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ABSTRACT. — Under the assumption of relative boundedness conditions
on the potentials, we show that for ¢ large enough, the Dirac operator
H(c) may be expressed as H, (c) ® H, (¢) (ala Foldy and Wouthuysen)
where H, (¢) and H, (¢) (£ mc?) converge in a rigorous sense (pseudoresol-
vent convergence) to the corresponding Pauli-Schrédinger operators, H*
and H™. We also show that the Dirac operator has a spectral gap of the
form (—mc?+k, me?—1) for ¢ large enough, where k and / are any con-
stants greater than the lower bounds of H™ and H*, respectively. From
this proof we find a new formula for estimating the lower bounds of the
Pauli-Schrédinger operators and we find a sufficient condition for com-
plete separation of the electron and positron energy levels in the Dirac
spectrum.

REsuME. — Sous I'hypothése que les potentiels sont relativement bornés,
nous montrons que pour ¢ assez grand, 'opérateur de Dirac H(c) peut
s’exprimer comme H,(c)@H,(c) (@ la Foldy et Wouthuysen) ou
H, (¢) ® H, (c) (£ mc?) convergent (au sens de la convergence des pseudo
résolvantes) vers les opérateurs de Pauli-Schrédinger correspondants, H*
et H™. Nous montrons aussi que 'opérateur de Dirac a un gap spectral
de la forme (—mc?+k, mc*—1) pour ¢ assez grand, ou k et / sont n’im-
porte quelles constantes plus grandes que la borne inférieure de H™ et H*
respectivement. Nous obtenons aussi une nouvelle estimation des bornes
inférieures des opérateurs de Pauli-Schrodinger et nous donnons une
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110 G. B. WHITE

condition suffisante pour la séparation compléte des niveaux d’énergie des
¢lectrons et des positrons dans le spectre de Dirac.

This paper reports results achieved in [17], the author’s doctoral disserta-
tion at U.C.L.A.

The author wishes to thank his dissertation advisor, Donald Babbitt,
for suggesting the topic of this research and for his many helpful comments
along the way. The author is also indebted to a number of other people
who heard early presentations of this work and raised important questions
and/or made valuable suggestions which shaped the final form of
this paper. These include V. S. Varadarajan, R, Arens, M. Takesaki,
S. Busenberg, and the referee.

1. INTRODUCTION

In their 1950 paper, Foldy and Wouthuysen [4] devised a transformation
which splits the standard Dirac operator H(c) into a direct sum
H, (¢) ® H, (¢), where H, (¢) and H, (c) are each expressed as a formal
power series in 1/c. While H, (¢) and H, (¢) may not be well defined in
the sense that the power series do not converge in a rigorous operator
sense, they enjoy the property that the formal nonrelativistic limit (¢ — o)
of H, (¢)—mc? yields the Pauli-Schrédinger operator for the electron (H*)
and the limit of H, (¢)+ mc? yields the Pauli-Schrodinger operator for the
positron (—H7™). Further, in their paper they suggest that this method
should be expected to be of use in the case of “weak” potentials, i.e. those
for which there is a separation of the electron and positron energy levels
in the Dirac spectrum. Unfortunately, although the method of Foldy and
Wouthuysen is both beautiful and successful (e.g. it yields reasonable
relativistic corrections to the Pauli-Schrédinger operators), there is no
apparent way to make it rigourous.

The first goal of this paper (Section 4) is to show that by restricting
the Dirac operator to the subspaces associated with the positive and
negative spectrum, it can indeed be split into the direct sum of two
operators which now converge in a rigorous sense (pseudoresolvent conver-
gence — see Section 3) to the appropriate limits. Convergence of the Dirac
resolvent has been studied in [5], [8] and [16], but restricting it to these
subspaces appears to be new.
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SPLITING OF THE DIRAC OPERATOR 111

While the question of how to approach the nonrelativistic limit in a
rigorous way seems to have been settled, the question of when the electron
and positron energy levels are separated has not. The rest of the paper is
devoted to determining where spectra may occur in the interval
(—mc?, mc?) and to the implications of such results for the limiting
operators and for the question of separation of the spectrum.

