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Trigenometric perturbation
of the Gaussian generalized fields.
Small coupling results
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Research Center Bielefeld-Bochum-Stochastics,
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D-4800 Bielefeld 1

REsuME. — Nous étudions les équations fonctionnelles DLR corres-
pondant aux perturbations trigonométriques de couplage faible des mesures
Markoviennes Gaussiennes.

Sous des hypothéses techniques, nous démontrons que la propriété de
Markov est préservée.

ABSTRACT. — We study functional DLR-equations corresponding to
the trigonometric perturbations of the Gaussian, markovian measures in
the weak coupling regime. We prove that under certain mild assumptions
of the technical nature the global Markov property is preserved for such
perturbations.

1. INTRODUCTION

The global Markov property with respect to the hyperplanes of the
generalized random field indexed by the conventional nuclear spaces
like the space D(R?) or S(R?) is one of the basic axiom of the Nelson axio-
matic framework [I].

(*) Institute of Theoretical Physics, University of Wroctaw, 50-205 Wroctaw, ul.
Cybulsluego 36 Poland.
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206 R. GIELERAK

After an euclideanisation of the constructive field theory mathematical
technologies, the progress for the superrenormalizable interactions has been
very fast and fruitfull in the decade of 70. (Almost) all superrenormalizable
interactions have been controlled rigorously. For a background see [2] [3],

. for the construction of the three-dimensional Yang-Mills theories
see [4] and references therein. However, already on the level of the sim-
plest P(¢p), models the Nelson axioms have never been veryfield explicitly.
There exists some eqzotic two-dimensional models like: cos ag,, exp a@,
where the most difficult Nelson axiom concerning the global Markov
property, has recently been veryfied [5] [6] [7] [8]. The difficulties in its
veryfication for the weakly coupled P(¢), models seem to be technical but
not conceptual. This was the reason that several papers appeared [9] [10]
examining global Markov property for the lattice P(¢) fields. These methods
are based on a certain technics heavily depending on the ferromagneticity
of the corresponding local specifications. However, it seems to be diffi-
cult to observe such a ferromagnetism for the continual local specifications.
Our paper proposes a new possible strategy to attack the problem for at
least: ¢* :, 5 like models without refering to ferromagnetism. It is well
known that starting from the cos ag,-like theory, we can obtain ¢4 theory
by a suitable limiting procedure [11] [12]. Our idea is based on this obser-
vation. We start with cos a¢ interactions for some Pauli-Villard regulari-
zation of the free field.

For such a class of theories we verify in a very economical way and
quickly the Markov property. This is done in the present paper. The next
two steps (in preparation) first translate the result for 3 theory with the
Pauli-Villars regularisation fixed and then remove it.

The second novel aspect of our paper is its possible application to the
classical statistical mechanics. It is well known that the grand canonical
ensemble of the gas of classical particles interacting via a two-body potential
of the positive type can be described by functional integrals of the type
analysed here [13]. From the result proven here there follows the existence
of the transfer matrix for such a class of systems.

This is an addendum to the earlier results of [14] [15] [16] [17].

2. PRELIMINARY DEFINITIONS AND RESULTS

a) Markov property.

Let P:R? —» R! be a nonnegative polynomial and let A(P) be a real
differential operator with the constant coefijcients the symbol of which
is given by P i.e. A(P)f = (P(k)f) where ~(resp. ) denotes the Furier
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TRIGONOMETRIC PERTURBATION OF THE GAUSSIAN GENERALIZED FIELDS 207

transformation (resp. inverse). We assume that P~'(k) is not too strongly
singular at the origin. i. e. we will assume that

J dk 2.1)
— < . .
k<1 P(k)
With A(P) given, we define a map A*P) : S(RY) — L*RY) by the formula:
LA .
AXP)f = |——> 2
®f (P(k)”z f) 2.2

which is nonnegatively defined and then we define on the space S(R?)
an inner product by

(f &)a = (A*f, Al ma)- 2.3)

The metric completion of the pair { S(R?),(., .)s} is defined by H(P).
It is obvious that the space H(P) can be identificld with a certain subset
of the space of tempered distributions S'(R?) by

| o(k) |
P(k)

H(P) ~ { peS'(RY) | peLl (RY, dk < © } (2.4)
From our assumptions on P(k) it follows that the space C&(R?) is dense
in H(P). For any open region A = R we define H,(P) as a subspace (closed)
of those ¢ € H(P) which have support in A. It is easy to check that then
the space C(A) is again dense in the space H,(P). For closed A we define:
Ha(P)= (| open Hu(P).
A DAN

It follows easily that the bilinear from V(f, g) = (f, g)a defines a positive
definite and continuous form on the space S(R?). From the Minlos theorem
it follows that there exists a unique Gaussian centered measure p§ on
{S'(R%), B(S'(R%) } whose Fourier transform is given by:

1
Wdg)ee = ¢ 2P 2.5)
S’(R9) )

Let us denote by H(u?) the metric completion (in the L; onorm) of the linear
hull of the random elements of the form ¢(f) where f € S(R?). From the
density of S(R?) in the space H(P) and from the fact that the map f — ¢(f)
is isometric from H(P) > S(R?) — H(u?) it easily follows that H(P) is
isometric with H(u). For f € H(P) we denote the corresponding elements
in H(u9) again as ¢(f). Let A be an arbitrary nonempty subset of R”.
Then we define X(A) (resp. £(A)) the minimal (completed) o-algebras
generated by the family of random variables { ¢(f), f € S(R?)supp f< A }
(resp. { @(f), f e HA(P) }). It is clear that Z(A) = £(A). For A = R? being
open, it follows from the density of C3(A) in Hu(P) that Z(A)= Z(A)uf —a.e.).

