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ABSTRACT. — Let S be the scattering matrix for a Schrédinger operator
with a short-range potential ¢g. The typical result of this paper is that there
is only a finite number of eigenvalues of S on the upper (lower) semicircle
if 20 (¢=0).

ResuME. — Soit S la matrice de diffusion pour "opérateur de Schrddin-
ger avec un potentiel ¢ & courte portée. Le résultat typique du papier est
qu’il n’y a qu’un nombre fini de valeurs propres de S a partie imaginaire
positive (négative) si =0 (¢<0).

INTRODUCTION

In the framework of abstract scattering theory the spectrum of the
scattering matrix (SM) was for the first time considered by M. Sh. Birman
and M. G. Krein in the papers ([1], [2]). In these papers perturbations
of trace-class type were studied. The spectrum of the SM consists of
eigenvalues pf, pf+#1, of finite multiplicites lying on the unite circle,
Im pf 20, Imp, <0, and accumulating only at the point 1. The point 1
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362 D. R. YAFAEV

can also be an eigenvalue of possibly infinite multiplicity. For
perturbations V of definite sign, additional information about the eigenva-
lues p is available. Actually, as shown in [1], eigenvalues of the SM do
not accumulate at 1 from above if V=0 or from below if V<0. Further
results in this direction were obtained in ([3], [4]), where the trace-class
condition was also imposed.

In applications to the Schrédinger operator with a potential g (x) in the
space L, (R?), trace-class conditions require that g (x)=0 (| x| ™) with a>d
at infinity. We note that for the Schrédinger operator, the numbers §F,
related to pf by the formula

1E =exp (£2i55). ©0.1)

can be regarded as a natural generalization of phase shifts (see e.g. [5])
for the spherically symmetric case.

The method of [1], [2] relies on the decomposition of a trace-class
perturbation into a sum of one-dimensional operators. For a one-dimen-
sional perturbation the SM can be calculated almost explicitly. Then these
“one-dimensional” results are summed up which allows one to go over to
aribtrary trace-class perturbations. This “step by step” method permits
one to consider general perturbations of trace-class type but can not be
applied under the assumptions of the “smooth” scattering theory.

Our aim is to extend the results of [1], [2] on the spectrum of the SM
by removing the trace-class assumptions. To this end it turned out to be
convenient to study spectral properties of the SM relying only on the
structure of its stationary representation. This allows us to consider a
quite general situation and concrete assumptions of both trace-class and
smooth scattering theories are easily accommodated. Special attention is
paid to the Schrédinger operator for which the SM is well defined if
q(x)=0( x|~ with arbitrary a>1. In particular, we extend the result
on the one-sided accumulation of eigenvalues for potentials of constant
sign to all a>1.

Another closely related problem which we treat here is the following:
Suppose that the negative g_ (positive ¢,) part of ¢ vanishes at infinity
more rapidly than g, (¢_). If ¢g_(gq,) is not zero, then the eigenvalues
w7 (p,) may accumulate at 1 but they should be “less numerous” then
the eigenvalues p, (u,). The precise statement can be given in terms of
bounds on the pF. In fact, it is known [6], [7] that if ¢ (x)=0 (| x|~ then
|pf—1|=0(@n""), where p=(a—1)(d—1)"'. We improve this result
showing in theorem 4.16 that the bound on | —1| is determined only
by the bound on g;. (Whenever a relation contains the signs “£” it is
understood as two relations for upper and lower indices separately).

The proof of the last result relies on a kind of variational principle for
the spectrum of the SM. Actually, as shown in [2], [8] eigenvalues of the
SM rotate in the clockwise (counterclockwise) direction if a positive
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ON SCATTERING MATRIX 363

(negative) perturbation is introduced. The precise formulation of this result
requires that a perturbation be small. For our purposes it is necessary to
extend the result on the rotation of eigenvalues to perturbations of arbi-
trary magnitude (see Theorem 4.11).

This paper is organized as follows: Necessary information on perturba-
tion theory for unitary operators is collected in section 1. Some basic
concepts of scattering theory are discussed in section 2. The short section 3
plays the central role. There we study spectral properties of an arbitrary
unitary operator S having the same structure as the SM. The main result
of that section, formulated as Theorem 3.6, gives conditions of finiteness
of eigenvalues of S lying on the upper (or lower) semicircle. In section 4
we go back to scattering theory and discuss applications of the results of
section 3 to the SM both for abstract and differential operators. Finally,
in section 5, we carry over the results of section 4 to the modified SM X
which has the form X=SJ, where J is some fixed unitary operator.
In case H is the Schrédinger operator and J is the reflection operator,
investigation of spectral properties of ¥ was advocated in [9].

1. PERTURBATION THEORY FOR UNITARY OPERATORS

1. Spectral and perturbation theories for unitary operators in a Hilbert
space H are essentially similar to those for the self-adjoint case. The
spectral measure E; (X) of a unitary operator U is defined on Borel sets
X of the unit circle T:|X | is the Lebesgue measure of X (so that | T|=2n).
The essential spectrum o of U consists of its whole spectrum
oy=supp Ey without isolated eigenvalues of finite multiplicity. We denote
by (1, H,) and [, p,], where | p;|=1, the corresponding open and closed
arcs of the unit circle T swept out as p, moves to p, in the counterclock-
wise (which we designate as the positive) direction. The class of compact
operators is denoted by J ; % is the class of such unitary operators U
that U—Iex",, where I is the identity operator; %, consists of those
unitary U for which the operator U—1 has a finite rank.

Weyl’s theorem on compact perturbations is formulated and proved
completely in the same way as in the self-adjoint case.

ProrosiTiON 1.1. — Let operators Uy, U be unitary and let U—Ugye A .
Then 6 =o'
.

For finite-dimensional perturbations we can get additional information.

PropoSITION 1.2, — Assume that dim(U—U,) H=k < co. Then for any
arc X=(u,n) = T

|dim Ey (X) H — dim Ey, (X) H | <k.

Vol. 57, n° 4-1992.



364 D. R. YAFAEV

In particular, if an arc X is a gap in the spectrum of Uy, i.e. oy, N X=,
then the operator U can have only k eigenvalues (counted with their multi-
plicity) in this arc.

Proposition 1.2 can easily be proved with the help of the spectral
theorem:.

COROLLARY 1.3. — The spectrum of an operator Ue consists of
eigenvalues accumulating only at the point 1. Eigenvalues distinct from 1
have finite multiplicity. An operator U€Uy has only a finite number of
eigenvalues.

In the unitary case it is natural to introduce a perturbation in the
multiplicative form, that is as

U=TU, or Uu=yU,T. 1.1

Both forms (1.1) are equivalent since by setting T'=U; ! TU, we can
rewrite the left form as the right one and vice versa. The multiplicative
forms are convenient because for unitary operators U, and T (or T') the
operator U defined by (1.1) is automatically unitary.

