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ABSTRACT. — One considers the total cross-section for scattering by
a potential gq(x), x € R™, for large coupling constants g and large wave
numbers k. The function q is supposed to behave as a homogeneous func-
tion of degree —a, 200 > m+1, at infinity. One shows that the total cross-
section is asymptotically equal to ¢,(g/2k)*if k — c0,g/2k — 0,8 < yok?
and the constant y, satisfies certain conditions. Here x = (m— 1)@ —1)"!
and the coefficient ¢, is determined only by the asymptotics of g(x) at
infinity. Similar asymptotics is obtained for the forward scattering ampli-
tude. The proofs of these results rely on the so-called eikonal approxi-
mation for the wave function of the Schrédinger equation.

RESUME. — On considére la section efficace totale pour la diffusion
par un potentiel gg(x), x € R”, pour des grandes constantes de couplage g
et des grands nombres d’onde k. La fonction g est supposée se comporter
comme une fonction homogeéne de degré —a, 2o > m+1, a linfini. On
montre que la section efficace totale est asymptotiquement égale & o4(g/2k)*
sik - o0, g/2k — 00, g < y.k? et la constante y, satisfait certaines condi-
tions. Ici % = (m — 1)(@ — 1)~ ! et le coefficient o, est déterminé seulement

(*) Permanent address: Leningrad Branch of Mathematical Institute (Lomi), Fon-
tanka 27, Leningrad, 191011 USSR.
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398 D. R. YAFAEV

par asymptotique de g(x) a 'infini. Un comportement asymptotique simi-
laire est obtenu pour 'amplitude de diffusion vers 'avant. Les démonstra-
tions de ces résultats se basent sur 'approximation eikonale pour la fonction
d’onde de ’équation de Schrodinger.

1. INTRODUCTION

The total scattering cross-section is one of basic physical observables,
which describe classical or quantum scattering. A value of the total cross-
section, roughly speaking, shows, how strongly a potential perturbs the
motion of a free particle. In quantum mechanics the total cross-section
is finite if the potential is vanishing sufficiently quickly at infinity, whereas
in classical one its finiteness requires that the potential has compact support.

Let o(w; k, gq(x)) be the total scattering cross-section for the Schré-
dinger equation with a potential gg(x), x € R",m > 2, atincident momentum
ko, we S™ 1, k > 0 (k? is an energy of a particle); we set the mass of the
particle to be equal to 1/2, and the Planck constant to 1. Under the assump-
tion (1)

lqx) | < CA + [x])7% (1.1)
where 20 > m + 1, the value of ¢ is finite. The behaviour of a(w; k, gq)
for large coupling constants g and large wave numbers k is qualitatively
dependent on the relation between g and k. In case N:=g(2k)"! — 0,
the asymptotics of various scattering objects are described by perturba-
tion theory. Applied to the total cross-section, this gives the formula

o(w; k, gq) ~ ao(w; N2 (1.2

The coefficient oq(w; q) (for its explicit expression see, €.g., [I], where
the background is surveyed in a slightly more detailed way) is a certain
integral of q. In case N — oo the behaviour of o(w; k, gq) is very sensitive
to the fall-off of g(x) at infinity. For functions ¢ with compact support
o(w; k, gq) converges under some assumptions [2] [3] to twice the classical
total cross-section. For general short-range g the classical total cross-
section in infinite so that the quantum one grows to infinity [4].

The main aim of the present paper is to find the asymptotics of a(w; k, gq)
ask — oo, N — oo for potentials with a power-like behaviour at infinity.
Omitting some technical assumptions, we formulate here the basic result
(Theorem 1). Let

q) = x| W)+ 0(|x 7D, F=x|x|"", (1.3)

(!) By C and ¢ we denote different positive constants whose precise values are of no
importance to us.
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THE EIKONAL APPROXIMATION FOR THE SCHRODINGER EQUATION 399
as | x| — oo. In the region k — o, N = o0, g < y,k?, we show that
alm:k, gg) ~ o(m: 2, PN z=(m— I)ax— 1)1, (1.4)

(the explicit expression for o4 is given by (3.5)). As far as y, is concerned,
in general we require its smallness. Nevertheless, y, may be arbitrary for
potentials, satisfying some repulsive condition. Note that the case
g = yk* > oo corresponds to the so-called quasi-classical limit when
the Planck constant tends to zero and other parameters of the problem
are fixed. In our construction the restriction g < yok? is demanded only
for the proof of an a-priori estimate uniform in g (Theorem 2) for the resolvent
of the Schrddinger operator. Once this estimate is proven, the restriction
g < yok? can be omitted and our considerations go through in an essen-
tially larger region of (k, g) (see Theorem 1’). Together with the total cross-
section, we study the forward scattering amplitude. Its asymptotics is
given by the formula (3. 4), similar to (1.4).

Relations (1.2)and (1.4)are qualitatively different in two respects. Firstly,
by (1.2) as N — 0 the total cross-section is always vanishing as N2,
whereas by (1.4)as N — oo the growth of 6(w; k, gq) is determined by the
fall-off of the potential at infinity. Secondly, as N — 0 the asymptotics
of the total cross-section depends on values of g(x) for all xe R™. On the
contrary, as N — oo the asymptotics of o(w; k, gq) is determined only
by the asymptotics of g(x) as | x| — co. In the « critical » case N = const.,
k — oo the total cross-section converges (see Theorems 4 and 5) to a
finite limit. As in the case N — 0, this limit depends on values of g(x)
for all xe R™, though formula (1.2) is violated.

The asymptotics (1.4) was derived in the paper [5] by manipulation
with the asymptotics for large numbers (k and g fixed) of eigenvalues of
the scattering matrix. For central potentials g(x) = q(|x|) (1.4) was
obtained earlier in the same manner in the book [6]. The arguments of [6] [5]
can be regarded only as heuristic. In a precise sense the conditions of the
validity of (1.4) were analysed in [7] (the survey of these results is given
in [/]) on the example of central potentials (for m = 3). These condi-
tions depend on the fall-off of g(x) at infinity (and are broader for smaller o)
but include always the quasi-classical limit g = yk2. For non-central ¢(x)
and large N only sharp-order upper bounds for the total cross-section
were known [8] [9]. Moreover, in order to be estimated, the total cross-
section is averaged in [8] [9] over some small interval of k. This averaged
cross-section is estimated by CN* for g obeing (1.1), and by Cr™~! for ¢
having compact support in a ball of radius r, r > r, > 0. These bounds
areprovenin [8] [9]ina verylargeregionk = k, > 0, g arbitrary. However,
as shown in []0], without averaging these bounds can be violated (for
k =ky, g — o) even in a central case q(x) = q(|x|).
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400 D. R. YAFAEV

Our proof of (1.4) relies on the reduction of the problem to the « critical »
case N = const. The latter is investigated in section 4 with the help of
the so-called eikonal approximation, which, roughly, can be described as
follows. One constructs the formal asymptotic expansion for the wave
function of the Schrédinger equation — Ay =k*(1 —eq(x))y, e=gk™2, as
k — oo. The phase function of this expansion satisfies the eikonal equa-
tion (V)2 = 1 — gq(x) and coefficients of the amplitude satisfy transport
equations. Restricting ourselves to the principal term of this expansion,
we study only the eikonal equation. As¢ — 0 one can construct the formal
solution of the eikonal equation as a series in powers of ¢. It suffices to
take the first term of this series to obtain the eikonal asymptotics of the
wave function. This asymptotics is justified in Theorem 4 for smooth
functions g with compact support. The transition to the general case is
given in Theorem 5 by perturbation theory. In its turn, the asymptotics
of the wave function determines the asymptotics of the scattering ampli-
tude and of the total cross-section.

For the proof of (1.4) we study separately different regions of the confi-
guration space R™. It appears that the asymptotics of the total cross-
section is determined by the region where | x | has an order of N¥,v=(x—1)"".
As N — oo one can replace here g(x) by its asymptotics for | x| — co.
Further, by scaling, the problem in this region is reduced to the case
N=const. Proofs, that regions | x| N~ — oo and |x|N™" - 0 do not
contribute to the asymptotics, require essentially different methods. The
first of these regions is treated by perturbation theory (one applies here
Theorem 5). The study of the second is somewhat similar to the upper
estimate of o(w; k, gq) for g, contained in a ball of a radius r. Since in
the latter case o(w; k, gg) < Cr™~1, it is natural to expect that in our
situation the contribution of the ball | x| < O(N") is also bounded by
O(N*™~1) = O(N*). The demonstration of this fact is a crucial point of
our proof. It is exactly at this step, where the restriction g < yok?* arises.
Technically all our considerations rely on a uniform bound for the resolvent
of the Schrédinger operator. We note that at all steps the forward scattering
amplitude is treated simultaneously with the total cross-section.

