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ABSTRACT. — We study the semi-classical asymptotic behaviorash — 0
of total scattering cross-sections for Schrédinger operators —(1/2)h*A+V,
when energies are fixed in non-trapping energy ranges. The proof is based
on the semi-classical estimates for resolvents and the argument applies
to the asymptotics for forward scattering amplitudes.

REsUME. — On étudie le comportement asymptotique semi-classique
quand h — 0 de la section efficace totale pour 'opérateur de Schrédinger
— (1/2)h*A + V, pour des énergies dans des régions sans trajectoires
piegées. Les démonstrations sont basées sur des estimations semi-classiques
de résolvantes, et les arguments s’appliquent au comportement asymptotique
de 'amplitude de diffusion vers I’avant.

§ 0. INTRODUCTION

In the present paper we study the semi-classical asymptotics for total
scattering cross-sections of Schrodinger operators H(h)= —(1/2)h2A+V,
0 < h < 1,in the n-dimensional space R}, n = 2. Asis well known (e. g. [10]),
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416 D. ROBERT AND H. TAMURA

if a real-valued potential V(x) satisfies | V(x)| < (14]|x|)"* with p> (n+1)/2,
then the scattering matrix S(4, ) with energy 4 > 0 can be defined as a
unitary operator acting on L*(S""!), $"~! being the (n— 1)-dimensional
unit sphere and also S(4, h) — Id is an integral operator of Hilbert-Schmidt
class. The kernel of this operator is represented in terms of the scattering
amplitude f(w — 0; 4, h), (0, 0)eS"™! x §"~ 1, with the incoming direc-
tion w and the outgoing one 6. (The precise definition of f(w — 0;4,h)
is given in section 1.) The total scattering cross-section a(w; 4, h) is defined by

o(w; 4, h) = j

Rid

| flo - 0;4,h)?d0

and also the averaged total cross-section a,(4, h) is defined by averaging
o(w; 4, h) over w. The aim of the present paper is to study the asymptotic
behavior of o(w; A, h) in the semi-classical limit h — 0.
We shall first formulate the main theorem precisely together with some
assumptions and then make several comments on recent related results.
We make the following assumption on V(x).

AssuMPTION (V),. — V(x) is a real C*-smooth function and satisfies
|05V(x)| < Co < x>7P7H

for some p > 0, where (x> = (1 + | x|?)"2
We further assume that the energy A > 0 under consideration is non-
trapping in the following sense.

Non-trapping condition. Let { x(t; y,n), &(t; y,n)} be the solution to
the Hamilton system x = &, ¢ = — V,V with initial state (y, 7). We say
that energy 4 > 0 is non-trapping, if for any R > 1 large enough, there
exists T = T(R) such that | x(¢;y,n)| > R for |t| > T, when | y| <R
and 1 = |n%/2 + V().

We require some notations to formulate the main theorem. We fix the
incoming direction w € S"~ ! and denote by I1,, the hyperplane orthogonal
to w. We write x = y + ws, se R!, with y e I1,,. Under the above assump-
tions and notations, the main theorem is stated as follows.

THEOREM 1. — Assume (V), with p > (n + 1)/2, n = 2, and that the
energy A > 0is fixed in a non-trapping energy range. Then the total scattering
cross-section o(w; A, h) obeys the following asymptotic formula as h — 0:

0

o(w; A, h) = 4J sin? |:2_1(2l)" 12p-1 J V(y + sa))ds]dy + o(h™)
)3 P — 00

withv =(n — 1)/(p — 1).
We should note that if C™' (x> * < V(x) £ C{x)>7? C>1, then
the leading term is comparable to the order O(h™").
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ASYMPTOTICS FOR TOTAL CROSS-SECTIONS 417

The proof of Theorem 1 is based on semi-classical estimates for
resolvents. We denote by the same notation H(h) the unique self-adjoint
realization in L*R") and by R(z; H(h)), Im z # 0, the resolvent of H(h);
R(z; H(h)) = (H(h) — z)~ 1. Let LZ(R%) be the weighted L? space defined by

LARE) = { f(x): {x)*f(x)e LA(RY) } .

Then, by the principle of limiting absorption ([/], [3], etc.), there exist
bounded operators R(A + i0; H(h)): L2 — L2,, a > 1/2, defined by

R(4 + i0; H(h)) = s-lilng R(A £ ix; H(h), 1 >0,

strongly in L2 (R}). The next theorem plays an essential role in proving
the main theorem.

THEOREM 2 (resolvent estimate).— Assume (V), with p > 0 and that A > 0
is non-trapping. Denote by || || the operator norm when considered as an
operator from L*(R%) into itself. Then, for any a > 1/2,

1 <x>7*R(A £ i0; H(R) {x > 7| = 0(h™ ")

ash — 0. Furthermore, if Aranges over a compact interval in a non-trapping
energy range, then the above bound is uniform in A.

Now, we shall make several comments on recent results related to the

main theorem.
1) The bound

b
Ja(cu;l,h)=0(h‘”), O<a<b< 0,
is proved by Enss-Simon [2] when |V(x)| S C<{x)>7% p> (n + 1)/2.
It should be noted that the above bound is obtained without assuming
the non-trapping condition for A€ [a, b].

2) The weak bound for the averaged cross-section o ,(/, h) without avera-
ging over energy A;a,(4, h) = 0(h™") is proved by Sobolev-Yafaev [/3]
without assuming the non-trapping condition.

3) Recently, Yafaev [16] has obtained the sharp bound a(w; 4, h)=0(h~")
in the high energy case

0.1) /1>0<ill}f<2sup(ﬁ“|x|(6/6|x|)V+V).
The proof is based on the sharp resolvent estimate
©.2) [[(Ix[+n)  RALO;HME)(| x|+ *|SCh~ 1725 a>1/2,

with C independent of b, 0 < h < 1, and r, r 2 1. Under assumption (V),,
the restriction (0.1) implies that 1 is in a non-trapping energy range. Our
resolvent estimate (Theorem 2) is a special case of (0.2) with r = 1.

Vol. 46, n° 4-1987. 16



418 D. ROBERT AND H. TAMURA

4) Furthermore, under the assumption (0.1), Yafaev [16] has obtained
the asymptotic formulaash — 0ofa(w; 4, h)for a certain class of potentials
such as V(x) behaving like

V(x) = ®x/[xDIx|7”+0(x|7"), |x| - 0,
with ®e C(S"™1);

0.3) o(w; A, h) = doo(w)2A)*h™" + o(h ™),

where

oo(w)= J =2 sin? (r! ~#/2)dr x J f O sin 0+ w cos 0) sin”20d0 | dy.
0 sn-2 0

Formula (0.3) follows from Theorem 1 by taking spherical coordinates
in I1,,. The proof for (0. 3) in [/6 ] seems to rely on the homogeneous property
of V(x) at infinity. Theorem 1 will be considered as an extension to the non-
homogeneous case as well as to the case of non-trapping energies, although
the restrictive regularity condition (V), is assumed.

5) Now assume that V(x) € Cg(R%). Then we can easily guess from Theo-
rem 1 that a(w; A, h) = 204(w) + o(1) as h — 0, where oy(w) denotes
a classical scattering cross-section for the incoming direction  (i. €. cross-
section of the support of V(x) along the direction w). We will prove this
result in section 4, assuming a certain condition on the corresponding
classical systems in addition to the non-trapping condition. This problem
has been conjectured in [2] and Yajima [/7] has proved this convergence
when averaged over A without assuming the non-trapping condition.