In the self-adjoint case the spectrum may be shifted only by a distance
not exceeding the norm of a perturbation. The following assertion may
be regarded as a modification of the above for unitary operators.

THEOREM 1.4. — Let U=TU,, where the operators Uy and T are unitary
and o7 < [ty,7,]. Then for any arc(, 1,) < T such that

‘(Tp 72)|<l(u1a l»lz)l (1.2)

the estimate
dim Ey (1, T3, M, 7)) H=dim Eyg (1, 1) B (1.3)

holds.

Theorem 1.4 becomes more transparent for arcs centered at the point 1
when p,=p,=:p, Imp=0, and t,=7,=:71, Im 120. This can always be
achieved by rotation. Set p=exp (i), T=exp (i) with ¢ € (0, wt], ¥ €[0, m).
Then (1.2) means that y <¢ and

(1, T2 Hp )= (exp (i (=), exp (i (@ —V)))-

A straightforward application of the spectral theorem gives a result weaker,
than (1.3), where the left-hand side (LHS) of (1.3) is replaced by
dim Ey, (v, V)) H, with v=exp(i0), sin(6/2)=sin(¢/2)~ sin(y/2). In fact,
we need only this weaker version of Theorem 1.4. The precise result (1.3)
is due to M. G. Krein. Its proof can be found in [10].

Theorem 1.4 can be reformulated in a dual form.

CoROLLARY 1.5. — If |(ky, 1) |+ (11, 1) | £2 7, then
dim Ey, ((1y, Hy)) H<dim Ey (g T15 B2 T2) H (1.4)
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ON SCATTERING MATRIX 365

For the proof we notice that Uy,=T* U, where 6. < [1,,7,]. Then we
apply Theorem 1.4 with Uy, U, T and pj7;,j=1,2, replaced by
U, U,, T* and y; 1}, T; respectively.

2. In the unitary case the role of a small perturbation in the self-adjoint
theory is played by a unitary operator whose spectrum lies in some
small neighbourhood of the point 1. As in the self-adjoint theory, small
perturbations do not change the total multiplicity of an isolated part of
the spectrum of a unitary operator. In this section we suppose that

|(”’19 H2)|<2ﬂ:, Le. My 76”'2

ProposiTioN 1.6. — Let U=TU,, p;¢oy,, j=1,2, and or <= [14, 1,].
Then for sufficiently small |1,~ 1|, j=1,2,

dim Ey (4, o)) H=dim Ey (4, py)) H. (1.5)
Proof. — According to (1.4), (1.3) we have that

dim Ey, (14 Ty, My Tp)) HSdim Ey (g, pp)) H _ ~
<dimEy, (4; 72, no 1) H. (1.6)

Since ;¢ oy, j=1,2 we can choose 1, 1, so that the LHS and the RHS
(right-hand side) of (1.6) are equal to dim Ey_ (1, ) H.

CoroLLARY 1.7. — Let p, be an isolated eigenvalue of U, of
multiplicity k. Then there are exactly k eigenvalues (with multiplicity taken
into account) of the operator U=TU, in an arc (po G, po0), [C]|=1, Im{>0,
if =1 and |1;— 1|, j=1,2, are sufficiently small.

The spectrum of a self-adjoint operator is shifted in the positive (nega-
tive) direction if a positive (negative) perturbation is added. In the unitary
case, the role of a perturbation of constant sign is played by an operator
whose spectrum has a gap (7, 1) (or (1, 7)), Imt>0. Under such multiplica-
tive perturbations, the spectrum rotates in the counterclockwise (clockwise)
direction.

We start with the case of small perturbations.

ProposiTioN 1.8. — Let U=TU, and either p,¢ oy, and or < [1,1],
Imt>0, or p,¢Ey, and o1 < [1, 1. Then for sufficiently small |t—1|
dim Ey (14, 1)) H=dim Ey (1, 12)) H. (1.7)

Proof. — Suppose, for example, that p, ¢ oy, oy = [1,1]. Let us apply
the second equality (1.6) with T, =1, t,=1. Since p, ¢ oy, we can choose
T so that the RHS of (1.6) is equal to the RHS of (1.7).

Remark 1.9. — If in conditions of Proposition 1.8 the RHS of (1.7)
is finite, then the equality (1.5) holds. Indeed, to estimate the RHS of
(1.7) by its LHS we apply the first inequality (1.6) with 1,=1, 1,=1.
The finiteness of the RHS of (1.7) ensures that (p, T, p,) N oy, = for
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366 D. R. YAFAEV

Im >0 and sufficiently small | t— 1|. Therefore the LHS of (1.6) is equal
to the RHS of (1.7).

According to Proposition 1.6 the equality (1.5) can be violated only
if pje oy, for j=1 or j=2. If p; ¢ oy, Kz €Oy, then the total multiplicity
of the spectrum in (u,, n,) may be changed only due to the rotation of
the spectrum at the point p,. Proposition 1.8 shows that in the case
op < [1,1] this point of the spectrum does not get inside the arc (u;, p,)
so that the rotation in the clockwise direction is excluded.

The following consequence of Proposition 1.8 should be compared with
Corollary 1.7.

COROLLARY 1.10. — Let u, be an isolated eigenvalue of U, and o1 < [1,1]
(or oy < [1,1]), ImT>0. Then an arc (Ko 3, o), |5|=1, Im {>0, (or an
arc (o, Pol)) is a gap in the spectrum of U=TU,, if |(—1| and |1—1]|
are sufficiently small.

Proposition 1.8 can be reformulated equivalently if the conditions
M, ¢ Oy, and p, ¢ oy, are interchanged. Then (1.7) should be replaced by
the opposite inequality

dim Ey, (14, Bp)) H Sdim Ey (14, 12)) H.

3. Let us consider the rotation of the spectrum for perturbations of the
class %. By %, (%) is denoted the subclass of % consisting of operators
U whose eigenvalues may accumulate at the point 1 only in the clockwise
(counterclockwise) direction. In other words, eigenvalues of Ue %, (% )
do not accumulate at 1 from below (above). Recall that according to
Proposition 1.1 for Te# operators U, and U=TU, have the same
essential spectra o{**). In case Te% , the direction of the rotation of the
spectrum can be taken into account.

PropOSITION 1.11. — Let U=TU,, where Te¥ _, (u,, p,) N o=
and WY e (pu,, p,). Then

dim Ey, (4, p®)) H <dim Ey, (1, k) H+C; (1), (1.8)
dim By, (0, p)) H<dim Ey (0@, ) B+ C, (W), (1.9)
where the constant C, (u®) (C, (1)) does not depend on pe(u,, n'*) (on
pe @@, py)).

