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ABSTRACT. — The formation of dispersion with finite velocity of quan-
tum states is described in detail. To be more specific, we prove the
invariance of the domains D (|x|") N\ D (|p|™), meN, and of their topolo-
gies under the Schrodinger evolution group { e~*"}, where we denote by x
and p the position and momentum operator, respectively. Moreover, we
give a characterization of invariant subspaces under unitary groups in a
rather general setting.

ResuME. — Nous analysons la formation de dispersion de vitesse finie
des états quantiques. Plus précisément nous prouvons linvariance des
domaines D (|x[") N D(|p|™), meN, et de leur topologie par le groupe
d’évolution de Schrédinger {e ™™} ou x et p sont les opérateurs de
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44 T. OZAWA

position et d’impulsion respectivement. Nous donnons de plus une carac-
térisation des sous espaces invariants par des groupes unitaires dans un
cadre plus général.

1. INTRODUCTION

In this paper we prove that the Schrédinger evolution group preserves
the regularity and decay properties in the scale of weighted Sobolev spaces.

Let H=H,+V be a Schrodinger operator in the Hilbert space
L?=L2(R"), where Hy= —(1/2) A is the free Hamiltonian and V is a H,-
bounded symmetric operator of multiplication with relative bound less
than one, so that by the Kato-Rellich theorem H is self-adjoint in L? with
domain D (H)=D (H,). We consider the Schrodinger evolution group
{e” ™M} in the scale of  weighted Sobolev  spaces
H,=H"°NH>™ meNU {0}, where

Ho = (Ve V], = A+ 5P =477l <o), 7, seR

and ||. || denotes the L-norm. #,, is a Hilbert space with the norm |||. |||,
given by ||| W]|I2=||V||2, 0+ || V|2, m The free Schrédinger evolution group
{e "o} leaves #,, invariant since the Fourier transform is an isometry
on #,, and the multiplication operator by exp (—i(#/2) | & |?) preserves #,,.
We now state our main results:

TueoreM 1. — Let meN U {0}. Suppose that

(H,) D(H|"*)=H™°
holds when m=3. Then:

(1) #,, and H™° are invariant under e=™ for any teR.

(2) The map (t, @) e ™ @ is continuous from Rx H#,, to H#,, and from
RxH™O to H™O.

(3) e ™ has the estimates

”e_‘itH(P”m,o§c(m)||(P||m, 0 (1, @)eR x H™ 0, 1.1
le™™ @ lo, m=CEm) (|| llo, m+ " | [lm, 0)» } (1.2
(t, @)ERX A,

where C (m) is independent of t and ¢. In particular,
e o[l <Cem -+ lolle ¢ eRxHp  (1.3)

ms
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INVARIANT SUBSPACES 45

(4) For any ae(NU{0})" with |a|<m and any @eH,, the map
Rat—e ™Mx e ™Mo e L2 is continuously differentiable and

%(e"" Xt e g) = — i ((1/2) (Ax) + (V%) . V) e~ Mg

THEOREM 2. — Suppose that (H,,) holds for all m=3. Then:

(1) For any (t, 9)eRX #, e ™MoeS and the map Ratrre ™Moes
is C*®.

(2) The map Rx & 3(t, 9)—e ™Mo is continuous.

The estimate (1.2) is optimal with respect to the growth rate in time.
In fact we have:

THEOREM 3. — Let meN. If o€ #,,, then
lim ) |eMo(x/n) e ™Mop—(—id)¢||=0.

