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ABSTRACT. — Let (—A+ V —E =0in Qg = {xe R"||x| >R},
Y e L2(Qg), where E < 0 and V = V(| x|) + V,(x) with V;,V, tending
to zero for | x| — oo and satisfying suitable regularity assumptions. Further
let (— A+ Vi(]x|)—E)(|x|)=0for |x|>R where v >0and v — 0
for | x| —» oo.

Previous results on the asymptotics on /v for n = 2 are here extended

to the n-dimensional case: It is shown that % (| x|.x/| x|) satisfies certain
v

regularity properties uniformly for |x| — oo as a map from $"! to R.
Furthermore using a certain scaling it is shown that the asymptotic
behaviour of Y/v can be characterized by eigenfunctions of the isotropic
(n—1)-dimensional harmonic oscillator.
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248 M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF AND J. SWETINA

REsumE. — Soit (= A+ V — E)y =0 dans Qp = {xeR"||x| >R},
YeL*Qg), 00 E < 0etV =V (]x|)+ V,y(x)avec V,, V, tendant vers zero
pour | x| — oo et satisfaisant des conditions de régularité convenables.
Soit en outre (—A+V (| x|)—E)(|x|)=0 pour |x| >R ot v> 0 et
v — Opour|x| — o0.On étend ici au cas de la dimension n des résultats
antérieurs sur le comportement asymptotique de ¥/v pour n = 2. On

4 e . iy :
montre que —(|x|- x/|x|) satisfait certaines propriétés de régularité
v

comme application de "~ ! dans R uniformément pour | x| — oo0. En outre,
en utilisant un certain changement d’échelle, on montre que le compor-
tement asymptotique de /v peut étre caractérisé au moyen des fonctions
propres de T'oscillateur harmonique isotrope 4 n—1 dimensions.

1. INTRODUCTION AND STATEMENT
OF THE RESULTS

In [/3] we considered the 2-dimensional Schrodinger equation in exterior
domains. Here we shall derive similar results for the n-dimensional case.
Our results will cover also some examples of physical relevance, for instance
eigenstates of a Hamiltonian, that describes a one electron molecule with
fixed nuclei. The case n > 3 forces us to develop some new techniques
but we shall rely on results obtained in [/3]. This paper is not self-contained
and we shall frequently refer to [/3]. See also [/3] for motivation.

We start by describing the problem in the n-dimensional setting: We
consider real valued W2-2-solutions ¥(x) of

(—A+V—Ey=0 for xeQ (1.1)
Qr={xeR"|x|=r>R}, R>0, n>2.

Here the Sobolev space W2%(Qg) is defined as in [7]. Throughout the paper
we assume that

E<0 (1.2)

and that V(x) satisfies the following assumptions in Qg:
V(x) is real valued and continuous (A.1)
|’}Ii_r’nc0 V(x)=0. (A.2)

(1.2),(A.1) and (A.2) imply that we can choose R so that

. (n—1)n-3)
inf (V(x) e E) >0. (A.3)

Annales de I’ Institut Henri Poincaré - Physique théorique



ASYMPTOTICS AND CONTINUITY PROPERTIES 249

The conditions on V imply that there is a unique selfadjoint operator
associated to —A+V —E whose corresponding quadratic form is posi-
tive definite with form core C¥(Qg). This guarantees that the Dirichlet
problem in Qg is uniquely solvable given ¥ on 0Qg. Furthermore our
assumptions imply that i has continuous derivatives in Qg [7].

We split V(x) such that

V(x) = Vi(r) + Va(x) 1.3)

and assume that V, and V, satisfy the assumptions (A) separately. As in [/3]
we consider the radial comparison problem

(—A+Vyr)—EBEp(r)=0 for r>R. (1.4

Since V; satisfies (A) there exists v(r) > 0 such that v € L%(Qg) and v(R) > 0.
In the following we shall investigate the regularity—and asymptotic
properties of the function

u=—. (1.5)

We start with a result given essentially in [/2], see also Thoe [/7] who
obtained related results with different methods independently.

THEOREM 1. — Let V,(r) and V,(x) satisfy the assumption (A) and
assume that in Qg

i) Vi(r) is continuously differentiable and

v,

- <cr ! forsomec,e>0.
n

ii) | Vo | < cor™* 77 for some ¢, o > 0.

Assume that Y and v satisfy (1.1) and (1.4) respectively, then for some
O<c_<cy <]|u|<cyand (J

Sn -1
denotes normalized integration over the unit sphere S"~ 1.

1/2 .
u2d0> > c_ for r > R. Here do

Proof. — The proof of the lower bound was given under less restrictive
conditions in [/2] and the proof of the upper bound given for the 2-dimen-
sional case in [/3] carries over. O

This result tells us that in an averaged sense {y and v have the same
asymptotics. To obtain more detailed informations on the properties of u
we consider u as a map from (R, c0) x $"~! to R, write u = u(ry) where
y = x/re S"~ ! and consider the regularity properties of u(ry) for fixed r > R
as a map from S""! to R.

Vol. 46, n° 3-1987.



250 M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF AND J. SWETINA

Let us first introduce hyperspherical coordinates in R", n > 3:

x; =rcos 0;

iz1
xX;=r sin0i>cos(9j, 2<j<n-2,
i=1
n-2
1.6
Xpoq = r< sin 9,~> cos ¢ (L.6)
i=1
n;z_
X, = r( sin 0,) sin ¢

i=1

with 0<0;<m j=1,...,n—2, —n<¢ <n For our purposes it
will be advantageous to replace these angles by

5,‘:0;_ N lgign—z, d):én*l' (17)

o3

We shall denote by & = (&4, &, ..., Eany) a vector in Q
n n
Qz{fER"_l:—;<fi<;,1SiSn—2,—Tc<§n_1<n}. (1.8)

The Laplacian reads in these coordinates
2 n-1¢6 L?

— A= — R _ 1.9
ar? N (1.9)
with the Laplace-Beltrami operator — L2 given by
0* 0
L= —(n—-2)tgé —
FE ( )tg & P

n—2

J -2 62 ) a
+ 2<H cos é,-) <_-6£f+1 —m—j—-2)tgéjsq ——~a£-j+1>. (1.10)
i=1

j=1 i=

In order to state regularity results for u(ry), yeS"~! we introduce an

atlas on S"~! whose charts are C* (real analytic) compatible. Let Q be
given by (1.8) and define for £ Q

n-3 j
. T /A
sin éi+§ cos 6,~+1+5 ejry1 +
j=1i=1
2

@ (&) = cos (él + g->el +

n—

+ H sin (6,- + g>(cos Enotln—1 +8INE, _se,)

i=1
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ASYMPTOTICS AND CONTINUITY PROPERTIES 251

where the e; are the canonical basis of R”, i.e.

e; =(1,0,...,0), e =(,10,...,0),..., e,=(0,0...,0,1).

Denoting @ *(Q)= U and noting that U=S"""! we obtain from the chart
(U, @) by rotations the charts (U;, @;), i e I some index set, UU,:S"" 1

iel

and the collection of these charts is our C®-atlas. For a function f:S""! » R
we say then as usually fe CKS"™ ) if VieL (f o ®; ')(¢) e CHQ). We also
need Holder continuity and say for f:S"' — R, feC*%S"™ 1), for
some a€(0,1]if Yiel, (f - ®; )¢ e C*Q). Here C¥, C** have the usual
meaning [7]. If « = 1 we talk of Lipschitz continuity. Analogously we
define C*(S"~!) and C®(S""!) (real analyticity).

In order to describe the uniform behaviour with respect to r of the regu-
larity properties of u(ry) we introduce the following definitions:

DErFINITION 1.1. — Letg: Qg — Rbe continuous. g e Ck%(S"™!) means

that VRq > R

° {gr®7 ") |r = Ry, i€}
is a uniformly bounded set of C**(Q) functions. Analogously CZ(S"™!)
and CZx(S"™ 1) is defined.