§ 1. TOTAL SCATTERING CROSS-SECTIONS

Throughout this section we assume V(x) to satisfy (V), with p > (n+1)/2.
We collect some basic facts about the stationary scattering theory for
Schrodinger operators H(h) = — (1/2)h’A + V. For details, see, for
example, the book [I0].

Let Ho(h)= —(1/2)hA and denote by ¢o(x; 4, o, h), (4, ) € (0, 00) x STt
the generalized eigenfunction associated with Ho(h);

dolx; 4, h) = exp (ih™ /24 {x, ),
where ¢, > denotes the scalar product in R". We further define y(x; 4, @, h) by
Volx; 4, o, h) = co(d, W)dolx; 4, @, h)
with the normalized constant
co(A, h) = (2mh)~"2(22)"~ 24,

Annales de IInstitut Henri Poincaré - Physique théorique



ASYMPTOTICS FOR TOTAL CROSS-SECTIONS 419
Then the unitary operator Fo(h): L*(R%) — L?*((0, oo); L?(S" 1)) defined by
(Fo(W S )4, w) = J Yolx; 4, w, h) f(x)dx
Rn

gives the spectral representation for Hqy(h) in the sense that H(h) is trans-
formed into the multiplication by A in the space LZ%((0, o0); L%S"™1)).
The generalized eigenfunction ¢.(x; 4, w, h) of H(h) is given by

¢+ = do — R(4 £ i0; H(h))V¢,
and we define ¥ . (x; 4, w, h) as in the same way as Yo; ¥+ = co(4, WP .

Let S(4, h): L*(S"~!) — L?(S"!) be the scattering matrix defined for the
pair (Ho(h), H(h)). As is well known, S(4, h) is unitary and takes the form

S(4, h) = Id — 2ni)T(4, h).
Here T(4, h) is an integral operator of Hilbert-Schmidt class with the kernel
T(O, ; i: h) = (Vl//'i'( N )‘" , h)3 lpo(' 5 j', 03 h)) ’

where (,) denotes the L2 scalar product.

We shall discuss the relation between the scattering amplitude f(wo — 6;
A, h) and the kernel T(6, w; 4, h). Let Go(x—y; 4, h) be the Green function
of R(A + i0; Hy(h)). We know (p. 196, [2]) that Gy(x; 4, h) behaves like

Go = c;(A h) | x|~ V2 exp (k1 /24| x X1 + o(1)) as |x| — oo,

where
c1 = (Qm)~ T V224" 3% exp (—i(n—3)(n/4)h TV

We now write x = | x |6, 0eS" L. Then it follows from the Lippmann-
Schwinger equation that ¢.(|x|60; 4, w, h) behaves like
$r=do+f(@ — 054 h)|x|""" V2 exp (h1 /22 x X1 + o(1))
as|x| — oo, where
f= =il B(Ve.(.54 0, h), ¢o(.; 4,0, h).

The function f(w — 6; 4, h) is called the scattering amplitude and it
is related to the kernel T(0, w; 4, h) through

flo = 0;4,h) = co(h, WT(O, w; 4, h),

where
cal= —e1052) = —(2m)" VIH2A) "0~ exp (= i(n—3)/APhtr~ D12

Thus the total scattering cross-section a(w; 4, h) is represented as

a(w; 4, h) = | cy4, h)sz

sn-

|'T(0, w; 4, h) |2d0.

Vol. 46, n° 4-1987.



420 D. ROBERT AND H. TAMURA

Let K(4; h) = T(4, h) — T(4, h)*. By unitarity of S(4, h), T(4, h) is normal
and also
T(A, h)*T(4, h) = i(2r)~'K(4, h).

Hence, K(4, h) is of trace class. We denote by K(6, w; 4, h) the kernel of
K(4, h). Then, o(w; 4, h) can be rewritten as
(1.1) o(w; 4, h) = ic3(4, WK (w, w; 4, h),

where
c3(=2n)7 ey |?) = 2ry(22) - Vi2p= 1

§ 2. BOUNDS FOR TOTAL CROSS-SECTIONS

As a preliminary step toward the proof of the main theorem, we shall
first establish the semi-classical bounds for total cross-sections, accepting
Theorem 2 (resolvent estimate) as proved. The proof of Theorem 2 will
be given in sections 5 and 6.

THEOREM 2.1. — Under the same assumptions as in Theorem I, we have

ow; 4, h)=0h""), v=n-Dlp-1),
ash — 0.

Proof. — The proof is rather long and is divided into several steps.

Step (0). — We begin by fixing several notations. We denote by | |,
and (,) the L? norm and scalar product, respectively. We fix the two posi-
tive constants y and f as

2.1 y=Up -1, B=(10+3d)y>y,

with some J, > 0 small enough. Throughout the proof, y and B are used
with the meanings ascribed above. We further introduce three smooth
cut-off functions y; = y;(x; h), 1 < j < 3, with the following properties:
a) 0<y;<land X}_,x;=1o0nR%;
b) x1 is supported in {x:|x|<2h"?} and yx, =1 for |[x|<h77;
¢) x» is supported in

2.2) By={x:h"<|x|<3h*#}
and y, =1 for x, 2h™7 < | x| < 2h™F;

d) xs is supported in {x:|x|>2h"?} and y3 =1 for |x|> 3h7#,
e) | %] £ Cip{ x>, 1 < j < 3, uniformly in h.

Finally, for brevity, we write ¢y and ¢ . for ¢o(x; 4, w, h)and ¢ +(x; 4, w, h),
respectively, with the fixed incoming direction w and energy A.

Annales de IInstitut Henri Poincaré - Physique théorique
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STEP (1). — The first step is to rewrite o(w; 4, h) in a more convenient
form.
LEMMA 2.1. — Under the above notations

o(w; 4, h) = 224" Y2h™1Z3_10(w; A, h),
where 6; = Im (x; ¢, V) and
oj=Im R(A +i0; Hh)Vo, 2;Vdo), 2=j=3.

Proof. — 1t is sufficient to prove the lemma when V(x) is of compact
support. The general case in which V(x) satisfies (V), with p > (n+1)/2
can be proved by approximating V(x) by a sequence of C¥-potentials.
Thus we assume that V(x)e C3(R%). Then, by (1.1) ,we have

ofw; A h) = = 222" 2hTIEE I (¢, 1,V ebo)
Therefore, the lemma follows immediately from the relation
¢+ =¢o — R4+ 0;Hh)Ve,. O
We assert that
2.3 ojw; A, by =0(R'~"7DY), 1< <3,

from which the theorem follows at once.

STEP (2). — We write R(4 + i0) for R(4 + i0; H(h)) and denote by [, ]
the commutator notation. By a simple calculation

2.4 R+ i0Vdo = x1¢0 + R(4 +i0) { [x1, Ho(W)] + 12V + x3V } 0.
This relation, together with Theorem 2, plays an important role in
proving (2.3).
LEMMA 2.2. — o3(w; 4, h) = o(h!~®~ 1),
Proof. — By (2.4), ojw; A, h), 2 < j <3, can be decomposed into
0; = Zp-o0(w; A, h), where
cjo = Im (x1 @0, x; Vo)X= 0),
oj1 = Im (R(4 + i0)[xs, Ho(h) 1¢o, 2;V o),
0j = Im(R(A + i0)x, Vo, x;Vdo),
o;3 = Im(R(A + i0)x3Vo, x;Vo) .