[t|>w0 |a|=m
In particular,
lim [£]7"][e”™ 0@ o, n=[|(=2)" @]
t -0
Theorems 1-2 describe the formation of dispersion with finite velocity
of quantum dynamics. In other words, quantum states are well localized.
Of course, as was noted by Hunziker [9], the description of localization
in terms of supports of wavefunctions is in vain. The results of Hayashi-
Ozawa [7], Masuda [11] and Ozawa [12] will explain this kind of useless-
ness.
There is a large literature on the problem of invariant domains for
e "™ ([3], [4], [6], [9], [13], [14], [18]). Hunziker [9] showed that for any
meNU {0}, D,= N D*HY) is invariant under e™™™ without
jtlalsm
assuming (H,) for m=3. Moreover, in [9] it is shown that part (2) of
Theorem 2 holds if all derivatives of V are bounded and continuous. The
space D,,, however, does not always fit into a detailed description of the
regularity preservation property of e~ ™. For example, if
V(x)=—(mn—1)2|x|, p(x)=e'*! for n23, then e ™ p=¢"?9pe N D,

mz20

while e ™ @¢H"?2*1:% teR. Radin and Simon [14] obtained part (1)
and (1.3) of Theorem 1 in the case m<2, where the condition (H,) is
guaranteed by the Heinz-Kato theorem [16]. In addition, they showed
some examples which illustrate how local singularities in V cause the
breakdown of invariance in the case m>2. This leads to the observation
that the assumption (H,,) controls local singularities in V. The problem
then arises what conditions on V ensure (H,,). A sufficient condition is
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46 T. OZAWA

given by:

THEOREM 4. — Let meN. When m=3, suppose that 0*V is bounded
from H'*1#1:0 10 1.2 for all 1< |o|<m—2. Then D (|H|™?)=H"™°,

Theorem 4 improves the previous results of Arai [2], Ozawa [13] and
Wilcox [18]. As a simple application of Theorems 1, 4 and an inequality
of Herbst ([8], Theorem 2.5), we have:

k
THEOREM 5. — Let V(x)= ) A|x|™™, A;eR, p;>0, keN, and let
j=1

pu= max p; The assumptions in Theorem 1 are satisfied in the following
15jsk

cases:

(1) O<p<n/2(n=<4), 0<p<2(n=5), when m<2.

2) O<p<n/2—1(m=3,4), 0<p=1(n=5), when m=3.

3) O<p=1(n=2m—1), when m=4.

The contents of the paper are as follows. In Section 2 we prove
Theorems 1-3. The proof of Theorem 1 uses a differential inequality for
lle” ™ |3, . (3], [4], [14]) and an integral representation for x*e ™ ¢ [9].
For this purpose we approximate the weight functions by rapidly decreas-
ing functions [9] and the initial data by the resolvent of H. The regulariza-
tion by the resolvent has the advantage that it commutes with e~ ™, which
enables us to obtain a priori estimates without regularizing the potential V.
In Section 3 we prove Theorem 4 by expanding (H,+ V)™ out. Section 4
is devoted to a characterization of invariant subspaces for e *H in terms
of the resolvent estimates for H. This will be done in a rather general
setting by making use of the Hille-Yosida theorem. Related results have
been obtained by Schonbeck [15].

Throughout the paper we use the following notations. For seR[s]
denotes the largest integer <s; [.,.] denotes the commutator; d,=0/0t; 0;
denotes the distributional derivative with respect to the j-th coordinate;

V=(0;, ..., 0,); A=Y, % for a multi-index a=(a,, ..., o,) we set
ji=1
la|= X al=) ol
j=1 j=1
o
<B>=0ﬂ!/ﬁ!(3—0€)! B=w),

n n
=11y x=[]xp,
Jj=1 ji=1
— n. 70_,0_1.
x=(Xy, ..., x,)ER" °=x"=1;
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INVARIANT SUBSPACES 47

& denotes the Fourier transform according to the normalization
FV)(E)=2n)~"? j exp (—ix.&) Y (x) dx; & denotes the Fréchet space of

rapidly decreasing functions from R" to C; %’ denotes the dual of &¥; L?
denotes the Lebesgue space L2 (R") or L2 (R") ® C", with the norm denoted
; (.,.) denotes the L2-scalar product and various anti-dualities;
C(; B) denotes the Fréchet space of continuous functions from an
interval IcR to a Banach space B; C*(I; B), ke N, denotes the space of
k-times continuously differentiable functions from I to B; .# (B) denotes
the Banach space of bounded operators in B.