Obviously we could have chosen any other equivalent C®-atlas on S*~1
to describe the regularity properties of u, for instance we could have used
stereographic projection and in fact in section 2 we will use some kind
of stereographic projection.

After these definitions we can state our regularity results for u in the
n-dimensional case:

THEOREM 2. — Let Vy, V, and V satisfy the assumptions of Theorem 1.
1 . 1
a) If yo > 5 set 6 = 1, while if y, < Etake 0€(0, 2y,), then ueC(S"™")

and rlgg u(ry) = A(y) exists VyeS"™ !, and r°|u—A/| is bounded in Q.
Furthermore A e C%°(S"~ 1),
b) Suppose that for 0 < k < m
rV, € Cha(S"Y)

1
whereyk2§+v(withsomev>0)f0r0$k£m—1andy,,,>0. Let

Oy =1for k<m—1 and 0< 9, <2y, il 3, < 1/2, otherwise J,, = 1
then ue C2=(S"1).

Let 0¢ denote any partial derivative of order k, then for k < m
rllrg Oku(r®; 1(£)) exists VEeQ, Viel and A e C™*=(S*1). In addition for

OSkSm—zaﬂkz llgiigk(l"))b-"’yk)

>

| Ku(rd; 1 (©) — A@7 1 (©) | < Cp (1.11)
Ve Q, Viel, Vr > Ry > R with some 0 < C,, < oo. In particular if for

Vol. 46, n° 3-1987.



252 M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF AND J. SWETINA

some v > 0, r"*32V, e Cox(S"" 1), then ue Cor(8"™1) and AeC>(S"™1).
¢) If for some o> 1/2, r***V,e C2x(S" '), then ueC2x(S" 1) and
A e C*S"Y). Furthermore Yke N

| OKu(r®7'(9) — A@ Q)< C.,  a=min(La) (1.12)
V¢eQ,Viel, Vr > Ry > R with some 0 < C, < o0.

Remark 1.1.— As noted already in [13] these results reflect the fact that
we consider for r — oo a non-uniformly elliptic problem as is obvious if
we write (1.1) or the corresponding equation for u in the spherical coordi-
nates (r, £) so that with (1.9)

? n—-10 L2 .

( Ew m—n + 2 +V E)l//(r(l) ¢)y=0. (1.13)

That part a) of Theorem 2 is not far from optimal is demonstrated in [13]
for the two-dimensional case with an explicit example.

Next we consider the asymptotics of u in more detail. We assume that
the conditions of part c¢) of Theorem 2 hold. Hence ue Cyr(S" 1) and
A e C°(S"1). For each y e S" ! we consider asymptotic regions

{erR

large. Now we rotate our coordinate system so that y=e,_;=(0, ...,0,1,0)
and consider A(®~*(¢)) in a neighbourhood of £=0. For simplicity we shall
often write A() resp. u(r, £) instead of u(r®~1(¢)). A(¢) is then because of
part ¢) of Theorem 2 real analytic and we have near E=0

S AQ) = Pu(@) + 0| EMTY (1.14)

where Py, the first nonvanishing term in the Taylor expansion of A(¢),
is a homogeneous polynomial of degree M, M a nonnegative integer and

< Kr"’,r>§} where fe(0,1/2], Ke(0,0) and R

X
y—-
r

Py = Z Ay, L0ER L Enot (1.15)

L+l+.. 0,1 =M
The following theorem describes how the asymptotics of u in the domains

Dy = {r@o" ') el &|<r*} Be(0,1/2)
R large (1.16)
Dip={r®o "(QeQllél <kr™'?} k<o

is related to the assumptions (1.14) and (1. 15) on A.

THEOREM 3. — Let V, V; and V, satisfy the conditions of part ¢) of

Annales de I'Institut Henrt Poincaré - Physique théorique
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Theorem 2. Suppose A(¢) satisfies (1.14) with Py given by (1.15). Then
in D; defined by (1.16) for some & > 0

u(ra 61,62 ---671—1): n—1
= (2/IE|r)~™2 2 a by, Hsz(brl/zfj) .

i+t -1 =M j=1
(L4 0( 7)) + O P mina= 112.0) (1.17)
where
b=2""2 B (1.18)

and the H; are the usual Hermite polynomials of degree I:

2]

H)(z) = y by (22)' 2, (1.19)
|
k=0

with [l/2] integer part of /2 and
I
biy=(—1F ———. .
k= (=D k(1 — 2k)! (1.20)

(1.17) implies (see section 3).

CorROLLARY 1. — Suppose that A is given by (1.14) then for

n—1
Zz,-z <k?< oo, lim r™2u(r, zl/b\ﬁ, zz/b\/;, e z,,_l/b\/;) =
i=1 n—1
1 M
= (5) Z L4 T P A HHtj(Zj) (1.21)
Li+la+ .y =M j=1

and (u — A)™? is bounded in D¥},.

Let us discuss the results given in Theorem 3. The corresponding 2-dimen-
sional results have been given in [/3]. For this case the r. h. s. of (1.17)
reduces to a single Hermite polynomial and we could therefore draw in
a direct way conclusions about the asymptotics of nodal lines and nodal
domains since Hermite polynomials have separated nondegenerate zeros.
The situation is a lot more complicated for n>3 since then with z=(z,,
Zy i Zy—q)

Hul(z) = a1y, Hiy(21) - - Hy,_,(zs-1) (1.22)
Li+la+. Dy =M

Vol. 46, n° 3-1987.



254 M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF AND J. SWETINA

might itself have a complicated nodal structure. Some observations are
however straightforward: We have with

) 1/2 . 02
lz| = zZ and A= —
0z?

i=1 i=1

(— A+ | ze” "2 A y(2) = @M + n — D) #ye 172 (1.23)

Hence #ye™¥*/? is an eigenfunction of the (n— 1)-dimensional quantum
mechanical isotropic harmonic oscillator. Although a detailed analysis
of the nodes of such s#),s is not available the fact that #), satisfies (1.23)
implies (see [/] or [/1]) that s#) changes sign in every ball containing z,
with #(zo) = 0. The same is true in Qg for Y and hence for u itself but
in general for ¥ or u restricted to some hypersurface e. g. the surface of a
ball in R" this will not be true.

As mentioned in [/3] Theorem 3 is nontrivial even if we consider (1.1)
with V, = 0. To illustrate this we consider

(—A+ V) —EW =0 in O (1.24)

where i is assumed to be nonradial. Certainly if we set

M
Y(ry) = Z afinY®(y),  yes"! (1.25)
=0

where each f,e L%(Qg) satisfies

( A n—-1d ll+n-2)

Tt +V1(r)—E)f,(r)=

and where the Y? are the usual surface harmonics (see section 2) then y
will satisfy (1.24). If we pick fy(r) positive (this corresponds to v(r) of (1.4))
we can demonstrate the results of Theorem 3 by choosing M and the ¢;’s
appropriately and by selecting the Y® so that

M

A(y) = lim —— f() sz:Y”’(y)

has zeros of prescribed order. A physical relevant example is for instance
the nonrelativistic Hydrogen atom where one can explicitly simulate the
findings of Theorem 3 for eigenfunctions due to the well-known degene-
racies of excited eigenvalues. (See any textbook of quantum mechanics.)

More on the explicit structure of nodes and nodal domains will be
given in a forthcoming paper [/0] where a suitable generalization of

Annales de I’Institut Henri Poincaré - Physique théorique
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Corollary 1 of [13] on the growth properties of nodal domains is established.
For the 2-dimensional case it is shown in [9] (by using the scaling given
in Corollary 1) that the nodal lines of ¥ look, roughly speaking, asymptoti-
cally either like straight lines or like branches of parabolas.

