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Scattering theory for Hartree type equations

by
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Department of Applied Physics Faculty of Integrated
Waseda University, Arts and Sciences
Tokyo 160, Japan Hiroshima University,
Hiroshima 730, Japan
ABSTRACT. — In this paper we will study the asymptotic behavior in

time of the solutions and the scattering theory for the following Hartree
type equation

6y i, + Au=Af(lulPu, (@Ex)eR x R*,
) u(0, x) = ¢(x), xeR",
where  f(lu|®)=|x|""*|ul>, 0<y<Min(@4,n), n=2 and AeR.

Let =™ = { vel2(R; || v ||3im= ZH D |5+ Z || xPv |B < oo }, I, meN.

lel <1 |1Blsm

We prove that when (4/3) < y < Min(4,n) and A > 0, all solutions of
(1)-(2) with ¢ € "™ are dispersive in "™ and that when 1 < y < Min (4, n)
and 4 € R, the solutions of (1)-(2) with ¢ € Z"™ and || ¢ ||5... small are disper-
sive in "™ This implies asymptotic completeness in "™ of the wave
operators for (4/3) < y < Min (4, n) and A > 0. Furthermore when 4 > 0,
we show the existence of scattering states in L%(R") for arbitrary data
-in T if 1 < y < (4/3) and the non-existence of scattering states in L*(R")
for0<y=1.

RESUME. — On étudie le comportement asymptotique en temps des
solutions et la théorie de la diffusion pour I’équation de type Hartree
suivante

1 i, + Au=Af(|uPu, (tx)eR x R",
2 u(0, x) = @(x), xeR",
ot f(luP)=|x|""*|ul?, 0<y<Min(4,n), n=2 et AeR.
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188 N. HAYASHI AND Y. TSUTSUMI

Soit T'"= {veLz(R"); lv||m= Z ||ID*]|3+ Z [|¥Pv|3< o0 }, I, meN.
la| <1 1B1<m

On montre que lorsque (4/3) < y < Min (4, n) et A > 0, toutes les solutions
de (1)-(2) avec ¢ eXb™ sont dispersives dans I*™ et que lorsque
1 <y < Min(4,n)et AeR, les solutions de (1)-(2) avec p e Z"™ et || ¢ ||g1.1
petit sont dispersives dans £"™. Ceci entraine la complétude asymptotique
des opérateurs d’onde dans "™ pour (4/3) <y < Min(4,n) et 1 > 0. En
outre, pour A > 0, on montre I'existence d’états de diffusion dans L*(R")
pour des données initiales arbitraires dans X! si 1 <y < (4/3) et la non
existence de tels états pour 0 < y < 1.

1. INTRODUCTION

This paper deals with the asymptotic behavior in time of the solutions
and the scattering theory for the following Hartree type equation

iu, + Au= Af(|u|Pu, tx)eR x R", (1.1)
u(0, x) = ¢(x), xeR", 1.2

where A is the n-dimensional Laplacian in x, A€ R and
fQulP)y=1x""|ul? = J |x = y |77 ult, y) Iy
R”

for 0 < y < n. Let U(t) be an evolution operator associated with the free
Schrédinger equation and ™ be the Hilbert space defined by

st = {yet2; [0l = ) [DWIE+ ) [ < o
lel <1 |Bl=m

with the inner product

(!//7 ‘//)E’:"‘ = Z (Daw’ Dal/’) + Z (xﬁ‘//a xﬁlll) >

Jef <t [Bl=m
where (f,g= j f.gdx.
Rn

When A > 0 and 2 < y < Min (4, n), Ginibre-Velo [7] showed that
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SCATTERING THEORY FOR HARTREE TYPE EQUATIONS 189

a) For any u, e T"! (Ie N) there exists a unique ¢ € £"! such that
lus = U(— u®) llg: > 0 (t > + 00), (1.3)
where u(t) is the solution of (1.1)-(1.2) with U(— t)u(t) in C(R; Z"?).
For any u_ € £*! (Ie N) the same result as above holds valid with + oo
replaced by — oo in (1.3).
b) For any ¢ € Z"! there exist unique u. € "' such that the solution
u(t) of (1.1)<(1.2) with U(— tyu(t) in C(R; Z"!) satisfies

Jus — U(— Hu(e) l|ste — 0 (t > + o0).

We note that a) and b) imply the existence of the wave operators defined
in the space X! and their asymptotic completeness (for details see Corol-
lary 5.1). They proved the above results by using the pseudoconformal
conservation law

| XPU(— o) |13 + 462P(u(t))

=t = Z X% |3 + 42 — y) J "SPue)ds, (1.4)
1Bl=1 0
2
where P(¢) = g j |~£(lx—))c|—_|—f(|7y)—|2—dxdy , (1.5)

and L? — L4 estimates for solutions of the free Schrodinger equation.

By making use of the space-time estimates obtained by Strichartz [20]
(see also Ginibre-Velo [9]) and L? — L estimates, Strauss [/9] showed
a) and b) in the space X! provided that 2 <y < Min (4,n) and || ¢ ||51.0
is sufficiently small, and he also showed that if (4/3) < y < Min (4, n) and
u_ e L¥"*%R" ~ L%[R"), then for sufficiently large T > O there exists
a unique solution u(t) in C((— oo, — T]; L*"@*""R") n L3(R") of (1.1)
such that

lu- = U(=thu(t)]l2 » 0 (t > — ).
When y =1, n =3 and 1 > 0, Glassey [10] established that for non-
zero ¢ € F(R?) there do not exist any u, € LR3) n LY(R®) satisfying
luy — U(=u@ll, > 0 (¢ - £ 00). (1.6)

But his result does not seem to imply the non-existence of any scattering
states u, € L%(R®), since in his proof he essentially uses the fact that
1U@us llo = O(lt]™?) as t > + co.

Our main purpose in this paper is to extend the above results as follows
when n = 2.

(I). Suppose that 1 < y < Min(4,n) and A > 0. Then, for any ¢ € T!-*
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190 N. HAYASHI AND Y. TSUTSUMI

there exist unique scattering states u. € L*([R") satisfying (1.6) (see sec-
tion 3).

(II). Suppose that 1 <y < Min(4,n) and ¢ > 0 is sufficiently small.
Let uy, u_ and ¢ eX™ = {Yy eZ"";|| Y |lz:: < &}. Then a) and b) hold
valid in the space "™ (see section 4).