This paper is organized as follows. In section 2 we give precise defini-
tions of objects considered in the paper, and collect some necessary infor-
mation on stationary scattering theory. The main result is formulated
in section 3, Theorem 1. In Theorem 2 of the same section the bound
for the resolvent is obtained. As a corollary of this bound, in Theorem 3
of section 3 we give the sharp-order upper bounds for the total cross-
section and the forward scattering amplitude (without averaging over k).
The case N = const. is studied in section 4. Finally, in section 5 the contri-
bution of the domain | x | N~ — 0 is estimated, all partial results are put
together and the proof of Theorem 1 is concluded.
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2. PRELIMINARIES

Here we collect some results, necessary below, of stationary scattering
theory for the Schrodinger operator. Essentially, this information is
contained in the literature (see, in particular, the book [//]) or can be
obtained by the combination of known methods.

Let V be a multiplication by a real function v(x), Hp = — AAH=H, + V
be self-adjoint operators in the Hilbert space # = L,(R™). We always
assume that the condition (1.1), where at least « > 1, holds. Let

Ro(k, &) = (Ho — k* — ie)™%, R(k,e)=(H—k?—ig)"!, k>0, £¢>0,

be resolvents of the free Hamiltonian H, and of the Schrodinger ope-
rator H. By X{ we denote a multiplication by the function (| x| + s)~%,
s> 0; X; = X{P). All operator limits are understood in the paper in the
sense of norm-convergence. It is well known that for 2 > 1 the opera-
tor-function XgR(k, £)X; has a limit as ¢ — 0 and this limit is continuous
in k > 0. Not being quite rigorous in notation, we set R(k) = R(k, + 0),
Ro(k) = Ry(k, + 0). Certainly, the operators R(k) and Ry(k) are correctly
defined in s only when multiplied by X;, 28 > 1, at both sides. For
example, the resolvent identity

R(k) — Ro(k) = — Ro(k)VR(k) = — R(k)VR(k) 2.1

has an operator sense only after such a multiplication.
For the definition of the scattering matrix consider the operator

(Zolu)w)=2"12k2 " 2)~m2 Je_ K@ x)dx 2.2)

on the Schwartz set of u. Integrals in a variable x are always taken over
the whole space R™. Note that Zy(k)Hou = k*Zy(k)u. If 28 > 1, the ope-
rator Zy(k)X, is extended by continuity to a compact operator from #
to # = L,(S™ ') and it is continuous in k > 0. Now the scattering matrix
S(k): 4 — M for the pair Hy, H and the value k? of a spectral parameter
(an energy) can be defined by the relation

S(k) = I — 2riZy(k)V — VR(K)V)Zy(k)* . (2.3
The formula (2. 3) needs some explanation. Namely, for 1 < 28 < « rewrite
(2.3)as
S(k)=1—2mi(Zo(k)X) [X - VX _5— 1i_1)13 (X-gVR(k, e)VX_ 5) (Zo(k)Xp)* .

(2.3

Then the R.H. S. is a combination of bounded operator and hence the

Vol. 44, n° 4-1986.



402 D. R. YAFAEV

last relation has a correct operator sense. It is implied below that all for-
mulae of the type (2. 3) should be transformed to the form (2.3,). By (2.3,)
the operator S(k) — I is compact and continuous in k > 0. Moreover, in
virtue of (2.1) and of the identity

2miZo(k)*Zo(k) = Ro(k) — Ro(k)*, 2.4

the operator S(k) is unitary. Note that from a point of view of abstract
operator theory a scattering matrix is defined only up to an unitary equi-
valence. The choice (2.2) of the operator Z(k) fix the standard representa-
tion of S(k), in terms of which the scattering amplitude and the total cross-
section are defined. Together with (2.3), we need also an expression for
S(k) obtained in scattering theory with an identification #. Namely, let ¢
be a multiplication by such a function 5 that 1 —ne CP(R™) and (?)

T=Hf¢—-¢Ho = —2Vy)V — Anp + no. (2.5)
Then [/2]
S(k) =1 — 2miZy(k) [#*T —T*R(k)T 1Zo(k)*. (2.6)

Clearly, (2.3) is a particular case of (2.6) for #= I. The relation (2.6)
can be derived similarly to (2.3) if one inserts ¢ in a definition of wave
operators. Since in our case ¢ — I is compact with respect to H,, wave
operators and, hence, scattering matrices, corresponding to triples
{Ho, H,1} and {H,, H, #} coincide with each other. In Appendix A
the coincidence of right-hand sides of (2. 3) and (2. 6) will be verified directly.
Let now 2a > m + 1. Then the operator S(k) — I belongs to the Hil-
bert-Schmidt class and, consequently, is an integral operator. We denote
its kernel by ik™ '(2n) ™" ! f(w, w’; k), where a function f(w, ®’; k) is
defined for almost all (w, w’)eS™ ! x S™ tand f(., .; k)eL(S™ 1 x S™~1).
In these terms the scattering amplitude F(¢, w; k), corresponding to an
incident direction w and a scattering direction ¢, is introduced by the
relation
_m-1im-1 _m
Flo,o5)=@n) 2 k2 e*" " f(o,054). 2.7
(A strange numerical coefficient appears here because traditionally F
is defined as a coefficient at an outgoing spherical wave-see (2.17)). Below
the function f is also called the scattering amplitude. In its turn, the scatter-
ing amplitude determines the total cross-section

G(w;k)=J |F((P,w;k)|2d<P=(27t)_'"“k'"_1J
sm-1

sm

_ll flo,w;k)|*dep  (2.8)

for an incident direction @ and a wave number k. Note that by unitarity

(%) Often we do not distinguish a notation of some function and of a multiplication
by this function.
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of S(k) the integrals over ¢ of functions | F(¢, w; k) |* and | F(w, @; k) |
are equal to each other. When averaged over w, the total cross-section

aau(k) = Sr;l 1 J O'(CO, k)da)
sm-1

(Sm-1 is a surface of S™ ™) can be expressed in terms of the Hilbert-Schmidt
norm || . ||, of the operator S(k) — I:

Galk) = Sp212mf" k™™ || S(k) — 13

Thus for 2a > m + 1 the value of g,(k) is finite. We emphasize that in
contrast to g,,(k) the definitions of F(¢, w; k) and o(w; k) are not unitary
invariant.

We use now the definition (2.3) of S(k) to obtain a representation for
the scattering amplitude. Let yo(x; o, k)=e™*>> be a plane wave cor-
responding to incident momentum kw. Relations (2.2) and (2. 3) show that
formally

flo, 0" k)= —(2k) " [(Viho(@', k), Yro(e, k) = (VR Vi o(@2”, k), rofe, k)1,
(2.9)

where (., .) stands for a scalar product in #. The precise meaning of (2.9)
should be clarified. Note that for 28 > m a function Xy,(w, k) belongs
to & and is continuous in # for ke S™" !, k> 0. If 28 < 2a — 1, an
operator X_;zVR(k)VX_; is bounded and continuous in k > 0. Thus for
m < 2f < 20 — 1 the second summand in the R.H. S. of (2.9)

(VR(K)VYo@’, k), Yo(@, k) =([X-sVRK)VX_ 5 [Xgiho(e’, k), Xgio(w, k)

is correctly defined and continuous in w, w’ € S™ ! and k > 0. The first
summand

(Violer”, k) rolen, k) =((X /:VX /I'X/:'//n(('),- k). X,:'//Mf'h k))

has, obviously, these properties only for m < 2f < a. Therefore for & > m
the scattering amplitude f(w, @’; k) is continuous in o, 0’ € S™ 1, k > 0
and is given by the formula (2.9). Quite similarly, (2.2) and (2.6) ensure
a more general representation

Sler o5 k) = — (2k) ([ *T — T*RKT Wrole”. k). ol k). (2.10)

also used below. Since in (2.5) Ve C§(R™) and An e C4(R™), the second
summand in the R. H. S. of (2.10) is again continuousin w, w’ € $"~ !, k > 0
for 20 > m+1, and the first summand, only for « > m. So for a > m the
forward scattering amplitude f(w, w; k) is correctly defined and is conti-
nuous in w e S™ !, k > 0. Moreover, in this case the so-called optical theo-
rem is known. It connects the total cross-section with the forward scattering

amplitude: _
ow; k) =2Im f(w, w; k). (2.11)

Vol. 44, n° 4-1986.