Most of the relevant literature on asymptotics of solutions of exterior
problems of Schrédinger type has been cited in [/3]. The recent results
of Herbst [8] and Froese and Herbst [6] provide some new insights in
the exponential decay of such solutions in cones for a wide class of poten-
tials. Local properties of nodes have been investigated recently by Cafa-
relli and Friedman [3] who generalize results of Bers [3] and Cheng [4].

In section 2 we shall prove Theorem 2. The major steps will involve some
estimates which enable us to use the results of [/3] together with some
rather involved arguments to set up the iterations which are necessary
for the proofs of part b) and c) of Theorem 2.

In section 3 we prove Theorem 3. Similarly as in [/3] we analyse itera-
tions of an integro-differential equation for u(r, £). Here again the case
n > 2 is more involved than the two-dimensional case.

We have profitted during the beginning of our work on this subject
from many discussions with K. Yajima. We gratefully acknowledge helpful
comments by P. Michor and W. Thirring. Some ideas that appear in this
paper stem from thesis of J. S. (1984, unpublished).

2. PROOF OF THEOREM 2

Our assumptions on V imply via standard techniques for elliptic
PDE’s [7] thaty is C'(Qg,) for any Ry > R. Since v(r) > 0in Qg this implies
also that u is locally differentiable in Qg, and hence that for each finite
fixed 7, u(r.)e C(S""!). Hence the problem is to establish uniformity
with respect to r. The main strategy will be to reduce the problem to the
two-dimensional case for which the results derived in [/3] are available.

First we shall derive a lemma which permits us to draw conclusions on
the regularity of a continuous function f:S"”! — R once the regularity
along geodesics in S, i. e. « great circles » is known. As is easily seen,
each great circle in S"~ ' can be expressed by a parametrized curve y,, ,,
in S"~! of the form

Vo,u,(t) =0y cOSE+vy8int with te[—m, n] 2.1)

where v; and v, are orthogonal unit vectors in R". By # we denote this
family of unit speed geodesics

97:{Vvl,vziUl,UZER",(Ul,Uz)z0>|01|: [y ] =1}-

Vol. 46, n° 3-1987.
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‘LemMa 2.1. — Let f: S""! — R be contihuous.

a) Suppose that Vye #, f oyeCH— =, =) for some ke N U {0}, then
feCKs 1.

In addition if for some a€(0,1] and Vye £,
dk
I3 JO@))| < Calto =ty |* for to,tie[— 7] (2.2)

dk
i S (o) —

then feCk*(S"™1).
b) Suppose there exist constants C, > 0so thatforallke N and Vye #

k

o [0) | < Ck157 2.3)

then
feCyS" ).

Proof. — It will be convenient to use some kind of stereographic projec-
tion: Let U={xeS"*:x,< —d },0<d<1,andlet E" V={xeR": x,= —1}.
Obviously E®~ 1 is the tangent plane of S"~ ! in the point (0, 0,. . .0, —1). Let

n—1
(1, X2, ooy Xpo1)EX = {xeR”‘l: Zx,z <d? - 1}
and define !
p X > UcsS! by ¢ U xy, ... Xno1)

n—1

-1/2
=<Zx12+1> (xla“'axn—la_l)

i=1

then it is straightforward to see that if we draw a ray from the origin to

n—1
a point (xq, ..., X,—1, — 1)e E®™1 with fo < d~? — 1 that this ray
i=1
hits S"~ ! at the point ¢~ Y(xy, x5, . . ., X,_ ). Furthermore ¢ maps a geodesic
in U < S"~ ! into a straight line in X. By rotations we get U; = S" !, iel,
I some index set, such that U U;=S""!and ¢;!: X » U;cS" L.

The charts (U;, ¢;), i€l constitﬁ{e a C®-atlas (w-equivalent to the one of
the preceding section).

To verify a) of Lemma 2.1 we first show that Viel, f o ;' e CKX).
Let ae X, then Yhe R""! with |b| = 1 we have a + bteX for |t| < &a),
where g(a) depends only on the distance of a from 0X. For any ¢; and a
given as above there exists a y € # such that ¢; '(a+bt)=y(t) V|t| < &a).

Annales de I'Institut Henri Poincaré - Physique théorique
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Since f oyeC* and (f o y)t) = (f o ¢:i ')a + bt) the directional deriva-
tives

S

Dy(f - ¢ Ya) = 115% ﬁ (f @i Ya + bt)
exist, are bounded VaeX and VbeR" !, |b| =1 and furthermore
Df(f o ¢ ") is continuous in the direction b. Therefrom it follows via
some results of Boman (see [2]: Lemmata 4,5) that f o ¢; ' € C{X) Viel,
implying f e CHS"™1).
If in addition for some a€(0, 1] (2.2) holds, then obviously
| DY(f o ¢ Ya + bt) — Di(f o ¢ N@)| < CueltI* VIt] < ela),

Vae XandVbe R"™1, | b|=1. Now again we make use of Boman’s results: If
o= 1 we conclude from the above via Lemma 6 in [2] that f o ¢; 1 e C*(X);
whereas for the case 0 <a <1, f o ¢; ' e C**(X) follows with the help of

Lemma 7 by proceeding in the same way as for the proof of Theorem 2 in [2].
To show b) we proceed as before and note that (2. 3) implies for ke N U {0}

(dt"(f 73 )>(a+bt)

for|t| < &(a), Vae Xand Vb e R"~ ! with | b | = 1. Again Boman’s results [2]
imply f o ¢; ' e C*(X) Viel Therefore

(dt" (foor ))(a + bt) = (b-V)(f o 67 *)a + b))

< Ck!o7* 2.4)

0
where V = (—, -

. But due to (2.4
0x, ax,,_1> " ué 024

k

D VA6 a ) o gy
k=0

converges absolutely for every |t| < §; < 8. (Note that

Py(bt) = ((b-V)“-((f o ¢i 'Na + bt))) =0tk !

is a homogeneous polynomial of degree k in the variables byt, b,t, . . ., b,—1t.)
Applying a result given e. g. in Mujica ([/4], Proposition 4.6) it follows
that for | t| < d,/e

0
k

(6T 6N+ o =
k=0 e

= N

lalt (S = di @)

oyl 1 OXT L OXt

Ay tn—1 =0

Vol. 46, n°® 3-1987.



258 M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF AND J. SWETINA

n—1
where a=(ay, ..., ®,—;) denotes the multi-index with Z o;=|o|. Both
i=1
series converge absolutely and uniformly. The above result holds Vb e R*~!
with |b| = 1 and therefore b) is proved. O
We start now the proof of Theorem 2 as in [13] and split ¥ so that

Y=vyo+n 2.5
where
(—A+V,—EW,=0 for  xeQy, 26
Vo=¥ on 0,  WoelAQy) 29
and
(—A+V,—BEp=-V,y for x ey, 2.7)
n=0 for xedQ,. @
First we investigate the regularity properties of y/v.
LEMMA 2.2. — Under the assumptions of Theorem 1 on V, and E,

Yo/ve Cor(S"™1). Specifically if y(t) is a geodesic given as in Lemma 2.1
there are constants dy, d > 0 such that for r > R, > R

@ Yolryto) Sdok![d<RL_1>]"‘“ Ve [- mnl. (2.8

dat* o) o T

%(7, )eC*S" YHYforr > R,.

Let o = r" V2, We know that for fixed r, §o(ry)e L¥(S"!). We
express Y, in a series of surface harmonics Y® so that

Vo = Z akﬁ,(r)Y<"><§> 2.9)

Proof of Lemma 2. 2. — We first show that

where Y® € #, and #, denotes the linear span of the surface harmonics Y®
of degree k, i. e. the restriction of the real valued homogeneous harmonic
polynomials in R" of degree k to S"~ 1. Then with L2 given by (1.10) we have

L2Y® = kik + n — 2)Y® . (2.10)
We also assume the Y® to be normalized and real valued so that

J YYD = §, 2.11)
sn-1
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where J, is the Kronecker delta. Obviously the coefficients g, are deter-
mined by : -

J YO odo = Zak ﬂ(r)f Y®YDdo = a,fi(r)
sn-1 =4 §n-1
and if we set fi(Ro) = 1 Vk then Za,Y(’)((I)“ &) = Y(Ro® ™ &) =Y(R,, &).