(III). Suppose that (4/3) <y < Min(4,n) and 1 > 0. Then a) and b)
hold valid in the space "™ (see section 5).

(IV). Suppose that 0 <y <1 and 4> 0. Then, for any non-zero
¢ € X! there do not exist any u, e L%(R") satisfying (1.6) (see section 3).

REMARK 1.1. — (I) and (IV) imply that y = 1 is a critical value. (II) and
(IIT) not only extend Strauss’ result [/9] and Ginibre-Velo’s result [7]
but also formulate the scattering problem for (1.1)«(1.2) in the more
natural space "™ than £"! used by Ginibre-Velo [7].

REMARK 1.2. — In the case of f(|u|*)u = |u|?~ 'u, there exist the ana-
logous results to (I), (IIT) and (IV) which were obtained by Y. Tsutsumi-
K. Yajima [23], Y. Tsutsumi [2]] [22], Ginibre-Velo [6] [9], Strauss [17]
and Barab [/].

(A) [23]. Suppose that 1 + (2/n) < p < a(n) and A > 0. Then the same
result as (I) holds valid, where a(n)= oo for n=1,2 and a(n)=(n+2)/(n—2)
for n = 3.

(B) [22]. Suppose that B(n) < p < a(n) and A > 0. Then the same result
as (II) holds valid in the space Z'*!, where f(n)=(n+2+./n*+ 12n+4)/2n.

(C) [9]. Suppose that 1 + (4/n) <p < o(n), n = 3 and A > 0. Then the
same result as (III) holds valid in the space H**(R") (= ')

(D) [21). Suppose that 1 < p <1 + (2/n) and A > 0. Then the same
result as (IV) holds valid.

Y. Tsutsumi-K. Yajima [23] showed (A) by using the following pseudo-
conformal conservation law

Z 1xPU(= ulo) 3 + B2/(p + )2 ]| ) I3

|Bl=1
dnp —n — 4
(np — n ),1

t
S ltias = ) Il 0.

181=1
and the following transform C

u(t, x) = (Co)(t, x) = (it) " "2e*"1*5(1/t, x/t). (1.8)
(B) has been proved by Y. Tsutsumi [22] by using (1.7), (1.8) and the
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SCATTERING THEORY FOR HARTREE TYPE EQUATIONS ' 191

space-time estimates obtained by Strichartz [20] (see also Ginibre-Velo [9]).
Ginibre-Velo [9] have shown (C) by making use of the Morawetz estimate
instead of (1.7) (see also Brenner [2] [3]). Y. Tsutsumi has shown (D)
by using (1.8) and a contradiction argument (see also Strauss [/7] and
Barab [/]).

Finally we introduce some notations which will be used in this paper.
Let 1<p<o, meNuU {0}, « be a multi-index, a=(ay, . .., %,)e(NU{0})"
and D* =01 ... 0%, x* = x{' ... xp", where 0; = 0/0x; (=1, 2,...,n).
H™? = H™P(R") denote the usual Sobolev spaces, namely, the completion

of CZ(R") with respect to || f ||m,, = Z [ D*f ||, where

lalsm

1/p
llgll, = q Ig(X)I”dx> 1=p<o), ligllo=—suplgx)].
[:3d xeRn

We put
J2 = XA Qjp)leiDre— x4 — U()x*U(— t) 1.9

(see, e. g, [12]). For any interval I < R and any Banach space with the
norm || -||g, C(I;B) denotes the space of B-valued continuous functions
on I. Positive constants will be denoted by C and will change from line
to line. If necessary, by C(*, ...,*) we denote constants depending on
the quantities appearing in parentheses.

2. PRELIMINARIES

We summarize some useful lemmas in this section.

LEmMMA 2.1 (the Gagliardo-Nirenberg inequality). — Let g,r be any
numbers satisfying 1 < g, r £ o0, and let j, m be any integers satisfying
0 < j < m. Then for any ue H™" ~ L1

Z | D, < M Z D e, @.1)

lal=j |Bl=m
where (1/p) = (j/m) + a((1/r) — (m/n)) + (1 — a)/q for all a in the interval
(j/m) £ a £ 1 with the following exception: if m — j — (n/r)is a nonnegative
integer, then (2.1) is asserted for a = j/m, and where M is a constant depend-
ing only on n, m, j, q, r, a.
For Lemma 2.1 see, €. g, Friedman [5].

LEMMA 2.2, — Let 2 <p < oo and (1/p) + (1/p’) = 1. Then for any
pel”
Iu@®ell, < Clel™*?| ¢l

Vol. 46, n° 2-1987.



192 N. HAYASHI AND Y. TSUTSUMI

where a(p) = (n/2) — (n/p) .

LemME 2.3. — For any ¢ eL?

© 1/a
([ rvospa) " s crot..

where 0=m2)—Mn=Q2p<1.

For Lemma 2.2 see, e. g., Ginibre-Velo [6], and for Lemma 2.3 see,
€. g., Strichartz [20] and Ginibre-Velo [9].

LEMMA 2.4. — Let 1<p<g<o0, O<y<n and (1/q)=(1/p)—(n—9y)/n.
Then for any ¢ € L?

1@ M, =Ml &1,

where
L(9)x) = L..' x =y "d(y)dy,

and M is a constant depending only on y, p, g, n.
For Lemma 2.4 see, e. g, Stein [I6].

LEMMA 2.5.—Let0 < b < 1,a+ b > 1and f(t)e C(R* ; R") satisfying
the following inequality

t
fHO£Cl +0)7°+ Cj (t—95)7%1 + s)"°f(s)ds, forallt=0.
0
Then fO)SCA+1)? forallt=>0.
For Lemma 2.5 see, e. g, N. Hayashi-M. Tsutsumi [//].