Our second goal is then to show that the Dirac operator has a spectral
gap of the form (—mc?+k, mc*—1), for ¢ large enough, where k and /
are constants greater than the lower bounds of the corresponding Pauli-
Schrédinger operators (Section 5). It has been noted by Cirincione and
Chernoff [1] that under the assumption of relatively bounded potentials,
the Dirac operator has a spectral gap at zero for ¢ large enough. It is not
difficult to see that their method implies that the spectral gap includes
an interval of the form (—a(c), a(c)), where a(c) - oo as ¢ - 0. Also,
convergence of the Dirac resolvent (£ mc?) to the Pauli-Schrédinger resol-
vent together with the lower semiboundedness of the Pauli-Schrodinger
operators implies that the Dirac operator has no spectrum in the intervals
(—mc?+k, —mc?>+b(c)) and (mc?—b(c), mc*—I). Notice that this leaves
the two intervals (—mc?+b(c), —a(c)) and (a(c), mc*— b (c)) unaccounted
for. Our method deals with the entire interval (—mc?+k, mc*—1I)
uniformly. We also develop from this a new formula for estimating the
lower bounds of Pauli-Schrodinger operators.

Finally, in Section 6 we give a sufficient condition for complete separ-
ation of the electron and positron energy levels.

2. THE DIRAC OPERATOR IN AN ABSTRACT SETTING

In discussing the Dirac operator, we shall use essentially the same set-
up as Cirincione and Chernoff [1] and Gesztesy, Grosse, and Thaller [5].
Much of this section duplicates the analogous section in [1], although
some material has been added and some omitted. As noted in [1], the
abstract setting for the Dirac equation which we consider is general enough
to include the case of curved space as well as the usual Dirac equation
over R? or R" (see [1], section 3 for a discussion of how these operators
are defined). The reader should also note that A and A* are switched
from the usage of [1] (this is in line with the convention of [5]).

Let s be a Hilbert space and let A and B be two self-adjoint operators
with the following properties:

B*=1 and AB+PA=0. 2.1

The first relation implies that B is bounded and in fact unitary. The
operator A may be unbounded and we assume it is defined and self-
adjoint on some dense domain D (A).
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112 G. B. WHITE

Since B?=1, the operator B has two spectral projections P* and P~
corresponding to the eigenvalues +1 and —1. We may write # as the
orthogonal direct sum # , @ # _, where # , is the range of P*. With

respect to this decomposition, we can represent A and B by operator
matrices. We have

I
[3=[ 0} and A= A As ) 2.2
0 -I A, A,
The self-adjointness of A implies that A;, and A,, are self-adjoint,
while A, and A,, are closed and densely defined on # _ and 4 _, respec-

tively, with A,;,=A%. The condition AB=—-BA tells us that
A;;=A,,=0, so A is of the form

0 A*
A—[A O:I’ 2.3)

where A : # . — s _ is a closed densely defined operator with adjoint
A* o _ -, . I, for example, # , =H# _=H,, a given Hilbert space,
so that # ~C?* ® #,, and if A=A*, then we have A=a ® A, where « is

the two-by-two matrix I:(l) (IJ This is the case which Hunziker [8]

discusses.

To define our abstract Dirac operator H (c), we introduce an operator V
representing a potential and set

H(o)=cA+mc*B+V. 2.9

Here m and ¢ are positive constants which we call the “rest mass” and
the “velocity of light”. We require that V be self-adjoint, bounded relative
to A, and VB=BV. The latter condition means that V is of the form

liVO”L VO ], where V and V_ are self-adjoint operators on # , and # _,

respectively. (Usually # . =# _ and V, =V _.) The boundedness condi-
tion on V is equivalent to saying that V, is bounded relative to A and V_
is bounded relative to A*. Since V is bounded relative to A, V will be
bounded relative to ¢ A+mc? B with relative boundless than 1, for ¢ suffi-
ciently large. Then H (c) will be self-adjoint on D (A) by the Kato-Rellich
theorem. Henceforth, we will assume that ¢ is large enough so that this is
the case.

1 . . .
Note also thatz— A2+V is a self-adjoint operator on D (A?), for our

m
hypotheses on V guarantee that V is infinitesimally bounded with respect
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SPLITING OF THE DIRAC OPERATOR 113

to A%. Hence the operators
1
Hi=_— (A%, %V, 2.5)
2m

are self-adjoint on the spaces # ., where (A%, =A*A and (A%)_=AA*,
are the restrictions of A? to the invariant subspaces # , and J# _, respec-
tively. We also introduce the notation

|A|,=_/A*A and |A _=\/W. (2.6)
Note that in this setting we can deal with “magnetic fields” as well as
““electrostatic fields” with no additional effort. The magnetic (or ‘““vector’)
potential is simply a perturbation B which anticommutes with B, so we
may regard B as a perturbation of A. To be precise, assume that B is a
self-adjoint operator on # which anticommutes with B and which is
bounded relative to A with relative bound less than 1. Then V is bounded
relative to the self-adjoint operator A+ B, so that