404 D. R. YAFAEV

The relation (2. 11) is, of course, a corollary of unitarity of the operator S(k).
Now we give a generalization of (2.11) to a case 2a > m + 1.

LeEmMMA 1. — Let the condition (1.1) with 2o > m + 1 hold. Then the
total cross-section a(; k) is continuous in me S$" ', k > 0 and
alw: k) =k VIm (T*R(K)TY oo, k), Yoo, k)). (2.12)

Proof. — Set ®, = —21Zo #¥TZE, ®,=21Z T*RTZE, ® =D, +b,. Note
that ®; —®%=2nZ,(KH, — H,K)Z¥, where K= _¢* ¢ —1 is a multiplica-
tion by a tunction |n|*—1e CJ(R™). Therefore

ZoKHZ¥ = ZoHoKZ¥§ = k*Z,KZ}
and hence ®; = ®%. Now unitarity of S(k) ensures that
O*® = i(D* — ) = i(DF — D,).

In terms of kernels of operators ® and ®, this means that

J D", D", o = i[D(), m) — Dy(w, )]

for almost all (w, w)e S™ ! x S"'. As was already noted, if 20 > m + 1,
the R. H. S. and hence the L. H. S. of the last equality are, actually, conti-
nuous in o, @’ € S"~! (and k > 0). This permits to set here w = ’, what
by definition (2.8) gives (2.12). 0 O
We need also a particular case of (2. 12), corresponding to # = I:
a(m; k) = k™ Im (VR(K)Vio(m, k), Yoo, k)). (2.13)

Below it will be convenient to use a notion of a wave function Y(x; w, k).
For 2a > m + 1 we define a wave function by the relation

W, k) = Yo(, k) — RYVo(e, k). (2.14

where, as usual, k is a wave number and w is an incident direction. Clearly,
XY — Yo)e # for 28 > 1. The resolvent identity (2.1) implies the
Lippman-Schwinger equation

(I + Ro(k)VW(w, k) = yolw, k) (2.15)
for Y(w, k). In terms of Y(w, k) the representation (2.9) takes a form
flo,a'sk) = — k)7 (V(e', k), Yolw, k), a>m.  (2.16)

For o > m the wave function and the scattering amplitude can be defined
directly in terms of solutions of the Schrédinger equation

— Ay + X = kA

Annales de I’Institut Henri Poincaré - Physique théorique
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Namely, for every w € S™ ! this equation has the unique solution (x; w, k)
with the asymptotics

m—1

_m-1 _m-1
Yoo, k) =e" oV L F(X ok x| 2 eMo(lx] 2), =x|x|7!,

as | x| — oo. Thus defined, the solution ¥ and the coefficient F coincide
respectively with the wave function and thescattering amplitude.

If necessary, the dependence of different objects on the potential is spe-
cified in the notation, e. g. R(k) = R(k, v), S(k) = S(k, v). On the contrary,
if not confusing, the dependence on some parameters, €. g. k, is often dropped
out of the notation. Below we need a connection between resolvents and
scattering matrices, corresponding to potentials v(x) and v(x) = p?v(px),
p>0.

LEMMA 2. — Fora > 1
| X§R(pk, v )X ||=p? =2 || XPR(K, 0)XE ||, a=p s, (2.18)
S(pk, v'?) = S(k, v). (2.19
Moreover, for 2a > m + 1
P f(w, o' pk, v'P)=f(w, »'; k,v), almostall (w,w’)eS™!xS™ !,
(2.20)
p" o(w; pk, v = a(w; k,v), all weS™!. (2.21)
Proof. — Let %, be an unitary operator of dilations: (%, g)(x)= p™?g(px).
Then (Ho+V)%,=p*%,(Ho+V) and hence
R(pk, oM, = p~ 2 R(k. v).
This ensures (2. 18). According to the definition (2. 3) for the proof of (2. 19)
one should additionally take into account that, by (2.2), Zo(pk)%, = p~* Zy(k).
Now, (2.20) is a reformulation of (2.19) in terms of kernels of operators
S—1I. Finally, (2.21) is a direct consequence of (2.20) and of the defini-
tion (2.8). |
Let us compare scattering amplitudes for two different potentials v
and vy, obeying (1.1yeach. To that end we introduce the scattering matrix
S(k)=S(k; v, v~1) for the pair Hy=Hy+V,, H =Hy+ V. The suitable repre-
sentation for S(k) is defined by the operator
Z(k)y=ZyK[1 — V,R(k, v,)*]. (2.22)
If 28 > 1, the operator Z,(k)X: # — .4 iscompact and continuousin k > 0.
The mapping Z, (k) diagonalizes the operator H;: Z,(k)H;u=Kk*Z,(k)u. An

explicit expression for §(k) will be given immediately in a general form,
corresponding to scattering with an identification. Namely, let ¢ be again

Vol. 44, n° 4-1986.



A06 D. R. YAFAEV

a multiplication by #, 1—7n € C§(R™), and "I"=Hj — #H,. Then, similarly
to (2.6), 5 L _
S(k; v, v,)=1-2niZ,(k)[ #T —-T*R(k, v)TZ,(k)*. (2.23)

The chain rule for wave operators, combined with stationary formulae
for wave and scattering operators, shows that
S(k, v) = S(k, v2)S(k; v, v1) - (2.24)
Of course, the equality (2.24) may be proven also by direct calculations,
using the resolvent identity
R(k, v) = R(k, v1) — R(k, v,V — V1)R(k, v) (2.25)
and (2.4) (see Appendix B). :

Let now 20 > m+1 and v(x)—0v;(x)=0(]| x|, ¢ > 0, as | x| = oo.
By (2.22), (2.23) the operator S(k; v,v,) — I is integral and its kernel
ikm=12n) "™+ f(w, »’; k; v, v;) is continuous in @, w' €S ! k>0.
Explicitly,
flo, 03 k; 0,0)= — () ([ FT-T*RGk, T WA, k, 01), Y@, K, 02)

(2.26)

where Y(w, k, v1)= [I—R(k, v;)V; Wo(w, k) is the wave function for the
potential v;. In terms of scattering amplitudes (2.24) reads

florne:v) — flo ;) = flo, o)

+ik T em) | f(, 93 0)f (g, @)de (2.27)

sm

(almost all (w, @’)e S™~! x S™~!). Now we apply the Schwartz inequality
to the last integral and take into account that

f | flo, @) Pdp = 2k '2a)y"~ ! Im f(w, w).
sm-1

Similarly to (2. 11), this equality is a corollary of unitarity of S(k). Thus (2.27)
ensures that for almost all (0, ®’)e S"™* x S™!

| f((D, (D’; k7 U)—f((l), wl; k’ vl) I

< | flw, o 5k v,0:)| + [20(@; k, v,) Im f(o', 0'; k30,0912 (2.28)
In case o > m, when both amplitudes f(w,’;v) and f(w, @’;v,y) are
continuous in @, w’ € S™~ 1, the bound (2.28) is extended to all w, »’ € sm 1,

To perform such an extension for 20 > m + 1, the L. H. S. of (2. 28) should
be regularized. To that end note that by (2.9)

flo,0'; v)—flo, 0";0)=—2k) " {([V=V1]¥o(@), Yo(®)
—(VRO)VYo(@"), Yo@) + (ViR@:) Vi ¥o(@), Yo(@)) } . (2.29)
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In the R.H.S. of (2.29), which we denote temporarily by A(w, '), all
three summands are continuous functions of w, o’ € S™~!. Thus (2.28)
holds for all w, »’ € S™~ 1 if the L. H. S. of (2.28) is replaced by | A(w, ) |.
In particular, | A(w, ») | and, hence | Im A(w, w) | are bounded by the R. H. S.
of (2.28) at w = ’. Notice now that Im ([V—V; JYo(®), ¥o(w))=0 and
therefore, by (2.13), 2 Im A(w, w)=o(w; v)—o(w; vy). It follows that

| o(w; k, v)—a(w; k, vy) |
< 2| flo, o; k; v, v;) | +2 [20(w; k, v1) Im flo, 0; k;v,v,)]2. (2.30)

We formulate the obtained results.