LEMMA 2.6. — Let 0 <y <n, ¢ =4n/2n — ) and ¢’ = 4n/2n + y).
Then for any ¢ € L¢

I (APl < CIP@) "ol = C|l o7 2.2
Proof. — We have by Hoélder’s inequality and Lemma 2.4

[F1éPs |5 =C f ( :f(_yi'ly dy-|¢<x>|>qu

éCJ((JIqﬁ(y)IZ dy)”( I¢(y)lzdy>”2|¢(x)|>"'dx
|x—yl” | x—yl|’
2 q'/2 2 q'/(2-q") (2—-4q)/2
s (oo {5} )
I [x=yl

=CIP()I"| 9|13 (2.3)
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SCATTERING THEORY FOR HARTREE TYPE EQUATIONS . 193

We again use Holder’s inequality and Lemma 2.4 to obtain

2
|P()] < cj( o dy) |9 P

s ([ o) o) (1w
|x =yl

<Cllols. 2.9
(2.2) follows from (2.3) and (2.4.  Q.E.D.

LEMMA 2.7.— Let L meN,0 <y < n,q = 4n/2n — y),q' = 4n/2n + ),
r = 2n/(n — y) and ¢ > 0 be sufficiently small. Then

| D f (uy - 2 Jus(1) [l

lal =1 3

<CH||u,(t)”1 a;(). Z”Dau ®|=®, <za(l) > 2.5

la| =1 j=1
Z I J”f(m uz)us(t) |l

181= 3
écﬂllu,-<t>||;-ﬂf<"->~an,-a)n:f‘mn (Yam=1). co
j=1 |T=m =1
| D°f (uy - ua)us(t) Il
la|=1 3
<CH||u (t)”l bj(). Z”Dau (t)||"2’(”
j= |a| 1

+C<H”u(t)”r+e H!Iu,(t)llr->ZHD"‘us(t)llz, <Zb ()= 1) 2.7

lal =1 =1
Z 172 f (g -2 )us(®) ]2

1Bl=
<Cﬂnu,mnl N

i= |ﬂ| m
3

+C<ﬂ“uj(t)”r+e+H“uj(t)“r—s)'EIIJﬁu?o(t)”Z, (Ebj(m)=1>, (2.9
i=1 i=1 |5T=m j

for any u,, u, and u3 having finite right hand sides.

Vol. 46, n° 2-1987.



194 N. HAYASHI AND Y. TSUTSUMI

Proof. — We note (1.9). We put v; = e~ "¥*/4%y, A simple calculation
shows

Z 1P f(uyTp)us lly < C Z | 2ity"D? f (vy - 003 Il
1Bl=m 1Bl=m
c Z | @ity f(DP, - DFy)DPsvs [ (2.9)

1B =811+ B2l +183|
0=|B4l, B2l 1B3l=m

lIA

By virtue of Holder’s inequality, Lemma 2.1 and Lemma 2.4 the R. H. S.
of (2.9) is dominated by

3
Clel™ | DP5v; I,

1B1=1B1]+ 1821+ B3] j=1
0=|B1l, 182l |1B3lsm

<cmmﬂ||v,nl Z||Dﬂuj||zf<m>, 2.10
18l=

where p; and a;(m) satisfy

3
l/q" = Z(I/P;) —(n=y)n, (2.11)

lp; = Iﬁ; /n+ a;-(1/q) — (m/n)) + (1 — a;)/q. (2.12)
3

From (2.11) and (2.12) we see. that z aj(m) = 1. Indeed we have from
(2.11) and (2.12)

i=1

3 3
1/q'=(@2n+y)/An=m/n+((1/q)—(m/n))- za;(mH 39— Za,-(m)/q—(n—v)/n

j=1

=m/n+(2n+7y)/4n—m- Zaj(m)/n .

j=1
3

Hence we have Za ;(m) = 1. Therefore (2.10) shows (2.6). The same

=1
argument as in the proof of (2. 6) yields (2. 5). We next prove (2.7) and (2.8).

Annales de I Institut Henri Poincaré - Physique théorique
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In the same way as in the proof of (2.6) we have

z I8 f(uy - Uz )us |l

|Bl=m

=Cltl” | f(DP'v, - D*20,)D%05 ||,

|81=1B1]+|B2| +183]
0=|B4],|B2]=m
0=<|Bs|sm—1

+ Clel” z | f(v1-52)DPs I,
8T=m 3
=Clem Z ﬂIID"fvjllp,.

|BI=1B1]+|B2| + B3] j=1
0= B4l 1B2l=m
0<|Bs3l=m—1

+ Cle" | f(01 - 92) |l - Z | DPvs I,

3 |Bl=m
scier [ [Iwlsm- ) jos e
j=1 [Bl=m
2 2 )
+ C | t ‘m<H “ Uj ”r+£ + ]—I ” vj ”r—a) ' Z “ Dﬂv3 ”2 ) (2 13)
j=1 j=1 [Bl=m
where p; and h;(m)satisfy
3
12 = Z(l/Pj) —(n—y)n, 2.14
Jj=1 .
Up; = 1B;1/m = b;-(1/2) — (m/n)) + (1 — by)/r. 2.15)

We see that ij(m) = 1. Indeed (2.14) and (2.15) show

j=1

3 3
1)2=m/n+((1/2)—(m/n))- zb,-(mH 3/r— ij(m)/r—(n—v)/n

j=1

3
=m/n+((1/2)—(m/n)—(1/r))- Ebj(m)+3/r—(n —)/n

3
=m/n+ 1/r+((1/2)—(m/n)—(l/r))-ij(m) .

Vol. 46, n° 2-1987. 7



196 N. HAYASHI AND Y. TSUTSUMI

3

Hence we have ij(m) = 1. (2.8) follows from (2.13). The same

j=1

argument yields (2.7). Q.E.D.

3. EXISTENCE AND NON-EXISTENCE
OF SCATTERING STATES

In this section we will consider for what value of y the solution of
(1.1)-(1.2) has the scattering states u, € LAR") satisfying (1.6) and for
what value of y the solution of (1.1)«(1.2) does not.

Our main theorem in this section is as follows.

THEOREM 3.1. — Let 4 > 0.
1) Suppose that 1 <y < Min (4, n). Then, for any ¢ e Z!:! there exist
unique scattering states u, € L? satisfying

lur — U= tu@®)ll, > 0 (t > +o0), (3.1)

where u(r) is a solution of (1.1)-(1.2) with U(— t)u(t) in C(R; Z'').
2) Suppose that 0 < y < 1. Then, for any non-zero ¢ € X! there do
not exist any scattering states u. € L? satisfying (3.1).