H(c)=c(A+B)+mc?p+V 2.7
is self-adjoint for sufficiently large ¢, and all results discussed here will

apply verbatim with A+B replacing A. Further, the Schrodinger
Hamiltonian H* introduced above is replaced by the “Pauli” Hamiltonian

HJ—’=L((A+B)2)ﬂ:Vt. 2.8)
2m

We call H* and H™ [as defined by (2.5) or (2.8)] the Pauli-Schrodinger
operators associated with the Dirac operator [as defined by (2.4)].

3. PSEUDORESOLVENT CONVERGENCE

To quickly put into context the notion of convergence which will be
discussed in this section, we remark that pseudoresolvent convergence is
to analytic families of pseudoresolvents as resolvent convergence is to
analytic families of resolvents. That is, pseudoresolvent convergence is of
use when analytic results are either not expected or not needed. As we
shall see, this the case for the Dirac operators applications discussed in
this paper.

We present here a few theorems which we which we will need later. A
full development of theorems (with proofs) which generalize the standard
theorems for resolvent convergence (see e.g. Reed and Simon [12]) may
be found in White [17].

DerFiNITION. — Let A,, n=1, 2, ... and A be self-adjoint operators on
a Hilbert space #. Let P,, n=1, 2, ... and P be self-adjoint projections

Vol. 53, n° 1-1990.



114 G. B. WHITE

on # such that P, commutes with A, for n=1,2, ... and P commutes
with A. Then A, P, is said to converge to AP in the norm (strong) pseudore-
solvent sense if R, (A,)P,— R, (A)P uniformly (strongly) for all A with
Im A#£0.

NortaTioN. — In analogy with the convention for resolvent convergence,

we will write A, P,,TAP and A, Pns-{fAP to indicate norm and strong
pseudoresolvent convergence respectively.

Remarks. — (1) Families of operators of the form R, (A)P satisfy the
first resolvent equation and so by definition are pseudoresolvents. Further,
as noted by Veseli€ [16], any symmetric pseudoresolvent on a Hilbert space
is of the form R, (A)P.

(2) There is no explicit requirement on the convergénce of the
projections P,. In general, it is not necessary for the P, to converge to P
in any sense in order to have norm pseudoresolvent convergence. For
certain theorems on strong pseudoresolvent convergence, strong conver-
gence of the P, to P is required.

THeoREM 3.1. — Let A,, A, P,, P, be as in the definition. Let )\,
be a point in C. If ImAe#0 and ||R,,(A)P,—R, (A)P|| >0, then

nps

A,P,"5 AP.

Tueorem 3.2 (Trotter). — If A,P,>AP and P,>P, then

s, s . . . .
e AP, - " AP for each t, and €"*P,p —> " AP for each ¢ uniformly
in t in any bounded interval.

THEOREM 3.3. — Suppose that A, P,,TAP. Let a, beR, a<b and
suppose that a, be p (A | ganp). Then

” P(a, b) (An) Pn— P(a, b) (A) P ” - 0.

This last result is of use when we do not know whether the projections P,
converge strongly to P. In fact, as we will see (¢f. Thm. 4.3), it can be
useful in showing that the projections P, converge.

sps

TueoREM 3.4. —  Suppose that A,P,—»AP. If aeR and
a ¢ 0-pp (A ‘ Ran P)’ then P(a, ) (An) Pn P (p - P(a, ) (A) P (P and
P_w.o@A)P,PO->P_, ,(A)Po for all pe H.
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SPLITING OF THE DIRAC OPERATOR 115
4. SPLITTING OF THE OPERATOR

As shown by Gesztesy, Grosse, and Thaller [5], the Dirac resolvent
(H(c)—mc*—2z)~' is holomorphic about the Pauli-Schrédinger pseudore-
solvent (H* —z) ! P* at ¢= 0. Thus, we may consider these together as
an analytic family of pseudoresolvents in a neighborhood of ¢=co. Simi-
larly, (H(c)+mc?—z)~! is holomorphic about (—H™ —2z) "!P~ at ¢=c0.
This holomorphy implies the following weaker statement:

THEOREM 4.1. — As ¢ goes to infinity, H(c)£mc? — £ H* P*.

