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Small random perturbations
of infinite dimensional dynamical systems
and nucleation theory

by

M. CASSANDRO (*), E. OLIVIERI (**), P. PICCO

Centre de Physique Théorique (***), CNRS, Luminy, Case 907,
F 13288, Marseille, Cedex 9, France

ABSTRACT. — We consider the stochastic differential equation:

ou u
ot 0x*
where « is the standard space-time white noise and V is a double well
non symmetric potential. The equation without the white noise term (¢=0)
exhibits several equilibria two of which are stable. We study, in the double
limit zero noise and thermodynamic limit (¢ — 0, L — o0), the large
fluctuations and compute the transition probability between the two stable
equilibria (tunnelling). In this way we extend previous results of Faris and
Jona-Lasianio [/] who considered the symmetric problem in a fixed inter-
val [0,L]. The unique stationary measure associated to the stochastic
process described by our equation is strictly related to the Gibbs measure
for a ferromagnetic spin system subject to a Kac interaction. Our double
limit corresponds to the one considered by Lebowitz and Penrose in their
rigorous version of the mean field theory of the first order phase transitions.
The tunnelling between the two (non equivalent) equilibrium configura-

—V'(u)+ea; ux, 0)=uy(x); u, t)=u(L, t)=0, xe[0, L], tS 0
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344 M. CASSANDRO, E. OLIVIERI AND P. PICCO

tions is interpreted as the decay from the metastable to the stable state.
Our results are in qualitative agreement with the usual nucleation theory.

RESUME. — On considére ’équation différentielle stochastique

2
% = % —V'(u)+eo; u(x, 0)=uo(x); u(0,t)=u(L, t)=0, xe[0, L], t>0,
ou « est le bruit blanc standard dans I'espace temps et V un potentiel a
double puits non symétrique. L’équation sans le terme de bruit blanc
(e = 0) posséde plusieurs états d’équilibre dont deux sont stables. Dans la
double limite du bruit nul et du volume infini (¢ - 0, L — o0), on étudie
les grandes fluctuations et on calcule la probabilité de transition entre les
deux états d’équilibre stables (effet tunnel). On étend ainsi des résultats
antérieurs de Faris et Jona-Lasinio [/] qui ont considéré le probléme
symétrique dans un intervalle fixe [0,L]. L’'unique mesure stationnaire
associée au processus stochastique décrit par notre équation est reliée
de fagon stricte a la mesure de Gibbs d’un systéme de spins ferromagné-
tiques avec une interaction de Kac. Notre double limite correspond a
celle considérée par Lebowitz et Penrose dans leur version rigoureuse de
la théorie du champ moyen pour les transitions de phase du premier ordre.
L’effet tunnel entre les deux configurations d’équilibre (non équivalentes)
est interprété comme le passage de I’état métastable a 1’état stable. Nos
résultats sont en accord qualitatif avec la théorie usuelle de la nucléation.

SECTION 1

INTRODUCTION

In this paper we study the large deviations for an infinite dimensional
dynamical system subject to small random perturbations. »
The model that we consider is (formaliy) defined by the following sto-
chastic differential equation.
o _ O Ny + 1.1
—=——V'(u)+ e .
ot ox?
where the field u depends on the ¢ne-dimensional space variable x € [0, L]
and on the time t; u(x, t) satisfies Dirichlet boundary conditions:

0, ) = u(L, ) = 0
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INFINITE DIMENSIONAL DYNAMICAL SYSTEMS 345

« is the standard space time white noise, i. €. a is a Gaussian random field
with zero mean and covariance:

E(alx, t), a(x’, ') = 8(x — x")o(t — ') 1.2

Obviously equations 1.1 and 1.2 do not make sense in their present form
and we refer to Section 2 where precise definitions will be given.

Eq. 1.1 describes a stochastic diffusion process whose trajectories are
made by continuous functions of time taking values in some space of
functions (profiles) of the space variable x; it is obtained by adding a white
noise forcing term with intensity ¢ to a deterministic non linear heat equa-
tion which is of gradient type: in fact eq. 1.1 can be written, for ¢ = 0, as:

Ou 0S(u)

= 1.3
ot ou

L1 (ou)?
S(u) = J;) [5 (5);> + V(u):|dx 1.4

The function V(u) is called potential; the functional S(u) is called stationary
action.