=0

From (2.10) and (2.11) we infer that

< il w+\~’1(r)>f,(r)=0 VieNU {0} (2.12)

Car? r?
where

~ —1n-3

V1=V1(r)—E+9’——4—)(2'-'——). (2.13)
-

If we set L%(l) = Il + n — 2), then with the aid of Lemma 2.3 of [/3]

(r) 1 1
< — — bL()| —— - 2.14
0= 5wy exp[ ( )<R0 )] 219

for some 0 <b < oo and where ¥(r) = r® V2y(r). This implies that

(i"f)ry) - z a(Y(y)
1=0

where the | ¢,(r)| < e™® for some d > 0 and forr > Ry + ¢, ¢ > 0. By a
result given in Stein [/6] this implies that yo(r.)e C*(S"~1) Vr > R,.
Next we show that yofve Cor(S"1). First we derive an upper bound
h(l)
to sup |Y®|: We have [5] VI > 0 that Y® = Zb,,,,,Y,,m where for fixed |
yeSn-—1
the Y, ,, are orthonormal on S"~ ! and
21 +n —2)! - 3)!
iy = G2 rn =3I s
n—2)!
h(l)

From (2.11) it follows that Z | bim|> = 1. From [5] we also know that
h(l)

m=1

m=1

| Yim |* = c(n)h(l) for some constant c(n), implying
m=1 h(l)
| Yim > < Cn)*I"~2. (2.15)
m=1
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Therefore
h(l) h(l) h(l)
1/2 1/2
YO = Z bimYim| < (Z | bt |> <Z Yﬁ,,,) < C(n)lm2-1
m=1 m=1 m=1 (216)

Let Py(x) = | x |’Y‘”<§> for xe R"\{0}, then P, is a harmonic polyno-

mial, homogeneous of degree I Let e,_, and e, be the unit vectors
en-1=1(0,...,1,0) and e, =(0,...,1) in R" It is easily seen that for
ke N, gn—le [_ T, TC]
0*Py(x)
Oxk
Now let B,={xeR": |x| < p). Since P, is harmonic for xeD;=B,;,;\B,_;
for any small § we can use an estimate for harmonic functions (see for
instance [7], p. 23), namely

k

Y@ le=,...0.60- - (2-17)

= ok
X=c08&n-1€n-1+siné,_ e, aén—l

O*P, k\
sup |09 < ("—) sup | Py(x)| (2.18)
|x|=1 ax,, 0 xeDg
for any small § and I, ke N.. But (2.16) implies
sup | Pi(x)| < (1 + 8 1™D~1C(m). 2.19)
xeDg

Combining (2.17),(2.18)and (2. 19) we get Vi, k € N and for every small §> 0

k

k [ .
n/2)~1
P (1+9)1 (2.20)

YO@ (&) %

< C(n)

£=(0,...,0,¢,- 1)

a k
for &, € [—n, n]. Now we consider < ) l//_o (r,9)foré=(0,...,0,¢,)),
where we again denote 0Cw-1/) v

Yo po-1e) = Y0 o).
v v

From (2.9), (2.14) and (2.20) we get

k
T bog g

k
0y v §=(0,..~,0,§n~l)'

- k
<G Z exp [— bL(l)<Ri — ;)](1 + 5)’(%") [m2)-1 <
0

1

1 1 o[k \*
<G, Z exp [— b I<R—0 - ;):l(l + 9) <§> (2.21)
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for some b’ € (0, b). Since 6 > 0 in (2.21) is an arbitrary small number

1 1
we can choose 6 = d(r) = exp [(b'—v)(— - —)] — 1 for some ve(0,d’)
to obtain Ro 7

N k
r.h.s. of 2.21) < C; Z exp [_ v(%o _ %)l]g(_lrc_))
=0
<ol 3
Ry r o(r)

1 1
Noting that d(r) > C<—R— — —> for r > R, with a suitable C > 0 we obtain
0 r

1 1 k-1
cam(i(L-0) e
£=(0,...,0,&n-1) Ro r

for r > Rg, &pmr€ [— ), keN U {0} with some constants dy,d>0

not depending on kandr. Nowt — @~ 10,0, ...,0,t) = cos te,_; +sin te,

describes a geodesic on S™ ! and — A+ V,(r)—E is invariant with respect to

rotations. Hence it follows from (2.22) (now using the notation of Lemma 2.1)

that Vye %, (2.8) holds. Lemma 2.1 implies that Y/ve Clx,(S"" ') and

since R, can be chosen arbitrarily close to R this proves Lemma 2.2. O
We continue with the

- via Stirling’s formula

o Yo
aéﬁ—l ——U_(r’ é)

Proof of part a) of Theorem 2. — We start by investigating the Holder
continuity of #(r.)/v: For short we again write 5(r, £) instead of n(r®~ 1)
and we note that t —» ®7 It &,, ..., E—y), te(—n/2,m/2) with fixed
arbitrary &5, ...,¢—2€(—7n/2,7/2), &1 €(—m,T) describes a geodesic
on S"~ L. For reasons that will become clear below it suffices to show that
with &,, ..., &,—1 as above we have

1
EI ’7("’ 615 . ',én—l) - ’1(", - élaéZ, .. "én—l)l < C‘;(T)U(r) | él |5
V¢, € [0, n/2) and forr > R, with (2.23)

deoe 4 1 1N\ !
Colr) = "jf (cldwo, 5)+cz<b(R——;>> )

with some suitable constants C,, C,, b, d(yo,8) > 0 and c¢,, yo defined
according to our assumptions on V, and ¢, given as in Theorem 1. We
note that it is necessary to give C,(r) so explicitly because it will enter in
the proof of part b) and c) of Theorem 2.
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To verify (2.23) we shall follow partly [/3]. Let

1
11,,(r, 6) = 5(’1('3 619 RIS én—l) - ”(r5 - fla 52, LRI én—l_)) (224)

1
Wa(r, é)= - E((VZI/l)(r’ 617 ey én—l) - (Vllp)(ra ——619 62, seey én—l)) (225)

with £ € Q such that &, € [0, #/2). We have from (2.7)
(=A+V,—BEmn,=W, in Q_, Q_={xeQp,:x; <0}. (2.26)
By Theorem 1 and the assumptions on V, we get
| Wal < coevr™ ! 770u(r) = Golr) (2.27)

which together with Kato’s distributional inequality (see [/3] for the same
argument) leads to
(—A+V,—E)|n,] <Gy in Q_, =0 in 0Q_. (2.28)

By the maximum principle a function F e W'3(Q_) which satisfies
(=A+V,—EF=G, in Q., F=0 in Q_  (2.29)

will obey
(1.l <F for xeQ_. (2.30)

Having in mind the definition of #, it suffices to find a suitable upper
bound to F. We first observe that F is invariant under rotations around
the x;-axis, since in (2.29), A, V; — E, G, and the boundary conditions
enjoy this property. Therefore F(r®~!(£)) depends only on r and &, and
we shall write F(r, &,). We could now try to expand F for fixed r in spherical
(zonal) harmonics but we shall follow another route and derive the upper
bound for F by reducing our problem to a two-dimensional one. First
we note that F € C*(Qg,) by elliptic regularity. Let F(r, &)=r""2F(, ¢,),
G, = r" V2G, and let V, be given by (2.13), then F(r, £,) satisfies

( 2 1 n-2

0 ~ \~ ~
T e L4V, JF=6 2.31
et e Bt ‘) o @3

in

ﬁ_={(r,él)e[R2:r>R0,0<él<g} (2.32)
and
F(Ro, £,)=0 for ¢&, e<0, ‘;‘) and  F(r,0=0 Vr>R, (2.33