Proof. — To verify (1.8) we choose t=1(u?), |t|=1. Im t>0, so that
dim By, (1, p@ 1)) H < dim By, (1, k) H+C (). (1.10)

This is possible because p(@ ¢ . Let us set X,=(1,7), X, =[t, 1],
To=TE; (Xo) + Er (X,), T, =TE;(X;) + Er Xo)- (1.11)
The operators T, and T, are unitary and T=T,T,. Moreover, Toe%,
since Te#_ and o, = [1,1]. Denote U, =T, Uy; then U=T,U,. By
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Theorem 1.4
dim Ey, ((, 1)) H=dim Ey (1, 1@ 1)) H (1.12)
and by Proposition 1.2
dim Ey (4, u”)) H=dim Ey,, (1, n©)) H+C" (u). (1.13)

Putting inequalities (1.10), (1.12), (1.13) together, we arrive at (1.8).

The proof of (1.9) is similar. Instead of (1.10) we notice that some arc
(W9, tn®) is a gap in the spectrum of U,. The bound (1.12) should be
replaced by

dim Ey, (17, 1) H < dim By, (1, ) W,

which is a consequence of (1.4). Finally, Proposition 1.2 allows us to
estimate the RHS here by the RHS of (1.9). This concludes the proof.

If Te# ., then Uy,=T*U where T*e% _. Therefore interchanging the
roles of U, and U in Proposition 1.11 we obtain the dual assertion.

ProrosiTioN 1.11'. — Let U=TU,, where Te# ,, (1, Kp) N 9=
and p© e (uy, w,). Then
dim Ey (0@, ) H=dim Ey, (0, p)) H+C, (), (1.14)
dim Ey, (&, 1)) H=<dim Ey (1, ) H + C, (1),

where the constant C; (W?) (C, (1?)) does not depend on pe(p®, p,) (on
pe (g, u”).

CoroLLAary 1.12. — Let U=TU,, where Te¥,(#_-) and
(g, u2) N oy, = . Then the spectrum of U consists in (1, W) of eigenva-
lues which may accumulate only at the point p, (1,).

For the proof it suffices to notice that the first terms in the RHS of
(1.8) and (1.14) are equal to zero.

Moreover, we can obtain a bound on the number of eigenvalues of the
operator U in the gap of the spectrum of U,,.

ProposITION 1.13. — Let U=TU,, where Te, (1, 1,) N Oy, = and
HOe iy, py). Then

dim Ey (g, 1) H<dim Ep (upy, k@ ) H,  pe(p,p®), (1.19)

dim Ey (0, p)) HSdim Ep (W 1y, ppo) H,  pe@®, py). (1.16)

Proof. — Let us verify, for example, (1.15). Set X, =[un,, up,l,

Xo=T\X; and define the operators Ty, T; by (1.11). Then T=T,T,,

where T,e %, because 1¢X, and o, = X;. Since (i,, ,) is a gap in the

spectrum of Uy, Theorem 1.4 ensures that (u, p¥) is a gap in the spectrum
of U, =T, U,. Clearly,

dim (U = U,) H=dim E; (X,) (T—T) U, H,

Vol. 57, n® 4-1992.



368 D. R. YAFAEV

which is equal to the RHS of (1.15). Thus applying Proposition 1.2 to
the pair U;, U and the arc (p, n‘”) we conclude the proof.

Of course, Proposition 1.13 can be naturally combined with
Propositions 1.11 and 1.11' but we do not need such a generalization.

2. SCATTERING THEORY

1. We describe here a necessary background of scattering theory for a
pair of self-adjoint operators H,, H in a Hilbert space 5. Wave operators
for the pair Hy, H are introduced as strong limits

W,.=W,H,Hy)=s— lim exp(iHz)exp(—iH,?)P,,
t— o

where P, is the orthogonal projection onto the absolutely continuous
subspace #'Y of the operator H,. If W exist, then they are isometric
on A and have the interwining property HW, =W, H,. The scattering
operator & :=W*% W_ commutes with H,. If the ranges R(W,) of W
coincide with the absolutely continuous subspace #@ of the operator H,
then wave operators are called complete. In this case & is a unitary
operator in #°$.

Consider now the diagonalization of H, under the representation of
A as a direct integral

HD j ®HM) L. 2.1

Here G, denotes the core of the spectrum of Hy, i.e. it is some set of
minimal Lebesgue measure which carries the spectral measure E,(.) of
H,. The direct integral in the RHS of (2.1) is the L,-space of vector-
functions defined on 80 and taking values in auxiliary Hilbert spaces
H (X). The correspondence (2.1) means that there exists a unitary operator
F, mapping #§ onto the direct integral such that FoE,(X)F¥ acts as
multiplication by the characteristic function of a Borel set X N o, c R.
We set F,f=0if fe # © #@. It follows that for almost all (a.a.) e,

dE, (M) £, 8)
dh

where the scalar product in the RHS is evaluated in the space H (A). We
emphasize that scalar products and norms in different spaces are denoted
by the same symbols. The operator F, & F§ acts as multiplication by an
operator-function S(X):H (L) » H () defined for a.a. Aec, and called
the scattering matrix (SM). Note that in abstract scattering theory S(A) is
defined only up to a unitary equivalence.

=((Fo M), (Fog) (M), 2.2)
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Let us give sufficient conditions for the existence and completeness of
wave operators W .. These conditions permit also to obtain a convenient
representation for SM. Moreover, under our assumptions the formal sum
H=H,;+V can be defined as a self-adjoint operator. Suppose that the
“free” operator H, is self-adjoint and the perturbation V is factored as
V=G*7 G, where ¥"=7"* is bounded and G is |H,|'?>-bounded. It is
allowed that G acts into some auxiliary Hilbert space #; i.e. G:# — ¢;
then ¥ is an operator in #. Let Ry(z)=(H,—2z)" ", Im z#0, be the
resolvent of H, and the product

B, (z): =GR, (z) G*e A .. (2.3)
Then the inverse operator
(I+By(2)¥)~! (2.4

exists and is bounded for Im z#0. The operator H is defined in terms of
its resolvent R (z)=(H—z)~! which, in turn, is introduced by the relation

R(2)=Ry(2)=Ry(2) G* ¥ (1+B, (2) ") " GR, (2). 2.5)

Details of this construction can be found in [10]. We always assume that
the inclusion (2.3) holds and denote by H the self-adjoint operator with
the resolvent (2.5).

For scattering theory we need one of the two following assumptions.
They are formulated in terms of boundary values of the operator-function
B, (2) as z approches the real axis. Let us introduce the classes 4", p=1,
of those compact K for which the norm

IK[z= % M(K <.
n=1

Eigenvalues A, (| K |) of the operator |K|=(K*K)'/? are enumerated with
their multiplicities.
Assumption 2.1. There exists an open in R set Q=J(B,, v,) of full

measure, such that for every n the operator-function B, (z) depends in the
operator norm continuously on the parameter z, Reze(p,,v,), up to the
cut along (B, v,

Assumption 2.2. The operator By(z)e #",, Im z#0, for some p<oo
and B, () has angular boundary values in 4", as z — A+i0 for a.a. LeR.
Besides, Ker G={0}.