Vol. 48, n° 3-1988.



208 R. GIELERAK

For A = R? closed let #(A) = m 3(A?). From the above remark we
obtain (for A closed) ¢>0

Fny = =)= )£A) = F@). 2.6)

>0 >0

The following general result from the theory of Gaussian generalized random
field is well known [18] [19] [10]:

Lemma 2.1.

1. Let A be open in R? and let I1,. be an orthogonal projector in the
space H(P) onto the subspace H,.(P). Then, the conditional expectation
value with respect to the measure u and the g-algebra #(A°) is given by

1
. . . . —5Sac(f,
E,o { €20 | F(A%) } () = eMTaUD 9, (10U = ginTacty 254 0 2.7)

where S,. is the covariance given by the kernel:
Sac(f, 8 = (1 — Hxo)f, @)a = V(1 — Ty.)f, 8). 2.8)
Moreover formula (2.7) makes sense for u9-almost every 5 € S’(R?).

2. The decomposition
¢ = (1 — Tx)*@ + M3(e) 2.9

where (1 — I .)*¢ denotes symbolically the Gaussian centered random
field with covariance equal to S,. and IT%.(¢) is the Gaussian field with
the covariance equal to K,. = V — S, is the orthogonal stochastic decom-
position with respect to the o-algebra % (A°).

LEmMMA 2.2. — For the covariance V as above and for A bounded and
open, the corresponding process I1%.(¢) is #(0A) measurable.

Lemme 2.2 expresses the notation of the higher-order markovia-
nity introduced by McKean jr [21] and Pitt [22] and then studied
by many peoples [/9] [20] [23]. In the case when the operator A is of
the second order it can be shown that #(9A) = £(0A) for sufficiently
regular JA and then we have the standard markovianity of g-order.

Whenever for any bounded open region A = R? and for any two random
functions G, F localized strictly in A (respectively in A¢) we have an equality

Eo {F-G|F(0AN)} =Eg{F|#(0A)} Eo {G|#(@0A)} (2.10)
we shall say that u{ is locally Markov. When the equality (2.10) holds

for unbounded A, we shall also say that u9 is globally Markov.
In the following we choose A(P) to be of the form

A=(-A+a)...(-A+0a), O<oy<a,<...<a,.

Annales de I Institut Henri Poincaré - Physique théorique



TRIGONOMETRIC PERTURBATION OF THE GAUSSIAN GENERALIZED FIELDS 209

With such a choice of A, there exists a constructive description of the
projectors I, in the space H(P) at least for A sufficiently regular from the
point of view of the theory of general hyperelliptic boundary Dirichlet
problems.

For g e C3(R?) it can easily be proved that I1,.(g) is given by the solu-
tion of the following Dirichlet problem:

(A(P) Txe(g))x) = 0 for xelntA,
O (Mac(@))x) = 3 ™(g)Mx) for xedA, k=0,...,n—1

where 9% denotes the k-th normal derivative at boundary point from the
interior. (2.12)

In the paper [24] the description of the projectors I .(f) for A with
piecewise C* smooth boundary and certain conical properties imposed
on 0A has been given as a weak-solution of the problem (2.11) in the space
S'(R?). More precisely, extending ideas of the basic work of Wiener [25]
in the paper [24] it has been proved that for u% — a every 5 € S’(R?) the
weak solution IT.(n) of the problem (2.12) exists if A fulfills the condi-
tions as above. From the ellipticity it follows that then I1%.(y) is a real ana-
lytic function inside A for u§ — a. every n e S'(R?) as a (weak) solution of
hyperelliptic homogeneous equation.

It is an immediate consequence of the above remarks that the Gaussian
Markov fields corresponding to the hyperelliptic operators as above have
local Markov property. The question about the global Markov property
is more delicate and has been resolved at least for hyperplanes by Mol-
chan [20] see also [19].

b) Gibbsian perturbation.

In a strict analogy with the Euclidean field theory we shall introduce
a concept of Gibbsian perturbation of the given Gaussian measure u$
as above. Let A be bounded open region in R?. A multiplicative functional
of the Gaussian field 49 is a random variable X, which is positive, ud-inte-
grable and for every open A; = A, X, can be expressed as the product of
two positive integrable random variables X, = X,,Xx-a, Where X,,
is X(A,) measurable. In this paper we choose

X; = exp <z‘[ J 1 cos a(p':v(x)dxdv(a)>,
A

v-bounded, real measure with compact support on R?,
2
o
: cos a ly(x) = exp > V(0) cos ap(x) 2.14

where o, z € R! and we assume V(0) < oo (see however remarks in section 5).

Vol. 48, n° 3-1988.



210 R. GIELERAK

which corresponds to the assumption that n > d/2. With the help of X,,
we than define a new measure

pald) = (Zy(2) ™' -Xa(@)i(dg), 2.15)
ZA(2) = m(Xx(9) (2.16)

which is called trigonometric perturbation of the measure u$ in the finite
volume. Of particular interest is the thermodynamic limit A T R of the
measure u,(dp). The simple Kirkwood-Salsburg [28] analysis gives.

LemmA 2.3. — For |z| < C(V) texp — a2V(0) — 1
where C(V) = sup f |e V™) — 1| dxdv(p), (2.17a)

a, =sup {|a| |aesuppdv} (2.17b)

the unique thermodynamic limit lil{n Ua(dop) = pno(z) as a weak limit exists.