The 2-dimensional problem defined by (2.31), (2.32) and (2.33) leaves
F@r, &,) at &, = n/2 unspecified. But by the rotational symmetry of F(x)
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with respect to the x,-axis OF(r, &,)/0¢, =0for ¢, = n/2 and since Fe C*(Qg,)
it is easily seen that

. OF(r, 1) 0* .
:,llgzl/ s tgéy ——— 3z, (a—g F)(r, 5) . (2.34)

Hence we can symmetrize our problem in the following way: let

7, ) = Fir, 0) for e (0, g]

frnw) = finn—w) for  we [.723 n> (2.35)
and set
Q={(rcosw,rsinw)eR*:r>Rp,0<w<m}. (2.36)
Furthermore define on R2
0? 1 62 ~
p--2 % V0 2.37)

o r? dm?
then it is easily seen that

(7

Hence we have reduced our problem to a two-dimensional one and it
suffices to find a suitable upper bound to f.

a)f(r,w):éo(r) in O, f=0 in Q. (2.38)
ow

LEMMA 2.3, — Let f be defined as above and suppose

g(r, w) > 0, J‘w J”“ g(r, w) |Pdrdo < oo,
and ROA ° ~
Pg =G, in Q, g=0 in 0Q (2.39)
then g > f in Q.
Proof. — Existence and uniqueness follows immediately by noting that

3 2 2 . - ~
with r = (x} + x3)'/2, x; = r cos , x, = rsin o, r~ 2 3(r, ) transformed
into two-dimensional cartesian coordinates satisfies

0? 0* ~
<_ ox? 6 2t Vl) l/Zg(xb Xz) = "_I/ZGO (2.40)
inQ, = {xeR*:r>Ro,x, >0} and g(x,, x,) = 0in 0Q,.
Since V; >0 and continuously differentiable, r~'2G,eL*(Q,)nC*((,),
G, > 0, we have uniqueness and g > 0, ge L}(Q,) n CHQ,).

We first show that g(r, w) is monotonically increasing in w for we [0, r, 2 |.
By symmetry we observe that g(r, w)= g(r, n— w) for we(0, n). Let @e(0, /2]
and define h(r, w) = 2(r, 20 — w). Then for w € (0, @), r > Ry,

Vol. 46, n° 3-1987.



264 M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF AND J. SWETINA

Pg = Go(r), Ph = Go(r) and 2(r,0) < h(r,0), 3(r,®) = h(r,®) for r > R,
and h(Ry, w) = g(Ry, w) = 0 Yo € (0, ®). Hence by the maximum principle
(h — g)(r, ®) cannot have a negative minimum for w e (0, @) so that h > g
for w € (0, ®). Therefore for r > Ry, g(r, w) < g(r, 20 — w) Ywe(0,®] and
for arbitrary fixed @ € (0, n/2]. This implies dg(r, w)/dw > 0 for w € (0, n/2)
and by symmetry 0g(r, w)/ow < 0 for we(n/2, ). This implies that
tgwdg(r, w)/dw =0 for we [0, x]. Also hm tg wdg(r, w)/om=— ( )/60)2

corresponding to (2. 34) and we ﬁnd
2 0 . oA
P + —stg w—aT 2(r, w) > Go(r) i Q.

This differential inequality together with (2.38) implies

(2475

and therefore (3 — f)(r, ®) cannot have a negative minimum by the maxi-
mum principle proving the assertion of Lemma 2.3. O

We continue with the proof of part a) of Theorem 2. Collecting our
findings we obtain by (2.30) and the above lemma

|11,,(r, é)l < F(r’ 51) < r—(n—l)IZ'g’.(r, él)a él € I:Os g‘} (241)

aa )(g(r ) — f(r, 0)=0 in Q

with g satisfying (2.39). Now since we have reduced our problem to the
2-dimensional case we can use the results derived in [/3] to obtain an
upper bound to g. There we have shown (see eq. (3.21) and (3.32) and
identify F, with ) that for r > R, and w € (0, )

B(r,w)  Adcocs 1o1\!
g(;(:;’)s c‘: (Cld(yo,5)|w|“+C0|w|<b(R—o—;) >> (2.42)

with suitable constants C;, C,, b, d(7,, 6). (2.41) and (2.42) immediately
imply (2.23). Now rotating the coordinate system it is easily seen by the
assumption on V, and equation (2.7) for n that the preceding arguments,
particularly the estimates remain unchanged and hence we conclude by
(2.23) that

| n(ry(e2) —nry(en)) | _ deocs N ~
e = (camore(og ) ) "o

On the other hand we have from Lemma 2.2 Vye #

- 1 1)\
|Yolrre2) = olri(ea) | _ do(d<R___>> , (2.44)

or)| 2=ty o 7
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Recalling ¥ = Yo + # in Qg, we obtain Vye F

W)~y )| <i - l>—2<dod—z+ 8o ey 5)+C2b“)>.

ur) | ta—t Ry r b

(2.45)

This verifies the Holder continuity of u = /v asserted in part a) of Theo-
rem 2 because of Lemma 2.1.

To complete the proof of part a) of Theorem 2 we have to show that
lim u(ry)= A(y) Yy e 8"~ ! exists and that A € C°%(S"~!). Denoting u(r®~*(£))

by u(r, £) and assuming without loss

lim sup u(r, 0) > lim inf u(r, 0)

r— oo

we derive a contradiction. For this purpose we proceed as in [/3] and
pick a function 0 < %, x € C&(S"~!) with sufficiently small support so that

gr) = J uydo
sn— 1
also has no limit, i.e.
lim sup g(r) > lim inf g(r). (2.46)

Following [13] (see the arguments from (3.35) to (3.40)) we see that with
a suitable constant C and with y = min (1, y,)

lg’l<Cr '=7  for r>R,R sufficiently large

and this in turn implies via integration that the limit of g(r) for r — oo
exists contradicting (2.46). The Hoélder continuity of A is an immediate
consequence of (2.45).

Proof of part b) and c) of Theorem 2. — First we show by using elliptic
regularity as in [/3] that u satisfies for 0 <k <m—1, u(r, .)€ CXS"~ ') and
u(r,.)eC™*(S"~ 1) for re(R,, R,) for any R,, R, such that Ry <R, <R, < 00
for some o > 0. Pick for 1 < k < 2m, p; € (Ro, R,) increasing and R, € (R;, o0)
decreasing and define D, ={ xe Qg | py<r<R; } and set Dy = Qg,. Then
Dy, © < Dy (strictly contained) and { xeQg,|R,<|x|<R,} < < Dy Vk.
Let m = 1 and consider (1.1) in D,. We know that the assumptions on V
and E imply that e W>%(Qg ) and that dy/0x;, i = 1,2, ... n belongs
to W1%(Qg,). Noting that expressed in cartesian coordinates

0
aén—l
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we obtain by differentiating (1.1) in the distributional sense

oy ov
(-A+V —-E) 3%, 55 y. (2.48)
n— n—1

Since 0V/d¢&,_ ; is bounded by assumption 0y/d&,_ , is Holder continuous
inD, = = D, by Theorem 8.22 of [7]. Now let m > 1. We consider (2.48)
in D3. Again following [/3]we observe that Theorem 8. 30 and Theorem 8.9
of [7] yield 0*y/0&; € W"*(D;). Differentiating (2.48) with respect
to &,—; we get

Gy _ v PV
08y 08p-1 081 0L,

By the preceding arguments the r. h. s. of (2.49) is bounded in D, and
we conclude via Theorem 8.22 of [7] that 6%y/0¢2_ , is Holder continuous
in D,. Repeating these arguments we obtain by differentiating (2.49)
sufficiently often with respect to &,_; that 0™y/d¢™_, is Holder continuous
in D,,,. Since v(r) > 0 these local properties hold also for w.