REMARK 3.1. — When 7y =1, n =3 and 1 > 0, Glassey [/0] showed
the non-existence of scattering states u, satisfying || U(t)u + || =O(|t]™™?)
(t - £ o). Theorem 3.1 (2) shows the non-existence of any scattering
states in L2

Proof of Theorem 3.1. — We prove Theorem 3.1, following [22]
and [23].By f and f we denote the Fourier transform and the inverse
Fourier transform of f, respectively.

Our proof is based on the following observation: Since the asymptotic
profile of the free evolution U(r)f is given by (1/ity"? exp (i | x |2/4t) f (x/)
and (1.1) is transformed by (1.8) into the new equation

iv,+ Av = A1t 2f(Jv|w, teR\{0}, xeR", 3.2)
the relation (3.1) is equivalent to the existence of the strong limits
tlip u(t) =v+0) inL?,. (3.3)

(see, e. g, [22, Lemma 2.8] and [23]). We define the operator R by

Rg=Ln|x—YI”g(Y)dy- (3.4)

Annales de I'Institut Henri Poincaré - Physique théorique
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We note that f(|u|*) = R |u|%. Now we consider only the case t — + oo,
since the case ¢ — — oo can be treated in the same way.

1) We first prove (1). The calculations below are rather formal, but
they can be easily justified by the regularizing technique of Ginibre-
Velo [6-9]. We multiply (3.2) by %(¢) and take the imaginary part to obtain

lo) Il =llo@)ll;, O<s<t<+ 0. (3.5

If 0 <y <2, we multiply (3.2) by t2775, and take the real part. This
leads us to

SZ_YHVD(S)”%+P(v(s))§t2_V||Vv(t)||§+P(v(t)), O<s<t<+o0, (3.6)

f0<y =<2 1If 2 <y < Min(4n), we multiply (3.2) by 7, and take the
real part. This leads us to
[|Vu(s)||3+ 5"~ 2P(u(s)) = [Vo@)|3+172Pt), O<s<t<+o0, (3.7)

if2 <y < Min (4, n). By (3.5-3.7), Lemma 2.4 and the Sobolev imbedding
theorem we conclude that if 0 <y < 2,

TNV |, (IR @)1, [lo@))l, £ C (3.8)
for te(0,1] and that if 2 < y < Min 4, n),
IVe@llz, IR (@) ]Iz, 0@, < C (3.9

for te(0, 1], where C = C(n,y, || (1) [|s1..). Let YyeH"2 By (3.2) we have
() —v(s), )= J (vd7), Y)dz

=—i [I(Vv(r), V)dr —i Jt 7 f(|o*(x), y)de, (3.10)

forO <s,t <+ o0.Sincey —2> —1for 1 < y and H"? is dense in L2,
(3.8-3.10) show that the weak limit

w— tLiIPOv(t) =04(0) 3.11)

exists in L2 Now we choose = (t) in (3.10). Then,
t
[(w(2) = v(s), v(t)| < J IVo(D)|2dc || Vo(e) |,
t
+CJ 72| RY? |u(r) 1?||3dv

t
+CIT“ZIIRI”IU(T)IZIlsz'IIR”ZIv(t)Izllz (3.12)

Vol. 46, n° 2-1987.



198 N. HAYASHI AND Y. TSUTSUMI

for 0 < s <t < + oo. Here we have used the following inequality:

(£ 0 o), o) | < Ln(R o) ) o) || o(6) | dx
<1 R 1o PX1 o) P+ 10 P)x

=2R"

1 1
= 5” RYZ o) |3 + S RY2 | o(z) P [l IRV [o(®) P [l2. (3.13)

If 1 <y <2, by (3.8) we have
|@(t) — vls), (1) | £ CE" ™" — 5721027
+Ct"t =Y, O0<s=t<l. (3.14)
Let s - + 0 in (3.14) and use (3.11) to obtain
| (0(t) — v4(0),p(t))| < CE'™ 1, te(0,17, (3.15)
where C = C(n, 7, || (1) |lg1.1). For 2 <y < Min (4,n), we obtain (3.15)
with ¢?~! replaced by t in the same way. Therefore,
| v(6) — v+ () |3 = (@) — v+(0), v(8)) — V() — v+(0), v+(0))
< Cmin0=bD 4 | (ot) — v4(0),040)| = O
ast —» + 0. This completes the proof of (1).

2) We next prove (2). We assume that for some non-trivial solution v(t)
in C((0, + o0);ZY) of (3.2) there exists a v,(0) € L satisfying (3.3) and
we deduce the contradiction. v(t) can be represented as follows:

v(t) = Ut — ro(r) — ilf‘cz_VU(t —f(Jv() Po(r)ydr  (3.16)
for 0 < t,r < + . (3.3) and (3.8) give us
RY2|v,(0)|?€L?, 3.17)
RY2|u(t)|> - RY?|0,(0)]*> weaklyinL? (¢t - +0), (3.18)
since for any ¥ € #(R")
|RYZ | 0(e) |2 — R | 0,(0) 2 ¥) | = | (o)) > = [0+(0) 2, R2Y) |
< (o)l + 1v+0) 1) 1 0() — v+ ll2 IRV |,
S (lo@ ll2 + v+O) 1) o) — v+ 0) [|2
X (1Y llantam—y+s T 1Y llzn—eyin—y+o) > (3.19

where ¢ is a sufficiently small positive number.
In addition, (3.3) and (3.5) give us

lv4+(©)l2 # 0. (3.20)
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Therefore, we can choose a y € #(R") satisfying
— Re i(f(1v+0)[*v+(0), %) > 0.