The measure u.(z) is translational invariant and is concentrated on the
continuous functions. Moreover, the measure u(z) is ergodic with respect
to the translations.

Proof. — See [26] [27] where existence of u.(z) is proved. Algebraic
formalism of [28] then gives the cluster property of u.(z). The support
properties are the trace of the famous Kolmogorov criterion.

Our main interest concerns the Markov properties of the measure
Uo(z). Owing to the discussion from the earlier paper [15] we have:

PROPOSITION 2.4. — For |z| < C™Y(V)exp — a2V(0) — 1 the measure
Uo(2) is locally Markov.

The question about the global Markov property is much more delicate.
Owing to the detailed discussion of [/5] we have to check that certain
D — L —R equations have unique solutions. To explain the last we introduce
several definitions.

DEFINITION 2.1. — Any probabilistic Borel measure y on the space
S’(RY) will be called V-regular iff there exists a positive constant ce R,
such that

M@ () < <V, f). (2.19)

The class of V-regular measures is denoted by R(V).

DEFINITION 2.2. — Any probabilistic Borel measure y on S’ (R?) will
be called the Gibbs measure corresponding to the trigonometric pertur-

Annales de I’Institut Henri Poincaré - Physique théorique



TRIGONOMETRIC PERTURBATION OF THE GAUSSIAN GENERALIZED FIELDS 211

bation (2. 14) of the Gaussian measure 43 iff for any bounded open region A
the conditional expectation values with respect to the o-algebras #(A)
and the measure u fulfill:

EA{—-1ZFA)}()=E, {-|FA)}() (h—ae) (2.20)

and the measure y is locally equivalent to uy.

The set of all Gibbs measures corresponding to the trigonometric per-
turbations is denoted by %(z) and its intersection with the set R(V) is denoted
by 4,(z) and we call elements of %,(z) V-regular Gibbs measures.

Remarks. — A more detailed definition of the set 4(z) can be found in
the paper (15). Some result concerning the structure of the set %,(z) have
been obtained in (42) using certain correlation inequalities as a basic tool.

From the results of [15] it follows easily.

LemMA 2.5. — For any |z| < C(V)"'exp — aZV(0) — 1 the measure
U(2) belongs to the F,(z).

Let us take pe%,(z) and let Ry = {xeR?|x; = 0}.

According to the discussion of Albeverio and Hoegh-Kréhn [5] the
proof of the global Markov property for p.(z) amounts to the proof that
for p-almost every all n € S'(R) there exists a unique solution of the cor-
responding DLR (see eq. 5.1) to the conditioned interactions coming from
the explicit form of E, { — | #(Ro) } (), V-regular solution. Our verifi-
cation of the global Markov property follows this strategy. Firstly, in sec-
tion 3 we prove that the measure is the unique V-regular solution of the
DLR-equation (2.20). In section 4 we extended the technique used in sec-
tion 3, to cover the more general situation and check the global Markov
property is some cases.

¢) Some technical assumptions and results.

Let the open bounded region A = R fulfills all the assumptions neces-
sary to the existence and uniqueness of the stochastic boundary problem
(2.12). Then, for p9-almost every n € S'(R?) the solution of (2.12) is given
by IT%.(n). There exists a sequence of functions (bo(.,.), ..., bp=1(.,.))
each A x R? measurable and such that for 5 sufficiently smooth (say
ne Cg(R?Y) we can write:

n—1
HX(n)(x) = Z LA bi(y, x)0x ™ n)( y)da(y) 2.21)
i=0

Vol. 48, n° 3-1988.



212 R. GIELERAK

where do is the surface measure on JA. From this it follows:

W(IIXm(f) = Kae(f; f)

= Z L N do(y) L . do(y’) de f dy’bi(y, x)
Li'=0

@V YNy, X (2.22)

For an operator A chosen by (2.11) the covariance V(x) is real analytic
with fast exponential decrease as x — oo. The same decrease property
holds for its derivatives.

Therefore, assuming pu e R(V) and that A is such that K,. is continuous
in Int A we can define IT%.(n)(x) for p-a.e. n€ S'(R?) and all xeInt A as
a L2 random element with the covariance bounded as:

HIT% () (x)) < cKpelx, ). 2.23)

DErFINITION 2.3. — A open region A = R? is called V-regular iff the
solution IT%(n) of (2.12) can be given by formula (2.20), and moreover,
their exists a function F : (0, o0) — [0, o) which is continuous and mono-
tonously decreasing to zero as r T oo with an asymptotics at least like r ~¢7¢
for some ¢ > 0 and such that

Ka<(x, x) < F(dist (x, A%). (2.249)

Let A = R be V-regular. Elementary calculation gives then

Euo { F(@)Xa(@) | Z(A%) } ()
Euo { Xal@) | F(A°) } ()

T3 <F((p + T1X.(n)) exp (zf d(x) : e i, | @At - A))
A

P (em <z J d(x) : €% g, (x) 1 €T 1 ))
A

By the above remarks, local absolute continuity of ue%,(z) and uy the
above formula can be written for p a.e.ne S!(RY).

E, {Flo)| #(A)} () =

(2.25)

DEFINITION 2.4. — A covariance V is regular iff there exists V-regular
open bounded region A such that all its homothetic images A, are again
V-regular.

We remark that in most of the interesting cases the regularity of the
covariances corresponding to the operators A can be checked explicitly
on spheres which gives also the exponential decay of the function F.

Annales de I’Institut Henri Poincaré - Physique théorique
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Let us define also the o-algebra of events at infinity as

F, = m F(AY) (2.26)

AcRd

A-bounded and open.