Under any of these assumptions the operator (2.4) has boundary values
in the operator norm as z —»A=+i0 for Ae A where the set A has full
measure. In case of the “smooth” Assumption 2.1 the proof of this
assertion can be found, for example, in [11]. Moreover, in this case A is a
closed set. Under Assumption 2.2 we consider (see [10] for details) an
appropriate regularized determinant D,(z) of the operator I+ B, (2) 7.

Vol. 57, n® 4-1992.



370 D. R. YAFAEV

The scalar analytic function D,(z) has angular boundary values as
z—A%i0 for a.a. AeR. Therefore by Lusin-Privalov uniqueness theorem
D,(A+i0) can not vanish on a set of positive Lebesgue measure. This
ensures existence and boundedness of the operator (2.4) for z=A+i0 and
a.a. AeR. Now, according to the resolvent identity (2.5), it easily follows
that the operator B (z)= GR (z) G* also has boundary values as z - A+i0
for a.a. LeR.

Moreover, it can be shown that vector-functions GR,(A+ig)f and
GR (At ig) f have strong limits as ¢ —» 0 for a.a. Ae R if f belongs to some
set dense in . Indeed, using the results obtained about the operator (2.4)
we find that it is sufficient to consider GR, (A+i€) f only. Under Assump-
tion 2.1 this vector-function belongs locally to the Hardy space H?(#)
in the half-plane (upper or lower). Therefore it has boundary values as
€¢—>0 for a.a.AeR. Under Assumption2.2 the strong limit of
GR, (A tie) fexists if f=G*g and ge ¢ is arbitrary. Since Ker G={0},
the set of such fis dense in .

Thus under Assumptions 2.1 or 2.2 usual conditions of stationary
schemes (see e.g. [12]) of scattering theory are fulfilled. It follows, in
particular, that wave operators W, (H, H) exist and are complete.

To describe a stationary representation for the SM we introduce the
operator #,(A): # = H()A), Leo,, by the relation

Lo f=F,G*) (). (2.6)

The RHS of (2. 6) makes sense only on a set of full measure which depends
on /. In order to define £, ()\) as a bounded operator for a.a.Ae G, we
first consider (2.6) on linear combinations 2 of some fixed basis in #.
For all fe 9 vectors £, () f are well defined on a common set of full
measure. Moreover, the equality (2.2) and the relation between boundary
values of the resolvent and the spectral density ensure that

2ni(LoM) f; Lo (M) 8)
=By (L+i0) £,8)—(By(A—i0) f,8), f, g€ 9, aa.Aec,.
Under Assumptions 2.1 or 2.2 the operators B, (A+i0) are bounded for

a.a.Aec,. Thus #,(A) extends by continuity from the dense set Z to a
bounded operator on the whole space # and

2niLEON) Lo(\)=Bo(A+i0)—By(A—i0), aa.red, (2.7)

Clearly, £,(\) e, , if Bo(A£i0)e X ,. The representation for the SM
is given in the following assertion.

Theorem 2.3. Let Assumptions 2.1 or 2.2 be satisfied. Then the wave
operators W, (H, H,) exist, are complete and the SM S(A)=S (A; H, H,)
admits the representation

SM=1-2niLy(\) ¥ I+By(A+i0)¥) L LX(L), aa.red, (2.8
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Moreover,
SM—Iex,  aalreo,, 2.9

where r= 0o under Assumption 2.1 and r= p under Assumption 2.2,

Though similar in form, Assumptions 2.1 and 2.2 are rather different
in nature. As was already mentioned, the first of them is a usual condition
of the “smooth™ scattering theory. The second one can be easily verified
under trace-class conditions. Indeed, theorem 2.3 ensures

TueoreM 2.4. — Let GEy(X)e X', for any bounded interval X and let
G( Ho|[+D)~"2ex,, for some p<oo. Then Assumption 2.2 is fulfilled
and therefore all conclusions of Theorem 2.3 hold. Moreover, the
inclusion (2.9) is valid for r=1.

This assertion is somewhat different from familiar [13] trace-class results
in that all its conditions are formulated in terms of H, and V only (but
not of H). These conditions are convenient for us because they permit to
obtain a representation for S(A) in the form (2.8). We note that under
assumptions of Theorem 2.4 the operator (2.7) belongs to ", which
justifies (2.9) for r=1.

2. Let us give examples of differential operators for which Assump-
tions 2.1 or 2.2 hold. Set # =L, (RY),

Hy=—-A+g,(x), H=—-A+qg,(x)+q(x) (2.10)

with real bounded functions g, and ¢g. We suppose that q vanishes suffi-
ciently rapidly at infinity, i. e.

lg(x)=C(1+]x])~ @2.11)

where at least o> 1. The verification of Assumption 2.1 requires that the

spectral analysis of the operator H, can be performed effectively. This is,

for example, possible if g,, is also short-range. More precisely, we introduce
Assumption 2. 5. The bounds

|40 (x)|SC(1+]x])~20 2.12)

and (2. 11) hold with some ay>1 and o> 1.

The leading particular case is g,=0. We denote Hy,o= —A. The reason
to consider more general situation is that in section4 we compare SM for
different short-range potentials. This requires the study of the SM for the
pair (2.10).

Let G=G* be multiplication by (1+|x[)™*2 and ¥~ be multiplication
by (1+|x|)* ¢(x). Then the operator ¥ is bounded and V=G*¥ G.
Under Assumption 2.5 the operator B, (z) is continuous in the complex
plane cut along the positive half-axis with a possible exception of the
point z=0. This is a usual formulation of the limiting absorption principle
(see e.g. [11], [14]). The negative spectrum of H consists of eigenvalues

Vol. 57, n° 4-1992.



372 D. R. YAFAEV

which may accumulate at z=0 only. Thus under Assumption 2.5 the pair
(2. 10) satisfies Assumption 2. 1.

The direct integral (2.1) can be chosen as the space HA=L,(R,; H) of
vector-functions on R, with values in H=L, (S?"!). Here S*~! is the unit
sphere in the Euclidean space ¢ dual to R?. First, we construct a unitary
mapping of #© onto # in the case Hy=Hg,. Let f be the Fourier
transform of a function fe L, (R?), i.e.

d

f(P)=(2ﬂ)“’”2Jdexp(—i<x,P>)f(X)dx, pel’,

R

and let
(Too M) N (@)=2"120@-2R 12 q) A>0, 0eS'™', (2.13)

be (up to the numerical factor) the restriction of £ onto the sphere of
radius A2, Clearly, the operator F,, defined by the relation
(Foo /) AW)=T4y () f, maps # unitarily onto # and F,,H,, F¥, acts as
multiplication by the independant variable AeR,. In these terms the
operator (2.6) takes the form

ZLooM)=T0o (V) G: H# - H.