Finally we observe that the set

{yeS" 'y=0"Y (Y withé =¢,=...¢,_,=0,¢,_,e(—m, ) }

is a great circle on S"”! so that by the rotational invariance of the assump-
tions in part b) of Theorem 2, ys(ry(t)) and hence u(ry(r)) have the above men-
tioned regularity properties Vy e #. Thus we conclude via Lemma 2.1
that for k < m — 1, u(r, .) e CXS"™ ") for r e (R, R,) and u(r, .) e C™*(S""?)
for some 1 > a > 0. In particular we note that if V,(r, .) e C2(S"~ 1) for
r > R, that u(r,.)e C*(S" 1) for r > R,,.

Next we show the uniformity of the regularity properties of u with respect
to r for m > 1. We follow the proof of part a) and we shall also use estimates
established in [/3] (see 1nequa11ty (3.48) there). Due to our assumption
in Theorem 2 b) we have r' "7V, e Ck x(S" !)for 0 < k < m which obviously
implies the existence of constants ¢, > 0 such that

(-A+V—-E)

v.  (2.49)

0V, (r@” 1(é))
0&-

Vr > Ry and ¢ € Q. (2.50) remains true if we rotate the coordinate system.
Specifically r' **V, e C2x(S"~ !)implies that for k=0, 1,2, .. ., ¢, < cok!67*
for some 6 > 0.

Noting that u(r,.)e CXS"™") for 0 <k <m — 1 for r > R, we shall
demonstrate for 0 < k < m — 1 that

for &¢&eQ with &= (&, ..., &) &=Cn . n-2.8-1)

rl + ¥

< (2.50)
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' " 1 1\*2
i D7 0) 207 E | <1 i MHI(R_O_ ;> ,

k
Mk+1=M0<(k+1)!d"“2 + Ec>ck,,-M,-> (2.51)
=0

4
M, = max (B, c;B,d,) with B =-(Cyd(y, 1) + C,b™ Y,
T

y=min (1, 1,72 -+ Vm) and ¢, 0<j<m givenin (2.50).

(Compare (3.48) in [13],) To verify (2.51) we proceed by induction. The
case k = 0 follows from the proof of part a) of Theorem 2: Pick any ¢,
¢ € Q as above, then there exists a y € # with @~ 1(&)=y(t), @ 1&)=2().
Further it is easily seen that | &,_1—&n—1 12> t—t'| and hence it follows
from (2.45) that Vr > Ro, V¢, & eQ as above

—1(£\) _ —1gr -2 }

|0~ —ur® )| (i ~ 1) "
lén—l’in-l‘ RO r

verifying (2.51) for k = 0 and any m > 0. Now assume that (2.51) holds

for k—1. To show that it is also true for k we use d4y/0%_ 1 € W2 (Qw,)
for 0 < k <m — 1 and that in Qg,

k-1
M _ k\/ oI oy
(-A+V=Bga— =" Z(f)(aé';:f\')(aé:;_l)' -39
=
Moreover since for r > Ry, Y(r,.)e CKS"™ 1) and o, )eC2S ™,

W [OER_ | = 0o |OEK_, + 0*n/O&,-y. Defining 1, and W, as in (2.24), (2.25) we
have

(2.52)

o~ >wW, .
(—A+Vy —E) 1= 25 in Q_={xeQg:x;<0}. (2.54)
aén -1 aén— 1
This equation corresponds to (2.26) in the proof of part a) of Theorem 2
and in the following we shall use the procedure given there to derive an
upper bound to |7, | in order to obtain an upper bound to | 8*n,/0&h- 1 |
Hence we give only the main steps. Noting that due to our induction hypo-
thesis (see 2.51)

oY
08—
and taking into account the assumptions on V; (see inequality (2.50)) we have

< (el

(o (9)

S A
<o (g 1) o rzRe, 0k ceQ .59
0

oW,
0&h-1

F,
et

< Gy») (2.56)

08—
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k
Gulr) = Z <f>ck_ FUMRe T — ) o). 2.57)
j=0

Hence in Q_ (given as in (2.26))

with

ak
(= A+ Vi(r) = B) |1 | < Gulr)
aén—l
o* .
’Kﬂa =0 in 0Q_. (258)

Following the arguments given in the proof of part a) we arrive at

N, .

agn PO ORE 6 for ﬁlel:O, g) (2.59)
where analogously to Lemma 2.3

23,=G, in @ with 2 =0 in 0O (2.60)

and as in (2.40)
0? 0? . ~
_ + Vl) 25 =r 112G, in Q,.
(3x1 6x2

But this equation can be identified with the equation given before (3.49)
in [/3] when V,, F, G, is replaced by V,, r~12g,, r~!2G,. Making use
of the upper bound on F; derived in [/3] (see the inequality preceding (3.52)
and replace F, by r~1/?g,) we obtain

gu(r, &) < &y vmyrq(r) for & G[O, g>, r>Ro (2.61)

k
4 k 1 1\ /! 1 1\!
mk“'l(r):;ZL.)ck—iMj(E;—;) (Cld()’, 1)+Czb_1<R—0—;) )
=0

Note that we used y; > 1/2for 1 < i < m — 1. Combining (2.59) and (2.61)
we get forr > R,

k

1( élﬁéb--'aén—l)) <
<1280 I mq(o(r) . (2.62)

(rq) 1(61’ 52’ Y

' 0&n- 56

Now note that equation (2.54) is invariant with respect to rotations of
the coordinate system in the sense that — A + Vi(r) — E and the upper
bounds to | *W,/0&%_, | stay invariant. But under rotations a geodesic
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in S"1, specifically t — ®7(t, &5, ..., Enmy) With £, 85, .., 8y fixed,
stays a geodesic and hence (2.62) implies

o *n\
<a¢ )( y(E)— (ac )(rv(t))

Vye Z,Vr > R,. But for any &, & € Q defined as in (2.51) there isa ye #
with ®~*(¢) = y(t) and ®~}(&’) = y(t') with [t—t"| < |&-1 — &1 | and
hence for r > R,

<mo ()|t =t |ov(r) (2.63)

ak ak
‘——,"’—(rcb‘l(é»—
aén— 1 é
On the other hand we obtain from Lemma 2.2 in an analogous way that
VEEeQ,Vr =Ry

(r<1> a9 ‘ Sy () [ St —Epma [0()) . (2.64)

Yolr®™ ‘(i))—

=1(gr
\aé _1‘/’0("(1) € »‘

0

1 1\ %2
< do(k+1)! (d(— - —)) Aam1 = G | 0(r). (2.65)
R r

Combining the last two inequalities we arrive at

\ *u *u

e (r<1> "&)- PR (rfD "N | <11 €;-1|<'nk+1(r)+do(k+1)!-

1 1—"-2 1 1\
<d<R—O—;>> )<Mk+1(R—O—;> 6oy — Eal (2.66)

verifying (2.51) for0 < k <m — 1.

To show uniform Hoélder continuity for 0™u/d&_ , we proceed as before
but start with k = m in equation (2.54). The corresponding estimate is
then for r > R, V&, &eQ with &, ¢ differing only in the &,_; component

1 -m-2
1(5’))‘<|é,. 1= Cn- 1|""‘<——;> C(om)

’65 65 Ro (2.67)

with some 0 < C(J,,) < oo, and where the §,, is defined in Theorem 2.
Specifically it follows from (2.67) that for every Ry > Rq

am

am
_(cb 10, 0, ...,0,:))—5,':(@—1(0,0,...,o,t')) <C(Sm Ry) | t—t" P

(2.68)
for every r > R, and for t, ¥ €(—m, m). Since the geodesics in S"~! can be obtai-
ned from rotations of the geodesic ® (0, ...,0,t) = e,—; cost + e,sin t

and since —A+V,(r)—E is rotation invariant and since by assumption
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rt* v, e Cko(S" ) for 0 < k < mitfollows from (2. 68) that for r >R, > R,

"u U
a — (1)) — —(rv(t’)) < Clm Rt = VYyeF. (2.69)

Now we apply Lemma 2.1a) and since R, was arbitrary close to R we

obtain
ue Crm(S"1).