Different constants might be denoted by the same letter C, and if
necessary, by C(k, ..., x) in order to indicate the dependence on the
quantities appearing in parentheses. The summation over an empty set is
understood to be zero. A function, its value at a point, and the multiplica-
tion operator by that function might be denoted by the same symbol when
this causes no confusion.

2. PROOF OF THEOREMS 1-3

We start with some fundamental lemmas. For €¢#0 and seR, {, and o°
denote the functions on R" given respectively by ¢, (x)=exp (—|ex|?) and
o*(x)=1+]|x[>)"%. For ,.eR\ {0}, we set R, =(H+i)) 1.

LemMA 2.1 (Hunziker [9; Lemma 2]). — Let meN. If ueC(R; L?),
then e" 0™ {,u— 0, {,u—uin C(R; L?) as ¢ - 0.

LemMMA 2.2. — Let meN. If Ve H#,, then ye N\ H ™I and for
i=0
0=j=m,

2 lle*¥llo,m-=CG, m) Z ||f’"\|'||”"'||‘lf||1 a2

la|=j

Proof. — It suffices to prove (2.1) for yeCg, since C3 is dense in 7,

and the norm ||V ||l.s=]V]lo.s*+ Y |[8*V|lo.s is an equivalent norm
jal=k

on H** if ke N, seR (see Triebel [17], Theorems 1, 3 and 4). The L.H.S.

of 2.1)is estlmated by C ), ||6°'\|1||+C Y |||x|"‘ 70"\ ||. By Holder’s

la]= le]=j
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48 T. 0ZAWA

inequality,
2 ||3°‘\lf|l=I IZ le# vl
al=j

lal=j
<C|l[e["F V|| F v

! irzm .
=c(mz= %naww) T
<C Y [P ulpm g

[Bl=m
By an interpolation inequality of Lin [10],
Zxrevlise 3 gt vy

J

Collecting these estimates, we obtain (2.1).
QED.

LemMma 2.3. — Let meN U {0} and |a|<1. Then:
(1) For any |\|21, "R, e &£ (H*>™) and
Y sup |APT112|0* R, || o @o.m SC (m).
lal=g1 [A]21
Moreover, iAR, — 1 strongly in £ (H*>™) as |\| - co.
(2) Suppose in addition that (H,,) holds when m 2 3. Then for any |A|=1,
R,e Z(H™°) and sup |M|||R,|| ¢ @m0, SC(m). Moreover, iLR; -1
TSES!

strongly in & (H™°) as |_)\.| — 0.
Remark. — Related results have been obtained by Amrein, Cibils and
Sinha [1], Lemmas 1-3.

Proof of Lemma 2.3. — (1) The proof uses induction on m. For m=0,
it suffices to consider the case |a|=1. Let yeL?. Since D(|H|"?)=H"?,
we obtain by the closed graph theorem and the moment inequality [16]

[0* R W [|<C[[[H["2 Ry ||+ C|| Ry |
<C|/HR, | || R, w||"
+CATHwll=C a2+ ATl
as required. Let m=1 and assume that part (1) holds for all j<m—1. We
have for ye H® ™.
Lo" R V=R, {o"y+R;[H, { o"R, ¥
=R).Camm\|’—R).csfm,eR).,\l’_R).Z;egm,ex'VRl\l” (22)

where

Fm s () =(m/2) (n0? (x) + (m—2) | x|*) 0™ * (x)
—((n—2|exP) e @? (x)+2m|ex[P) 0" % (x),
&m, - () =(m—2€> 0 (x)) @™ (x).
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By the induction hypothesis and Lemma 2. 1, the R.H.S. of (2. 2) converges
to Ry,0’y-R, f,R,V—R,g,x.VR, Yy inL?> as e—0, where
Ju (@) =(m/2) (n0? (x)+(Mm—2)|x|) 0" *(x), g, (X)=ma@" 2 (x). It fol-
lows from the closedness of the multiplication operator @™ that R, ye H™
and that

o"Ryy=R, 0"V —-R, f,R,¥—R; g, x. VR, | (2.3)
Therefore, again by the induction hypothesis we obtain