If (2.11) holds for a>1, then it is well defined, compact and depends
continuously on A>0. This is a direct consequence of the theorem about
traces in L,(S*"!) of functions from the Sobolev space
WE(EY), B>1/2(B=010/2).

In the general case we consider the operator

Lo (W) =Too M) (I~ Vo Ry (A+i0)), 1>0, (2.14)

where V,, is multiplication by g, (x). Properties of the operator I'y, and
the limiting absorption principle ensure that under Assumption 2.5 the
product

LoW=T,(V)G:# —>H (2.15)

is also well defined, compact and depends continuously on A >0. Usual
results of the stationary scattering theory (see e.g. [11]) show that the
operator F,, defined by the relation (F, f) (A\)=T, () f, maps H'E unit-
arily onto # and F,H,F¥ acts as multiplication by the independant
variable A>0. It can be verified (though we do not need this information)
that F,=F,, W* (Hp, Hoo). The choice of F,, diagonalizing H, is of course
not unique. We can, for example, replace Ro(A+i0) by Ro(A—i0) in
(2.14). Then the corresponding operator F, equals Foo W% (Ho, Hoo)-

Note that for the operator £, (A) constructed by (2.14), (2.15) the
multiplication formula

S (% H, Hoo)=S (A H, Ho) S (A Ho, Hoo) (2.16)
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holds. This is a consequence of the multiplication formula for the wave
operators or can be proved directly (see e. g. [15]).

Assumption 2.1 is also fulfilled for the pair (2.10) if g, is long-range
or periodic and ¢ satisfies (2.11) for a>1. However, in these cases
constructions of the direct integral (2.1) and the corresponding mapping
&o (M) are different.

If g, is an arbitrary bounded function, then for the pair (2.10)
Assumption 2.2 can be verified. This, however, requires more stringent
conditions on gq.

Assumption 2.6. The function ¢, is bounded and the estimate (2.11)
for ¢ holds for some a>d.

Under this assumption the inclusion GE,(X)e .4 ,, where X is any
bounded interval, was established e.g. in [16]. The same method applies
for the proof of the inclusion G(|Hy|+1)""*eX ,, p=p(a,d)<co0.
According to Theorem 2.4, this ensures that for the pair (2.10) Assump-
tion 2.2 is fulfilled. We emphasize that the construction of the operator
&L, (1) defined by (2.6) relies on the spectral analysis of the operator
Hy=—A+gq, Under the only condition g,eL_(R?% this analysis is
implicit.

Let us summarize the results obtained.

THEOREM 2.7. — Let Hy, H be given by (2.10) and let Assumptions 2.5
or 2.6 be satisfied. Then the wave operators W . (H, H,) exist, are complete
and the SM S (M)=S (A; H, H,) admits the representation (2.8). Moreover,
under Assumption 2.5 the operator ¥, () is given by (2.13)-(2.15), the
SM S () is continuous with respect to A>0 and (2.9) holds for r= co. Under
Assumption 2.6 the inclusion (2.9) holds for r=1.

Note that under Assumption 2.5 the inclusion (2.9) holds actually for
some r=r (0, o, d)<o0.

3. SPECTRAL PROPERTIES
OF THE AXIOMATIC SCATTERING MATRIX

1. In our study of the SM only the structure of its representation
(2.8) is essential. Therefore it is convenient to describe its properties
axiomatically.

Let B: #—> ¢ and ¥: ¢ —> H be any bounded operators in Hilbert
spaces # and H satisfying the relation

2ni¥* ¥=B—B* 3.1
This requires of course that Im B=>0. Assume that ¥~ is a self-adjoint
bounded operator in . We shall consider operators

S=1-2ni %V (1+B7)"! ¥* (3.2)
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having the structure (2.8) of the SM. An arbitrary operator (3.2), where
B and & are connected by (3.1) and ¥ =7*, is called the axiomatric
SM here.

The inverse operator in the RHS of (3.2) is supposed to exist. However,
in case T=1+B7¥ is a Fredholm operator [i.e. the ranges R(T), R(T%*)
of operators T, T* are closed and dim Ker T=dim Ker T* < oo] it can be
interpreted in the following generalized sense. If fe R (T), then there exists
a unique ge R (T*)=_¢ © Ker T such that f=T g. By definition, T 'f=g.
If fe Ker T*, then we set T™' f=0. Such an inverse operator always exists,
it is bounded and TT~!, T™!T are orthogonal projections P, Pr. onto
R (T), R(T*) respectively. Clearly, (T~ !)*=(T*)~ 1. We note the identity

Ty Pr,— Py Ty ' =T; (T, ~ T, Ty (3.3)
for Fredholm operators T, and T,.

ProposITION 3.1. — The operator (3.2) is unitary.

Without going into details (see [7]), we note that equalities S*S=1I and
SS*=1 can be easily deduced from (3.1) with the help of (3. 3).

Basically, the operator (3.2) does not depend on the choice of an
operator .#- obeying (3.1). In fact, S is the identity operator on Ker L*.
Let now S |z be the restriction of S on R (). Denote &, =(n~ {Im B)'/2
and

S,=1-2ni%, v (1+B¥) ' %

Then &, =|.Z| for any & satisfying (3.1) so that £=U %, where U is
a unitary mapping of R (%) onto R (¥). It follows that

Slk@ U=US, gz,

Thus we have obtained

PROPOSITION 3.2. — Operators S |W) are unitarily equivalent for different
£ obeying (3.1).

If Bex ,, then by (3.1) Lex , also. Therefore the second term
in the RHS of (3.2) is a compact operator so that S—Ie#. Now
Proposition 1.1 justifies

PROPOSITION 3.3. — If Be X, then the spectrum o of S consists of
eigenvalues lying on the unit circle and accumulating only at the point 1.
All eigenvalues except possibly the limit point 1 have finite multiplicity.

By (3.1), n||Z||*<||B|| so that

Is=1j=2| B[l [[# [a~[B] )" =0
as || B|| ||#"|| 0. Explicitly, the following assertion is true.
ProposiTioN 3.4. — If b=||B|| | 7"||<1/2, then oy belongs to the arc
[exp (—i8,), exp (i0,)] = T where 8,=2 arcsin (b(1 —-b)~YHel0,n).
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2. Our aim here is to obtain an additional information about spectral
properties of the operator S in case the operator ¥~ has a constant sign,
i.e. ¥"'20 or ¥ £0. To begin with, we reduce the problem to the case
¥ =Ior ¥ =—1. In fact, if £¥ =0, then (3.2) can be rewritten as

S=1F2niZ(I+B) "' Z* (3.4
where the operators Z=2|7"|? and B=|7"|V2 B|# |'/ also satisfy

the relation (3.1). This is obvious if the operators I+B ¥ and 1+ B are
invertible. In the general case we have that

P |V |M2A+BY) =1 B) [V |V Pripy- (3.5
With the help of (3.1) it can be verified that
Pgy L*=2* = PP.5=2. (3.6)

Let us multiply (3.5) by Z from the left and by #* from the right.
Taking into account (3.6) we can get rid of the projections P;, 4, and
P, . in the equality obtained. This proves that (3.4) coincides with (3.2).

