=1+0¢"*)Y, () +0u(yt)™),

where Y, (r) denotes the Heaviside function supported on R, and y<g?2.
Using the definition of (1), (2.4) and (2. 6) we get for p>(3—k)/(g—7)

Lo R AT e

rjeAp Aje AN\A,

+J0 \V(k—t)u(dt)—l-J:o\j/(?x.—t)u(dt). (2.8)
With the help of (2.7) we estimate the first integral for A>0 and O0<y<1:
Jo YA-9u@)|s Y Y(A—Re))

).jeAp, Re lj<0

<Cuy,Y Y (1+y|A—Reh;)~™:

leAp,Relj<0

SCy,y' ™ Y (1+|A—Red;|)~™:

AjeAp,Rerj<0

0 dN~ (1)
<C 1-M, G e A—
=tm J_w(l+|7»—1:|)"M2

where N~ (r)=#{\;eA,: —r<Red;<0}=0(r*). Then we get for any
M, >4 and A>0:

0
J VA —1u(dn)

<Cyy 7' MMM, 2.9)

Vol. 60, n° 3-1994.
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where Cy, is independent of vy, g and A. Hence from (2.8) and (2.9) we
get for any M; >k+1 and M, >4:

PN
lo, ,uM) | J\l/ A—tpt (d)+Cy, vy MN+Cy, yl ™Mz p4-My

where Cy, , and Cy, are independent of v, g and A and p* =p g, . Thus,
for k# —1 and r>1, we have:

r /\ 3 B ~
J'l(Pv‘yu()””d)‘_CMl,le erk+1_CM2,Yl M ,5~M,
1

4' Jw—r)u*(dr)=j¢(r—r)M+<r>dr, 2.10)

where M* (1)=p" ([0, 1]).
Using again the bound on the counting measure and (2.7) we get for
any 6¢€(0, 1) and for any M;>4

r—r® C 3
Y M3|t| 1-M; ,3+8(1—-M
éJ’ _*—'__d <CM3,SY 3r ( 3),

UW_T)M OFE]L e

where Cy, ; is independent of v, g and r. Since an analogous estimate

holds for the integral J Y (r—1)M™* (1) dv we get:
r+r8

<Cyya¥! MM (2 11)

J Y(r—oM* (V) dr
[R\[r-r{’, r+r8]

where Cy, ; is independent of vy, r and g and M, >4, (0, 1) are arbitrary.
Using (2.10), (2.11) and (2.7) we obtain:

r /\
J ‘(Py,gu(k)ld)v_cml,le_Ml rk+1__CM2,Yl—M2r5—-M2
1

— 1-Mj3..3-8M3—1)
CM3,5Y 3r 3
r+rd

< \II(r—t)M+(t)d‘r<M+(r+r8)f+r Y (E)E<CM™ (27),

r—

where the positive constant C depends only on ¢,. The last inequality
completes the proof. O

For the particular case considered in the present work we shall use the
following corollary from Proposition 2.3 (we pose k=—3/2, a=1,
b=p=4,8=3/4, p=5/g).

Annales de I'Institut Henri Poincaré - Physique théorique
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CoROLLARY 2.4. — Let 10<geR be arbitrary. Then for any 1>v>0
and r>2 we have the estimate:

r/2 P .
NS/g(’)>CJ [@, ,u(M)|dh—C'y™4,

1

where C and C' are positive constants which do not depend on g, r and v.

3. SINGULARITIES OF THE TRACE

We denote for simplicity

(pq (t) = (pq_l, 2dq (t)
This section is devoted to the proof of the following:

ProposiTION 3.1. — There exist constants 1, I'>0 such that for 121,
any integer q>0 and any €>0 we have

l@mb{ Cog 17HAITH=C, gIAITOT for Azg!
q Coq-l—-Z/skl—Z/s_Ce‘lqll ql[l—(3—e)/s] fO" 1<x§ql

Here Cy>0 is independent of q, A, | and € and C_ ;>0 is independent of q
and \.

Proof. — First we recall some results by Ikawa [4]. Note that from (2.2)
it follows that

@(X) =Trp2 g3 j et (1) (cost /—A—cost /—A)dt.
R

In the sequel we suppose that the coordinate system is such that
a,=(0, 0, 0) and a,=(0, 0, d). In [4] it is proved (see (3.8) from [4]) that
if Yy (y)eCg () the kernel distribution E (¢, x, y) V() of cost_/—AV is
given by

E(1, x, y)\u(y)=f dmfwkdeu(z, %, k, @) e %R0y (3),
s2 0

where S? is the unit sphere in R? and u(¢, x, k, ) is a solution of (1.1)
for f(x)=w(x)e*<**’> (0 (x)eCZ (Q) and o (x)=1 on supp ).