LEMMA 2.6. — A measure pue%,(z) is a pure Gibbs measure iff the
algebra #, is 0 — 1 g-algebra for it.

LEMMA 2.7. — A measure pe%(z) is the unique Gibbs measure iff
for p-ae. neS'(RY), any L!, integrable random element F(p) and any
countably generated filter of bounded subset of R? : { A} tending to R?

we have.
1(1,{? E, {F(o)|#(A)} = uF(9)). (2.27)

The above results are well known [5] [15]. They provide as with the cons-
tructive tactic for veryfying the global Markov property for p.(z). Let { A }
be a countably generated filter of bounded subsets of R? tending to R%
Assume that V is regular and let Y be a V-regular set. From the reverse
martingale theorem it follows that it is enough to control the limit of
the Lh.s. in formula (2.27) by controlling it on the monotonic sequence
(Y,), for which formulas (2.25) can be used.

DEFINITION 2.5. — Any such sequence (Y,), will be called V-admissible
sequence.

LemmA 2.8. — Let ueR(V).

Let V be regular and let (A,) and (Y,) be two V-admissible sequences
and such ‘that dist (Y,, A5) - o

Then there exists a function f: S'(RY) — [0, co] which is finite p-a.e.
and such that for any unit cube A = Y, the following estimate is valid

j % (n)2(x)dx < f(n)F (dist (A, A7) (2.28)
A
valid for any f8 such that:

Z F (dist (Y,, AS)' #1Y,| < . (2.29)

COROLLARY 2.9. — Let peR(V) and let A be V-regular set for the
regular covariance V. Then, for any unit cube A = R? we have:

li_gn || % (1) ||L1(A) = "11210 ” I1%:(n) |IL2(A) =0. (2.30)

for p-a.e. n e S'(R?).
For the simple proof of Lemma 2.8 see our accompanylng paper [42].

Vol. 48, n° 3-1988.



214 R. GIELERAK

3. UNIQUENESS FOR SMALL |z |

Throughout this section we assume that V is regular. In this section we
prove one of our main results of this paper. We prove that the measure
H«(2) constructed in the previous section is pure Gibbs measure for small
|z] < C™!(V)exp — a2V(0) — 1. As follows from the discussion in sec-
tion 2. We have to investigate the Ho(2) content of the « g-algebra at infi-
nity ». To prove triviality of this algebra relative to the measure Loo(2)
it is sufficient to prove that:

V lim E, , { Y| F(A)]} = po(e?V) 3.1
SeCg(R4) ATR4
Simple calculations give the following formulas by the conditioned expec-
tation valus (for A V-regular)

Eiei { ey | F(A°) } ()
_ 13,.(exp (in(Tx<( 1)) exp (ip( /) Xa(e + TT%(n))
H8\(Xa(@ + TIX:(m)))

1
= exp (in(T1x<(f))) exp <— 35S f ))

- i <exp <ZJ d(l‘) e :SN(X) - eladlh: () K (3.2
A
.(e—af*SAc.(x) - 1)

1
= exp (in(T1xe(f))) exp ( — 5SS f )>

§ —.f “'fd(z)n| |[e-“ff*5~<x-"— 11 p(n)
n:Ja A J
n=0 i=1

where the conditioned correlation functions p} are defined by the following
formulas:

n
T

PR = 27 | | x40 (x)

i=1

- (3.3)
. #Z < i{ eiaw(xi) :sAr>

and the measure u} by:
HAdo) = (Z}(2) " 18, (d¢)'exp<2 f

A

d(x) : ™ sa<(x) e MMhe(1]) 1K~(X)> (.4

Formulas (3.2, 3.3) are valid for p.(z) almost every 7 € SY(R?).

Annales de I Institut Henri Poincaré - Physique théorique
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Lemma 3.1. — Let (A,), be V-regular sequence.
For u.(z)a.e. n we have
lim eMTManD = 1, (3.5

wherenever f € CF(RY). The whole essential volume dependence in for-
mula (3.2) comes from that of p}. Therefore, we concentrate on them.
Making out the shift transformation

@ = @ — if*S) (3.6)

we obtain the following identities between the conditioned correlation
functions:

n

PA(),) = 2" —l s el - ()

i=1

- exp L_ al'ZaisA‘-‘(xl - xi)]
i=2

i=

: uX( _I: €% 15 . (x;) exp (z j d(x) : € 1y(x) : €T (x)))
L A

i=2
(e~ = _ 1)) 3.7

which are nothing more then the familiar Kirkwood-Salsburg identities.
In the following we concentrate on the analysis of the identities (3.7).
Let B, be a Banach space which consists of all sequences of the functions
{ Pux, 0, }1 = ¢ where ¢,(x,a), are complex measurable functions
defined on (R¢® R')®" so that the norm

Ille = sup & "ess gupl P(x, o), | (3.8)

(x,a)

is finite. The positive real number ¢ is fixed and will be chosen later. In
the space B, we define the operators K. by the following formulas:

(KA°¢)1(xs (X) = Z J'd(z)m ﬂ [e_aﬂj.s (x_yj)_ll(bm(zm)’ (39)
’ m=1 i=1
(KACdf)n(X, ), = exp (‘ ZalajSAc(xl - xj))
ji=2
-{¢,._1(x, Wt + Z - jd(wm H [emertSartm = — 1]
m!
m=1 j=1
_¢n+m—-l((x, 0‘):’.—1,(}’, ﬂ)m)} (310)

Vol. 48, n° 3-1988.