If V, satisfies the conditions of part c¢) of Theorem 2 then the constants c,
in inequality (2.50) obey ¢; < cok ! ¥ for some § > 0 and (2.51) implies
that for some M > 0 and some § > 0

ak
ro~1 2.70
‘ PR ( ©) ‘ (2.70)
VEeQ,Vr > R; and keN U {0 }. The proof of (2.70) is the same as for
the corresponding result in [/3]. As above we conclude that (2. 70) implies
that Vye # o |

£ ()| < Vr > R, (2.71)

thus by Lemma 2.1 ue C2g (S"™).
Finally we have to show the existence of the limits of u asserted in part b)
and ¢) of Theorem 2. For 0 < k < m we have with L? given by (1.10)
0> 200 L? o*u
- -z —+ V. O1(¢) =
( arZ U ar + 2 )aé (r (é))

ok ' o
) _Z< ><0§" )VM) ‘(é)) - ( ©). 2.72)

j=0
Let us write u® = d*u(r®~'(£))/0&}_ ;. Suppose there is a & e Q such that
u®r®d~1(€)) does not converge for r — oo. We derive a contradiction as in

[/3]and asin part a). We pick 0 < y € CP(S"~ !) such that g, (r) = J u®do

sn-1
has also no limit. g,(r) can be shown as in [/3] to satisfy | dg,/dr | < dr 1",
y=min (1, y;, ...,ys) for some d and this implies existence of lim g,

and hence of lim u®(r®d~(&)). This leads by the usual argument to the

existence of the limits of J*u(ry(t))/ot* Vye # and hence via Lemma 2.1
to the existence of lim 07u as asserted. That ofu — 07A follows from an

equicontinuity argument as in [/3]. Such an argument implies also

A e C™%(S"~1). Analogously we conclude by (2.7) for k < m — 2 that
0 u B _
5F(r® )| <Cr™ 7 ye=min (1,71, ..., %)
n—1
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for some C, and from this follows Vy e & via integration

k

) — A | < ¢

and hence (1.11) via Lemma 2. 1. The proof of the corresponding estimates
for part ¢) of Theorem 2 is similar.

3. PROOF OF THEOREM 3

To verify Theorem 3 we essentially follow the ideas of the proof of
the analogous result in the 2-dimensional case given in [/3], however n > 3
requires some new techniques.

We start (as in [I3]) with an integro-differential equation for u(r, &)

forr >R
o (foo 732 L2
J %7%(; + Va(y, f))u(y, Edydx  (3.1)

u(r, &) = A(Q) + J

r

where the Laplace-Beltrami operator L? is given by (1.10). Analogously
to the 2-dimensional case [/3] this identity follows from (1.1), (1.4) and
Theorem 2. Iterating this equation we shall work out the asymptotics
for u(r, &) for r - oo and | ¢| small. To make the analysis of these itera-
tions more transparent we simplify the notation and introduce classes of
functions:

DEFINITION 3.1. — Lete > Oand B, = {£eR"™1: || < ¢ }. We define
S,, to be the following family of functions
Sm=1{/f:Q — Rf real analyticin B, forsome &> 0,
f=0<&m  for & - 0},

PRropPoOSITION 3.1. — Let f €S, g€8,, then

f + g€ Snminimm

f . ge Sm+n
ak

ok afﬁ"_’l‘

n—1

S € Stmax©,m—ky» where Z ki=k. 3.2)

i=1
REMARK 3.1. — We shall denote any member of S,, by the symbol s,
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and we formalize the above statements by introducing operations between
the symbols s,, in an evident way, so that (3.2) reads:

Spm + Sy = Smin (m,n)> Sm+Sn = Sm+ns
ak
Sm = Smax(©,m—k)-
3&1 fkn 1 )
Further for convenience we define for meZ

Sm = smax(O,m) .

Proof of proposition 3.1. — The first two statements are trivial and the
third one follows easily from Taylor’s formula with remainder.
We proceed by analysing (3.1). According to (1.10) we have near £ = 0

n—1
2 02
2= —-A+s Z Z with A= Z 3.3
g L P

Thereby we used that for [&| < (cos&;) ' =1+s5, and tgé; =54
in the notation introduced above. We continue to simplify the analysis
of (3.1) by introducing the following notations:

_vA(y) _ v¥(y)
Q - '{)2—()‘:)’ Qi - T)T(x;)_,

Wi = Vl(yia g)a W= VZ(ya é)

n—1 n—2
—27 2 -2 62 a
Tizyi L +‘N,=y, —A+52 5&+S1 —a—é—; "I-Wl
1=2 =1

T=y2L2+W.

According to Theorem 2 part ¢) u, Ae C®S" 1) and we can iterate (3.1)
to obtain for N > 1

N k N
u(r, )=A()+ Z < ” QiTiA> + < ﬂQiTi(u(yN, ) - A>> (3.5
k=1 i=1 i=1

where asin [/3]for1 <k <N

k
< HQIT‘,A> =J‘ J‘ J‘ . .J J‘ QlTl- .. QkaAdykdxk. .. dyldxl .
r X1 Jy1 Xk—1 JVk~1 Xk
i=1 3.6)

Due to our assumption A(¢) satisfies (1.14), i.e, A=Py+sy+, for some
integer M > 1 with Py given by (1.15). Let

Tom(€) = A(9) G.7
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an

d k
Lem(r, €)=<nQiT,-A> for 1<k<N, N>=M. (3.8
i=1

(3.5) becomes then with m = [M/2],

u(r, )= zlk,M+ 2 Lm+ <ﬂQiTi(u(YN, f)—A)> . (3.9
k=0

k=m+1 i=1

The following estimates established in [/3] will be frequently used for
the analysis of the asymptotics of (3.9):

PROPOSITION 3.2. — Let V, satisfy the conditions (A) and suppose
—1in -3 N
—T)"+(Vl+(n——4)(2’—)—E>u=0 (3.10)
Y

in (R, o0) with 0 < v,ve L¥ (), ¥ = r#=1/2y then for some ¢ > 0 and r
large

© _ _ -1/2
J‘ ?2dx = 1(Vl + 91—-—14)"(21—?2 - E) (1 4+ 0r~%)v3(r), (3.11)

2 [Py - 1 -
—2 y 1 dydx = 1+ 0 ) 3.12
j, J e R 2~/|EIV( oo 12

and with the notation (3.4) and (3.6)

oyl ) = 71"2'“
Qjy; o(r ) (3.13)

where y;, ..., 7 >0, k> 1.
Let us remember the definition of Dj given in (1.16) and introduce the
following class of functions:
DEFINITION 3.2. — Let m > 0, then
g, = { ge C}(Dy): g(r,.) e C*(| | < r~P) with vt .
g }
_ = r_"‘,k= k,,VkZO .
s ody e Z
i=1
The proof of the following proposition is immediate (apply Prop. 3.2).
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PROPOSITION 3.3. — Let f €9, g%, then

[+ 2€%ninimiy fg€%,.x for mk=0 3.14)

*f
sa b J€% (YOG, m> 1
1..-0C=

Remark 3. 2.— Since for our purpose it suffices to determine the classes %,
to which the higher order terms in (3.9) belong we shall introduce the
following simplified notation (see also [/3]): We denote any member
of ,, by the symbol G,, and in accordance with Proposition 3.3 the meaning
of the following operations with this symbols is evident, so (3.14) reads

Gn + Gy = Gmin(m,k), Gm‘Gk = Gm+k,
ak

———— G, = G,, G, >=G,_;.