. IRsWllo, m<CUM| +[A72+]|M722) [ lo,_ms
AR =V lo, n S [[GAR, = D) @™ ||+ C (M| "2+ 2|72 | ¥ ]lo, m — 0

as |A| > co. Noting that every term on the R.H.S. of (2.3) is in H*°, we
have @" R, yeH" ? so that for |a|=1, 8*(@" R, ¥)— (*@™) R, e L?, i.e.,
"R, e H* ™. Consequently,
2 e Rdllom= X (1°Ro0™y||+]|*R, £, R V||
le]=1 Jal=1
+||8“ngmx.VRl\|l||+II(@“(:)'”)R“lIH)
SCUMT2HAT 2D W lo, me

This proves part (1).
(2) Since D (|H|™*)=H™ ", we obtain for yye H™ °

R W [lm, o ClI(H[™2+ )Ry | .
=C|IR(H["* + D[|<CIA |~ [ [lm, 0,
| GAR, = 1)Vl o <C|| (AR, — D) (H["2+ 1) ¥ || - 0 as | 1| - co0.
QED.

Proof of Theorem 1. — From (H,,), the commutativity on D (|H ["?)
of e”™ and |H|™?, and the unitary in L? of e™"H we see that e *H
leaves H™© invariant and has the estimate (1.1) and that the map
RxH™%3(¢, 9)—>e ™M @peH™? is continuous. From now on we use these
facts without particular comments. Parts (1)-(3) will follow if we can show
that

Ve ™M(A# )= H,, teR;

(2),, the map Rx #,,3(t, 9)—>e ™MpeH®™ is continuous;

Onlle 0 o,y C) ([ o, + ¢ 0|l o), (; D) RX ,,

Since (H,,) implies (H;) for all j<m by the Heinz-Kato theorem [16],
we use induction on m in order to prove that (H,,) implies (1),,—(3),,, For
m=0 we have nothing to prove. Let m>1 and assume that our claim
holds for m—1. We proceed to the <casem. For
YeH™m D 0NAHE""HN\{0}, we set v()=e ™\, teR. Then

.o™veC!(R; L2) N C(R; H> ), i%@e o™ v=_ o™ Hv and moreover,

%ll(csm'"ﬂ)v(z)lll

Vol. 54, n° 1-1991.



50 T. OZAWA

=2 Re (ﬁ L.o™v (), o™ (t))
dt

=2]m(Ce(’)mHOv(t)7 Ca(l)m‘l)(t))
=2Im([C, @™, Holv(2), ;0" v (1))
—2mIm (@™ % x.V (o), L om0 (1)
—-4e25m( 0"x. Vo (), {,o™v(1)).

By Lemma 2.2, the R.H.S. of the last equality is estimated by
P RT0) i W O e

la|=m
+C|l 20" x. Vo () || L o™ o ()|
<ClGo"+do@ [P~ ¥ [|o*Co@|

la|=m

+C||82C50)'”x.Vv(t)” ||(C80)"'+i)v(t)||.
Since || ((, 0™+ D)o (|| 2] v () ||=] ¥ ||>0, we obtain

%u(camw)v(nnl/m
SC Y || o) ||

lal=m

+ClleGomx. Vo ||| W]t @.4)

Now, for e #,,\{0}, we set u(r)=e” "™ @, re R. By the induction hypo-
thesis, ue C(R; H>™ ' N H™). It follows from Lemma 2.3 that for
[M]21, iAR, e (H™*™ 20 H>™\ {0} and furthermore,

0" 2x.ViAR,ueC(R; L?), (2.5
sup liAR, @ [lm, o SC | @ |m, os (2.6)
Al21

sup AR @ [lo, w=CI|@ llo, ms 2.7
Alz1

iAR,0 > ¢ in #, as |L| > 0. (2.8)

Since R, and e™ "™ commute, iA R, ue C(R; H™°) and

sup“ikR;_u(t)—u(t)“:”i)»R,“(p—(p”—+O as |X|—> 0.