LemMMA 3. — Let potentials v; and v satisfy the condition (1.1),
v(x)—vl(x) O(|x|™™ %, ¢>0, as |x| —» oo, and let the amplitude
f (o, o'; k; v, v,) be defined by the relation (2.26). Then, if a > m, the
bound (2 28) holds for all w, @’ € S™ L. If 2¢ > m + 1, the bound (2.30)
holds for all we S™ 1.

3. THE MAIN THEOREM.
UPPER BOUNDS FOR THE RESOLVENT
AND FOR THE TOTAL CROSS-SECTION

The aim of the present paper is to find the asymptotics of the forward
scattering amplitude F(w, w; k, gg) and of the total cross-section a(w; k, gq)
in case k > oo, N:=g(2k)™' — oo. Besides the condition (1.3), we
suppose that g(x) is twice differentiable with respect to a radial variable | x |

0q

and s
q 2
+
3% |' AT

We assume additionally that g < yok* where a constant y, obeys

2

xeR™

sup(lq(x)l+|x| )<oo. (3.1)

yo inf sup (ﬁ 1IxI—a——+q(x)><1 3.2)
(0,21 xeRm dlx|
Thus, y, is an arbitrary fixed number if a potential | x |Bg(x) is repulsive
for some fe(0,2]. In a general case (3.2) requires that y, is small with
respect to a size of g.
For a given incident direction w e S™~! denote by A,, a plane, ortho-
gonal to w, and let S7~2 be a unit sphere in the plane A,,. For ¢ € S7;™? set

Qw, @) = j ®(w cos O + ¢ sin 0) sin®* ™2 6d6 . (3.3)
0

Now we give a precise formulation of our main result (*).

(*) See also note added in proof.
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THEOREM 1. — Assume that g(x) has the asymptotics (1.3) with
®ecC(S™') and that the condition (3.1) holds. Let k — o0, N — oo,
g < yok?, where y, satisfies the estimate (3.2). Then for « > m the forward
scattering amplitude has the asymptotics

m—1 7

Flo,0;k gq) ~Qn) 2 e +™

im— 171 — %)

k 2 N"j | Qw, @) |* exp [27 'rix sgn Nw, ¢)1dp, x=(m—1)o—1)"1.
sm-2
“ ' (3.4

For 20 > m + 1 the total cross-section has the asymptotics

-1
o(w; k, gq) ~ nI:(m— 1)I(%) sin f;:l N“J

S&

|, 9)["de. (3.5)

As was noted in the Introduction, by the proof of Theorem 1 we need
uniform in g a-prioribound for the resolvent R(k, gg) of the operator —A+ggq.

THEOREM 2. — Let conditions (3.1), (3.2) be fulfilled. Then for
sk = ag > 0, g < pok?
and every § > 1/2 the bound
| X$R(k, gg)X§ | < Ck—1st=2¢ 3.6)

holds. A constant C in (3.6) depends only on numbers ag, Yo and on the
value of (3.1).

Proof. — By the equality (2.18) with p = k™%, (3.6) is equivalent to the
bound
[| XER(1, yo )X || < Cal=2#, 3.7

where v (x)=q(k™'x), y=gk~2 < yo, a=sk > a,.
The proof of (3.7) is based on the commutator method of E. Mourre [13]
(see also the article [/4]). Set
(?

H=H(;, k)= — A+, JIA=xV+Vx=2]|x| m + m,
71X

. I B [ 1% () +4(0)]

z—, = . :Su .

T=0x1’ T Taxp TR X Tax

Then i[Hy, A] = 2H, and
i[H,A]=2Ho—vk™" |x|q'(k™'x) > BH—y[Bq(k~'x)
+ k7 x| q' (k™ x)] > BH-yQp) (3.8)

for any f€(0,2]. If Q4 < 0 for some B€(0,2], then the R.H.S. of (3.8)
is larger than BH for this g. If Qg > 0 for all Be(0,2], choose B so that
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70Qp < 1. This is possible in virtue of (3.2). Let now ¢ € CZ(R), ¢(4) = 1
for Ae[l —0,14+06] and @A) =0 for A¢ [l — 20,1 + 20]. Take
6 <2 'min{1,1—9,Qz}. Then (3.8) ensures that

i®[H,A]0 > c@?, & =¢H), H=H@k, (3.9

with ¢ not dependent on k > 0 and y < y,.

Below we shall prove that the bound (3.7) is a corollary of the inequa-
lity (3.9). Compared to the original proof of [/3] we should keep track
of the dependence of (3.7) on the parameter a. This requires some techni-
cal modifications. Besides, we should make sure that all estimates are
uniform in k > 0 and y < 7,, which is essentially standard. Not restricting
generality, by the proof of (3.7) we can take fe(1/2,1]. Set B = i[H, A],
M = ®B®, G, = (H —ieM — 1 — ig)~'. All estimates below will be
uniform in p > 0. Let K,(a) be a multiplication by the function

(Ix|+a)7Pe|x|+ 1)1,

Then
|Kda)|| < Ca? < Cy, (3.10)
d
“d_ K| <Cef 1, [[K(@AMH, + D71 < Cef1. (3.11)
¢
We shall establish the bound

| K(a)GKa) || < Ca' =2 (3.12)

with a constant C not dependingone > O(and 4 > 0,k > 0,y < yo neither).
In particular, as ¢ —» 0, p - 0 (3.12) implies the bound (3.7).

We need some facts from papers [/3] [/4]. Note firstly that according
to (3.8), (3.1) B =2H, + Y;, where Y; = Y;(k, y) is bounded uniformly
ink > 0,y < y,. Similarly, computing the second commutator, we find that

i[B,A]=4Ho+7[k™! | x|q(k™'x)+k™? | x|*q"(k™ 'x)]=:4Ho+ Y2,

where again by (3.1) the operator Y,=Y,(k,y) is bounded uniformly
in k > 0, y < 0. It follows that commutators [®, A] and [M, A] are also
uniformly bounded. The basic estimate (3. 9) is used only to obtain the bound

DG, f || < Ce 2 (£, G.N)I'2. (3.13)
Together with || M || < C, this shows that
Il(Hy + DG, || < Ce™',  |[(Ho+DI-®)G,||<C. (3.14)
In its turn, (3.13) and the second estimate (3.14) provide that

| (Ho+DG.K.(@) || + [ K@)G(Ho+1) |
< CIKfa) [ +e7 2 | K (@G K@) I'?). (3.15)
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Now we can show that the operator F(a)=K(a)G,K (a) satisfies the
differential inequality

, dF,(a)

7 S Cef 7' a™F + ¢~ V2 || F,(a) 1*2]. (3.16)
>

Let us estimate separately the summands in the R. H. S. of the expression

dFs_dKEGKJrKGsz x 9G.
de  de ot gy TR R

The bound (3.16) for norms of first two summands is a direct corollary of
(3.11), (3.15). To estimate the last term, we compute

dG
* = iG,MG,
de
=—iG,{ (I—(I>)B(D+B(I—(D)—i[H—isM—l—i,u,A]+s[M,A] }G,.
(3.17)
I dG, .
The contribution to || K, y K, || of the first summand in the R. H. S.
3

of (3.17)

is estimated by a™# + ¢~ 1/2 || F(a) ||¥* according to (3.10), (3.14), (3.15).
The second summand in the R. H.S. of (3.17) is treated quite similarly.
In the next term we expand the commutator. Then

” KsGs [H_I‘SM— 1 —l[l, A]GeKs ” < “ KaA(HO+[)_ ! ”
X (I(Ho+ DG K, || + | K.G(Ho+1)|]),

which is bounded by the R. H. S. of (3.16) according to (3.10),(3.11),(3.15).
Finally, in virtue of bounds || [M,A]]| < C and (3. 15)

el K.G,[M,AIGK, || < Ce|| K,G, || || G.K,||
< Cyea™ + ||F, ).
Since by (3.10), (3.14)
I1F. || < Ca= 21, (3.18)

this term is again bounded by the R. H. S. of (3. 16). Putting all these inequa-
lities together, we conclude the proof of (3. 16).