05'{‘ 85"" 1 <Q > 1

We proceed by investigating the asymptotic behaviour of Lim:

LEMMA 3.1. — Let M > 1, then in Dy for r large
2k—1

21 E [N~ HAA)1+00 %) + Z su-;Gs; (3.15)

Jj=0

(— )"

Lim(, &)=

1 1
for k = 1, for some ¢ > 0 and with some 4§, 2§+5,5~>[J—; ]-HSV >1

and where d=a-1/2=min (o, 1)~ 1/2 > 0, according to the assumptlon
of part ¢) of Theorem 2.

Proof of Lemma 3.1. — We proceed by induction with respect to k.
So we have to show first

II’M(r, 6)= —_ (AA)(I +0(r_£))+SMG50 + SM_ 1(}51 . (3 . 16)

1
2/ |E|r

But

n—2 n—1
2
Lm=(QTA>=<Qy~? ><—A+81 Zi +5; z 6—2>A+< QWA>.
- 9&i L g

From Proposition 3.2 we get

Lv=— 2ﬁ(1+0(r_8))(A+Slzaf,+5220§,>A+GA
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Since A is real analytic we have because of (1.14) A=sy for |{]| — 0
and by Proposition 3.1

n—2 n-1
Y ae ) e
s —+s — |A = sy
v LgeE " T L0 "
=1 =2
This implies

1
Ly= ————(1+0¢"%)AA + Gysy, a=min(a )
M IR "

which verifies (3.16).
Hence we have to verify (3.15) under the induction hypothesis for k—1:

Ik,M:<QTIk_1;M>=< ( ( A+S126é,+822551> )

(of 11)).;»— @/TED) ™ 1A PAYL+0(y ™) + Z“G»
j=0

Application of Proposition 3.2 leads to
(—=1f
Lim =
k12 /1 E )

QT 0 8»<31266 Za@)Ak At

2k—3

+ <QGa+k>Ak_1A+ <QT Z SM—jGaj> . (317)

j=0

T (ARAYL+0( ) +

But by Proposition 3.1 we have

A 1A =sy_s+, and < zaé, zaé)Ak-lA:sM_zm (3.18)

and by Proposition 3.3
<QGa+k>Ak_1A = Gr-1+aSM-2k+2 - (3.19)

Noting that by Proposition 3.1 Ts;G; = 5;-,Gj+2 + $:Gj+ 1+ We conclude
by Proposition 3.3 that
2k-3 2k—-3 2k—3

<QT z SM—jGéj> = z Sm—j—2Gs;+1+ 2 Sm—-jGs,+a- (3.20)

j=0 j=0 j=
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Inserting (3.18) and (3.20) into (3.17) we obtain

— 1)k
o = 7O TE D HAAL + 007 + sy 300,Gy s+

2k-3

+ Z (sm-j-2Gs,+1 + Sm—Gs;44) . (3.21)

j=0
. j+3
Since 1 + §; > | we observe that
2k-3 2k—1
Z SM—j—2G6j+1 = Z sm-1Gy,
=0 1=2

and further Gy_, ., can be replaced by G, _,. Taking this into account

equation (3.21) verifies Lemma 3.1.

M
Let us now investigate the asymptotics of I y for k > [7] + 1=m+1:

Since r"*A*A =5,G, Lemma 3.1 implies

2k—1
Lim = 50Gpsy = Z SM—jGéj
=0
and with 6 = a — 12
N 2N-1
Ik,M=SOGM/2+a—1/2+ sm-;Gs, = 50Gm2+a-1/2 +
k=m+1 =0
2m—1
+ Sm-2mGm+s + E Sm-;Gs;-
=0

On the other hand we have
2m—-1

m m _ k
Zlk,M= CT 1 aayitopo)s ZsM_,-Gaj.

k! (2\/|E|r)"( _

k=0 k=0 ji=0

Combining (3.22) and (3.23) we obtain

Z Lm= Z (; })k 2/ TE [1)"HA*AY1+0( %)+ Z sw- G, +
k=0 k=0 i=o

+50Gm2+5 + SM—2mGmss -

(3.22)

(3.23)

(3.24)
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But in Dy it is easily seen that for large r
2m—1
50Gm2+6 + SM-2mCOm+s + z sm-Gs, = O(r M2 72+ 00))

i=0

1
where d¢(f)= M(— - ﬂ> Next remember that A =Py+sy+, and observe
that

m

Z 0(r *)A*sy 4, = O(r ~PM* 1))

k=0

so that we arrive at

ZIkM_Z( 1) @ /IEIr) k(AkPM)(l+0(r—£))+0(r‘ﬂM)()( mm(a ;,p)).

(3.25)

To investigate the asymptotics of the leading term in (3.25) we need.

LEMMA 3.2. — Denote m = [M/2], then

n—1

k n
v “ Hé’eﬂﬂh(éi/z) (3.26)

i=1

n—1
where we assume n>2, ,eNuU {0} and ZIi=M for M a positive

i=1
integer, and where the Hermite polynomials H;, have been introduced in
section 1.

Proof of Lemma 3.2.— For n = 2(3.26) is proven in [I3]. We proceed

by induction with respect to n. Without loss we assume thatl,_, =1>1
n—2

and we set Q = l—[ &4 Then by the induction hypothesis

[(M—1)/2] n—2 n—2
(_ l)k 52 k
k! <Z @) Q= l_[Hlf(éi/z)- (3.27)
k=0 j=1 i=1
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n—2

0* 0* . . . .
NowletD? = Z 2 and 9% = FEE Using the binomial expansion we get
Jj n—1

i=1

m

\ (= 1 (= DN (R iy s
DG aea = Y G (Momgyon-ay. ) -

k=

/2] m

1)
S S e

i=0 k=i
[4/2] (M —1)2] n

-2
= (—l)l i (_I)J j éi én—
). Sre ) o~ [ [ (5)(5)
i=0 j=0 i=1

whiere we took into account that the degree of the polynomial Q is M !
and the induction hypothesis (3.27). This proves the lemma. O

In order to apply Lemma 3.2 to equation (3.25) we need the (probably
well-known) identity (3.26) in a scaled version, which is easily established:

n—1

\ (= I)k -k k"_l I; -M/2 Gi
AT |d=2 Hh5¢1 (3.28)
k=0 i=1 1

i=

for A > 0.Ifweset A = 2,/| E | r we get with Py() defined by (1.15) and #y
given in (1.22)

V(-F 1
s kb /TE|n

Application of (3.29) to (3.25) gives

N
Z leulr ) =@V IE lr)‘M/WM<<2\/ITEI 0 €><1 +0079) +

k=0 +0(r—ﬁM—min(a-1/2.[J)). (330)

Next we return to equation (3.9). insert (3.30) into it and obtain for large r
in D,

(A*Py)$)=(2{/| E| r)_M’Z%’M<(2\/ |E|r)'?2 % é).

(3.29)

N
u(r, )=r.h.s. of (3.30) + <n QiTi(u(yn, f)—A(é))> (3.31)
i=1
so it remains to investigate the asymptotics of the remainder term in (3.31).
According to Theorem 2 we have

u(r, &) — A(¢) e G, (3.32)
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and we conclude via Proposition 3.2 (eq. (3.13)) that

N N N
< l_[ Q/Ti(ul yn, é)—A(é))> =< HQiyi‘“"Ga> =0< < “Q.—y?““yﬁ“>>
1 i=1 i=1

=0(r N*Vn=0(r~M279  forany N> M. (3.33)
(3.33) together with (3.31) gives the desired result (1.17)

u(r, é)=(2\/ | E r)‘M/Z%M<(2 /I E r)1/2 %£>(1 —I—O(r_s))—l—()(r'BM_min(a_”ﬂ))

in Dy for large r, proving Theorem 3.
Specifically we have for large r in DY}, for any k < oo

M2ulr, )= (2/IED) ™2 o, M<(2\/|? r)l/z;f>(1+0(r_‘))+0(r_“+”2)

|-

and with z = b\/; ¢, b given in (1.18), it follows that

lim u<r, bz\/,>rM/2 = 2/ IE)™M>#\u(2)

r—> o
r

proving Corollary 1 of section 1.
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