teR

Integrating (2.4) with  replaced by iA R, ¢, we obtain

|G om+DirRu(@) ||| G o™ +D il R, o™
t

Y [0 G iR u(s) || ds

0 |la|=m

e +C||inR, @[t

X Y o |le* G o™ x. ViR, u(s)|| ds

0 |al=m

. teR. (2.9

Annales de I'Institut Henri Poincaré - Physique théorique
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By Lemma 2.1 and (2.5), the R.H.S. of (2.9) converges to

[@"+)irR,o|""+C|| T [[*GAR,u(s)|mds

0 lal=m

(2.10)

as €—0. By Fatou's lemma, (0™+i)iAR,u(f)eL? and
[|(@™+0)iA R, u ()] is estimated by (2.10). Now we use (2.6), (2.7)
and the commutativity of R, and e~ to obtain
|(@"+diA R, u(®)||SC|[(0™+i)iLR, 0]

t

m

+C

Z ||6°'(i?\.qu(s))”1/'"ds
0 |e|=m

<Cllollo,ntClt["|@[ln o eR, (2.11)
where C is independent of |A|2 1. In the same way as above,
|(@™+) GAR u()—ipR,u() ||

SC[iAR, 9= inR, @ ]lo,

+C|t["[iAR, @ —ipR, @m0  1€R, (2.12)
where C is independent of |A|, [p|=1. By (2.8), (2.11), (2.12) and the
closedness of the multiplication operator ™+ i, we obtain (1),, and (3),,.

Since part (4) with (3), gives (2),, we prove part(4), following
Hunziker [9]. Let |a|<m. By integrating the Heisenberg type equation

%(e"'“ Lo u () =ie™ [H, £, xTu (i),

t

Csx“u(t)=e_i‘H§Ex“(p—ij e 1 TIR((1/2) (Ax%)
—(n+2|a])azx“+2e‘?x“|x|2)§£u(s)ds

t
- iJ‘ e HmIHE (Vx)—(2e2x%)x).Vu(s)ds. (2.13)
0

Since we already know (3),, and ue C(R; H»° N\ H> ™" 1), we see from
Lemma 2.2 that (Vx*).VueC(R; L?) and that (2.13) converges to

t
x“u(t)=e“"“x°‘(p—ij e HOOR1/ D) (A XD+ (VxD). V)u(s)ds
0
in L? as € » 0. Part (4) then follows by the standard argument.
QED.

Proof of Theorem 2. — It follows from Sobolev’s lemma and Lemma 2.2
that {|||.||lm; meN U {0}} constitutes a fundamental system of seminorms
on &, and hence part (2) follows from Theorem 1. It remains to prove
that Rat—e ™Meped is C* for any pe&. In view of part (2), this is
equivalent to showing that H*¢pe % for any ke N. By assumption, for

Vol. 54, n° 1-1991.
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any meN,

|H ®[om, o C[|H" 0 ||+ C|H* @ [|C| @ [l2 s+ m, 0
so that H*@e M H"°. Therefore we are reduced to proving that

120
H*@e N H%™ for any keN. To this end we first prove by induction
m=0
on k that for any m=1 and e #,, . ,,_»
z ”Hj[Hl, (Om]\lllléclll‘l"“zum—z- (2.14)
Ik
jz0,121

Let k=1. We have [H, o"]VY=—-(1/2)(Ac™¥Y—(Vo™.V{. By
Lemma 2.2, ||[H, o™ V¥||<C|||H || as required. Let k=1 and assume
that (2. 14) holds. We proceed to the case k+ 1. We use the formula
-2
[H, o™=H""![H, o™+ ¥ H/[H"'77, o"H. (2.15)
j=o
Now let j+/<k. By (2.15) and the induction hypothesis,
|| H/* m"‘]\lllléllHl’jzf[H, " ||

+~Z ”Hj+1+}'[Hz—1—}', O)"']H\]J”
j=0
§C”[H’ (’)m]‘l’||2 (l+j),0+c”|H\I’”|2k+m—2'§c|”‘I’”|2k+m,
where we have used (H,,;), Lemma 2.2, and Hunziker’s lemma [9],
Lemma 1. Similarly,

B H™E, o™ | < CII ]z k0 m

Therefore (2. 14) holds for any ke N.
We now prove that H*oe M H®™ for any keN. By (2.14) and

mz0

Lemma 2.2,
| ™ H || S [HY, o™ ||+ || H* o™y |
SC[Wllzx+m-2+ Cllo™ ¥ flak, 0 SC IV 2t mo
as desired.
QED.