We consider the inner product between (3.16) and U(t)y and take the
real part. This leads us to

Re (U(— t)o(t) — U(— ro(r), ¥)
= 1J U2 { = Re i(U(— 0)f (| (<) Po(z), ) }de. (3.21)

Now we show that
i(U(=1)f(Jo(0)P)(z), ) = i(f (|04 0)*v4+(0),¥) (r > +0) (3.22)
For that purpose, we consider
i(U(—7) f(10(0) P)o(z), ¥) — i (|04 (0) )0+ (0), )
=i(f(lo(7) P)o(x), U =) +i({ f([0(D)]}) = (v +(0)]?) } v(2), ¥)
+i(f(|v+0)*)o()—v+O)), ). (3.23)

By K, K, and K3 we denote the first term, the second term and the
third term at the R. H. S. of (3.23), respectively. By (3.8) and Lemma 2.4
we have

| Ky | = [RY?|o(r) |2, RV @)UY — W) |
< IRY2 o) |2 |I; | R* @) UEW — ) Iz
= ClIEENUEW = ¥) ll2m@n-y
= Clo@ N 1O = ¥ llzmzn-n = 0 (x = +0). (3.24)

Since we have by (3.3) and Lemma 2.4
NIRY2@(@) — RV2GOW) [l < C | #0) — 74O lawan—yn
< CHo@ = 04Ol 1V llzn-p = O & = +0),
we obtain by (3.18)
K, =R"2o(1)|>~R"?|0,(0) 2, R"*@(e)y)) - 0 (r - +0). (3.25)
In the same way as (3.24) we have
K; -0 (t - +0). (3.26)

(3.24)-(3.26) show (3.22).
It follows from (3.22) that there exists 0 < § < 1 such that

— Re i(U(=7) f(|v(2)*)u(z), ¥)> — Reg(f (1v+(0)*)0+(0), ¥)
>0, O<r<$. (3.27)
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Therefore, by (3.21) and (3.27) we have
Re (U(— tju(t) — U(— r)u(r), ¥)

=_ 2 ft Re i(U(— 1) f(] v(t) |P)o(z), Y)r?~ 2de

[\

l t
— ERC i(f(Jv+(0) P, (0), |//)J‘ " 4, O0<r=<t<d. (3.28)
Since y —2 < — 1 for 0 <y £ 1, the R H.S. of (3.28) tends to + o©
as r — + 0. This contradicts the boundedness in L? of u(t). Q.E.D.

4. SCATTERING THEORY
FOR SMALL DATA IN xh™

In this section and the next section we let g=4n/2n—7), ¢’ =4n/(2n+7y),
r=2n/(n —7y) and r’ = 2n/(n + y), unless specified otherwise. In this
section we will give the global existence theorem for the Cauchy problem
(1.1)-(1.2) for small data which yields the scattering theory for small
data. For convenience we introduce the following Banach spaces B%™
and B4™ by

Bi™ = { U(— tu(t) e CR; Z"); [l e lllim,1 = sup I0(= Du(®) llsm < 0},

By = { U(— fu(t) e C(R; ™), D*u(t) e L¥(R;; L9),
U@xPU(— du(t) e LY (R; LY, |a| £ 1, | Bl S m;

/8
Mo lllem,2 = 1l e lllm,1 + Z (JII Du(r) IIZ”dt>

lel =1

/8
+ Z (f [ U@exPU(— t)u(t) ||f;”dt> <o }
[Blsm
where I, me N, and the closed balls B}, and B™, by

Bll'?;) = {ueBlfm; “lu”ll,m,l < p}a

By, = {ueBs"; lulllm2=p}-

THEOREM 4.1. — Let A€ R. There exists an ¢ > 0 depending only on n,
y and A such that if p e ZL™ = { Yy € ZV™; || Y [|g1.+ < ¢}, then the following
results hold:
1) Suppose that 1 < y < (4/3). Then there exists a unique solution u
of (1.1)-(1.2) such that
ueBy™.
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2) Suppose that (4/3) < y < Min (4, n). Then there exists a unique solu-
tion u of (1.1)-(1.2) such that
ueBs™.
Proof. — We may assume t > 0. We consider the following linear Schré-
dinger equations
iv, + Av=Af(JwHw, (t,x)eR x R, 4.1
v(0, x) = ¢(x), xeR®, 4.2

We define the operator S formally v = Sw.

1) We prove (1). We first construct the solution of (1.1)-(1.2) in B!
by the contraction mapping principle. We have by Lemma 2.2, (2.7),
(2.8) and the integral equation corresponding to (4.1)-(4.2)

Z ID*u()]l2= Z l D“¢|I2+CLg(S)' Z ID*w(s)ll2ds,  (4.3)

lal=1 el =1 lal=1
t
Z 1 TPu() ]l < Z ||xﬁ¢||2+CJ g(s) Z | 7Pw(s)llds,  (4.4)
IBl=1 B1=1 0 1811
where g(s) = || w(s) [|F + || ws) [+, + || w(s) ||7-s,» and &; > O is sufficiently

small. Here we have used the fact that D* and J# commute with id/dt + A
(see [12] [I4] [15] and [24]). Using Lemma 2.1, we have for p > 0 and
weB1
w0 < Il [ ) 3wt 272
< Cpt 72, (fI=1 4.5)
and

WO, < C [[wio [5-o72- Z [ Dow(e) [
< Cp, la] =1 (4.6)

where p is a small positive constant to be determined later. Therefore we
obtain from (4.5) and (4.6)
w0l < Cp(l + 1) 72 4.7)

In the same way as in the proof of (4.7) we have

~(r+2e)i2+e

W) llr+e, < Cp(1 + 1) , 4.8
and

W) .. < Co(l + 5 073207, (4.9)
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 where &, = & <1 - %) (4.3), (4.4) and (4.7)-(4.9) show

2 D)l < Z D% |, +Cp? J (149 0Eallimze)
()

le] =1 lxl =1

= Z ID*pl,+Cp*<e+Cp?, (4.10)
la]=1
and
| (@) Il < Z | ¢, + Cp® < & + Cpd. (4.11)

[Bl=1 I8l=1

A

Now we let w,, w, € B}’} and v; = Swy, v, = Sw,.
We put V=v, —v, and W =w,; — w,. Then V satisfies with zero
initial condition:
iV, + AV = A(f(Iwy Pwy — f(Iw, If_)_W2)
= Af(Iwi PYW + A f(wy W) + f(W-Wy)w,. (4.12)

In the same way as in the proof of (4.10)-(4.11) we have by (4.12)

1DV = Co2NIW 11 (4.13)
18]=1
and
Z 177V Il < Co2 Wl 10 (4.14)
1Bls1

From (4.10), (4.11), (4.13) and (4.14) it follows that
llSwlily,1,1 < Ce + Cp?, 4.15)

and
Il Swy — Swyllli1,0 < Co2lllwy — walllyg,s - (4.16)

Now we choose ¢ and p so that

Ce<p/2. Cp*<pl2 and Cpr<1)2.