The typical example of the kind of potentials that we shall consider
is of the form V(u) = V,,u) = Vy(u + a) where V,(u) = Vo(u) + hu and
V(1) is an even two well shaped function. The graph of V(u) is given in fig. 1.

The simplest physical interpretation of eq. 1.1 is that of an elastic string
moving in a very viscous noisy environment, submitted to a non symmetric
(h # 0) anharmonic potential and satisfying non zero boundary conditions
(a # 0).

Our model is very similar to the one considered in [/] by Faris and
Jona-Lasinio and, for the moment, the only difference is that our poten-

-tial V(u) is non symmetric. ,

In [/], henceforth referred to as F.-J., the authors study the large devia-
tions giving explicit estimates to the probability of some tunelling events;
they show that for fixed L, in the limit ¢ — O the analysis developed by
Ventzell and Freidlin for the finite dimensional case is still valid; but, as
it was remarked in [I], the case where the interval [0,L] is replaced by
the full real line is not a trivial extension of the previous one and, probably,
it requires completely different considerations.

In the framework of the above mentioned physical interpretation, the
infinite volume (thermodynamic) limit should describe the motion of an
infinitely extended string but the interest of this limit can better be under-
stood if we consider another physical application of our equation, namely
the so called stochastic quantization. This method has been recently
proposed by Parisi and Wu [2] to study quantum field theory: the aim is
to obtain the probability distribution associated to a Euclidian quantum

where
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346 M. CASSANDRO, E. OLIVIERI AND P. PICCO

field theory in d dimensions as the limiting (stationary) distribution of a
diffusion process taking values on fields on a d-dimensional space.

The stationary measure for the stochastic process described by our
equation, whose formal density is given by exp [—S(u)/e?], is associated
to the quantum mechanical description of an anharmonic oscillator. This
description, of course, becomes complete only in the limit L — oo. In
this paper we assume that ¢ = ¢(L) and study a joint thermodynamic
and zero noise limit.

We find that for ¢ = exp [— exp(cL)], ¢ > 0, the basic features of the
F.-J. analysis still hold.

From a mathematical point of view, this provides some informations
about the « true » infinite volume limit, giving an estimate (upper bound)
for the dependence on L that still preserves the finite length and then the
finite dimensional picture.

From a physical point of view the relevance of the above mentioned
joint limit becomes clear in the framework of a third possible interpretation
of our equation 1.1 which constitutes the main motivation of the present
paper. It comes from the theory of metastability in statistical mechanics.

Let us say a few words about the phenomenon of metastability in the
case of ferromagnetic phase transitions at low temperature. If we add a
small positive magnetic field to a negatively spontaneously magnetized
spin system, then, in some particular experimental situations, the sys-
tem, instead of undergoing the right phase transition _towards a stable
state with positive magnetization, still persists for a long (macroscopic)
time in an apparently equilibrium situation (called « metastable equili-
brium ») with negative magnetization, untill an external perturbation or a
spontaneous large fluctuation, which « nucleates » the new phase, starts
an ireversible process that leads the system to the correct stable equilibrium.

For more details on metastability and on its possible rigorous theory
we refer to the review papers [3] [4].

In a recent paper [5] a « pathwise approach » to metastability has
been proposed in a general context of stochastic dynamics. The Contact
Process, as well as the simple Curie Weiss mean field model, were studied
from this point of view. The dynamics of this last model is very similar
to the one described by an Itd one dimensional stochastic differential
equation where the drift is given by the derivative of a double wells potential
like our V(u).

Physically, u represents the magnetization, V(u) the canonical free energy,
h the external magnetic field (see [5] for more details).

In another paper [6] some generalizations to finite dimensional cases
were considered where, in order to perform the « pathwise approach »
program proposed in [5], a wide use of the fundamental works of Ventzell-
Freidlin was made [7] [8].