Proof of Theorem 3. — Let @e#,. By making use of the Fourier

transform and the Hermite polynomials, we have for |o|=m,
F (™o (x/t)*e” ™Moo —(—id)* @)
= (/" (exp (i (#/2) |§|) 0" (exp (=i (t/2) [E|) — (—itE)) F @

) a\BI(= D Bl
= m = Z 9 Ivl tlﬂ vl gB 27 g Pz
@ <az yé[zpm(ﬁ) MR TR ¢

Annales de I'Institut Henri Poincaré - Physique théorique
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al(—1)l=*7]
o#y=ty21 Y!(@—27)!

where [B/2]=(B,/2], ..., [B,/2]). By Lemma 2.2, the R.H.S. of the last
equality converges to zero in L? as | 7| — oo. This implies the first equality
in the theorem. The second equality follows from the first one since

+ 2—Ivl(it)la—vlga—27y(p>’

m

. j ! .
le ™ o0lfn=3 % (”.’)’—nx“e Tool?
=1 lal=j\Jj /!
- m\j!, . .
y Oy (.>%”enﬂoxae itHo o ||2.

i=1 Jal=j\J

Q.ED.

3. PROOF OF THEOREM 4

It is enough to consider the case m=3. Let k=[m/2]. By the assumption

made on the derivatives of V, V' is bounded from H?"° to L? for all
1

I<k—1, and moreover, || 0%V is bounded from H'*l*1* - - +uh0 {512

h=1 .
whenever 1</<k—1, 1<|oy+ ... +0oy|<2(k—1). Let ye . We have by
induction that for all j=1, ..., k, H'\{ is in D(H)=H?° and

ji-1

wy=3 (/)vagive 3
1=0 1=1 z

x Z C(]; l, {uh}a B)( Z aw.v)aﬂ\‘,, (3'1)
IBl=2G-n-1 h=1
lag+ ... +q+B|=23G-1)

where every term on the R.H.S. is in L? by the preceding remarks. This
proves & <D (H¥) and

HEF =T V][ =Cl[¥ Lo Ve (3.2)

If m=2k+1, again by the above remarks every term on the R.H.S. of
(3.1) with j=k is in H''° and

”Hk\lllll,oécu\l’”2k+l,09 Ve,
which when combined with the fact D (|H |'/?)=H"°, shows

(IH ™2 ||=]|[H[H | )
SCIH* Y|y, o £Cl| ¥ ]lmor VEZL. (3.3)

The inclusion D (| H|[™"?)>H™ © then follows from (3.2) and (3. 3), since &
is dense in H™® and |H|™? is closed. We now prove the reverse inclusion

Vol. 54, n® 1-1991.



54 T. OZAWA

D(H["*)cH™® by induction. Let m=>3 and assume that
D(|H|™"Y2)cH™ ° Let yeD(|H|™"?). By the induction hypothesis,
YeH™ 10 In order to prove that ye H™°, we distinguish between the
following two cases:

(1) m=2k+1, k21. Qm=2k, k22.

(1) When m=2k+1, it is sufficient to prove that ¢*yeD (H*) for all
|oe|=1. This will follow if we can show that

2 @ Ho)=C([[H["* [+ [V [D] o]

le|=1

, oeeDM". (3.9

We approximate { by a sequence {{;} in & such that {; »{ in H*~*°
as j — co. Consequently, H*\; > H*\{ in L? as j —» co. By (3.1) with j=k,