Then (4.15) and (4.16) imply that S is a contraction mapping from
BI'] toitself. This implies that there exists a unique solution u() of (1. 1)-(1.2)
such that ue B};}. We next prove u(t) e By™. The calculations below are
rather formal, but they can be easily justified by the regularizing technique.
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In the same way as (4.10) and (4.11) we easily obtain by (1.1)-(1.2)

z | D*u(®) Il = Z ID%¢ |2

lal =1 lal =1
t '282 l—lez
+cp2j(1+s)'(y 2)/(i-3 )-leD“u(s)Ilzds, @.17)
0
and =
Z 1 PPue) |l < Z | x*¢ I,
|Bl=m - 1BlEm
+ CpZJ(I + s)"(’_faz)/(l_f”) Z | 3u(s) |l ,ds. (4.18)
0
|Bl=m

By (4.17), (4.18) and Gronwall’s inequality we have

© - ——n-ez 1—152
ID*u()ll,, Z 1 7u(®)]l2 < Il lzm exp Cf (I+5) b=gelle-3 )dS-
0
lal =t |1Blsm
This completes the proof of (1).

2) We next prove (2). In the same way as in Part (1) we first construct
the solution of (1.1)-(1.2) in B}'* by the contraction mapping principle.
(2.5), (2.6), the integral equation corresponding to (4.1)-(4.2) and
Lemma 2.2 yield

Z | () |l = Z I U@D*¢ |,

lal =1 el =1

+ CJ;(t — 574 wis) ||Z - Z | D*w(s) |l ds, (4.19)

lals1
Z | Pu(e) Il, < Z [RUGEL-AR
1Bl=1 1Bl=1 t
+ Cj (t—s)7¥* ||w(s)||§' Z | w(s) ||, ds. (4.20)
o
811

For p > 0 and we B}:} we have by the same argument as (4.7)

I ws)ll, < Co(L + 577, (4.21)
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where p is a small positive constant to be determined later. We apply (4.21),
Lemmas 2.3-2.4 and Holder’s inequality to (4.19) to obtain

7/8
> ([ ipropera)

lel=1

(8-7)/8
Il D" ||2+Cp2< (1+|s])~*/E=n, Z || D*w(s) ||Z/<8"’ds>

e =1 laT=1

(8-2y)/8
| D*¢ I|z+C02< (1+|SI)_4”‘8‘2”¢15>
lal<1
x Z (J || D*w(s) ||8/7ds>
lel=1
=C z ID*¢ ||, + Cp?
lel <1
<Ce+Cp® for y>4/3. 4.22)
Similary we have by (4.20) and (4.21)

y/8
Z (fllJ”v(t) llS”dt) <cC z | x*¢ ||, + Cp®

IBI=1 111
<Ce+Cp*> for y>4/3. (4.23)

By the integral equation corresponding to (4.1)-(4.2) we have

t 2
z ||ID*(t)||3 =C Z |D*¢||3+C z J;U(t—s)D“f(lez)w(s)ds i

lT=1 e
<c ) Il
lal =1
e Z q U9 (s j[U(t“T)D“f(lwlz)W(r)dr>.
. 0 0 4.24)

Using Lemma 2.2 and (2.5) we can estimate the second term of the
R.H.S. of (4.24) as follows

LIID"f(IWIZ)W(S)IIq'f |s— |7 *IDf(|w[*w(1) ||y dsde
0

lel=1

t t

<C E j || w(s)])2 11 D*w(s) ||, X f [s—1|77*||w(7)||2 1| D*W(7) | dsd .
0 0

jal=1 4.25)

>
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Applying (4.21), Holder’s inequality and Lemma 2.4, we see that (4.25)
is dominated by

t t
Co Z J (1+5)72 | Dw(s), x f | 5=t 74(L4+ 22| Do) lldde
(0] 0

lel =1

t (8—-7)/8
< Cp4 Z <J (1 +s)—4v/(8—v)” DaW(S)“‘?/(S-Y)dS>
0
lal=1
t 8/y /8
( >
0

t
J |s—1|7"4(1+17)""?||D*w(r) | dv
0

(8—2y)/4 ¥4
ng4<J(1+ |s|)‘4y/(8_2”ds> x Z (j”D"w(s)”g/"ds)

lej=1

<Cp® for  y>4/3. (4.26)

Hence we have by (4.25) and (4.26)

2 | D*(®) |l < C z | D% ||, + Cp®
lal=1 lel=1

< Ce + Cp3. 4.27)
We have by (4.23) and the same argument as in the proof of (4.27)

| FPu(t) I, < Ce + Cp3. 4.28)
1Bl=1

Let W and V be defined as in (4.12). In the same way as in the proof
of (4.22)-(4.23) and (4.27)-(4.28) we have

y/8
Z(j ||Dav<t>||s/vdr) < I Wllhrss  (4.29)

lel=1
/8
2 q | PV (@) IIS”dt> S CoPMWll12s (4.30)
18l=1
ID*V@) [l = Co2 MW lll1,1.25 (4.31)
lals1
and
2 1 78V(@) |1, < Co* Il W lll1,1,2 - (4.32)
1811
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We have by (4.22), (4.23) and (4.27)-(4.32)

I1Swll;,1,2 < Ce + Cp?, 4.33)
and
I1Swy — Swy ll1,1,2 = CPZ lfwy —walllyg,2- (4.34)

If we choose ¢ and p so that
Ce<pl2, Cp*<pl2 ad Cp*=£1)2,

(4.33) and (4.34) show that S is a contraction mapping from Bj’} to
itself. This implies that there exists a unique solution u(t) of (1.1)-(1.2)
such that ueBj:}. In the same way as in the proof of (4.22)-(4.23) and
(4.27)(4.28) we easily have

y/8
Z(III D“u(t)ll?”dt) <C Z | D* |, < o0, (4.35)

lal st el <1
/8
E < ||J”u(t)||§/ydt> <C Z | x*pl, < o, (4.36)
|Bl=m 1Bl <m
Z I D) |l £ C Z D%, < o0, (4.37)
la| <t la| <1
and
Z | FPu() ||, £ C Z | X’ ll, < o0 (4.33)
[Bl<m [Bl=m

(4.35)-(4.38) imply u(t)e Bs™". Q.E.D.