We prove g3; = o(h' =~ 1) only, because the other terms can be dealt
with similarly. We write

[x1, Ho(h)19o = f(x; h)po,

Vol. 46, n° 4-1987.



422 D. ROBERT AND H. TAMURA

where f has support in {x:h™? <|x|<2h7} and | f|<C{x)""*
uniformly in h. Hence, by Theorem 2,

a31 = 0(h™ 1) [ {x D f lo 1 < x >3V lo = O(h' ="~ )0(h¥)
for @ > 1/2 (but close enough to 1/2), where
p=0—1y =24+ (B +p—o—nf2).

We can take do > 0 (see (2.1)) and a — 1/2 > 0 so small that u > 0. This
completes the proof. |

We now make use of the relations V¢, = — (Ho(h) — 1)¢p, and
¢+ = ¢po — R(A + i0)V¢, to rewrite a,(w; 4, h) as

o1 = Im ([x1, Ho(h)]o, po — R(A + i0)Ve,).
Hence, by (2.4) again, o,(w; 4, h) can be decomposed as follows:

010 = Im ([x1, Ho(h) 1o, (1 — x1)d0),

011 = Im(R(4 + i0)[x1, Ho(h) 1o, [x1, Ho(h)1do),
012 = Im (R(A + i0)x, Vo, [x1, Ho(h)1¢o),

013 = Im (R(A + i0)x3V o, [x1, Ho(h)] o).

By an explicit calculation, we can easily see that g,o=o0(h!~""V?) and in the
same way as in the proof of Lemma 2.2, we can prove that ¢ ;3 =o(h'~ ®~1?),
1 = j < 2. Thus we have

(2.5) ol(w; 4, h) = 224)712h7 E < <20 5(@; A, B) + o(h™ 717,

STEP (3). — By step (2), the proof is reduced to evaluating terms such as
R(4 + i0) f ¢, with f supported in B4, B,; being as in (2.2). We first consi-
der waves passing over the effective region of scatterer and we prove that
such waves do not make an essential contribution to the asymptotic behavior
ash — 0 of o(w; 4, h).

We fix another positive constant x as

K =(1—20)y <y

with the same §, as in (2.1).

LEMMA 2.3. — Recall the notation 1. Let f = f(x;h) be a function
such that:

i) f is supported in { x=y+sweB,:|y| <2h7™* yell,};
ii) | f| < C<{x>7° uniformly in h.

Then, for any o > 1/2 close enough to 1/2,
[ {x >R + i0)f o o = o(h@"27).

Annales de I'Institut Henri Poincaré - Physique théorique
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Proof. — By Theorem 2, the term under consideration is of order
O(h®~"2)0(h*) with

u=yp—1—(@+12)f —xn—1)/2 = (@ —n/2y.

By the choice of f and «, we can take o — 1/2 > 0 so small that u > 0,
which completes the proof. O

Let f be asin Lemma 2.3. If r = r(x; h) has support in V,; and satisfies
|r| < C{x)>~* uniformly in h, then it follows from Lemma 2.3 that

2.6) (R(Z + i0)f $o, rbo) = o'~ "=17).

Step (4). — Next we consider waves passing over an outside of the
effective region of scatterer and we see that only such waves make an
essential contribution of the asymptotic behavior as h — 0 of a(w; 4, h).

Let f(x) = f(x;h)e C3(R%) be a function such that:

(f1) f has supportin {x =y + sweB,;:|y|>h"*};
(f2) |02f | < Chl*™ { x >~* uniformly in h.

We shall evaluate the term R(4 + i0)f¢, with f as above by constructing
an approximate representation. We fix t = (4, h) as

2.7 T =9Q) " 2hF
and define gg = go(x; h) by

g = f F(x, t; hydt,
where ’

F=f(x— \/ﬁa)t) exp (— ih~! f V(x — \/ﬂw(t - s))ds).
0

By a direct differentiation, ]
{J20,V > go +ih™'Vgy = — ‘[ (d/dt)F(x, t; h)dt .
0

Making use of this relation, we calculate

(Ho(h) + V — A)ih™'go o) = fo — r1 o — r260,
where

rix; h) = f(x — \/2_/1an) exp (— ih~! Jt V(x — \/ﬁw(r - s))ds),

ra(x; h) = i(1/2)h(Ago)(x; h).
Thus we can represent R(4 + i0)f ¢, as
R(A + i0)f o = ih™'godo + R(A + i0)ry po + R(A + iO)r; ¢y .

We evaluate the remainder terms R(A + iO)r;¢o, 1 < j = 2.

Vol. 46, n° 4-1987.



424 D. ROBERT AND H. TAMURA

LemMMA 2.4. — For any a > 1/2 close enough to 1)2,
[{xD>TRA + i0)ry o lo = o(h@ 7).

Proof. — By the choice of 7, r, has support in { x: |x| <12k, | y|>h™*}.
If x € supp r,, then it follows from (V), that

r | (VV)(x — /220t — s)) | ds = O(k*?)

- o0

uniformly in ¢t € R!. Similarly

jm | (AV)(x — \/2—lw(t —9)|ds = O(hx(p+ 1)).

By choosing J, small enough, we may assume that k > kp — 1 > 0. Hence,
by property (f — 2),
|r2| < CRUF200= 00,7 4 | y )10 = O(h).

Hence, by Theorem 2, the term under consideration is of order O(h®~ "»Y0(h*)
with

w=2xp —1—(ax+n/2)f—(a—n/2y.
We can take d, > 0 and a — 1/2 > 0 so small that x> 0. This proves
the lemma. O

LEMMA 2.5. — Let x = x(x; h) be the characteristic function of the set
{x:|x| < 3h™#}. Then, for any o > 1/2 close enough to 1/2,

| % <X >R + i0)ry o lo = oh="27).

Remark.— By the choice of 7, r; has supportin { x: | x—9h 2w | <3h~F}
and hence the support of r; does not intersect with the support of y. Roughly
speaking, by the out-going property, the classical particles with momentum
\/Ezw starting from the support of r, never pass over the support of y.
Thus, it is possible to prove that the term in the lemma is of order 0(hY)
for any N > 1. However, we do not intend to go into details here, because
the weak bound as above is enough to our later application.

To prove Lemma 2.5, we prepare

LEMMA 2.6. — Let Rgy(4 + i0) = R(A + i0; Hy(h)). Under the same
notations as in Lemma 2.5,
| x<x )7 Ro(4 + i0)ry ¢ lo = O(H™)
Sor any N > 1.
Proof. — The lemma will be intuitively obvious because of the above

remark and also the rigorous justification can be easily done. We give only
a sketch for the proof.