To facilitate the study of spectral properties of the unitary operator S
we introduce the self-adjoint operator

A=ImS=(2i)"}(S—S*). (3.7)

It is easy to see that veo, if and only if v=Imp for some pecg If
S—TIex , then also Ae X ..

The cases of small and compact operators B are considered in
Theorems 3.5 and 3.6 respectively.

TueoREM 3.5. — If 7720 (or ¥"<0) and || B|| || ¥ || <1, then o belongs
to the lower (upper) semicircle.

Proof. — Supposing that ¥"= +1 we find that the operator (3.7) is
equal to

A=TF2n ¥ Re(I+B) ! &* (3.8)

Clearly, +Im o3>0 if and only if £ A=0. Thus it suffices to show that
for arbitrary fe H

Re((I£B) ! 2* £, ¥*)>0. (3.9)
Denote g=(IxB)"'.#*f Then the LHS of (3.9) is equal to
Re((I+B) g, g), which is bounded from below by (1—||B])) || g||*- Since
|IB||<1, this concludes the proof.

THEOREM 3.6. — If Be A, and ¥ =0 (or ¥ <0), then eigenvalues of S
may accumulate at the point 1 only from below (from above).

Proof. — It is sufficient to show that eigenvalues of the operator (3.7)
do not accumulate at zero from the right (from the left). Suppose again
that ¥"= 1. Let us represent Be #", as a sum B=K+ B,, where the
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operator K has a finite rank and ||B,||<1. Similarly to (3.9) we have
that
FA, ;=212 Re(I£B,)" ! £*20. (3.10)

According to (3.3)
(I+B,)"'=(I+B) " '=1+B)"*KI+B,) " '+QI+B)~! (3.11)

where Q is the orthogonal projection onto the subspace Ker (I+B). The
RHS of (3.11) is an operator of a finite rank. Comparing (3.8) and
(3.10) we find that the difference A— A, also has a finite rank. Therefore
the operator A has only a finite number of positive (negative) eigenvalues
if A; =0 (A, 20).

4. APPLICATIONS TO THE SCATTERING MATRIX

In this section we use the results of section 3 to obtain an information
about the SM for a pair of self-adjoint operators.

1. Under the assumptions of Theorem 2.3 the SM S(A)=S (; H, H,)
admits for a.a. Aeo, the representation (2.8). It obviously has the
form (3.2) with % and B playing the roles of %, (A) and B, (L) respec-
tively. According to (2.7) the relation (3.1) is also satisfied. Now
B,(A+i0)e ", and the inverse operator in (2.8) exists for a.a. LEG,.
Therefore we can apply the results of the previous section to S(R).

In our study of spectral properties of the SM we can avoid any reference
to the direct integral (2.1) in the definition of S(A). Actually, denote by
£, () any bounded operator obeying the relation (2.7) and let S(A) be
constructed by the formula (2.8). According to Propositions 3.1 and 3.2
the operator S(A) is unitary and it has the same (with multiplicity taken
into account) eigenvalues, which do not coincide with 1, as the SM intro-
duced above. Thus such an operator S(A) can be accepted for the SM. It
is defined for a.a. ,eR and S(A)=T if A is a regular point of H,. For
example, we can set

HO)=g, Lo(W)=m 'ImB,(L+i0)".

Note that for this choice of £, (A) the operator (2.8) depends in the
operator norm continuously on AeQ if Assumption 2.1 is fulfilled.

We emphasize that the results below hold for all those A, where S(\) is
defined. This set of points A has full measure. Moreover, under
Assumption 2.1 this set is open. In particular, under Assumption 2.5 the
results on the SM S (L) for the pair (2.10) are valid for all A>0.

The following auxiliary assertion is a direct combination of Theorem 2.3
with Proposition 3. 3.
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PRrOPOSITION 4.1. — Let Assumptions 2.1 or 2.2 be satisfied. Then the
spectrum of the SMS consists of eigenvalues accumulating only at the
point 1. All eigenvalues except possibly the limit point 1 have finite multi-
plicity.

We recall that under Assumptions 2.5 or 2.6 the pair of Schrodinger
operators (2.10) satisfies Assumptions 2.1 or 2.2 respectively. Therefore
Proposition 4.1 ensures

ProrosiTioN 4.2. — Let Hy, H be given by (2.10} and let Assumptions
2.5 or 2.6 be satisfied. Then all conclusions of Proposition 4.1 about the
spectrum of the SM S hold.

Our main concern here is the study of the spectrum of the SM for
perturbations of constant sign. We accept, by definition, that a perturba-
tion V=G* ¥~ G is positive (negative) if ¥ =0 (7 <0).

Applying Theorem 3.6 we immediately obtain

THEOREM 4.3. — Let Assumptions 2.1 or 2.2 be satisfied and ¥~ =0 (or
¥°<0). Then eigenvalues of S may accumulate at the point 1 only from
below (from above).

Let us formulate explicitly the particular case of this theorem for the
pair (2. 10).

TuEOREM 4.4. — Let Assumptions 2.5 or 2.6 be satisfied and q=0 (or
g <0). Then eigenvalues of S may accumulate at the point 1 only from below
(from above).

Small perturbations are easily considered with the help of
Proposition 3.4 and Theorem 3.5. We formulate the results only for the
pair (2.10).

THEOREM 4.5. — Suppose that

lg()|<e(d+|xp~® 4.1
where a> 1 if q, satisfies (2.12) for a,>1 and a>d if go€ L, (R?). Then
< [t, 1l |t |=1, Im1,>0, S=S(H,H,), “4.2)

where ]re— 1|->0 as &—-0. If, moreover, q=0 (or q=0), then
Os & [%s’ l] (GS < [lats])

Remark 4.6. — Let (2.12) and (4.1) hold for oy>1 and o> 1. Then
1,=17,(\) » 1 as € — 0 uniformly in Ae[Ay, ), Ao>0 and 7, (A) —> 1 as
A — oo uniformly in £€(0,&,). For the proof it sufﬁces to use the familiar
(see €. g. [14]) bound || B, (X:l:zO)”- oM"Yy,

2. Here we take Hy,= — A as the free operator and compare the SM

SoMy=S(; Ho, Hog),  S(M)=S(A; H, Hyo) (4.3)

for two Schrédinger operators (2.10). We suppose now that gy and g are
short-range, that is the Assumiption 2.5 holds. Then operators (4.3) are
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well-defined for all L>0, are unitary and differ from the identity operator
by a compact term. Therefore the spectra of these operators satisfy the
conclusions of Proposition 4.1. We shall show that eigenvalues of SM
rotate in the clockwise (counterclockwise) direction if a perturbation is
increased (decreased), i.e. ¢=0 (¢=0). Denote by N,(u,, u,) and
N (uy, 1) the numbers of eigenvalues (with their multiplicity taken into
account) of the operators Sy and S in an arc (p;, p,) = T, 1¢[n,, p,].