REMARK 4.1. — From the proof of Theorem 4.1 and the uniqueness
of solutions in B{*! of (1.1)-(1.2) we can easily see that if the initial datum ¢
is in "™ (I, me N), then the solution u(t) in B}* of (1.1)-(1.2) belongs to
B4™ for (4/3) < y < Min(4,n) and to B}™ for 1 <y £ (4/3).

In the same way as in the proof of Theorem 4.1 we have the following
results.

THEOREM 4.2, — Suppose that 1 < y < Min (4, n), and I, me N. There
exists an ¢ > 0 depending only on n, y and /1 such that the following results
hold valid ; ‘

1-a) For any u, € I&™ there exists a unique ¢ e "™ such that
lus — U= B llgm = 0 (t > + o0), (4.39)

where u(t) is the solution of (1.1)-(1.2) with U(— t)u(t) in C(R;Z"™).
1-b) For any u_ e ™ the same result as above holds valid with + oo
replaced by — oo in (4.39).
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2) For any ¢ € 4™ there exist unique u, € =™ such that the solution
u(t) of (1.1)-(1.2) with U(— Hu(t) in C(R; Z"™) satisfies

lus — U(= u®) llgzm - 0 (¢ > £ o).

Proof. — We consider the following integral equation:
+ o
ut) = Utus — i/lj Ut — ) f(| u|?)u(s)ds . (4.40)
t

(4.40) is the integral version of the initial value problem of (1.1) with
theinitial data given at + oo. In the same way as in the proof of Theorem 4.1
we can prove that there exists an ¢ > 0 depending only on n, y and A such
that for any u, e 4™ (4.40) has a unique solution u(t) satisfying (4.39)
in By, if 1 <9< (4/3) and in B4™, if (4/3) <y < Min (4, n). Then, we put

+

¢ =u0)=u, — il‘f U(— 8)f(|u [*)u(s)ds e =" . 4.41)
0

This completes the proof of 1-a). 1-b) and 2) can be proved in the same
way. Q.E.D.

Remark 4.2. — Theorem 4.2 and the proof of Theorem 4.1 imply that
sufficiently small ¢ >0 the wave operators W, :uy — ¢and Wil:¢p — u,
are well defined as mappings from '™ into 4™ and are one-one and conti-
nuous from X!™ into 4™ Accordingly, for sufficiently small ¢ > O the
scattering operator S = W1'-W_ is well defined as a mapping from
Tbm into 4™ and is one-one and continuous from X.™ into T4™.

COROLLARY 4.1. — Suppose that the assumptions of Theorem 4.1 hold
valid with [, m = [n/2] + 1, where [n/2] denotes the largest integer smaller
than or equal to n/2. Then the unique solution u(t) of (1.1)~(1.2) constructed

in Theorem 4.1 satisfies
lu@)lle = CA + 272, (4.42)

Proof. — By Lemma 2.1 we have for any u e B}™

| u(®) llo £ Cllu®) |37 Z (| JPu(z) |[3 | ¢ |~ @21+ a
1Bl =[n/21+1
< C|¢| 2+ 0a 4.43
and
10 < Cluo s ) ot

le| =[n/21+1

<C, (4.44)

where a satisfies ([n/2] + 1)a = n/2. Hence (4.42) follows from (4.43)
and (4.44) immediately. Q.E.D.
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5. SCATTERING THEORY
FOR ARBITRARY DATA IN x'm

In this section we will prove the existence of the wave operators defined
in 4 and asymptotic completeness for (4/3) < y < Min (4, n) and 1 > 0.
Our proof is based on the conservation laws of L2-norm and of the energy,
and the pseudoconformal conservation law. We first give the global exis-
tence theorem for the Cauchy problem (1.1)-(1.2) for arbitrary data in
xhm,

THEOREM 5. 1. — Suppose that A > 0, [, me N and (4/3) < y < Min (4, n).
Then, for any ¢ € Z"™ there exists a unique solution u of (1.1)-(1.2) such
that

ueBj™.

Proof. — By [6]-[8] there exists a unique solution u(t) of (1.1)-(1.2)

satisfying

U(— tu(t) e C(R; =)
(see, e. g, [7, §2 and §3]). By Remark 4.1 it is sufficient to prove that
[| U(— t)u(t) ||51.: is uniformly bounded for any t in R. For any t € R, Ginibre-
Velo [7] showed that u(t) satisfies

[lu@®ll=11¢ll2, (5.1)
D I3 +un= ) Dol +Pe0), 5.2
la|=1 la|=1
E (| 7Pu(t) ||3 + 462 P(u(t) = Z | P ]3+42—7) f sPu(s)ds. (5.3)
0
1B1=1 1Bl=1

We have by (2.3), Lemma 2.1 and (5.1)~(5.2)

Z I D*u() || = C(Z IID"¢II2>, teR. (5.4

la|S1 lal=1

Next we prove

I 7Pu@)lls < Cll lls1s),  teR. (5.5
IBT=1

Since it is clear that (5.5) holds valid in the case of 2 < y < Min (4, n),
we only give the proof in the case of (4/3) <y < 2. We only consider the
case of t > 0. Differentiating (5.3) with respect to t, we obtain

%{ Z || JPu(t) ”% + 4t2P(u(t))} =42 — »tPu®), t>0. (5.6)
181=1
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Multiplying (5.6) by t"~%, we have

%{ﬁ‘z 2 || TPue) |13 + 4t?P(u(t))}
1Bl=1
—(-2r? Z [Pu@|3<0, t>0. (5.7

1B1=1
Integrating (5.7) with respect to t, we get

2 Z||Jﬁu(t)||§+4ﬁp(u(t))§ Z||Jﬂu(1)||§+41>(u(1)), t=1. (5.8)
|8l=1 18l=1

By (2.3), (5.1)«(5.3) and Lemma 2.1, the R. H. S. of (5.8) is dominated
by C(|| ¢ ||s:.:). Hence we have

Pu(®) = C(Il ¢ Iz X1 + 077, t>0, (5.9)