Annales de I Institut Henri Poincaré - Physique théorique
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We can write y { x > *Ro(4 + iO)r, ¢, as
ih~1 f X< x> exp (ih™'tA) exp (— ih~ ‘tHo(h)r, podt .
0

Making use of the Fourier transform, we further write the integral above
in the explicit form. Then a partial integration proves the lemma. It is
also possible to prove the lemma more directly by use of the explicit form
of the Green function Go(x — y; A, h)of Ry(4 + i0). For example, when n=3,

Ro(A+i0)r; po=(2nh?)~! J exp (ih™ '/ 200(x, y, w)) | x—y | ri(y)dy,
e

where y=|x—y|+{ y, w . If xesupp y and yesupp ry, then | V¥ | ~2|w]|
as is easily seen. Hence the lemma is proved by integration by parts. O

Proof of Lemma 2.5. — For brevity, we write Ry and R for Ry(4+i0)
and R(4+i0), respectively. By the resolvent identity,

2CxD T Rrido = 1 {x)>7*{Ro — RYVRy — R(1 — )VRq } r; s .

By Theorem 2 and Lemma 2. 6, the L? norm of the first and second terms on
the right side is of order O(hY). To deal with the third term, we use the well-
known resolvent estimate for Hy(h) (see [/]); [[<x > Ro { x >7*||=0(h™1),
o > 1/2. Since 7

[<xD%rilo = 0R™P) [ ry o = Oh™ P2t wm2ir)
the L? norm of the third term is of order 0(h®~"27)0(h*) with

k=(p =308 2+ (p—n/2)y — (& — n/2y.
We can take « — 1/2 > 0 so small that y > 0, which completes the proof,

O

Let f satisfy (fy) and (f,). If r = r(x; h) has support in B,; and

satisfies [r| < C{x )" uniformly in A, then it follows from Lemmas
2.5 and 2.5 that

(R(/’{ + 10)f¢07 rd)O) = (ih—lgOa r) + 0(h1*(n— l)y) .
As is easily seen, (ih™'go, ) = O(h' ="~ 7) and hence

(2.9) (R(A + i0) f o, repo) = O(h1 == 17y

STEP (5). — We shall complete the proof. Let o (w; A, h), 1 £ j, k < 2,
be as in step (2). By (2.6) and (2.9), j = O(h' =@~ 17) This proves (2.3)
and the proof is now complete. O

For given f(x) = f(x; h) with bound | f1 < C<x)>* uniformly in h,
we define F(x, t; h) by (2.8) and g = g(x; h) by

(2.10) g=wa(x,t;h)dt.

0
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Let r = r(x; h) be as above. If f has support in B,;, then the support of
J ) F(x, t; h)dt, = being as in (2.7), does not intersect with B,z and if f has
szlpport in {xeBy,:|yl<h™™ yell,}, then (ih™'g r) = o(h'~~17)
Thus, by the same arguments as in steps (3) and (4), we can prove

(2.11) (R + i0)f o, o) = (ih™ g, r) + o(h! ="~ D7),

if f=f(x;h) is supported in B,; and satisfies | 0%/ | < C,{x ) *~1
uniformly in h. Relation (2.11) plays an important role in proving the
main theorem.

§ 3. ASYMPTOTICS FOR TOTAL CROSS-SECTIONS

In this section we shall prove the main theorem. By the arguments in
the previous section, the main contribution to the asymptotic behavior
as h — 0 of ag(w; A, h) comes from the terms ou(w;4,h), 1 < j,k <2,
and also the leading terms of these terms are explicitly representable by
construction in step (4). The proof of the main theorem is done by looking
at the cancellations of the cut-off functions y;, 1 < j < 3, carefully.

Proof of Theorem 1. — The proof is divided into several steps.

StEP (1). — We keep the same notations as in section 2. We set
Jo = folx; h) = i/2Ah{ @,V x;
fi = filx; h) = x5V, 1<j=3.

We define F; = Fj(x, t; h) and g; = g;(x; h) by (2.8) and (2.10) with f = f;,
0 < j < 3, respectively. Then, by (2.5) and (2.11),

3.1 alw; A, h) = 22A) " Y2h~ s(w; A, h) + o(h~®~ 1)),
where
s(w; 4, h) = Im (ih™(go + &2), fo + f2)-
STEP (2). — Lemma 3.1.— For j#£ 1,0 < j <3,
a) (ih™'g;, f3) = o(h* "~ D),
b) (ih~'gs, f;) = o(h* =~ D7),

Proof. — The proof is easy. O
LemMma 3.2. — ih71gg = — y, + ih™'g;.
Proof. — If we take account of the simple relation
djdt) f(x — /2Awt) = — /24w, V) f(x — /2 wt),
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the lemma is proved by partial integration. The calculation is slightly
tedious but direct. O
We now define G = G(x; h) by

ool

G=3}_,g;= f K(x, t; h)dt,
where °

t .
K = V(x — /2iwt) exp (—- ih"f Vix — /2ot — s))ds).
0
Then, by Lemmas 3.1 and 3.2,
s@; 4 ) =Im(h™'G, fo + fo + f3) + o(h* ="~ 7).
LemMA 3.3. — Im (ih™'G, fo) = Im (ih™1G, f)).
Proof. — By partial integration,

Im (ih~'G, fo) = Im (= 2,/24{ @,V > G, 1,).
Hence, the lemma follows from the relation

V240, VG + ih" VG = — r (d/dt)K(x, t; hdt
(4]

which is verified by a direct calculation. 0O
By Lemma 3.3, :
s(w; 2, h) = Im (ih™ G, V) + o(h! == D7),

SteP (3). — Lemma 3.4. We write x =y + sw, yeIl,. Then

ih"1G = 1 — exp <— i(2l)‘1/2h‘1j

— 0

s

Viy + rw)dr).
Proof. — Define K; = K,(x, t; h) by

K, = exp (- ih~! f Vix — /220(t — t))dr).
0

Then, we have
ih G = —J (d/dt)K ((x, t; h)dt
0

from which the lemma follows after a simple calculation. O
Step (4). — We are now able to complete the proof. By Lemma 3.4,

s(w; 4, h) = J J W(y, s; hydsdy + o(h'~®~ 1),
Iy, J —©

where

S

W = V(y + sw) sin [(2,1)-1/2;;-1 f

— 0

V(y + w))dr].
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Hence, the desired asymptotic formula is obtained from (3.1) and the
proof is now complete. |

The same arguments as used for o(w; 4, h) apply to the semi-classical
asymptotics for the forward scattering amplitude f(w — ®; 4, h). We here
mention only the result without proof.

THEOREM 3.1. — Assume (V), with p > n and that A > 0 is fixed in a
non-trapping energy range. Then

flo - w54 h) = C(/l)h_‘"*”’zf Uly; 4, @, h)dy + o(h™")
M.,
with u = (1/2)(n — 1)(p + D)/(p — 1), where

c(A) = i2m)~ "~ V2(2)= V% exp (— i(n — 3)n/4)
and

0

U=1-—exp (— i(2/1)‘1/2h‘1j

— 0

V(y + w))d‘t) .

By the above theorem, the forward amplitude f(w — w; 4, h) is of
order O(h™*). Thus the amplitude f(w — 6; 4, h) has a strong peak in a
neighborhood of w. See [I5] [/7] and [I8] for the asymptotic behavior
ash - 0of f(w — 0; 4, h) with 6 # .

§ 4. FINITE RANGE CASES

The aim here is to prove that
o(; 4, h) = 204(w) + o(1), h > 0,

for a class of finite range potentials.
Let V(x) e C3(R%);
suppV < {x:|x|<Rp}

for some Ry > 0. We fix the incoming direction w and assume that A > 0
is fixed in a non-trapping energy range. We denote by X, the projection
of supp V to the hyperplane IT,,.