We start with the case of small perturbations. Note that by a somewhat
different method it was considered earlier by T. Kato [8]. First we show
that the spectrum of the SM depends continuously on a perturbation.

ProPOSITION 4.7. — Let the bounds (2.12) and (4.1) hold for some
oo>1and a>1. If ;¢ o, j=1,2, then for sufficiently smalle

N (115 B2)=Np (kg By). 4.4

Proof. — The operators S,, S and S(H,H,) are connected by the
multiplication formula (2.16). According to (4.2) we can apply
Proposition 1.6 with U,, U and T playing the roles of S,, S and S (H, H,)
respectively. Therefore (4.4) is a consequence of (1.5).

CoRrOLLARY 4.8. — Let ng, po#1, be an eigenvalue of the operator S,
of multiplicity k. Then for sufficiently small |{—1|, |{|=1, Im {>0, and
€>0 there are exactly k eigenvalues of the operator S in the arc (1o G, o 0).

Quite similarly, combining Theorem 4.5 with Proposition 1.8 and
Remark 1.9 we obtain the result about the rotation of the spectrum.

THEOREM 4.9. — Let the bounds (2.12) and (4.1) hold for some oy>1
and o>1. If q20 and p,¢os, or ¢q=<0 and p,¢os, then
N (1, 1) =Ng (14, 1) for sufficiently small «.

COROLLARY 4.10. — Let py, uo#1, be an eigenvalue of the operator S,.
Then for sufficiently small |{—1|, |{|=1, Im{>0, and £>0 there are no
eigenvalues of the operator S in the arc (Ly, LoC) if q=0 and in the arc
(Mo G Ho) i ¢=0.

As was explained in section 1, p. 2, Theorem 4.9 gives the precise
formulation of the notion of the rotation of the spectrum. Remark also
that, under its assumptions, N (py, 1) =Ny (14, 1) if =0 and p, ¢ o5, or
¢=0and p, ¢ oy,

Let us mention a particular case of the results obtained. Suppose that
Hy,= —A, H,= —A+vgq, where the coupling constant y=0 and g satisfies
the bound (2.11) for a>1. Then as y increases the spectrum of the
S(H,,H,) rotates in the clockwise (counterclockwise) direction if g=0
(g=0).

We emphasize that in Theorem 4.9 the parameter ¢ depends on the
points p;, j=1, 2. In particular, ¢ may tend to zero as p; — 1 or p, — L.
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Thus even for small ¢ Theorem 4.9 does not give us information on a
displacement of all eigenvalues of the SM. To remedy this drawback we
shall now consider the movement of eigenvalues in the neighbourhood of
the accumulation point 1eT. A perturbation ¢ is no longer assumed to
be small. Since in contrast to Theorem 4.9 and Corollary 4.10 the roles
of operators H, and H are now symmetric it is sufficient to consider, for
example, the case g=0.

TueoreM 4.11. — Let Assumption 2.5 hold, ¢=0 and let n@#1 be
some fixed point of T. Then

N (g, ) SN (1, p ) +C,y (1), 4.5)
No (1@, W) EN @@, p)+C, (W), 4.6)

where the constant C, (W) (C, (W) does not depend on pe(l, u®) (on
pe @, ).

Proof. — We use again the multiplication formula (2.16). By
Theorem 4.4 the operator S(H,H,)e#% _. Therefore we can apply
Proposition 1.11 with the operators Uy, U and T playing the roles of the
operators S;, S and S(H,H,). Thus (4.5) and (4.6) are direct conse-
quences of (1.8) and (1.9) respectively.

Remark 4.12. — The bound (4.5) ((4.6)) is non-trivial only in the limit
p—1+i0 (u > 1—i0) when the function N (u, @) (N, (n@, p)) may tend
to infinity.

Remark 4.13. — If ¢<0, then N and N, should be interchanged in
(4.5) and (4.6) so that

No (1, K SN (1, 1)+ C; (0),
N (O, ) SN (19, w+ C, (). 4.7
Remark 4.14. — Choosing in (4.5) and (4.7) q,=0, we recover
Theorem 4 .4.

Theorem 4. 11 gives a kind of variational principle for scattering phases
* connected with eigenvalues (counted with their multiplicities) p;,
pt#1, of the SM S(H, Hy,) by the formula (0.1). We assume that
228 >...28 =28} ,>0 and n/2>8;=...28, 29,,,>0. Simi-
larly, we denote by 83, scattering phases related to S(H,y, Hoo). Then
(4.5) and (4.6) are equivalent to the bounds

+ + - -
6"+k+ §80, n 60, n+k_— ésn s
where k, are some fixed finite numbers.

3. Let again pF be eigenvalues of the SM for the pair Hy=Hy,= —A,
H= — A+gq. Here we obtain a bound on |pf — 1] (or equivalently on &)

Vol. 57, n° 4-1992.



380 D. R. YAFAEV

in terms of g5 where

g+ (x)=max{q(x), 0}, g_ (x)=¢, (x)—q ().
We proceed from the familiar [7] bound on | —1] in terms of g.

ProrosiTioN 4.15. — Under the condition (2.11), where a>1,
[p—1|=Cn7?, p=(—1)(@d—-1)"" 4.8)
Theorem 4.11 allows us to improve this result.

THEOREM 4.16. — Suppose that (2.11) holds for some o> 1. Let for one
of the signs
g+ (X)SC(1+|x|)7"s, oy >0 4.9)

Then for the same (upper or lower) sign
|nF—1[SCnPs, py=(ay—D(d—1)"" 4.10)

Proof. — Let, for example, (4.9) hold for the lower sign. Denote
H_=—A—¢q_. By Theorem 4.4 eigenvalues p, of the SM'S (H_,H,,)
may accumulate at the pointl only from the above and by (4.8) they
satisfy the bound ]ﬁn— 1|<Cn™"-. This is equivalent to the bound

dimEg g pooy (L) HSClu—1]7"-,  t_=pI!, 4.11)

where p@#1 is some fixed point of T and p— 1+i0. Let us now apply
Theorem 4.11 to the SMS(H,H,,) and S(H_,H,,). Since g= —g¢q_, it
follows from (4.5) that

dim Eg 4 ) (1, n@) H <dim Eg -, Hoo) (1 HONH+CU?), (4.12)

where C(u®) does not depend on p— 1+i0. Therefore (4.11) ensures
that the LHS of (4.12) is also bounded by |p—1|"*-. This is equivalent
to the bound (4.10) for |p,f —1].