In [4], a geometric optics approximation ™ of u is built, by means of
which it is shown (see Lemma 3.2 from [4]) that for some N=4 and />0
we have for any />1":

J‘J‘E(t, X, OV @, (e  dtdx— (I, +1_)|SC ny  (B.1)

Vol. 60, n° 3-1994.
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where the constant C, y is independent of A and g. For I, and I_ we
have (see (3.22) from [4]) for any integer ¢ and for any />’

© N
I+<—>—j k*dk (ik)_jfdtf dmj dx e ®24 > @
1 ji=0 s2 Q

X (&) q,j(t’ X, 0))‘*I’(-x) eh @-b (Pq (t) <C, (32)

where C is a constant independent of A and ¢; ®,=¢,(x, ®)—{x, ®);
,(x, ®) and v, ;(t, x, ®) are phase functions and solutions of transport
equations, appearing in the asymptotic solution ™. In what follows we
fix N=4.

We denote

e k>=f ﬂ“’f X P 0, (1 x, @)Y ()
S

and state Proposition 3.3 from [4]:

PropoOSITION 3.2.

[3s/2] ™
Jq,j_k—l_z/sei2qu{62’j(X3, N+ Y Y m(xs, t)k_"/s(logk)"'_l}
h=1

m=1

<Cq'rk™4,
where 1, is a constant, c:;;."(x3, t) are determined by ®, , and v, , ; and they
satisfy
2

S |dtchm(xs, 1)|<Cq't forall x;€(0,d)  and >0,
1=0

where C is independent of q and especially
¢ (3> )=cv, (1, 0, X35 0,0, DY (0, 0, x3) g™+ 72

for some fixed non zero constant ¢ determined by the shape of the obstacle
near a, and a,.
From Proposition 3.2, (3.1) and (3.2), we get:

f J E(t, x, )V (x) @, (1) e dtdx—I, ()
RJQ

4 [35/2] ™p
< 2(15*,’,-+1+ i Is:fan,,-m) +Ch
j=0 h=1 m=1

Here I{s=0 and we use the notations:

d 0
Ia“f>j<x>=f dxy f ""f””cﬁf(xs, 1)eTI N2 g, ()
0 1

d 0
Y. = J dx, f dk Jdt (x5, 1) HETN L TIm @RI (1 fym 2 ().
0 1

Annales de I'Institut Henri Poincaré - Physique théorique
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We use Lemma 3.4 and Lemma 3.5 from [4] to remove the condition
on the support of Y (x) and using a partition of the unity over Q we
obtain:

[P ()= Y19, |
1]

4 [3s/2] ™My
<y Z(IB*,’,-+1+ » ZIE“,”,,,,,-(X)>]‘+C14'% 3.3)
v Li=o h=1 m=1

In the sequel we shall omit the index “({)”.
Obviously, the proof of Proposition 3.1 follows from (3.3) and from:

LemMma 3.3. — The integrals 1, ; and 1, , ;, h, m21, j20 satisfy the
estimates for any £>0:
|Io,oO‘)lgcoq_l_zlskl_z/sa A>1,
|IO,j(}“)|§qulla >">1’ ]=1, 29 3’ 4’
C.g M=% for Az,
|I,,,,,,,j(?»)|§ 1y L1 —=(3—¢)s] !
C.q1q &S for 1<A=Z¢q,
where C,, . .., C,>0 are independent of q, A, | and € and C,>0 is indepen-
dent of q, | and \.

Proof of Lemma 3.3. — First note that from the reasoning prior to
(3.25) from [4] it follows that:

d
J 9 o(x3, t)dxs=c"q~'7?5  for tesuppq,,
0

where ¢’ >0 is independent of ¢ and q.
Then we estimate I, o (A) for A>1 with the aid of (2.3):

-1-2/s * —2/s A=k =1,
q 1 Z/J kl 2/: (P()( q[ >q ’e“""dk\
1

=C,q—1—2/sj k1—2/s('f)o<;"—k)q—ldk
1 q

a-1q7!