AsSUMPTION (A.1). — The boundary 90X, is C®-smooth.
Let dist (x, A) denote the distance from x to the set A. For ¢ > 0 small
enough, we define

Toe) = { yell, : yeX,, dist (y, 0,) > ¢},
=he) = { yeTl, : dist (y, 0%,) < £},
Zoe) ={ yell,: y¢X,, dist(y,0Z,) > ¢}.
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Let { x(t; z, n), &(t; z, ) } be the classical phase trajectory with initial state
(y, n) for the hamiltonian function p(x, &) = | £|*/2 + V(x).

ASSUMPTION (A.2). — There exists T, > 0 such that

&t; z, \/Z_iw) # \/ﬂa), t > T,

when z =y — Row with yeXi(e), e > 0.

The above assumption means that classical particles have momentum
different from \/ﬂw (initial momentum) after they are scattered by the
potential V(x).

THEOREM 4.1. — Let V(x) be a real C*®-smooth potential with compact
support and let A > 0 be fixed in a non-trapping energy range. Assume (A.1)
and (A.2) for incoming direction w. Then

o(w; 4, h) = 204(w) + o(1), h - 0.
Proof. — The proof is done through several steps.

Step (0). — We begin by fixing notations. Let R, be as above. We intro-
duce three smooth cut-off functions a(y)e CF(,), 0 <a =1, and
b.(s)e C*(R"), 0 < b, < 1, such that:

a) ahassupportin {y:|y]|<2Ro}and a=1for|y|<Rg;
b,) b, has supportin { s:s>4R,} and b, =1 for s > 5R,;
b_) b_ has support in { s: s> — 5Ry }and b_ = 1 for s > — 4R,.

We set b(s) = b_(s) — b,(s), so that b has support in {s:|s| < 5R,}
and b = 1 for |s| < 4R,. We further define y, € C3’(R}) by

Xo(X) = xo(¥, 5) = a(y)b(s) .
We again write ¢ = exp (ih~'\/24 { x, ® > ) and R(A+i0)=R(4+i0; H(h)).

Step (1). — By the same argument as in the proof of Theorem 2.1, we
have

a(w; 2, h)=2(24)"2h™ " Im (R(A+10) [x0, Ho(h) 1o, %o, Ho(M)1¢o)+o(1)
as h —» 0. We now define
fo = folx; B = i/22h (>, Vi) 6.
Then, by Theorem 2, we obtain
a(w; A, h) = 224~ 2k~ Im (R(A + i0) fo o, fodo) + o(l).
Recall the notations Z;,(¢), Zf,(e) and Z¢,(¢). We fix ¢, 0 < & « 1, arbitrarily
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and introduce three smooth cut-off functions y;(y; ¢) e C*(Il,,), 1 < j < 3,
with the following properties:

a) 0<y;<land X} y;=1onIl,;

b) ¥, has support in Zi(¢) and ¥; = 1 on T (2¢);
¢) ¥, has support in £2(2¢) and Y, = 1 on Zb(¢);
d) Y3 has support in X£(¢) and 3 = 1 on Zg,(2e) .
We decompose f, into fo = 3, f;, where

fi= fixse h) = ¥;fo = i/2Am0; {0, V) 1o

StEP (2). — Lemma4.1.(R(A  i0)f ¢, fjPo)=0(h,1 < j < 3, where
the order relation 0(g) is uniform in h.

Proof. — The lemma follows from Theorem 2. O

LemMa 4.2. — Forj+#2,1 < j<3,
4.1 (R(2 £ i0) f3¢0, fipo) = o(h),
where the order relation o(h) may depend on e.

Proof. — We give only a sketch for the proof. The proof is based on
the same arguments as in step (4) of section 2 and is done by constructing
approximate representations for R(4 + i0)f;¢,. In this case, such a
construction is simpler, because classical particles starting from the sup-
port of f; with momentum \/270) never pass over the scatterer (support
of V).

We consider the + case only. Let y be the characteristic function of the
set { x:|x| < 10R, }. Then, yR(4 + i0)f3 ¢, is approximately represented

in the form
XR(A + i0) 30 = ih™'xg3 o + o(1),

g3 = Jm f3(x — /20wt)dt
0

and the order relation o(1) means that the L? norm of the remainder term
is of order o(1) as h — 0. The bound (4.1) with j = 1 is obvious, because
the supports of g3 and f; do not intersect with each other. The bound with
j = 3 follows from the relation

(ih™'gsbo,  Po) = in/24H(¥3x0, <0, VD %0) =0. O
" Step (3). — We can write f; as f, = f- — f., where
fr = felcs 6 k) = iy/22m), (o, V Y b

By the same argument as in the proof of Lemma 4.2, we can prove the
following two lemmas.

where
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LemMMA 4.3. — (R(A + i0) f4 do, f- o) = olh).

LEMMA 4.4.
Im (R(A + i0) f+ do, [+ Po) = (1/2)(2/1)”2h£1 Y1(y; €)*dy + o(h).

The next lemma, together with Lemmas 4.1-4.4, completes the proof
of the theorem. Assumption (A.2) is used only for the proof of this lemma.

LemMa 4.5. — (R(A + i0)f- ¢o, f+ o) = O(h).

4) To prove Lemma 4.5, we prepare two lemmas. We again denote by
{ x(t;z,m), &(t; z,n) } the classical phase trajectory with initial state (z, 1)
and define the canonical mapping ®, by

D, (z,1) - (x(t; 2, 1), & 2, 1) -
LEMMA 4.6 (semi-classical Egorov theorem). — Let a(x, &) € C5(R x R%).
Fix T arbitrarily and define
B(T, h) = exp (— ih~ *TH(h))a(x, hD,) exp (ih~ 'TH(h)).
Then, B(T, h) is asymptotically expanded as
B(T, h) = EN-b1(x, AD YR + hRyr(h)
for any N » 1, where the symbol b;r(x, £) has support in
Qr = {(x,9:(x, &) = ®r(z,7), (z,n)esupp a }

and the remainder operator Ryr(h) is bounded uniformly in h as an ope-
rator from L? into the weighted L* space L} for any o « 1.

For a proof, see, for example, the literature [11]. Let a(x, £) be as above.
Ifb(x, &) e CF(R% x Rg) vanishes on Qr, then it follows from Lemma 4. 6 that

|| blx, kD) exp (— ih~ "TH(h))a(x, hDy) || = O(h™)
for any N > 1.
LemMA 4.7. — Let U(x)e CF(R2) and let a(x, &) e CF(R% x (RA{0})).

Assume that free particles starting from z with momentum 1, (z, n) € supp a,
never pass over the support of U for time t > 0. Then

| UR(4 + i0; Ho(h)a(x, hD,) || = O(h™)
for any N » 1.
Proof. — By the resolvent estimate
1<x > "RA + i0; Ho() {x >7*[ = 0™,  a>1/2,

and by the calculus of pseudodifferential operators, it suffices to prove
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the lemma for the conjugate pseudodifferential operator a(hD,, x) defined by
(a(hDy, X) f)(x) = (2mh)~" HeXP (h™ ' Cx—z,¢ ) )alz, &) f(2)dzd& .