216 R. GIELERAK

Let us define also the following operator:

(2 Blx, @) = n XX DX, @) = 2a(X)n Dy(x, 1), (.11

i=1

and the vector o : a, = 4,,.
With these definitions we can rewrite the identities (3.7) as:

PAX) = ZxA(X)y - €A (1)
+ zxa(x), ; € TTacm 3KN(X1)(KA=P7\)()_€).,- (3:12)

A crucial step in the proof of the uniqueness is done by the following result.

ProposITION 3.1. — Let { A, } be arbitrary V-admissible sequence of
bounded regions in R Then for yu.,(z) almost every n € S'(R?), any compact
E < R™ we have:

lim sup | p},(X)m — Pk *(X)m|=0 (3.12)
"0 ()meE -
for lz] < C"Y(V)exp — aZV(0) — 1.

We start the proof of this proposition by a series of simple remarks.
Let M1 denote the permutation operator (see [28], then because of the
symmetry of p} we can rewrite equations (3.11) with [1K,. incread of
MK,.. In the following we choose those permutations IT*(A,,) for which
we have:

m

ZalajSAﬁ(xl - xj) Z _— ai'SAﬁ(O). . (313)

=2
Lemma 3.2
L. For £ =C(V)™ % |z| < C(V) 'exp — a2V(0) — 1 we have
| 2 5O, ||, < 1 G4
uniformly in # and A.
2. For|z| < C(V) Yexp — aiV(O) — 1 the following estimate

zC(V)

- w4V(0) 3.15
1 — 2C(V)e%V(0) + 1°¢ G.15)

1 { PR} e <

is uniformly valid in # and A.

Annales de I’ Institut Henri Poincaré - Physique théorique
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Proof. — Let us take ¢ € B, and observe:

£ | 2 MR VTR N B)nl)n |
< &1 z| exp (EC(Sad)) exp (a3 Kad(0)) exp azSa<0) || ||
< ¢t z|exp agV(0) exp EC(V) I |l

Tp prove the second part we use the equality (3.11) and we estimate

2 2
llpAlle<&™t eXP(%KAc(0)>+ &7t z|exp <a—;V(0)> exp (EC(V)) || pA ||

from which the estimate follows.

The space B, is the dual space of the space *B, consisting of sequences
of functions f = { f(x, @), },=1,,,.. with measurable components equipped
in the norm:

*I il = zﬁ"Jd(_Jg)nlf,,(z)nl~ (3.16)

n=0

From Lemma 3.2 (2) it follows that for p.(z)-almost every 5 € S}(R?)
the vectors { p}, }a, form the *-weakly precompact set in the space B..
From the Banach Alaglou theorem it follows that there exists a convergent
(in the *-weak topology) subsequence (n') = (n) for any V-admissible
sequence (A,).

LemMMA 3.4. — For u.(z) almost every € S'(R?) and any V-admissible
sequence { A, } we have:

*-o lim jelMam  (x)=1. (3.17)
Proof. — This follows immediately from Lemma 2.8 by taking into

account the assumed decay of K. and the local L,-convergence of IT%(r)
to zero.

LeMMA 3.5. — For p,(z) almost every n € S'(R?) and any V-admissible
sequence { A, } we have

i) Kas 225 K., (3.18)
ii) IRy o TIK., (3.19)

Proof. — The limits in i) and ii) are taken in the *-weak topology of the
space B i.e. (3.18) and (3.19) are equivalent to the statements that:

vV s-wlim (Kye — K,)f =0 (3.20)

fe'lﬂg n— oo
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and L R
vV #-wlim (1K, — [IK,,) f =0. (3.21)

fexBy "T®

It is well known that the strong convergence of the duals *Kye (resp.
*(f1K ) in the dual pair (*By, B,) to the corresponding *& ., (resp. *(T1K )
yield the assumed convergence in (3.20) and (3.21). The dual operators
*[K e and *(IK ) can easily be calculated (see [30]) for the similar cal-
culation with the results

(*Kac)()nlx, )= [* k €xXp — Z 01 0:S¢(x ¢ "xi))ACA(ﬁ):, (x,0),, (3.22)

(K ) £)(x, o), =[* kexp— Z a0, V(xy —x,.)ﬁ] (x, a),, (3.23)

i=2
©

*[I(A) = Zﬁivj’ HIOANKs) = FRae)*TIA)  (3.24)

Jj=1

where the operator *% is defined by

(* %(Af)ﬁ)(x, o), = Z % Jd(z) n [e—ﬁs,\c(y—xj) - 1]
m=0 j=1

St 14n(PmV (X5 — X)) O — 1 + m) (3.25)

(with an obvious notation) and the operators I1 s Vj are defined in ([30),
formula (3.4) and (3.5). On the basis of these formulas and the assumed
fast convergence of S,c to V it is not difficult to finish the proof of the
convergence in (3.20) and (3.21). From Lemmas 3.4 and 3.5 we extract
now the proof of the following corollary.

COROLLARY 3.6. — Let |z| < C(V) Lexp — a2V(0) — 1 and let (A,)
be an arbitrary V-admissible sequence of bounded regions in R%. Then for
U(2) almost every 1 € S’(R?) we have:

*-wlim (p} (X)) = *-w lim (0]~ (X)) = (o)) (3.26)

Proof. — From the Philips theorem [3/] it follows that we have equalitiés
for the resolvent: :

R,(*(f1Ky) = *R,(NKye), (3.27)
R,(0IK,)) = *R,(NK.). (3.28)
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and the corresponding convergence of them. Taking into account Lemma

3.2 (1), Lemma 3.5i), Lemma (3.4) and the fact that in any dual pair

(*B;, B;), from the convergence fi, i fi, and ¢, ¢, it follows

that (f,, #,) — (f.., $o) as n — oo, we easily conclude that for any
i e*B:and |z| < C(V) 'exp — a2V(0) — 1 we have the equality:
lim Cf, pR,(2) — P%(2) >
= lim (£, R(: e @ i (AIRpeN T - € ™ i, 2)—RA(K)a >
= lim {< (*R,(: ™™™ @ 11Ky) —*R.OK)S,
(XAt M (n) Kae Da >

CEHR,( e M0 1 IR ) —*R.(OK)E

Finally, we scetch a proof of Proposition 3.1.