It remains to prove that the bound (3.12) is a corollary of (3.16), (3. 18).
The simplest way of doing it is to introduce a new operator-function
F.(@) = a®*~'F,(a). Then (3.18) reads

I Fya)ll < Cs~t, (3.19)
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and after substitution ¢ = s/a (3.16) provides the inequality

dF, .
\ d(a) < CsPi(1+5 12| Fa)||I'?), a>ap,>0. (3.20)
s
By (3.20) an estimate || F,(a)|| < Cs7*, 0 < p < 1, ensures that
H dFy(a) < CsP=32012,
ds

After integration this leads to a bound || F,a)|| < Cs#~12772if 28 < p+1,
or to a bound || Fy(a)|| < C if 28 > p + 1. Thus, starting from (3.19),
with the help of (3.20) we arrive in a finite number of steps to the bound
| Fi(a) || < C. This is equivalent to (3.12). [

Comments and remarks.

1) Since it is not assumed that g(x) — 0 as [x| — ®© in Theorem 2,
it can be applied to a multiparticle problem.

2) The bound (3.6) is valid for long-range potentials. In this case it is,
perhaps, new even for a fixed g.

3) The bound (3.6) is sharp, even for a fixed g, as far as dependence on k
and s is concerned.

4) If (3.7) holds for some fixed a (and arbitrary g > 1/2), the L. H. S.
of (3.7) is automatically bounded by a'~?/*¢ for all a > ao >0 and
arbitrary ¢ > 0. This would have given us the bound of the L. H. S. of (3. 6)
by k~1+est~28%2 However, it is important for us to have the precise result.

5) The bound (3.6) for s = 1, g = yk* and functions g with compact
supports was established earlier in papers [15] [16]. Compared to [15] [16]
we have very broad conditions on the behaviour of g(x) at infinity. On the
other hand, the so-called non-trapping condition, imposed in [I5] [I6],
is less restrictive than our assumptions on the coupling constant. Note
also that in contrast to [15] [/6] our proof is rather standard from a point
of view of scattering theory.

6) J. M. Combes communicated to the author that a bound, similar
to (3.6), can be obtained also with the help of R. Lavine’s technique instead
of that of E. Mourre.

As was mentioned in the Introduction, the restriction g < yok? is required
in Theorem 1 only for the proof of the bound (3.6). Once this bound is
established, the asymptotics (3.4), (3.5) are valid in an essentially broader
region of parameters k and g. Namely, the following conditional assertion
1s true.

TuEOREM 1. — Let g(x) have the asymptotics (1.3) with ®e C(S" ™).
Assume that in some region % of parameters (k, g) the bound (3.6) holds
true for all B > 1/2, sk > ao > 0. Then the asymptotics (3.4) (if & > m)
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and (3.5) (if 20 > m + 1) are valid as N — oo, gk®" 2 — oo, (k, g)e Z.

If at least one of the conditions N — oo or gk*~2 — oo is not fulfilled,
the asymptotics (3.4), (3.5) are surely violated. On the other hand for
nonnegative central potentials (and m = 3) (3.4), (3.5) are valid in the
whole region N — o0, gk*"2 — oo. This result is obtained in [7] bypassing
the bound of the resolvent. Conditions N — o0, gk*~2 — oo permit an
arbitrary rapid growth of g with respect to k as k — oo (or k fixed).
Moreover, the case g — oo, k — 0 1is not also totally excluded. Note that
for k fixed, g — oo the bound, similar to (3.6), was proven in [/0] for
repulsive potentials.

As a corollary of Theorem 2, we shall deduce now sharp upper bounds
for the forward scattering amplitude and for the total cross-section. Results
of the following theorem are not used by the proof of Theorem 1 but the
method of its proof is applied in section 5 in a more complicated situation.
Besides, this theorem is, perhaps, of some interest for its own sake. Set
T,={xeR™|x|<r}; by x, we denote its characteristic function.

THEOREM 3. — Let g satisfy the condition (3.1) and let g < yok?* with 7,
obeying (3.2). If supp g = T, and rk > a, > 0, then

m-1
| Flo, s k,gg)| < Ck ? ™71, (3.21)
o(w; k, gg) < Crm~ 1, (3.22)
If g satisfies the bound (1.1) and gk*~2 > ao > 0, then
m-1
|Flw, o’; k,gq)| < Ck * N*,  a>m, (3.23)
a(w; k, gq) < CN*, 20> m+ 1. (3.24)

Constants C in (3.21), (3.22) are common for all g, obeying (3.1) uni-
formly. In (3.23), (3.24) constants C are common for all g, obeying uni-
formly (3.1) and (1.1).

Proof. — We start from the representation (2.10) for the scattering
amplitude. Let ¢ = ¢, be a multiplication by #n(r~'x), where n e C*(R™),
n(x) =0for | x| < 1and n(x) =1 for | x| = 2. Then (cf. (2.5))

T=Tr=er_/rHO .
= =2r "} (V)(r ™)V —r " An)(r " 'x)+gq(x)n(r~'x). (3.25)

Consider firstly potentials with compact supports when g(x)n(r~'x)=0.
Since | Yo(w, k) |=1, | Vipo(w, k) |=k, (3.25) ensures that

| (£¥T¥0, Yo) | < Cr 'k |I(V)(r™'x) | dx
+Cr2 Jl (An)r~'x)|dx < Cikr™™1 (3.26)
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and, similarly,
| T,y |I> < Ck?>rm~2. (3.27)

Further, since y,, T, = T,,
|(TFR. g T o, o) | <l 2Rk, g | I T 112 < Chr™ ™t (3.28)

by (3.6) and (3.27). Thus, according to (3.26), (3.28), the modulus of (2. 10)
does not exceed Cr™~ 1. Relations (2.7), (2.11) provide now (3.21), (3.22).

Consider potentials satisfying (1.1). In this case the operator T, contains
an additional summand gq(x)y(r~'x) and hence

| (/r*Tr'/’O’ ‘//0) I < Ckrm_l +g J‘nl(r—lx) | ‘I(X) | dx

< Cikrm™ Y1 + Nrt79), a>m. (3.29)

Here and below we suppose that rk > ao > 0. Let 1 <28 <200 —m.
Clearly,

(| X5 Tho [|* < Ch*r™2 JI (V) ™) (1 x | +1)?Pdx+Cr™* JI (M)~ x)1?
(I x|+r)*#dx+Cg? qu(x)nz(r_ )| x | +7)*Pdx < C kPrm+ 267 2(1+ N2r2 ~ 2%,

The bound (3.6) ensures now that

| (T*R(k, 29) T W0, ¥o) | < || XPR(K, g9)X5 || | XCpT 0 |2

< Ckr™ Y1+ N?r27 29, (3.30)
Combining (3.29), (3.30) we find that
| flo, o' k,gq)| SCr" Y1 + Nrt7* + N#2729) . (3.31)

Set r = N@~D7" Then the R. H.S. of (3.31) equals Cr" ™' = CN*. As for
potentials with compact supports, this gives bounds (3.23), (3.24) fora > m.
To obtain (3.24) for 20 > m + 1, one should apply (3.30) to (2.13). O

ReMARK 1. — For potentials with supp g = T, the proof of Theorem 3
can be reduced to a special case r = 1. To that end, one should use rela-
tions (2.20), (2.21) and the invariance of (3.1) with respect to dilation
x = rlx

REMARK 2. — The proof of Theorem 3 establishes, actually, bounds
of the scattering amplitude by suitable norms of the resolvent. In case
supp g = T, such bound has a form

m—1

| F(w, ©'; k, gg) |<Ck 2 r"  [1+kr~ || 2 R(k, g@)xar |l 1, TkZao>0.
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In case of potentials, satisfying (1.1) with o > m,

m-1
| F(w, o’ k, gq)|<Ck 2 N*[1+kr??~1 || XPR(k, g9)XP || ],
F = N@e D! 1<28<20—m, gk*2>ay>0.

Similar bounds hold, of course, for the total cross-section; there the factor

m—1
k % should be omitted and R(k, gg) can be replaced by R(k, gq) — R(k, gg)*.
In particular, estimates (3.21)-(3.24) are valid whenever (3.6) is true.

4. THE MODEL PROBLEM

In this section we shall find asymptotics of the wave function, of the
scattering amplitude and of the total cross-section in the « critical » case
when k — oo, N = const. We choose coordinates (Z, b) in R™ so that
Z-axes is directed along w; b is a set of (m—1) variables in a plane A,,
orthogonal to w. Then x=b+wZ « (Z,b),be A,. By V, and A, we denote
- the gradient and the Laplace operator in variables b. Set

4

U(x; @, k, v) = exp [ikz - i(2k)‘lj oZ', b)dZ’], @.1)

— 0

A(w; v)=iJ db{l—exp[—ir u(Z,b)dZ]}, @.2)
Ao(w;v) =4 J db sin? [2—1r u(Z, b)dZ]. @.3)

Since the incident direction w is fixed, the notation of dependence of
different objects on w is often omitted. We treat firstly potentials with
compact supports.