The lemma can be proved in the standard weiy using a partial integra-
tion. O

STEP (5). — Proof of Lemma 4.5. — Let y. € C3(R%) be such that
X+ = 1 on the support of f.. We may assume that the supports of y. do
not intersect with each other. Let {,e C§(R?), 0=, <1, be a function
such that {, has support in {&:]|¢& — \/_)a)l <20} and {, =1 on
{&)¢&— \/ﬁw | < & }. The choice of é depends on &. We can easily obtain

Xz Po = Lo(hDy)x+ o + o(1),

where the abbreviation o(1) is used with the same meaning as before.
Define the symbols d.(x, &; ¢, h) by

di(x, &5 6 h) = fi(x; & h)Co(C).

By assumption (A.2), we can choose ¢ so small that the classical phase
trajectory { x(t; z,n), &(t; z, n) } starting from (z, n)esuppd never pass
over the support of d .. We have only to show that

(R(4 + i0)d (x, hDx)x - o, d.+(x, kD) + ¢o) = o(h).

To prové this, we write

R + i0) = ih~* j exp (ih™'t2) exp (— ik~ ‘tH(h)dt .
0

We take T sufficiently large and decompose the above integral into
T 0

two parts; R(A + i0) = ih~? {J‘ +f }dt. We denote by Q; and Q,
(1] T

the first and second integrals, respectively. By the choice of é and by
Lemma 4.6,

ld+(x, hD.)*Qqd(x, hDy) || = O(h")
for any N » 1. We can rewrite d¥Q,d_ as
d* Q,d_ = exp (ih 'TA)d%R(A + i0) exp (— ih ‘TH(h))d _ .

For brevity, we write R = R(4 + i0) and Ry, = R(4 + i0; Hy(h)). By the
resolvent identity,

d%Qud- = exp (ih™'TAP; — Py),

Annales de I'Institut Henri Poincaré - Physique théorique



ASYMPTOTICS FOR TOTAL CROSS-SECTIONS 433

where
P, = d*R, exp (— ih " 'TH(h))d _ ,

P, = d*RVR, exp (— ik~ 'TH(h))d_ .

By Theorem 2 and by Lemmas 4.6 and 4.7, the norm of both the ope-
rators P; and P, is bounded by O(h™). This proves the lemma. O

§ 5. OUT-GOING PARAMETRICES

Throughout this section, the potential V(x) is assumed to satisfy (V),
with p > 0. Without loss of generality, we may assume that 0 < p < 1.
One of basic tools which we use for the proof of Theorem 2 is the out-
going parametrices constructed globally in time ¢t = 0 for the non-sta-
tionary Schrodinger equations. Such parametrices have been constructed
by [5] and [6], etc., and have played an important role in proving the
completeness of wave operators in long-range scattering problems by the
time-dependent method (Enss method). We here follow the idea due to
Isozaki-Kitada [5] to construct such parametrices.

We start by introducing a certain class of symbols.

DerINITION (AF). — For given Q = R} x R}, we denote by AJ(Q)
the set of all a(x, &), (x, &) € Q, such that

| 930%a(x, &) | < Cop (x YrIICEHYmIAL,

If, in particular, Q = R} x R}, we write A} for AJ(Q).

We say that a family of a(x, £:¢) with parameter ¢ belongs to AJ(Q)
uniformly in ¢, if the constants C,; above can be taken uniformly in .
We further define A,(Q) by

Au(Q) = N_w<m< ooA;':l(Q) .

Most of symbols we consider in later application have compact support
in ¢ and hence are of class A,(Q).
For given (0,d), —1 <o < 1, d > 1, we use the notation

I (0,R,d)={(x,8):xeZ,(0,R;8),d" ' < |&|<d},
where
iR ={x:[x|>R(xE&>>0alx|.[&]}.

Now, assume that ¢ ranges over { £:dg ' < || < do } for some dg > 1.
Then, according to the result (Proposition 2.4) of [5] (see also [4]), we can
construct a real C*-smooth function ¢(x, £) with the following properties:
given oy, there exists R, large enough such that: i) ¢ solves the equation

(1/2) | Vadp(x, O P + V(x) = (1/2) | £ 2
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in I (69, Ro, do); ii) ¢(x, &) — (x, &y is of class A, _, ; iii) P(x, &) satisfies
| (0%¢/0x,;0&) — Sjud | < c(Ro), 6 being the Kronecker notation, where
we can make ¢(R,) as small as we desire by taking R, sufficiently large.

Let ¢(x, &) be as above and let a(x, &) be of class A}. Then we define
the Fourier integral operator Iy(a; h): S(R}) — S(R%) by

(Iy(a; ) f)x) = 2nh)~" J J exp (ih™ (p(x, &) — Cy, &) Nalx, O f(y)dydE, .

where the integration with no domain attached is taken over the whole
space. We use this abbreviation through the entire discussion.

We now take o;, Rj and d;, 1 < j £ 3, as follows: g3 > 0, > 61 > 03,
R3; > R; > R; > Ryandd; < d, < d; < dy.Let w(x, &) € Ay be supported
in 'y (63, R3, d3). We shall construct a parametrix (approximate represen-
tation) for the operator

U(t; h, ) = exp (— ih™ 'tH(h)w(x, hDy), 20,

in the above form of oscillatory integral operators.
We first determine the symbol a(x, &; h) to satisfy

exp (— ih 1) — (1/2h*A + V — (1/2) | £1*) exp (ih~*¢p)a ~ 0.

We formally set .
a(x, & h) ~ Lz oajlx, Oh’.

The symbols a; are inductively determined by solving the transport equa-
tions;
(51) de"ano + (1/2)(Ax¢)a0 =0

Vi Via; + (12(AcP)a; — (i/2)Dsaj-1 =0,  j21

under the conditions; ao - 1 and a; - 0, j = 1, as | x| — co. Since
Vep =&+ 0(| x| ?)as | x| —» oo by construction, the standard charac-
teristic curve method enables us to solve (5.1) under the above conditions.
Indeed, we may assume that |V,¢ — &| <6 for 6 > 0 small enough.
Consider the characteristic curve g(t; x, &), t =2 0, ¢ = V. d(q, &), q(0) = x.
If (x, &) lies in I', (64, Ry, d,), then we can prove that

lg(t; x, 81 =2 C(1 + |t] + | x])
and
| 03q(t; %, &) | £ Cu<x D7, a2 1.

This proves that the solution aj(x, ) to (5.1) belongs to A_ (I'"y (a4, Ry, dy)).
We extend a; to the whole space R x R} in the following way: i) a;e A_;;
ii) a; has support in I'\(gg, Ry, do).

We fix N large enough and define

an(x, &; h) = T oa;(x, O
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and
r(x, 5 B)y=h~ D exp (=il $) [(1/2RPA—=V +(1/2) | £ *] exp (ih™ lax.
By construction of ¢ and g;, it follows that

N lrye Ay and rnEA_n+2(T+(01, Ry, dy))

uniformly in h.