@9 H @)= [, #1¥, )+ @H Y, 0)
=3 (§)av vy, 0 -y, )

k-1 ]
+ Z 2 C(k, |, {oc,,}, ﬁ)([n 0V, (7“:|6B\|!j, (p>.
I=1 IBls2(k-D—1 h=1

lag+ ... +o+B[=2 k=1
In the same way as before, we obtain

IV OTHS [ < ClIHE™ o, 0 S C W ok, o
LZ oV, 3a:|aﬂ‘|’j||§C”5ﬂ‘|’j||t+1a1+. v 1+1,0SCl W L2k, 00

=1

and therefore

|@*V; H* @) [ <C || L2k, o | @ |+ (H* ¥, 0 ) (3.5)
Taking the limit j — oo in (3.5), we have

| @V, H* @) [SC ||V ]|ak, o [| @ ||+ (H* ¥, 8*0) ],
which yields (3.4) since

[l [ H | = C([H W[+ ] ,
H[H[2H h=C[[H["* ¢ ||+ C[ ¥

(2) When m=2k, it suffices to prove that Ayye D (H* ). This will follow
if we can show that
|AY, H o) |<C(|[H[™* Y[+ ¥ [D]e],  eeDEH". (3.6)

The proof of (3.6) is parallel to that of (3.4). We approximate | by a
sequence {,} in & such that ; > in H" = as j —» co. Consequently,
H*""{;>H* 'y in L? as j - co. In the same way as before,

[, AN | < Cl W, [lae-1,0
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and therefore

|(AV;, B2 @) [<CIY; llae-1, 0 | @ I+ H 1, Ag) ],
which in turn implies (3. 6).
QED.

Remark. — The argument given above shows that the inclusion

H™°<=D (|H|™?) follows from a weaker assumption that 0*V is bounded
1

from H2*1*1 9 to L2 for all |a|<m—2 because this implies that [] 8*V
h=1

is bounded from H2flut. - -+al0 512  whenever I<k-—1,

oy + ... +oy|S2(k—D).

4. A CHARACTERIZATION OF INVARIANT SUBSPACES UNDER
UNITARY GROUPS

Our purpose in this section is to prove the following:

THEOREM 6. — Let X and Y be Hilbert spaces such that Y is densely
and continuously embedded in X. Let T be a self-adjoint operator in X. Let
m, M e (0, o). Then the following conditions are equivalent.

(1) e™™ leaves Y invariant for any teR and has the estimate

le "oy sMA+|tM]eolly, €Y. 4.1

(2) (T+i\)7* leaves Y invariant for any ke N and any he R\{0} and
has the estimate
[(T+iM) o]y
SM(AT*+ T m+R)TE) A" olly, €Y, (4.2)
where T denotes the gamma function.
Proof. — (1) = (2): Let €Y. For any A>0 and ke N we have in X

(T:hi)»)"‘(p=(l/(:ti)"l"(k))f Lot etiT o dt, 4.3)
o :

Since the map Rat—e T peX is continuous and statisfies (4.1), it
follows that the map Rate “T@eY is weakly continouous (see,
Ginibre-Velo [5], Appendix 2), SO that the maps

[0, o)t F e et T eY are strongly measurable and
v 120

” tk—le—t).e:’citT(p ”YéM tk—l (1 +tm)e—tk||(p

Therefore, by Bochner’s theorem the integral in (4.3) converges in Y and
the R.H.S. of (4.3) is estimated in Y by

MQA*+ ([ (m+k)/T (kYL 5| ¢

vs A>0,
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since for any yeX
[(T£iM) ™ o, Y)x| SMAT*+ T (m+E)TE)L™ | ol |||
This implies part (2).
(2) = (1): Let peY. By (4.2), we have for any >0 and ke N
[A£i@OT) ™ o[y =M A+ T @n+R)/T® Lm0 |ly.
By Stirling’s formula,
lim sup | A £i (/A T) " o [y =M 1+M]|o -

k = o
On the other hand, (1+i(t/k)T) *¢ - e™*T @ in X as k —» 0. Therefore,
et oeY and (1xi(t/k)T) *o—-e™T@ weakly inY ask— o (see
Ginibre-Velo [5], Appendix 2). This implies part (1).

Y*

Q.ED.
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