Let | z] < C(V)"!exp — a2V(0) — 1 and (A,) be an arbitrary V-admis-
sible sequence of bounded regions in R% Both p}, and p,, fulfill the well
known Mayer-Montroll identities which in the case of p}; can be obtained
by successively integrating all the exponentials in formula (3.3) with the
result:

PAX)n= 2" YA (Xn" ﬂ el 1y (x;)-exp (— Zaia Sac(xi—x j))

i=1 i<j

. pﬁ(exp <z j d(x) : € :y (x)e™M “”(x)(l_[e_“"s'\‘ Gamx) 1>>> (3.30)

Now the comparison with the corresponding Mayer-Montroll equations
and the assumed fast convergence S, — V yields the assured results by
standard considerations (see [30] [32]). Hawing proven Proposition 3.1
and taking into account formula (3.2) (or using the fact that the moments
p(2) determine in a unique way the measure p(z), we can conclude the
following:

THEOREM 3.1. — Assume that |z|{ C(V) 'exp — a2V(0) — 1. Then
the measure p(z) is the unique Gibbs measure in the set %,(z) corresponding
to the interaction (2.13).

Remark. — We note that using the method of comparing the corres-
ponding Lioville-Neumann expansions, it is possible to extend Theorem 3. 1
to the following sharpened form:

“THEOREM 3.1’. — Let (A,) and (Y,) be two V-admissible sequences of
the bounded regions in A such that linL dist (Y,, AS) = oo and for every
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n:Y, = A,. Thenfor|z| < C(V)™'exp — a2V(0) — 1 and for p(z) almost
every 1€ S'(R?) we have
Hm | 7v,(6R, = puo) [l = 0

n—oo

if we choose & = C™1(V).

4. FROM THE LOCAL
TO THE GLOBAL MARKOV PROPERTY

Let V be a markovian covariance with V(0) < oo. In this section we prove
that the unique Gibbs regular measure p(z) has the global Markov pro-
perty assuming that 9 has this property and | z | < C(V)™! exp—a2V(0)—1.

In the following we restrict ourselves to verifying the global Markov
property in the hyperplanes. Due to the euclidean invariance it is enough
to consider the case £, = {xeR%,x; =0}.

However, our techniques applies to the more general hypersurfaces as
well.

According to the general strategy originated by Albeverio and Hoegh-
Krohn in order to verify the global Markov property for the measure
1o(z) we have to prove the uniqueness of the (regular) solution of DLR
equations corresponding to the measure pudy, and the interactions

z f D% 1y (x) e D(x)d(x)

for u.(z)-almost every n € S’(R?). See the basic paper [5]and papers [6] [7]
[81 [15] for some application to the quantum field theory.

Let (A,) be V-admissible sequence of bounded regions in R? and let
us denate A = A, n R4 where R4 = {xeR?| x; > ({,)0 } and we assume.
that 0A, N X, are of dimensions d — 2. Furthermore, let us introduce
0A, = OA, — Z,. From the DLR equations and the local Markov property
we obtain the following expressions for the conditioned expectation values

with respect to the g-algebra #(Z, U dA,):

Euw(z){F | eg’-(EO uan)}(")
=Eu%{F|XA|=97(Zoumn)}(’7)
Eu%{XAlg’-(ZOUF/{n)}(”)

Wsouan | Flo + 1% o, () exp <Zf d(x) : € -y (x)e™Mrovan. "”(x)>>
An /

s, oak, <exp (z J;" d(x) : € y(x)eMiovon (")(x)>> @4.1)
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valid for any A, — X, measurable and L,‘ (»y integrable F and um(z) almost
every 7. The objects IT%, sz, are defined in terms of the corresponding pro-
Jections Ily, 7, in the space H(P). In particular for F(¢p) = exp io(f)
with supp f'= A, — ¥, we obtain '

1
B { €7D F(Z U3A,) } (m)=exp < ~5 Sz f ))exp (i1, oo, ()

MUK (CXP< j d(x) : € :y(x) e Mrouin, M)
An
. (e—a(SzOUaT\"*f)(x) - 1)).

According to the outlined before A-HK general strategy we have to prove
that
llm E .1 e’V F(Zou dA,) } M=E, . { e | F(Zo) o) 4.3

for u,(z) almost every n € S'(R?). Comparing with (4.2) we conclude that
to prove (4.3) we have to show:

A)
"llrg < n, Hiouﬁn(f) > = <”s Hzo(f) > (uoo(z)-a'e-) (44)

and

B) Defining the following conditioned correlation functions:

PRz ({)mE,qu,A,(”' S oo, (x)> l—[ GO )

where
Proa{—) = (23, ) HSs s <—exp (zf d(x) : € y(x)- e Mzoven, M (x) >>,
4.5)
go,A"=ugw.An <exp <z f d(x) : € 1y(x) - e MEoan, Wx))) (4.6)

we have to show that p}* tend in the limit n = oo to the following moments:

pg&,@)ﬁzm”:emn ® e () ﬂzomq—[: o (x )) 4.7
i=1

i= i=

7 where
Moo = Wlm B, 4.8)

Here (Y,) is an arbitrary V-admissible sequence and A3, v, is defined as

P (00~ Bh) "exp (2] a9z 00 ) i, ), 4.9)

23, = s, (exp< J d(x) : € :y(x)" &k, ""“‘))) (4.10)
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The standard Kirkwood-Salburg analysis gives the existence of the limits
2
4.8) for |z| < C(V)"'exp <— %K;Q(O)) exp (—a2Sz,(0) — 1) and for

Uo(z) almost every ne S'(RY).