THEOREM 4. — Let g € C§°(R™), where an integerp, = (m + 1)/2, N<N,,
k = ko > 0, r is an arbitrary fixed number. Then

(¥ — ), k, gg)|| < Ck™*, (4.4)
| flo, w; k, gg) — (w;Ng)| < Ck™*. 4.5)

If 28 > m, then .
L lim(IXp(p — ), ko ga) || = 0. (4.6)

Proof. — Our first goal is to derive an expression for  — ¥ in terms
of an error

W(xsk gg) = — [A + k* — gq(x)1¥(x; k, g9), 4.7)
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arising when V is inserted into the Schrédinger equation. Note that by a
direct differentiation

wix; k, gq) = Wix; k, gq){Nz[qz(x) + G_ (Vea)Z, b)dZ’) ]

+iN[qZ(x) +J (Aq)Z', b)dZ':I}. 4.8)

— o0

Consider also an error
wik, gq) = [I + gRo(k)g1(k, gg) — Yolk), 4.9

corresponding to Y in the Lippman-Schwinger equation (2.15). The
difference Y — V can be easily expressed in terms of w. Actually, comparing
(2.15) and (4.9) we see that w =(I+gRoq) (¢ — ). Applying the operator
I—gRg and taking into account the resolvent identity we arrive at the
expression

W — )k, gg) = — [I — gR(k, gg)gIw(k, gq). 4.10)

Now we should find a connection between functions w and w. Let
supp ¢ = T, and let { € CP[R™, {(x)=1 for x€T,, ro > r. Since {q = g,
(4.7) and the free equation (A + k*)iyo = O ensure that

gRo(K)ql = Ro(KIL[(A + k) — o) + W]. (4.11)

Recall that Ry(k) is an integral operator with a kernel
Ro(x, x'; k) = i4—1(2n)_(7")(k lx— 2|79 HP (k|x—x1),
2

where H(" is the Hankel function of the first kind and an order s. Denote
by Glk, {) an integral operator with a kernel

Golx, X' k, ) = 2V Rolx, X5 VE(X) 4+ Rolx, X5 KAL(X) . (4.12)

Integrating twice by parts‘in an integral Ro(k)((A +k?)( — o) and taking
into account the relation (A, + k?)Rq(x, x'; k)= —&(x—x’), we find that
Ro(K)(A + k2 — o) = — L — o) + Golk, O — Yo).-

Insert now this expression into (4.11). Combined together, (4.9) and (4.11)
show that

W= (1= 00 — Yo) + Rk + Golk, O — Yo).  (4.13)

Comparing (4. 10), (4.13) and using (2. 1) we receive, finally, the convenient
representation

W — ¥)k, g9) = — xRk, gg)l(k, 24) X
— %[l — gR(k, g9)q1Go(k, O [¥(k, gq) — Yo(k)]. (4.14)
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Now we able to prove the bound (4.4). Choose r, so that supp { < T,,.
Then (4.14) ensures that

I — DI < IR, I TEwl+ (1 + gllnRg 1Dl 6GoOW — o) ll.
@.15)

By (3.6) the factors || x,Ry,, || and || x,Rq || are bounded by Ck™!. Moreover,
by (4.8) || {w || < C. Thus the first summand in the R. H. S. of (4. 15) does
not exceed Ck~1. To obtain the same bound for the second summand, it
remains to check that || ,Go(()( — ¥o)|| < Ck™'. We shall prove a
somewhat stronger inequality

q(Z'’,b")dzZ"’

sup jGo(x, x5 k, Q)@ [e_le‘w —1]dx"|<Ck™'. (4.16)

xeT,

Since supp V{ < T,,,, ==T,\T,,, where r < r, < ry, the integral (4.16)
is restricted to T, ,, which is disjoint by a positive distance from T,. For
| x — x’| = ¢ > 0the Hankel function in the definition of R, can be replaced
by its asymptotic expansion at infinity. This implies that the kernel (4.12)

admits a representation et
Golx, x"; k, )=k % ™ *lyo(x, x'; k) +us(x, x"; k), 4.17)
where for all multiindices p
| D% uo(x, x5 k)| < C, Juy(x, x5 k)| < Ck™2, xeT,. (4.18)

Insert now the representation (4.17) into (4.16). For the summand, cor-
responding to u,(x, x’; k), the bound by Ck~! is an immediate conse-
quence of (4.18). Thus (4.16) is reduced to the inequality

_m*l
sup je”‘"""’”u(x, x;kdx' | <Ck %, 4.19)
xeT,
where
P, x)=|x = x|+ o, x5,
-
u(x, x"; k) = uo(x, x’; k) { exp |:— iNJ q(z2”, b')dZ":| -1 } (4.20)

Since ge Co(R™ and N < N, the function u(x, x’; k) satisfies the first
inequality (4.18) for all0 < | p| < p,. Note that the second factor in (4.20)
is different from zero only in the region I, (w), consisting of points x’ of
the form x’ = y + wt with y €T, and ¢ > 0; thus, IT,(w) is a union of the
ball T, and of its « shadow » for the direction w of incoming plane wave.
So the integration in (4.19) is, actually, restricted to T, ,, N II(w). It is
clear that

x' —x

| Vep(x, x') | = ,I - | + w‘ >c>0, xeT,, x'eT,,, nIl(o).
x'—x

“4.21)

’
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Now with the help of the identity

. T d
J;,kMx,x )F(x, x')dx’= —-(lk)— 1 2 jetkw s < I foqo |—2 ¢ F)dxl
5x; ax;-
ji=1

we integrate p, times by parts in (4.19). Namely, applying this identity p,
times and using the first estimate (4.18) for u and (4.21) for ¢, we find
that the integral in (4. 19) does not exceed Ck ~#°, 2p, > m+ 1. This concludes
the proof of (4.19) and, hence, of the bound (4.4).

The asymptotics (4.5) is a corollary of (4.4). Actually, by (2.16)

| f(w’ w; k’ gCI) + N(q{/\/(wa k9 gq)’ wo(w» k)) | < Ck— ! .
It remains to notice that according to (4.1), (4.2)

N(g¥(w, k, g9), Yolw, k) = — o(w; Ng).
To prove the last relation (4.6), we use the bound
| Xp bk, ga) || < C,

which is valid in virtue of (2.14), (3.6) for N < Ny, k > ko > 0 and all
B’ > m/2. By the definition (4. 1) the same bound is valid also for Y(k, gg).
Applying these two bounds for 2 > 2’ > m we find that

Lim || (@ = x)Xp(¥ — W)k, gg) || = 0 (4.22)

uniformly in k > ko > 0, N < Nj,. The relation (4.6) is a direct corollary
of (4.4), (4.22). O

Now we shall generalize Theorem 4 to potentials with non-compact
supports. Simultaneously, we shall consider functions ¢, depending on
some additional parameter p. This is necessary for applications in section 5.
As a preliminary, we shall establish that the wave function, the scattering
amplitude and the total cross-section are continuous uniformly in
k = ko > 0, N < Ny as g changes in the metrics corresponding to (1.1).