:clq—1—2/8q1(1—2/S)J (—1+7»q—')1_2/s(50(T)dt

-0

|IO,0(X)|=c’

0
gc:q—l—Z/sql(l—Z/s) (_,c_i_)\'q—l)l—Z/s(’ﬁo(,t)dtgcoq—l-2/sxl—2/s’
-1

where C,> 0 is independent of ¢, A and /.
Next we consider the integrals I ,, ;(A) for h, =1 and j=0. We have

d (o
L, m,j()“)zj‘ f e 2da(flmi=@HWis(In fym=1], | (x3, k, N, q)) dk dx,
0J1

Vol. 60, n® 3-1994.
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where we denote
Jim, j (X35 ks A, q)=Je"“_k“CZZ§"(x3, 1) @, (1) dt.
For this integral we have:
T m (X3, K, A, q)=Jei(l—k)tc::?(x3’ 1) @, (¢' (t— 2 dg)) dt
E f gal0d (240 0028 (1) g (' (¢~ 2dg)) dt

=q"e"“""2""[6“‘"“_"“02:3"()63, 2dg+1q™") 9o (D) dr.

Hence, we get with the aid of Proposition 3.2

[T m, | = Cq” 1 a—z(c""-"(xs, 2dg+1tq7 )9, (V) |d
I A+ g kg )2 ) oy ot
Clqll—l

h ,
T(+|rgT kg7

where C' is independent of A, k, / and g.
We substitute this estimate in the expression for I, , ; and obtain for
any €>0:

T, m ;M [SC r A S
P A g kg
0 tl—(3—£)/s

=(:a 1y l[l—(3—e)/S]J d.t
74 (kg ]2

)\.q_l-l' )\‘q—l)l—-(3—x-:)/s

dr,
(1+|Ag~'=1]?

)

—(3- U
=C€q11ql[1 a3 5)/S]J\ (
q—l

with a constant C,>0 independent of A, / and q.
For Lg '<1 we have

|I,,,...,,-(x)|§ceq'1q’“-‘3‘8"“f (1+|t=rg 17O d
-1

q
éCé qll ql [1 —(3—5)/5]‘

For Lg~'=1 we have

©
IIh, m,j(k)|—_<—c.c,‘]l‘ ql[l—(3—s)/s] (}Lq—l)l—(3-s)/sJ‘ (1 +|’E_)\'q_l l)—l—(3—a)/s d‘[
-1
SC::qll )\‘1—(3—9)/s. 1

Annales de I'Institut Henri Poincaré - Physique théorique



DISTRIBUTION OF SCATTERING POLES 301

Using the same argument we obtain the desired estimate for I, ;(A),
j=1
Thus the Lemma is proved. O

4. PROOF OF THEOREM 2.1

First we note that from Corollary 2.4 and Proposition 3.1 it follows
an estimate for some /', /, >0 and for any ¢>0 and /=/":

NS/(Z da) (r)> C q— 1-2/s r2 (1-1/s) _ Ce, . qtl r2—(3—a)/s_ Cr q4 l_ (4 . 1)
Here the constants C, C, ;, C’ are positive and do not depend on r and gq.

We fix G, 5 for a>0, 0<B <, (the constant B, we shall choose later).
Let B’ be such that B<p’<B,. We choose C, g g >0 such that if we pose

G, pp={26C:0=Imz<C, 4 5 |Rez|¥In|z|, |Rez|21}

we have the inclusion
G,, b p < G, B

Hence it is sufficient to prove the theorem for G, g 4 instead of G, ;.
We denote:
S,={zeC:Imz=pln|z|, |Rez|21};
Se.p.p={z€C:Imz=C, 4 p|Rez| ¥ In|z|, |Rez|21}.
Then for the real part of the intersection point of S, 5 5 and Ss; 4, We
get:
|Re(Sq, 5,5 N Ss/2ag) |[=Cryp, 9™
Hence
{zeC:Imz<Z[5/2dg)In|z|, 1=5|Rez|SC, 4 5 ¢* } =G, g5 (4.2)
We apply (4.1) for r=C; ; 5 ¢"'* and using (4.2) we obtain:

-1-2/s (2 1-1
a,B(Ca,B,B'q/ﬂ)>Ca,|3,B’ /sq( /8 (1—1/s) i
) 1/p’ -3~ r 41
_Cu,B,B’,l,eqlq( /BY12=( E)/SI_Cq ,

where the positive constants C'; 4., C, 5 4,1, and C’ do not depend on g.
We rewrite the last estimate as follows

Nu’B(r)>c;:,ﬁyBlrz(l—l/s)—ﬂ'(l+2/s)_C;,B,Bl,l A2-G- e)/s]+|)ll_c0 rp 41

Then we fix /2!’ and 0<e<1 and we choose B,>0 such that if
0<pB<p'<B, an estimate holds:

Na ﬁ(r)>ca B B r2 (1—1/s)—ﬁ’(1+2/s).

Thus the theorem is proved. [

Vol. 60, n° 3-1994.
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