Remark 4.17. — If gq.(x)=o(x| "), |x|—>o0, then
|, —1|=o0(n""%). The proof is the same but instead of Proposition 4.14
we should use the bound |pf —1]|=0(n"") which holds if g=o0 (| x| ™).

Remark 4.18. — The bounds (4.8) and hence (4.10) are uniform in
the spectral parameter A€[Aq, A;] where 0 <Ay <A < 0.

5. MODIFIED SCATTERING MATRIX

1. Let Z=SJ be the product of the SMS=S(}; H, Hy) with some
unitary operator J. Such an operator £ will be called the modified SM.
Here we shall carry over the results of section 4 about S to the operator
=% (; H, Hy). In case Hy= —A, H= —A+g it is natural to choose J
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as the reflection operator in the space H=L,(S"1), i.e.
JN@=f(-w), weS'™" (5.1

Then solutions of the Schrodinger equation, behaving as standing waves
at infinity, are described [9] in terms of eigenvalues and eigenfunctions of
such an operator X.

Clearly, the spectrum of the operator (5.1) consists of eigenvalues 1
and —1 with corresponding eigenfunctions being even and odd. If not
specified otherwise, we suppose only that the spectrum of J has some gap
(Y+,Y-) and study the spectrum of the operator X in this gap. In conditions
of Theorem 2.3

X-Jex

so that by Proposition 1.1 the spectrum of X is discrete in (y,, y_). To
take a sign of a perturbation into account we combine Theorem 4.4 with
Corollary 1.12. In the last assertion Uy, U and T play the roles of J, X
and S respectively. Thus we obtain

THEOREM 5.1. — Under Assumptions 2.1 or 2.2 o9 N\ (y,, y_)=.
If, moreover, ¥" 20 (or ¥"<0), then eigenvalues of T may accumulate only
at the point y_(y.).

This theorem can be directly applied to the pair (2.10) if
Assumptions 2.5 or 2.6 are satisfied. In particular, if J is given by (5.1)
then eigenvalues of ¥ may accumulate only at the points 1 and —1. If
q=0 (¢£0), then there is no accumulation at 1 from above (below) and
at —1 from below (above).

2. The results on the rotation of the spectrum of the SM can straightfor-
wardly be extended to the modified SM. To this end we use the multiplica-
tion formula

X (A H, Hoo)=S(A; H, Ho) Z(A; Ho, Hyo) (5.2)

which is a consequence of (2.16). As in section 4, p.2, we suppose now
that Hy,= —A, and H, and H are given by (2.10), where ¢, and g are
short-range potentials.

Eigenvalues of the modified SM rotate in the clockwise (counterclock-
wise) direction if g=0 (¢<0). To give precise formulations denote by
M, (14, 1,) and M (p,, p,) the numbers of eigenvalues (with their multipli-
cities taken into account) of the operators X (H,, Hyo) and £ (H, H,) in
an arc (uy, 1y), [1y, o] = (74, Y-). First we consider the case of small
perturbations and formulate, for example, a modification of Theorem 4.9.

THEOREM 5.2. — Let the bounds (2.12) and (4.1) hold for some
a>1 and a>1. If q20 and p,¢oy or q<0 and p,¢oy, then
M (uy, Hy)=Mg (14, Wy) for sufficiently small ¢.
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Next we formulate a modification of Theorem 4.11 for perturbations
of arbitrary magnitude.

THEOREM 5.3. — Let Assumption 2.5 hold, =0 and let p‘© be some
fixed point of (y,,Y_). Then

M (ll, H(O)) é MO (u’ H(O)) + Cl (H(O))9 (5 . 3)
M, (W, W) =M (1@, )+ C, (W),
where the constant C, (W) (C, (u'?)) does not depend on pe(y.,,pn®) (on
pem?, yo)).

Proofs of Theorems 5.2 and 5.3 are quite similar to those of
Theorems 4.9 and 4.11. Again we should apply the results of section 4,
p-1, on S(H,H,) and use Proposition 1.8 (combined with Remark 1.9)
and Proposition 1.11 respectively. Now the operators U,, U and T play
the roles of X (Hy, Hyo), Z (Hy, Hgo) and S (H, Hy).

3. Bounds on eigenvalues of the operator X=X (H, H,), where
Ho=Hy,=—A, can be deduced from those for the SMS=S(H, Hy).
Denote by v, (v,) eigenvalues of ¥ accumulating at v, (y_). Now we use
Proposition 1.13 with Uy, U and T playing the roles of J, £ and S
respectively. Thus the following assertion is a direct consequence of
Theorem 4. 16.

ProprosITION 5.4. — Under the assumptions of Theorem 4.16
|Vn¢ —y5|SCn7rs,

This estimate can be improved if J is given by (5.1). In this case there
are two series of eigenvalues v, (and v, ) accumulating at the points 1 and
—1 in the clockwise (counterclockwise) direction. All the estimates below
hold for both series. We proceed from the result of [9] which shows that
eigenvalues of X can be estimated in terms of the even part

q9(x)=2""(g(x)+q(=x)
of g only.
PROPOSITION 5.5. — Assume that ¢ (x)=0 (|x|™%), | x| - o0, a>1, and
the bound (2. 11) is fulfilled for some a.>(a+1)/2. Then
[Vi—Vo|=0@m™), r=(a—1)d-171, vo=1,—1.
Here we shall show with the help of Theorem 5.3 that only the fall-off
of the even part of g is essential.

THEOREM 5.6. — Let the bound (2.11) be fulfilled for some o> 1. Assume
that for one of the signs

(@) SC(+]|x]) (5.4
and
qi(x)§C(l+|x|)_“t,oci>(ai+l)/2. (5.9
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Then for the same sign
[Vi=vo|SCn™"s,  ri=(a;—1)@d-1"" vo=1,-1. (5.6

Proof. — Let, for example, (5.4), (5.5) hold for the lower sign. Denote
H_=—A—g_. By Theorem 5.1 eigenvalues v, of the operator
X_=X(H_, Hy,) may accumulate at the points vy=1 and vo= —1 in the
clockwise direction only. By Proposition 5.5 they satisfy the relation
|V, = Vo|=0 (n~"-) which is equivalent to the bound

dimE;_((n, kRO)HSClu—vo|™-,  t_=r2l. (5.7

Here p — 140 for +Im p©@>0. According to (5.3) dim Eg ((n, p @) H,
X=X (H, Hy,), is estimated (up to some fixed constant) by the LHS of
(5.7) and hence by C|p—v,|~'-. This is equivalent to the bound (5.6)
for |v —v,|.
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