LEMME 4. — Let g satisfy conditions (1.1) and (3.1). Assume that
lim sup (1 + |x])*]q(x) — q(x)| = 0. (4.23)

PO xeRm

Then uniformly in k& > ky > 0, N < N,
31_)12) | Xp[¥(k, g4”)—Yi(k, g@)] |=0, 2>1, 2a>m+1, 20, >m+1, (4.24)
}1_{1; | o(w; k, gg"”)—o(w; k, gq) | =0, 2a>m+1, 20, >m+1, 4.25)
I!l_)n;lo | f(w, w';k, gg°)—f(w, 0" ; k,gq)| =0, a>m, o >m. (4.26)
Proof. — Let us show firstly that
;}l—'ng) kI Xg[R(k, g4") — R(k, g X1l =0, oy 228 >1, (4.27)
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uniformly in k > ky > 0, N < N,. We start from the resolvent identity
(see (2.25))

XsR(k, £9”)Xp=XsR(k, gg)X s~ g[X R (k, 89X 11, [X,R(k, 2¢)X,], (4.28)

where u,(x) = (1 + | x|)*’[¢"(x) — g(x)]. The estimate (3.6) (for s = 1),
the conditions (4.23) and N < N, ensure that

lim g | XsR(k, gg)Xu, || = 0. (4.29)

Thus, (4.28) can be considered as an equation for XgR(k, g X, with a
small given operator gXR(k, gq)X4u, and hence

1 XsR(k, 8¢))Xy || < C || XgR(k, gq)X; || < C;k 1. (4.30)

Using (4.28) once more and applying (4.29), (4.30) we arrive at (4.27).
Combined together, relations (4.23), (4.27) show that definitions (2.14)
of Y(w, k, gg¥), (2.9) of f(w,w'; k, gq*) and the representation (2.13)
for o(w; k, gg"’) admit taking a limit as p — oo. Moreover, this limit
is uniform in k > ko > 0, N < N, O

Note that under the assumption (4.23) all objects (4.1)-(4.3) are also
continuous as p — o0, i.e. :

lim ||Xﬂ[$(k,gq("))—!/7(k,gq)]|l=0,2ﬁ>1,2oz>m+1,2a1>m+1, (4.31)
p— o
lim | oZ/o(w; Ng®¥)— o(w; Nq) [=0, 2a>m+1, 20y >m+1, (4.32)
p— o0
lim | /(w; Ng'”)— of(w; Ng) |[=0, a>m, o >m, (4.33)
P

uniformly in k >k, > 0, N < Ny. Let us check, for example, (4.31).
Using the inequality | e — 1| < |¢|, we find that

Z 2
Il X [k, 29— Pk, gq)] 112 <de(1 +[ x| )””[N f (@ —q)Z, b)dZ']

) 2
< Cf dbU (A+1Z"|+]b])"™dZ" | sup [(1+]x]|)]q®(x)— q(x)]].
Ao © xeRm

The integral here is finite, and the second factor tends to Z€ro, as p — oo.

THEOREM 5. — Let for a family ¢)(x) the condition (4.23) hold. Assume
that a function q in (4.23) is continuous and satisfies assumptions (1.1)
and (3.1). Then for N < Ng, 20 > m + 1, 20, >m + 1

Am X[k gq) — Bk gg)lll =0, 28> m,  (4.34)

lim |o(w; k, gq"®) — Ao(w; Ng)| = 0. (4.35)

k—o0,p—> 0
If, moreover, « > m, «; > m, then
lim | f(w, o; k g9%) — o(w; Ng)| = 0. (4.36)

k— o0, p— o
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Proof. — Consider a sequence g, € C(R™) such that the difference g,—¢
satisfies (4.23) (for every a, < «). For fixed n and k - o0, N < N, the
asymptotics of Y(w, k, g4,), o(w; k, gg,) and f(w, w; k, gq,) are given by
Theorem 4. Apply now Lemma 4 and relations (4.31)-(4.33) to the sequence
g»- This proves formulae (4.34)-(4.36) for the case g =gq. To treat the
general case, one should use once more Lemma 4. O

In the following section we shall need also the following auxiliary
assertion.

LemMa 5. — Under the assumptions of Theorem 5 for all r > 0
Aim ik gg®) I < Cr, (4.37)
=00, p> 00
Jm kT Vg, g4Il < Crm2. (4.38)
i SN Badd

Proof. — The bound (4.37) is a direct corollary of (4.34) and of the
obvious equality || x,¥(k, gg) || = Cr™?. For the proof of (4.38) we apply
an elementary estimate

1/2
Jl V() P Tx)dx < C { [ JI AY(x) PO 'x)dx. ﬁ Yx) 1P 1X)dX]

+r_2j|l//(X)IZI(VC)(r_1X)I2dX}, {eCPR™), (4.39)

to the function Y(x) = Y(x; k, gg*’). In virtue of (4.37), when multiplied
by k=2, the second summand in the R.H.S. of (4. 39) tends to zeroas k — <o,
p — oo. On the other hand, it follows from the Schrodinger equation that

| Ay(x; k, gg) | < Ck? | Y(x; k, gg*) |-
"Now (4.39) shows that

lim k=2 JI Vii(x; k, g4%) P03~ ' x)dx

k— o0, p—>©
<C 1lim JIIP(X;k,gq“”)lzéz(r“IX)dx.

k—o0,p—

To conclude the proof of (4.38), it remains to use (4.37) once more. O

5. THE PROOF OF THE MAIN THEOREM.
THE ASYMPTOTICS OF THE SCATTERING AMPLITUDE
AND OF THE TOTAL CROSS-SECTION

In this section we shall complete the proof of Theorem 1. All scattering
amplitudes will be considered at the diagonal w = ’. So the dependence

Vol. 44, n° 4-1986.



420 D. R. YAFAEV

of amplitudes on w = w’ and of cross-sections on w is often dropped out
of notation. It is convenient to perform at first-a scale transformation
X — px. where p*~' = N. Then, by formulae (2.20), (2.21)

flk,gq) = p" ' flky, g19%),  alk,gq) = p" 'alky, g14%), (5.1)
with
4O =pqpx),  ki=pk,  g1=p*"%  Ny=g,2k) '=1. (5.2)

Clearly, g, =2k, » ovask — o, N — oo0. Thus our problem is reduced
to a similar one for the case k;y — oo, Ny = 1 but for the family of func-
tions g, depending on the additional parameter p. The restriction N — oo,
g < ypok? implies that p — o0, 2p* < yok,. Since, as p — o0, the family
q'"X(x) infinitely grows for small | x |, results of section 4 can not be applied
to the problem (5.1), (5.2) directly.

To use these results, we make a cut-off by zero in a neighbourhood of
x = 0. Namely, let n,€ C*(R™), n,(x) =0 for | x| < a and #,(x) =1 for
| x| > 2a. Instead of ¢’ we consider previously an auxiliary potential
1.9 For fixed a > 0 this potential satisfies assumptions of Theorem 5.
Actually, set ¢“Y(x) = | x|~*®(x). The function n,(x) ¢“*(x) is, obviously,
continuous and obeys conditions (1.1) and (3.1). Moreover, by (1.3)

Jim sup (1 4 [x1)*[ nalx) [q"(x) — ¢*x)]] = 0.

Theorem 5 ensures now that for N; = 1 and fixed a > 0

X llm f(kl, glnaq(p)) = "Q{(naq(“)), a>m ’ (5 . 3)
17 00,p> 00
lim  o(ky, g1.9°) = Lo(ng™), 20>m+1. (5.4

ki—o0,p—

We shall show, further, that relations (5.3), (5.4) hold true without a
cutt-off function #,(x) if p-is subject to the condition 2p* < yok;, i. €.

lim f(ky, g1") = A(¢"“), a>m, (5.5)
lima(k,, g,¢"") = Ao(¢g"“™), 20> m+ 1, (5.6)

asg; = 2k; — o0, p — oo and 2p* < yok,. To go over from (5.3) to (5.5),
we notice first of all that

lim o/(n,g*”) = #(q*),  a>m. (5.7

Actually, according to the definition (4.2)

exp l:i j ) (1=1,)q"))Z, b)dZ:I -1 l .

- 00

| (n.9"*") — (@) | < f db

Aw

(5.8)

Annales de I’Institut Henri Poincaré - Physique théorique



THE EIKONAL APPROXIMATION FOR THE SCHRODINGER EQUATION 421

Since n(Z, b) = 1 for | b| > 2a and all Z € R, the integration over variable b
in (5.8) is restricted to a ball | b| < 2a. Consequently the R. H. S. of (5.8)
does not exceed Ca™~ ', what proves (5.7). To take off #, in the L. H. S.
of (5.3), it suffices to check that as g;=2k; — o0, p — 00, 2p* < Yok,

lim | f(ky, g1149%) — f(k1, 819 | < &, (5.9
with ¢, > 0 as a — 0. Actually,

im| f(ky,819”)~ #(¢“?) | < Tim] f(ky, £14) — f(k1, g11,9*)]
+Im| f(ky, g11g”) — 1,9 |+| L(1,9“) — () |, (5.10)

" where upper limits are taken for g;=2k; — 00, p — 00, 2p*< ok, and
fixed a. In the R.H.S. of (5. 10) the first and the third summands tend to zero
asa — 0in virtue of (5.9) and (5.7). The second summand is zero by (5. 3).
Since the L.H.S. of (5.10) does not depend on a, it also equals zero. This
proves (5.5). Similarly to (5.7), it can be verified that o/o(1,4“Y) —» (¢
as a — 0, 2a>m + 1. Thus, by the above arguments to justify the tran-
sition from (5.4) to (5. 6), it suffices to check thatas g, =2k, — o0,p — oo,
2p* < yoky,

lim | a(ky, g11.9%”) — o(ks, £19)| < &, (5.11)

withg, - Oasa — 0. .