Let the symbol w(x, ) be as before. Since ao(x, ¢) =1 + o(|x|™?)
as | x| —» oo in I'y(o4, Ry, dy), we can find a symbol by(x, &; h) € Ao with
support in I'y(o,, R;,d,) such that

w(x, hD,) = Is(an; H(Te(bn; M)* + Kon(x, hDx; h)

with wy € A _y. This follows from the composite formula of Fourier integral

operators.
We define Ux(; h) and Ry(t; h), t = 0, as follows:

Uy = Ig(an; h) exp (- ih~'tHo(h))I4(bn B)*,
Ry = L(r; B) exp (= ih™ *tHo()Ls(bn; W)*-
Then the Duhamel principle yields
(5.2) U(t;h,0) = Uy + N exp (— ih~LtH(h)wx + BN 1Gu(t; h),
where )
Gy = ij exp (— ih~1(t — s))H(h))Rn(s; h)ds .

0
LemMmaA- 5.1. — If N is chosen large enough, then
| (x> (D Y™ Ru(ts B || £ Cl™2(1 + | 2] )2
fort = 0.
Proof. — We write [Ry(t; h) f1(x) as

(@2mh)~" HCXP (ih™18(t, x, & y)Irn(x, & Mbn(y, &5 h).f(y)dyd <,

where
S =(x, &) — Py, &) — (/)| £ 1>,

Suppose that (y, &) € supp by and (x, &) e supp rx. If (x, {) € T's (o3, Ry, dy),
then we integrate by parts in &, using

I Ve(d(y, &) + (121 EP) [ = CA + [t + | y]).
On the other hand, if (x, &) ¢ '+(o;, Ry, d,), then we use
|VeSIZCL+ [t + 1yl +1xD),
which follows by the choice of o, and 6, ;0, > 0,. Thus, the famous
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Calderén-Vaillancourt theorem on the L? boundedness of oscillatory inte-
gral operators proves the lemma. O
We introduce the notation

I_(o,R,d)={(x,8:xeZ_(0,R; ) d7" <[l <d},

where
TR ={x:|x|>R (x> <alx||E]}.

Let w(x, {)e A, be supported in I'_(o, R, d). Then, by making use of
the same arguments as above, we can construct a parametrix for the operator

exp (—ih~ tH(h)o(x, hDy), <0,

in a form similar to (5.2).

§ 6. SEMI-CLASSICAL BOUNDS ON RESOLVENTS

In this section, we prove Theorem 2, following almost the same argu-
ments as in [/2], where similar estimates have been established for a class
of CJ-potentials. The method of proof is essentially based on the same
idea as in the works [/4] and [8], where the high energy estimates for resol-
vents have been obtained for general elliptic operators by the time-depen-
dent method (hyperbolic equation method) and have been applied to
investigate the asymptotic behavior as |t| — oo of solutions to the cor-
responding non-stationary problems. In [/4], such estimates have been
obtained when perturbed coefficients have compact support, and in [8],
these results have been extended to the case of non-compact support.
We here use the Schrédinger equation method and the commutator method
due to Mourre [7]. The Mourre method reduces the problem under consi-
deration essentially to the one in the case of compact support perturbations
and the proof seems to be slightly simplified.

Proof of Theorem 2. — The proof is done for the « + » case only by
dividing it into several steps.

Step (1). — We first fix a compact interval Iy = [a, b] (< (0, 00)) in
non-trapping energy regions. We can take R, so large that V(x) admits
the following decomposition:

6.1) V(x) = Vi(x) + Va(x),
where V, has support in { x:|x| < Ro } and V,(x) satisfies the estimate
(6.2) [ Vi) | + (1/2) [ (x-V)Vi(x) | < a/2.
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LEMMA 6.1. — Let V, be as above and define H,(h)=(1/2)h*A + V.
Then, for any a > 1/2,

I <x >7*RA £ i0; Hy(h)) (x >7% || = 0(h 1)
uniformly in A €l,. Furthermore, if z ranges over
T,={z=Atik:dely,0<k <1},
then the same estimates as above hold for R(z; H(h)) uniformly in ze X, .

Proof. — The proof uses the commutator method due to Mourre [7] (see
also [9]). Let A(h) be the generator of the dilation unitary group;

A(h) = (1/4)x-hDy + hD;-x), D, = — iV,,

and let foe CP(RY), 0 < fo £ 1, be such that f, = 1 on I, and f, is sup-
ported in (a — & b + ¢) for ¢ > 0 small enough. Then a direct calculation
gives

i[Hy(h), A(h)] = hH,(h) — h(Vy + (1/2)(x-V)V}).

Hence it follows from (6.2) that
ifo(H 1 (h)) [Hy(h), A(h) Ifo(H,(h) Z (a/3)hfo(Hy(h))?

in the form sense. This enables us to follow exactly the same arguments
as in [7] and [9] and the lemma is proved, although we have to look at
the h-dependence carefully. O

STEP (2). — Let Bg = { x:| x| < R} and let yg(x) be the characteristic
function of Bg.

LEMMA 6.2.
Il xeR(Z % i0; H(h))xx || = O(h ™)
uniformly in 2€1,.

Lemmas 6.1 and 6.2 enable us to regard H(h) as the perturbed operator
to H;(h) with the compactly supported perturbed coefficient V,. We here
complete the proof of Theorem 2, accepting Lemma 6.2 as proved.

Completion of proof of Theorem 2. — Let
L*Bg) = { feL?:supp f < Bp}.

Let y e CF(R%), 0 < ¢ £ 1, be a cutt-off function such that y = 1 for
|x] < 1land ¢ = 0for | x| > 2. We take R to be R > R,, for R, in step (1)
and set (g(x) =1 — Y(x/R). Assume that feL*Bg) and define vz by

vr(x) = (gRR(A — i0; H(h))f.
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Since V(x) = V,(x) for | x| > R > Ry by (6.1) and (g f = 0, vy satisfies
the equation
(= (1/2)h*A + Vi — Dog = gr
where
gr(x) = [Ho(h), (r IR(2 — i0; H(h))f.
Hence, vy is represented as

vr = R(4 —i0; Hy(h))gr -

By Lemma 6.2 and by elliptic estimate, | { x >*gg [0 < Cr| f |o and hence
by Lemma 6.1, we have

I <x>7*R(A — i0; HW)xw || = O™ 1)
for o > 1/2, which yields
[l &R + i0; H(R) x> ~* || = O(h™ ).
We repeat the same arguments as above for f e LZ(R%). This yields the

desired estimate. O
The remaining steps are devoted to the proof of Lemma 6.2.

Step (3). — Let g,eC®(RY), 0 < g, <1, be such that g, =1 on
[a—e, b+e¢] and g, is supported in (a—2¢, b+ 2¢). We set gg=1—g,, so that
gi=0o0n [a—¢, b+e]. Let y be as above. We write p(x, &)=(1/2) | £ |*+ V(x)
and define the symbol w,(x, )€ AJ by

w4(x, &) = Y(x/R)g,(p(x, &)

for R > R,.
We consider the equation
(6.3) (H(h) — z)u = w,(x, hDy) f

for f € L?, where z is assumed to be in X, . (See Lemma 6.1 for the nota-
tion X, .) By definition, w, vanishes in a neighborhood of { (x, &): p(x, &)e I, }.
Hence we can construct an approximate solution to (6.3) in the same way
as parametrices for elliptic operators are constructed. The obtained results
can be summarized as follows.