Some arguments from the theory of martingales give the existence
of p}, . and the equality (4.8) for |z| < C(V)™!exp — a2V(0) — 1. Now
we impose a certain technical regularity condition on the Markovian cova-
riance V under which we shall be able to verify A) and B).

DEeriNITION 4.1. — Let dB(p,) be the sequence of spheres of the form:
0B(p,) = {xeR¥| | x| = p, } -where we assume that p, - c0 asn — ©
and let A be any unit cube contained in B(p,) — Z,.

We will say that a given covariance V is strongly regular iff V is regular
and fulfill:

SM1) for p(2)-ae.

,,hjg ” nﬁoua_ﬁ(pn)(’l) - I1¥,(m) ||L1(A)

SM2) KEgu?ﬁ(pn)(x’ x) - Kzo(x, x)

uniformly on compacts in R — Z,.

The class of the strongly regular covariance we shall denote by SM.
For Ve SM the verification of A) is trivial. In a strict analogy with the
analysis of section 3 we shall verify point B) of our strategy by a comparison
of the corresponding Kirkwood-Salsburg equations. The correlation func-
tion pn* fulfill the following Kirkwood-Salsburg identities:

prEo= 7 ; gi*MEM Ky, () 2tz ety (0 Ky, OIKZe)p%E (4.11)

at least for small z (uniformly in #), where the dperator K(Z,) is defined
(in the corresponding space B,) by the following formulas:

(REs(x2) = Z Jd( X’")H IS (s (@12)
m=1 i=1

(K(Eow)m(% o) = €XP <— Z 0085, (x — X j))

=2
o0 1 m
. { Pu—r(x, 00001 + Z mjd(z)m H [e™@hSsotri=y) _ 1]
m=1 ) j=1

“Ontm—1(% D1, (3, Blm) - (4.13)
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The corresponding Kirkwood-Salsburg identities for the conditioned
correlation functions are

Pl = z: M40 o) () ;me_w")(x)- o
+z: "M, LaB (o) :Kzouﬁ(m(x).ﬁk(zo v aB(rp..))'p'é’(,fﬁ)

where the operator K(Z, U 8B(p,)) is defined by formulas like (4.12) and
(4.13) but with Sy, 56(,,) and Ky, 5, instead of Sy, and Ks,.

LEmMA 4.1. — Let Ve SM.
1) For p,(z) almost every ne S'(R?) we have the convergence

NKE, U B(p,) =5 MK(Zo)
in the *-weak topology.
2) For p.(z) almost every ne S’ (R?) we have the convergence :

_ m e L3E (o M) - — - piall% (n) -
*n‘ﬁl}m - €7 RouaBen) KrgoiBom — - € ¥ 'Kzo(x) .

The proof follows exactly the arguments used in the proof of the cor-
responding proof of section 3 using additionally the regularity assumption
made on V and will be not written here. Applying further the arguments
of the section 3 we derive the equality

*-w lim pfGs, = pl,

valid at least for i
' Ol
|z| < exp <— ?KAV_O(O)>C(S£0(O))_1 exp (— aZSz,(0) — 1)

and u,(z) almost every 7. _
Thus we have essentially the following theorem:

THEOREM 4.1. — Let V& SM and p9 have the global Markov property
with respect to the hyperplane X,. Then, for |z| sufficiently small the
measure p(z) has the global Markov property with respect to the hyper-
plane X,.

Finally, let us say a few words about the regularity condition imposed
in Definition 4.1. Let A(V) be an elliptic operator corresponding to the
Markovian covariance V. Then, the function IT%,, spw(M)(x) is a solution

of the equation: ‘
AL, o5 (1)(x) = 0
for xeR? — (£, U dB(n)) such that for xe X, we have
H§0,6B(n)(r’)(x) =0,.., 8;“""(H§‘0,63(,,)(11))(x) =0,...
up to: =n — 1 or d(V) and for x € dB(n) we have
%, o8 1)) =1(x) — g, (m)(x), . .., aye"- l(nfoan(n)(ﬂ))
=0n"" (1) =TI, (M)(x) -
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According to the general theory and assuming moreover that the operator A
is such that for £, U dB(n), Z, there exists potentials { b7°(y, x) }i=o,...n- 1

.....

.....