For the proof of (5.9), (5. 11) consider the scattering amplitude f(k,; v, vy),
where v, = g11.4%, v = g:q*. Recall that f is defined by (2.26), where
we choose ¢ = #, to be a multiplication by such a function #(a” 'x) that
71eC?R™, #(x) =0 for |x|<2 and #(x) =1 for |x|>=3. Then
f(a™ x)n,(x) = fi(a”"x) and '

T=Hg — #H, = — 2a”(Vi)a %)V — a~¥A%)a 'x). (5.12)

We shall show that L
lim | f(ky;0,0,)| < Ca™™! (5.13)

as g, = 2k; — 00, p = 0, 2p* < yok,. Once (5.13) is verified, relations
(5.9)and (5.11) follow from inequalities (2.28) and (2.30) correspondingly.
Actually, by (5.4), (5.13)

im {| f(ky; v, 0,)| + [20(ky, v1) Im £k 0, 01)]42 )
< C{am ! + [o(n,g™)am"1]12}

as g; = 2k; = o0, p — ©,2p* < yokll and a fixed. Since Zo(1,4*Y) < C,

the R. H. S. here is bounded by Ca ? . Inequalities (2.28), (2.30) ensure
m—1

now (5.9), (5.11) with ¢, = Ca ? . Thus, the demonstration of (5.9),
(5.11) is reduced to that of (5.13).
The proof of (5. 13) is, essentially, similar to the estimate of the scattering
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‘amplitude in Theorem 3 for potentials with compact supports. By (2.26),
(5.12)

| flkys 0, 00)]
< Cki! I x3athlky, v0) || [a‘l Il x3aV¥(ky, v41) ||‘*‘¢1_2 | x3at(ky, v0) [ ]
+ Cki |l x3aR(K1, 0)x3a |l [@™2 | x3aV(k1, ) 117 +a~* || x3a¥i(ky, v0) 7],
vy = giMg”, v =2gig?. (5.14)

The necessary bound for the resolvent R(k,, g,4"") follows from (3.6).
Actually, applying (2.18) we find that

a?? || XPR(ky, g1g)XP || < Cki'a, gy = 2ky, 2p* = yoky, ak; = ¢ > 0.
(5.15)

We emphasize that the restriction 2p* < y,k, is required only for a validity
of (5.15). It is sufficient for us to have a corollary of (5.15) when a?(| x | +a)~#
is replaced by a characteristic function y3,(x). Taking here an upper limit
as g, =2k; — o0, p = 0, 2p* < yok, and a fixed we find that

m kl ” XSaR(kh é’l‘l‘”’)l}u ll g Cd . (5 . 16)

Recall, further, that for fixed a the family #,4 satisfies assumptions of
Theorem 5 and, thus, for functions y(k,, g11.4*) the bounds (4.37), (4.38)
hold. Now we take in (5.14) an upper limit as g, = 2k, — o0, p > 0,
2p* < yoky, a fixed. By (4.37), (4.38), (5.16) two summands in the R. H. S.
of (5.14), not containing || x3,Vy(ky, v{) ||, vanish in such a limit. The sur-
viving two summands are bounded by a™~!. This concludes the proof
of (5.13) and, hence, of (5.5), (5.6).

It remains to make sure that (5.5), (5.6) are equivalent to (3.4), (3.5).
By (5.1),(5.2) and (2.7) in terms of initial objects F(w, w; k, gq), a(w; k, gq)
relations (5.5), (5.6) can be rewritten as

o
mol g

_m—1 _
limN~" 2 Flw,w;k,gg)=2n) ? e Aw; g, (5.17)
lim N~ *a(w; k, gq) = -Ao(w; ), (5.18)

where % = (m — 1)@ — 1)~ ! and limits are taken for k — oo, N — oo,

g < yok?. Let us compute now coefficients .o/(w; ¢“9) and /y(w; g).
By definition (4.2), choosing spherical coordinates in A7~ ! we find that

(3 4)

=iJ d(pj d|b||b|""2[1—exp<—ij q<“S>(|b|<p+Zm)dz>].
JSm-2 0 - 00
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The substitution Z = | b|ctg 6 shows that

J 4 |bl¢ + Zw)dZ = | b|' " *Qw, 9),
where the coefficient Q is defined by (3.3). The integral over | b| can be
expressed in terms of the I'-function:

J d|b| |bI""*[1 —exp(—i|b|' Q)]
0 =(m—1)"1|Q|*exp (2" 'mix sgn QI(1—2).

It follows that

o (w; 4

=im—1)"'T(1- x)J do | Yw, @) | exp [27 'rix sgn Yw, ¢)].
Sm-2

Now the equivalence between (5.17) and (3.4) becomes apparent. A similar
calculation shows that
Ao(; ¢“%) =r[(m— DI sin (2™ 'mA)] j do| e, @) |*.
SH—2
Thus, (5.18) is equivalent to (3.5). This concludes, finally, the proof of
Theorem 1.

The considerations above prove also Theorem 1. Note in this connection
that the condition N — oo was used to replace g(x) by its asymptotics
q“)(x) in (5.3), (5.4). The assumption gk*~ % — oo is required for the para-
meter ky, k{~' = 27 'gk*~ % (see (5.2)), to tend to infinity, which is necessary
for the application of Theorem 5.
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APPENDIX

A) Let us give a direct proof of a coincidence of the righthand sides of (2.3) and (2.6).
It suffices to prove that

lim Zo(k) [#* — T*R(k, &) [TZo(k)* = lim Zo(k)[I — VR(k, ) [VZo(k)*.  (A.1)
LetK =1 — ¢ bea multiplication bya function1 — ne C§(R™).Then V — T = HK—KH,
and the proof of (A.1) is split up into verifications of two similar equalities
lim Zo(k) [K* — (K*H — HoK*)R(k, &) [TZo(k)* =0, (A.2)
li_.n(} Zo(k)[I—VR(k, &) JHK —KH)Zy(k)* = 0. (A.3)

We check, for example, (A.2). Since Zo(k)Hou = k*Zy(kj)u and (H —k2)R(k, &) =1+ icR(k, ¢),
it is sufficient to show that
li_p(} eZo(k)KR(k, e)TZo(k)* = 0. (A.4)

Recall now that for 28 > 1 the operator Zy(k)X; is bounded and the operator X R(k, &)X,
has a limit as ¢ — 0. By the expression (2.5) for T, the operator Z,(k)KR(k, £)Zo(k)* also
has a limit as ¢ — 0. This certainly implies (A.4) and, hence, (A.2). The equality (A.3)
can be proven in exactly the same manner. Combining (A.2) and (A. 3) together we get (A.1).
B) We shall give here a direct proof of the equality (2.24). For the operator §(k) =S(k;v,v,)
we use the expression (2.23) with #=I and T=H-H,=V-V,=V. Similarly to A),
one can verify with the help of the relation Z,(k)H,u=k*H,u that the R. H. S. of (2.23)
does not depend on #. By the proof of (2. 24) we omit k and set for brevity R = R(v), R; =R(v,),
B=V-VRY, B;=V,-V,R,V,, B=V—VRV. In this notation the equality (2.24) reads
Z,BZ% = Z,B,Z% + Z,BZ* — 2niZ,B,Z%Z,BZ* . (B.1)

We insert here the definition (2.22) of the operator Z; and neglect operators Z, and Z§
on the left and on the right. Thus for the proof of (B.1) it suffices to check that

B =B, + (I — V;RHB(I — R,V)) — 2miB,Z5Z (1 — V,RHB(I — R,V;). (B.2)

Note now that by (2.4) and (2.1)
2miB,Z¥Zo(I — V,R¥) = V,(R; — R})
and by the resolvent identity (2.25)
A B(I — R,V)) = V(I - RV).
Therefore (B.2) is equivalent to
B =B, + (I — V;R))V( — RV).

The last equality is again a direct consequence of (2.25). This proves (B. 1) and hence (2.24).

Note added in proof. After this work was submitted for publication it was proven
by the author that when averaged over some small interval of &k the asymptotics (3.4)
(for & > m)and (3.5) (for 2a > m + 1) hold true in the whole region N — oo, gk*~2 — ¢0.
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