LEMMA 6.3. — For given N large enough, there exist Ax(z;h) and
Xn(z; h) such that:

a) (H(h) — 2)An(z; h) = w,(x, hDy;) + Xn(z; h);
b) Ax(z; h): L2 — L2B,g) is bounded uniformly in h and ze £, ;
¢) Xn(z; h): L2 — L2(Byg) is also bounded with bound O(hY).

We define By(z; h) by
Bn(z; h) = An(z; h) — R(z; Hy(h)Xn(z; h).
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Since Xy maps L? into L%(B,g), it follows from Lemma 6.1 that
(6.4 Il xeBn(z; W) =0(1), h — 0.
and we have
(H(h) — 2)Bn(z; h) = wy(x, hD,) + Yn(z; h),
where Yy = — V,R(z; H (h)Xn(z; h): L? — L*(Bg)is bounded and
(6.5 | Yn(z; B Il = O(R™~1).
STeEP (4). — We keep the same notations as in step (3). Define the

symbol w,(x, &) € A, by

wa(x, &) = Y(x/R)w,(p(x, &)
and consider the equation
(6.6) (H(h) — 2)u = w,(x, hD,) f

for f € L*(RY), where z is again assumed to bein X, . Let { x(z; y, ), &(t; v, 1) }
be the phase trajectory with initial state (y, n) for the hamiltonian func-
tion p(x, {). We may assume that 1€ [a — 2¢, b + 2¢] is non-trapping.
Fix Ry, Ry > R, large enough. By the non-trapping condition, there
exists T = T(R;) such that | x(t; y, )| > R, for t > T, if (y, ) € supp w,.
We introduce a function 6(t)e Co((—1, T+1)), 0 < 0 < 1, such that 6=1 on
[O,T] and decompose V as V=V;(t, x)+ V4(t, x), where Vi=V;(x)+ 0(t)V,(x)
and V,=(1—0(t))V,(x).

We now construct an approximate solution operator to (6.6) by the
time-dependent method (Schrédinger equation method). Let Q(t; k), ¢ = 0,
be the solution operator to

(6.7) (ihd/ot — Ho(h) — Va(t)Q(t; h) = t>0.

with Q =0 = ,(x, hD,), where V;(t) denotes the multlphcatlon by Vi(t, x).
Define Q(z; h), ze 2, by

Q(z; h) = ih ! J ) exp (ih~'t2)Q(¢; hydt
and Z(z; h) by ’
2(z; h) = ih~t f exp (ih~*tz)V4(t)Q(t; hydt .
0

Then we have
(H(h) — 2)Q(z; h) = w,(x, hDy) + Z(z; h).

LEMMA 6.4. — a) || xxQ(z; h) || = O(h~ Y.
b) Z(z; h):L?* — L2(Bg)isbounded and || Z(z; h) || = O(hN) for any N> 1.

STEP (5). — We first complete the proof of Lemma 6.2, accepting
Lemma 6.4 as proved.
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Proof of Lemma 6.2. — Let By(z; h) and Yn(z; h) be as in step (3). Set
Gn(z; h)=Bx(z; h)+Q(z; h) and Wy(z; h)=Yx(z; h)+ Z(z; h). If f e L*(By),
then, by definition

w(x: hD)f + walx, hD)f = f

and also we have
(H(h) — 2)Gn(z; B f = f+ Wa(z; B f.

We regard Wy as an operator from L2(Bg) into itself. By (6.5) and
Lemma 6. 4-(b), there exists a bounded inverse (Id + Wy) ™ 1: L*(Bg) — L*(Bg)
with bound 0(1) (uniformly in z € X, ). Thus we have

R(z; H(h)xr = Gn(z; h)Id + Wx(z; 1) ™' xw.

By the principle of limiting absorption, Lemma 6.2 follows from (6.4)
and Lemma 6.4-(a). O

STEP (6). — We shall prove Lemma 6.4 by making use of out-going
parametrices constructed in section 5. By the definition of Vj(t, x), we
may write Q(¢; h) as

Q(¢; h) = exp (= ih™!(t = T — HH,(W)Q(T + 1; h)

for t> T+ 1. Let pst, x, &) = (1/2) | £|* + Vi, x). We denote by
{ X(t; y, n), &(t; y,n) } the phase trajectory with initial state (y, #) for the
hamiltonian function pi(t, x, £). If (y,#)esupp w,, then by the non-
trapping condition, { X(t; y, ), &(t; y, 1) }, t > T, lies in the out-going
region I', (0o, Ry, do) with some o, > 0 and d, > 1. (See section S for the
notation I'; (o, R, d).

LEMMA 6.5. — Let I',(0o, Ry, do) be as above. Assume that o(x, £)eAd
vanishes in I'. (¢, Ry, dy). Then
| <x Y*ax, hD)Q(E; )| = 0(RY), T<t<T+1,
for any N > 1 and o > 0.

Proof. — We omit the detailed proof, because the lemma is essentially
the famous Egorov theorem. We have only to note that by assumption
the phase trajectories starting from (y, 1) € supp w, never pass over the
support of w. |

LEMMA 6.6. — Let w(x, £) be as in Lemma 6.5. Define

Waz: h) = r exp (ih~1tz) exp (— ik~ }(t — T — D)H,(h))dt

T+1
for zeX,. Then, for any N > 1,
Il xxWa(z; h)x(x, hD)Q(T + 1; h) || = O(AY).
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Proof. — A simple computation gives
Wi(z; h) = — ihexp (ih™ Y(T + 1)z)R(z; H (h)).

Hence the lemma follows immediately from Lemmas 6.1 and 6.5. O
Let wy(x, £)e Ay be supported in I'y (oo, Ry, dg). Define
U(e; h) = exp (= ih™ 1t — T — DH,(h))wo(x, hDy)
for t > T + 1. According to (5.2), U(t; h) can be represented as
Ul(t; h) = Zj-oUn(t; b)
for given N large enough, where Uy, 0 < j < 2, take the following forms:
Uon = Iy(ans h) exp (— ih~ 1(t -T- 1)H0(h))(1¢(bN s h)*,
Ui = WNexp (= ih)™ 't = T — DH,(h))on(x, kD h),
t—T—1
U,y = ilN* IJ exp (—ih™1(t—T—1—s)H (h)Ry(s; h)ds .
0
Here wy(x, &; h) belongs to A_y uniformly in h and Ry(t; h) has property
similar to that in Lemma 5.1.
Define Wiy(z; h),0 < j < 2, by

e o}

Wn(z; h) = J exp (ih ™ 'tz)Un(t; hydt
T+1

for ze X ;. The next lemma, together with Lemmas 6.5 and 6.6, completes

the proof of Lemma 6.4.

LeMMA 6.7. — a) yrWon(z; QT 4+ 1;h) =0
b) || trWin(z; BHQ(T + 1;B) || = O(h™ ™).
¢) Il xxWan(z; QT + 1; h) || = O(K™2).

Proof. — a) Is obvious, because by construction the symbol ay(x, &; h)
vanishes in |x| < R. Since wy(x, hD,;h): L?> - L% is bounded uni-
formly in h, b) follows from Lemma 6.1 after a computation similar to
that in the proof of Lemma 6.6. For the proof of ¢), exchanging the order
of integrations, we calculate;

W,on=h""2exp (ih™ YT +1)2)R(z; H,(h)) J exp (ih~ Lsz)Ry(s; h)ds .
0
Hence, ¢) follows from Lemmas 5.1 and 6.1. O
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