Note. — Relating the statement of the theorem to the definition of
pseudoresolvent convergence, we have A,=H (c)tmc?, P,=1, A= +tH*
and P=P*. ’

As shown in [1] (or see Section 5), the Dirac operator has a spectral
gap at zero for ¢ large enough. Thus, for some €>0 if we define

QT (=P, (H()) and Q7 (=P, _4H(), @.1)

then we are assured that Q* (¢)+ Q™ (¢)=1I for c large.

Since it is the positive half of the spectrum of H (¢) which converges to
the spectrum of H*, we expect that (H(c)—mc?) Q™ (¢) will converge to
H*P*. Similarly, we expect convergence of (H(c)+mc?)Q ™ (c) to
—H™ P~. This is the content of the next theorem.

One should note however, that in restricting H(c) to the subspaces
corresponding to the positive and negative halves of the spectrum, holo-
morphy is lost. This can be seen by following the behavior of the essential
spectrum of H (c) as c rotates through a circle in the complex plane which
encompasses the origin. It becomes clear that Q* (¢) and Q™ (¢) cannot
be continued analytically as ¢ passes through the imaginary axis. Thus,
we should not expect an analytic result. Rather, the best sense of conver-
gence we can hope for is:

THEOREM 4.2. — (H(c)£mc?)Q* (¢) > +H* P* as ¢ — 0.

Proof. — To see that (H(c)—mc?)Q* (¢) > H* P* we note that
I(H (@) =me=)=1 Q* (¢)—(H* =)' P* ||
§||(H(c)—mc2——i)‘1—(H+—i)“1P+|[+”(H(c)—mc2—i)‘1Q‘(c)||
where we have used the fact Q*(¢)+ Q7 (¢)=I. The norm of the
first term on the right goes to zero since by. Theorem 4.1,

H(c)—mc* 5 H* P*. The norm of the second term on the right goes to
zero since for ¢ large enough, the distance from the spectrum of
H(c)=mc*) Q™ (c) toi is >mc? (in fact, >2mc*—1 as we shall see in
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116 G. B. WHITE

Section 5). Hence, the norm of the second term goes to zero as ¢ — o,
and by Theorem 3.1 we now have (H(c)—mc*) Q™ (¢) ZHTP.

Similarly, (—H(c)-mc?)Q™ () > H P~. .

Remarks. — (1) Note that if we set H,(¢)=H(c)Q" (¢) and
H,()=H(c)Q (¢), then forc¢ large, H(c)=H;(c)@® H,(c) where
H, (c)—mc* and H, (c)+mc?* have the appropriate nonrelativistic limits,
ala Foldy and Wouthuysen.

(2) We may also view this as splitting into an ‘“‘electron” term, a
“positron” term and a “rest mass” term by writing

H(0)=(H(c)—mc*) Q" () +(H (c) +mc?) Q™ () +mc* (Q7 (€)= Q™ (o))
Convergence of the first two terms has been discussed. The next theorem

implies that Q™ (¢)— Q™ (¢) 5 P*—P~ =, so the third term is much like
rest mass term in the Dirac equation.

TuroreM 4.3. — Q¥ (c) >P* as ¢ - 0.
Proof. — Rearranging the signs in Theorem 4.1, we have

+H(c)—mc® > H*P*. Let/ be less than the lower bounds of H*
and H™. With P,=1 in theorem 3.4, we have

P, o (£H(©—mP)PE 5P, (HY)PE,
But, P_, ., (H¥)=1 and P_, , (xH()—mc®)=Q*(c) forc large

enough (see Theorem 5.3), so Q* (¢)P* > P*. Similarly, considering the
interval (— oo, —/) we find Q’_r (c)P* 2 0. The result follows by adding
the previous two equations appropriately and using P*+P~ =1 [J

Note. — The above result appears in [1] with a rather different proof.
We close this section by stating a related result (also in [1]) which now
follows easily from Theorems 4.2, 4.3 and 3.2.

. - S . i
THEOREM 4.4. — For each teR, e“‘i“:’ m?) Q* (¢) » ™" P* and for
i — 2 i .
each e, ' FEROmHQE(c)p ™M P* @ uniformly on bounded
t-intervals as ¢ — 0.

5. THE SPECTRAL GAP

We will prove in this section that given a relative boundness condition
on the potential V, the Dirac operator has a spectral gap of the form

Annales de UInstitut Henri Poincaré - Physique théorique



SPLITING OF THE DIRAC OPERATOR 117

[—mc*+k, mc*—1] for ¢ large enough, where k and / are related to the
lower bounds of the operators H™ and H*, respectively.