2 | PPu(®) |l < C(Il ¢ lgr)1 + 8172, >0, (5.10)
[Bl1=1
We consider the following integral equation

ut) = U)p — il fU(t — ) f(|ul®)u(s)ds . (5.11)
o

This is the integral version of the initial value problem (1.1)-(1.2).
Taking the L norm and using Lemma 2.2, Lemma 2.6, Lemma 2.1and
(5.9), we have

u@)ll, = CIHUGS llg + CL(t — )7 f(luP)uls) |l ds

SCll @ llz)1 + )77 + C£(t — )7 *P(u(s))/* || uls) llds

< Cll @ llpe)1 + 1)~

+ C(ll ¢ |Izm)£(t — 9741 + )7 || u(s) | ds, ¢ >0. (5.12)
By virtue of Lemma 2.4 we obtain

lu@)lly < CUl @ llzea)t + )77 for (43)<y<4. (5.13)
Using Lemma 2.1, (5.9)-(5.10) and (5.13), we have

()L, < C || u() ||~ 24P z (| 7Pu(e) [y 4 e~

|Bl=1
< C( ” d’ ”21’1)(14_ t)-v(4—2v)/4(4—7)x (1+ t)(l — @2 /@E= Y v@ =)

SC(ll @l )t ™74, >0, (5.14)
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and we obtain by (5.4)

lu@) |l = Cll ¢ 1l1,2)- (5.15)

(5.14) and (5.15) imply
lu@ 1l = C(I @ llge.a)(1 + ) ~7E=7, (5.16)
Since the operator J; commutes with i/t + A, we have from (1.1)-(1.2)
iJPu), + AQPu) = AIP(f(|uPu), (5.17)
JPu(0, x) = xP¢ . (5.18)

Multiplying (5.17) by JAu, integrating with respect to x and taking the
imaginary part, we get

3 dtz 19%u(e) |3 = Tm 2 Z (P, Pu(e) . (5.19)
[Bl=1 18l=1

We apply Holder’s inequality, Lemma 2.4 and (5.16) to the R.H.S.
of (5 19) to obtain

S Z | )| < € [lu [} Z |1 9%uto) 3
[Bl=1 [B]=1
S Clll @ llsra)d + )= 204 Z | JPu(e) 3. (5.20)

181=1
Since 2y/(4 — y) > 1 for y > 4/3, (5.20) and Gronwall’s inequality yield

1%u@) |} < CUl ¢ ll),  £>0. (5.21)
1Bl=1
We also obtain (5.21) for ¢t < 0 in the same way. Therefore, Theorem 5. 1
follows from (5.4) and (5.21). Q.E.D.

THEOREM 5.2. — Suppose that A > 0, (4/3) < y < Min (4, n), [, meN.
1-a) For any u, € X" there exists a unique ¢ € '™ such that
lur = U(= u(®) lym - 0 (t > + ), (5.22)
where u(t) is the solution of (1.1)(1.2) with U(— t)u(t) in C(R;Z"™).

1-b) For any u_ e "™ the same result as above holds valid with + oo
replaced by — oo in (5.22).

2) For any ¢ € "™ there exist unique u, € "™ such that the solution
u(t) of (1.1)(1.2) with U(— f)u(z) in C(R; ™) satisfies

lur — U(= u@®)llgm - 0 (¢ > £ c0).
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Proof. — The theorem follows from the same argument as in the proof
of Theorem 4.2 and the fact || U(— t)u(t)||g.m is uniformly bounded as
a function of ¢, which is shown in Theorem 5.1. Q.E.D.

COROLLARY 5.1. — Under the assumptions of Theorem 5.2, the wave
operators and the scattering operator constructed in Theorem 5.2 are
homeomorphisms from '™ to '™

Proof. — 1-a) and 1-b) of Theorem 5.2 implies the wave operators
W, :uy — ¢ are well defined in "™

(2) of Theorem 5.2 implies that Range(W,) = Range(W.) = Z'"™
Therefore W, are bijections from "™ onto "™ Accordingly, the scattering
operator S = W;!W_ is well defined in "™ and a bijection from =™
onto =™ The continuity properties of W, S, Wi!, S™! are proved by
the fact that the nonlinear term f(|u|*)u is infinitely differentiable with
respect to u and u. Q.E.D.

COROLLARY 5.2. — Suppose that the assumptions of Theorem 5.1
hold valid with [, m = [n/2] + 1. Then the unique solution u(t) of (1.1)-(1.2)
constructed in Theorem 5.1 satisfies

lu(®) |l £ C(L+ [E])™"2.

Proof. — Corollary 5.2 is proved in the same way as in the proof of
Corollary 4.1. Q.E.D.

ACKNOWLEDGMENT

The authors would like to express their deep gratitude to Professor
J. Ginibre, who took a special interest in this problem and gave them
helpful advice and comments.

Note added in Proof. — After this paper was completed, Ginibre [25]
pointed out to the authors that if the nonlinear function f(|u|?) in (1.1)
satisfies the following three assumptions:

M) 1@ o Py — f(102 )|
S Kllogllz + oz 1) { ¥ llo + 112} lTox — 0212

for any vy, v, € L? and y € L? n L®, where K(s) is a nonnegative increasing
function defined on [0, o0),

(2) for some §=1 f(|Cv|2)(x)=|t|"_2f(|v|2)<§>, vel?, t+#0,
where the transform C is defined in (1.8),
3) f(lv]*)v = 0 is equivalent to v = 0,
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then the same result as Theorem 3.1 (2), that is, the non-existence of scat-
tering states holds for all non-trivial solutions in C(R ; L?) of (1. 1) satisfying
the L? norm conservation law. Under suitable assumptions on f, for any
¢ € L? we have a solution u(r) in C(R;L?) of (1.1)-(1.2) satisfying the L?
norm conservation law (see, €. g., [26] and [27]). Under the assumption (2)
the inverse transform of (1.8) translates a solution u(t) in C(R ; L2) of 1.y
into a solution v(t) = (C™'u)(t) in C(R\{0};L?) of the new equation:

vy=—Av+ A|t|°f(lv P, teR\{0}, xeR", ™

and the transform (1.8) conserves the L? norm. The assumptions (1)-(3)
ensure that the proof of Theorem 3.1 (2) can be directly applied to the
solution in C(R\{0};L?) of (*) with the L? norm conservation law.
The assumptions (1)-(3) cover the following cases.

2

a fQuP) =|uP~?t forl<pgl+-m22andl<pg2@m=1).
n

b) flulP)=|x|7"*|ulPfor0<y<1(=3)and0<y<1(n=2).
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