I3, (n)(x) = E L da(y)bE(y, X)) y)

n—1
1%, 0o (M(X) = Z L o8 do(y)bF By, X)) y)
oUdB(n)
i=o

valid for x ¢ X,.
From the proceding remarks we obtain

0%, onm(M)(X) = J Z bEVBE) y, x) O (n(y)— & m)(y))da(y)
oB(n)
i=0

n—1
= LB( ) Z pEovTBa(y, x)(ai,{“’ir])( Vdo(y)
i=o

n—1
- j Z bEOTBOy, x)0, (TTE, (M) y)da(y)
B(n)
i=0

valid for x¢ X, U B(n) and py-almost every neS'(R?). The above for-
mulas seem to be basic for the constructive description of the set SM
of covariances observing additionally the bound: (which follows from
the V-regularity of u,(z))

pw(l'lfo,m(n)('l)z(x)) net1

szdj do(y)|_ do(y)- Z b=y, x)bFo Ty, x)ptl(F )Y
7B(n) TB(n) =0 (5i.§'t’i"1)()’ '))

+2cf do(y) J do(y): Zb?’ﬁ‘"’(y, XBETOY, Xy
B(n) 7B(n) n-1
(B (1%, (1)(y)) - B TIE)(3)))

i,i'=0

) n=1
r 2cj do(y)|  do(y) Z BTy, x)F0 Ny, )V, )
7B(n) oB(n) b= - - -

n—1
+2€J da(y)J da(y) 2 bRy, x)bEow BNy, x) O (K gy V)
B(n) B N
=

oB(n)
i,i'=
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The last estimate should play a basic role in the verification of the condi-
tions imposed in Def. 4.2 on the covariance V. The detailed description
of the set of Markovian covariances fulfilling those conditions will published
elsewhere.

5. ADDITIONAL REMARKS AND COMMENTS

1. It is well known that the notion of the Markovianity depends heavely
on an indexing space chosen. For example, if we take the space CZ(RY)
as index space then the Markov property should be defined in different
fashion. This notion enlarges the class of admissible covariances [33].
In particular for the case d = 1 the covariances with spectral functions
equal to entire functions of the infraexponential type are in this class.
Generalized random fields indexed by other function spaces have also
been discussed in relation with the theory of hyperdistributions [34].
Our point of view corresponds to the indexation by space of measures
(in our cases they are the classical Sobolev spaces) in the full analogy with
[5]1 [19] [24]. For recent developments in the theory of the Gaussian
measures corresponding to the strongly elliptic differential operators of
second order, see [36] [38] and for a review of such questions see [39].

2. In the paper [40] there has been developed a theory of generalized
Ornstein-Uhlenbeck processes corresponding to the markovian covariances
of the type used in this paper and taking values in the space S’(RY). It
would be of certain interest to develop the theory of differential stochastic
equations for such processes in the spirit of [4/].

3. We would like to stress that up to the present authors knowledge
there does not exist any satisfactory version of the general Dobrushin-like
theory to treat the functional DLR equations. We hope to discuss this
problem elsewhere.

4. In the case when V(0) = oo we can introduce U—V regularization
of the perturbation in the following way. Let y, € C¥(R?) be positive and
with support contained in the ball B* = {| x| < ¢ }. Then, we can consider
the perturbation of the Gaussian measure u3 of the form:

padg) = (Zi(2) ™" exp <Z J

1 Cos g, sz(x)dx)ﬂov(d@
A .

where
P = @ * Xe, Vc(o) =((x® Xs) * V)(O) .
Assuming that V is the Markovian covariance we note the following for-
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mulas for the conditional exceptation values with respect to the measure y5, :
E,\ { Flol F(A) } (n)
pQ,E(F((p + I1%:A(n)) exp (z J d(x): e*? xvte"""'("))>

A

l‘ge(exp (Z J d(x) : e :vseim?\ue(n)(x)>)
A

Sor @y, ¥) 1 X, ye A — d(A),
V.(A?) = 0 x€(@N) ¥ ¢(0A), or x¢(0A), Y€(0A),
Sonc—@ayo(%, ¥) 1 X, ye A®

where

and

M- , eA — (0A),
() = { Fae - @ (M) x (OA)

n(x) » x€(A),,
(OA), = { x| dist (x,0A) < ¢&}.
Now let us consider the stochastic decomposition of the free field with

respect to g-algebra #((Z, v dB(n)),). For this let us define the following
functionals of the field o

( ng(B(n)nké, —((6B(n))au(20)c)(¢)(x) :x€Bn)
A R%Y — (Zo U 0B(n)),
Z@era - (@B cuzo)(@NX) ©x€B(n)
A RL — (T, U IB(n)),
1%, B (@)(x) = o(x) . x €(Zo), v (0B(n)),
I Bmen®e (20).umBmy(@)X) : x € B(n)
N (R4 — ((Zo): v 0B()),)

T3 menRa— (20) @By @)(X) © x € B(n)®
N RL~ ((Zo). v (0B(n)),)

and let
O0:xe (20)8 ) (aB(n))e

OEo).u@Bmy.(X) = < thefree field with the Dirichlet boundary condition on
0(Zo): W (GB(m),)  for  x¢(Zo), U (0B(n)),-

Then, the formula
¢ = Pzo).u@mmy. T IE,,080()

gives the stochastic orthogonal decomposition with respect to the s-algebra
F((Zo)e © (OB(n)),)-

Assuming certain local decay properties of the kernels K associated to
the decompositions written above one is able to prove the following Mar-
kov property of the unique (for small sufficientlyz) thermodynamic limit
e (do) of the measure.
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THEOREM 5.1. — Let the kernels K;,,;5 have certain local decay pro-
perties. Assume that | z| is sufficiently small. Then, the measure u,(d¢)
has the following e-Markov property.

Let R4 {xeR?|xo>({)¢e} and let F, G are two strictly localized
(respectively in R%* and R%?) functionals of the field u%,. Then, we have

By {F'G|#(Zo))} = By, {F| #((Z0): } Eue, { G| #(2),} (4.13)

where the equality (4.13) holds u% (z)-almost everywhere.

In particular taking the U—V regularization (by this we violate the
rotational invariance) to be local in time, we can also prove that the global
Markov property holds also with ¢ = 0 and with respect to X,. Hence
there follows the existence of the transfer matrix in the x,-direction for
the corresponding gases.
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