To make precise what we mean by “‘spectral gap”, we make the
following

DerFmviTion. — Let I be an interval in R and let H(c) be a family of
self-adjoint operators depending on a real parameter ¢. We say I is a
spectral gap for H(c,) if IS p (H(c)) for all c=c¢,,.

Remarks. — The condition “for all c=c¢,” is to insure that the spectrum
remains separated as we go the nonrelativistic limit.
NortaTioN. — In order to write much of what follows in a more concise
form, we introduce the following operators:
Hl(c)=c? A*A+m?c*—)\?
and
HY (c)=c? AA*+ m? c* — A% 5.1
We note that if />0 and Ae[mc®+1, mc?—1], then HY (c) and H (c) are
invertible.

In the following theorem we will make use of two commutation relations
proved by Deift [3]:

(A*A—-2) ' A*cA*(AA*—7)7!
and

5.2
(AA*—z)"'AcA(A*A—2)7! (5.2
for zep (A* A)N{0}=p(AA*N{0}.
THEOREM 5.1. — Let H(c)=cA+mc?>B+V be a Dirac operator and

assume that there exist constants a, b>0 such that | Vo ||<a||A¢|+b] ¢||
for all peD (A). Let ly=a’m+b+ _[(@a*>*m~+b)?—b?, let >0, let [=1,+¢
and 1,(c)=[—mc*+1, mc*—1]. Then for c¢ large enough, 1,(c)cp(H (c)).
Furthermore, for A€l,(c) and for c large enough, we have
(A+mc*)(H] ()7 'V, cA* (H) () ' V_\\ !
cAH()T'VL (A—mc?)(HS ()" V_

o ((7»‘*""6’2) HY(@)™' cA*(HY(c) ™! (5.3)

cAH ()™ A—mc?)H3 ()™ )

Proof. — In matrix form we may write
[ —Atmc? cA* v 0
H(9) ““( cA —x—mc2>+< 0 V_>‘

Vol. 53, n° 1-1990.
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118 G. B. WHITE

Since HY (¢) and Hj (c) are invertible, we have
(— A+ mc? cA*)‘ 't <(k+mc2) (H(c)™' cA*(H () !
cA —A—mc? cAMH()™' —mcP)H () L)

where the commutation relations (5.2) are required to show that this is a
left-inverse. Then

—_ 2 *
H(c)—?»I=< Atme® cA
cA —A—mc?
2y (130 -1 * 0 -1
y <I+<(7»+mc YHI)' V. cA*(Hz(0) V->>. (5.4)
cAMH() 'V, (A—mc?)(HZ(c))™' V-

Now H (¢) — AT will be invertible if
((7»+mcz)(H‘1’(C))_1V+ CA*(H(Z)(C))_IV—)
cAMH())'V, (A=me®)(H3(c)™' V-

In estimating the norms of the matrix elements above, we note that in

fact we are estimating the norm of the closures of the operators.
For Ael,(c) we may decompose H (¢) as

H‘l)(c)=(c|A|+—i\/mzcz—?»z)(c|A|++i¢mzcz—)»z).

<l. (5.5

Then,
|G me?) (H (€)' V|

=(?\,+mc2)l|<C|A’++i\/mzcl_)\‘2 -1
V,(c|A]s+i /mzcz—kz)_IH

S(Hmcz)( ! ><9+ b )
- m?c* =A%) \c \/mz P ¥

_a mc2+k+ b
eNNme2—h mcr—\

Similarly,
2 b
A—mc?)(H ()~ v_|<d [Ty .
(2= me®) (83 () "_c mc*+h mc+A

Note that these norm estimates are maximized at the right and left
endpoints of I,(c) respectively. Each has a maximum value of

7_
a 2 mc l+é_
c / [

X

Similar  calculations  show  that |[cA(H$(¢))"'V,| and
b
cA*(HY(c)) "' V_ || are both less than 4 2 forke L (o).
2
c 2mc*l—1

Annales de I'Institut Henri Poincaré - Physique théorique



SPLITING OF THE DIRAC OPERATOR 119

From the above estimates it is easily seen that for A€, (c),

2 __
652 [P

b
b I
/ I ¢ 2m®I-P
where || (5.5)|| is the norm of the matrix in equation (5. 5). Now the third
and fourth terms on the right go to zero as ¢ —» oo and the first term is
less than a_/2mjl for all ¢, so we will have ||(5.5)]|<1 for ¢ sufficiently
large if

(5.6)

Elementary algebra shows that this inequality holds if /> /.

Thus, H (¢) — A1 is invertible for AeI,(c) and ¢ large. Finally, taking the
inverse of equation (5.4) gives us equation (5.3). O

The pseudoresolvent convergence of H(c)xmc* to +H*P*
(Theorem 4.1 and 3. 3) together with the above imply the following:

CoOROLLARY 5.2. —-Let I, be as in Theorem (5.1), then —1, is a lower
bound for H* and H™.

Remarks. — (1) Using the Kato-Rellich theorem (see e.g. Reed and
Simon [13], p. 162) and the relative boundness condition, one can predict
that — /iy is a lower bound for H* and H~, where

ke=2a*m+b+ /2a*>m+b)?—b>.

We see that the bound developed above is better than this by almost a
factor of 2.

(2) In the case of the Coulomb potential, V= —z/r, A=grad, we may
take our relative boundedness condition to be ||[Vo|=2z||Ae| (cf
Kato [9], p. 307). In c.g.s. units this yields a lower bound estimate of
lo=16 (me* z2/2 h?), or 16 times the actual ground state energy. We note
that any estimate of ¢ in || V¢|<a|/A¢|| must be at least z/2, since
a=1z/2 yields the actual ground state energy as a lower bound estimate.

We can now sharpen the result of Theorem 5.1.

THEOREM 5.3. — Let —K be the greatest lower bound for H™, let —L
be the g.1.b. for H*, and let £>0. Then for c large enough, [—mc*+K +¢,
mc?—L—¢glcp(H(c)).

Proof. — Let I, be defined as in Theorem 5.1. Note that
[—lo—e —L—g]lep(H™), so P_, _, _;_,(H)=0. By Theorem 3.3,
we have ||[P_, _. _L_e](H(c)—mcg)” — 0 as ¢ — oo. But the norm of a
spectral projection is either 1 or 0, so, for ¢ large enough, the projection
must be zero. That is, [mc*—Il,—¢, mc*—L—¢]lcp(H(c)) for ¢ large
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120 G. B. WHITE

enough. Similarly, [—mc®*+K+g, —mc*+1,+elcp(H(c)) for ¢ large
enough.

Since, by Theorem 5. 1, [—mc*+ 1, +¢, mc* — I, — €] p (H(c)) for ¢ large
enough, the theorem is proved. O

6. CLASSIFICATION OF THE SPECTRUM

It is natural to ask under what conditions we will have a spectral gap.
The next theorem gives a sufficient condition.

THEOREM 6.1. — Let H(c)=cA+mc?B+V be a Dirac operator. Let a
and b be positive constants with
a, b 1

. 6.1
c mec* 2 ©.1

If||Vol|<a||Ao|+b]| ¢| for all 9D (A), then H(c) has a spectral gap
at zero.

Proof. — First we note that these conditions are sufficient to give self-
adjointness of H(c) on D (A) by the Kato-Rellich Theorem, since a/c<1/2
and for all peD (A)

a
IVell=_llcAell+bllo].

From equation (5.6) of the proof of Theorem 5.1, H(c)—AI will be
invertible for all Ae[—mc?+ 1, me* —1] if

a 2mc*—1 b a b
- e N EE— 6.2
cV ! I ¢ \/2mczl—12 6.2

By differentiating the sum of the first and the third term with respect to ¢
and noting that the other two terms are non-increasing, it is easy to see
that the left-hand side of (6.2) is decreasing in c¢. Hence, if (6.2) holds
for some ¢=c,, it holds for all ¢>c¢, and H(c,) will have a gap a zero.

Thus, we will have a spectral gap if equation (6.2) holds for some /
with /<mc?. Since the left-hand side of (6.2) is continuous, in /, we will
be able to find such an / if there is strict inequality for /=mc?. Setting
I=mc? in equation (6.2) yields equation (6.1). Hence, there will be a
spectral gap if equation (6.1) holds. 0

Remarks. — For the purpose of classifying the spectrum, the importance
of a spectral gap is that the spectrum cannot cross the gap as ¢ increases
[since H (c) is a holomorphic family in ¢, the spectrum moves analytically].
Hence, existence of a spectral gap insures that the spectrum is clearly
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separated into “‘electron” spectrum on the right and ‘“‘positron” spectrum
on the left.

One may thus take equation (6.1) as a working definition of a “weak”
potential ala Foldy and Wouthuysen.
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