Annales de I Institut Henri Poincaré - Physique théorique



INFINITE DIMENSIONAL DYNAMICAL SYSTEMS 347

We notice that the Curie Weiss theory in spite of its extreme simplicity
(only one variable, the total magnetization, is introduced to describe the
state of the system; absence of any spatial structure) is completely
unacceptable from the point of view of statistical mechanics: in fact, since
in this theory the range of the interaction among the spins equals the
volume of the container, we get that the fundamental property of the free
energy that ensures the thermodynamic stability, namely the convexity,
is violated. And, even worse, it is this unphysical feature of the free energy
that provides the potential barrier (or better, the activation energy) neces-
sary to produce the metastable behaviour.

In the framework of equilibrium statistical mechanics a rigorous and
acceptable version of the mean field theory is now well known. It is based
on the introduction of the so called « Kac potentials » [9]. In the following
we shall describe how the Gibbs equilibrium measure of a simple one
dimensional model « a la Kac » can be related to the unique stationary
measure of the process described by eq. 1.1, giving rise to a dynamical
theory where all the above mentioned unpleasant and unphysical features
are absent.

The spatial structure of the model will play an important role: it will
be necessary to garantee the correctness of the theory but, at the same
time, it will produce a remarkable complication with respect to the naive
Curie-Weiss model.

Consider a finite interval A = [1, N] on the lattice Z, with N = ML,
M, L positive integers.

A spin o, ranging from — oo to + oo is sitting on each site « of A. We
suppose given an a priori independent measure on each site: p(o,)do, with
the properties:

a) plo,) is even

b) yo(t) = In Je“’p(a)da <+ Vte R
d3
and pr(t) <0 vVt >0
c) jexp [ta?]p(o)de < + VieR

Let us remark that these conditions are the same as in [/0] where gene-
ralized Curie-Weiss was studied from a rigorous point of view.
The volume A is subdivided into L disjoint blocks Aj, ..., Ay of length
| A;| = 1/y = M, the Hamiltonian is given by:
L

L
H = —yE[JO Zaaa,l+J1 2 a,aar]—hEZU(, 1.5
1

i= acA; acA; i=1 aecA;
a'eA; a'eA; .
! it Wlth AL+1 = Al
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348 M. CASSANDRO, E. OLIVIERI AND P. PICCO

where J,, J; and h are positive and in equation 1.5 we have chosen for
the sake of simplicity periodic boundary conditions on A. The Hamil-
tonian H describes a (not-strictly translationally invariant) interaction of
range M = 1/y and strengh 7.

Let us introduce the quantity

N N
Zﬁ(m’ ﬁ) = J l—[ p(aa)daa exp [_ ﬂHO(gN)]XA <% Zaa - m) 1 . 6

a=1
where
) {1if|x|<A 17
x) = .
xa 0 if |x|>A
H, is Hamiltonian 1.5 with h =0 and N = L/y.
We define, in general, the canonical free energy for a continuous spin
magnetic system in the following way

1
$om. ) = 7 i lim Yol ) 1.8

where sl ) = = < In Z3m,

Now consider the canonical free energy of our model for fixed L, and
call it y, 1 a(m, f). In theorem A.1 of Appendix A we show that, in the
so called Van der Waals [9] limit (y — 0, L — oo) followed by the limit
A — 0, the function y,; A(m, f) converges to a convex function of m
that turns out to be the convex envelop of the corresponding Curie-Weiss
free energy (L = 1). Moreover, we show that the limits y - 0, L —» oo
can be interchanged and also taken simultaneously with arbitrary relative
velocity: namely, we can take y = y(L) with an arbitrary dependance y(L),
provided (L) - 0 as L — oo.

In this way we extend to our case the well known result obtained by
Lebowitz and Penrose for translationally invariant Kac potentials [9].

Now for L and y fixed we can introduce the variables

m; = yzaa

acA;

(average magnetization in the block A)).
It follows from Appendix A that, for y small, the Gibbs measure associated
to our model is well approximated, for h # 0, by the following distribution

1
P(ml,...,mL)~exp[——F(ml,...,m,_)] 1.9
Y
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where
L
Fmy, ...,m) = Z [Vimy) + BI(m; — mi+1)2] with my = my 4,
i=1

and

Vim)= — BJo + I )m? — hm + iItlf{tm - an‘exp [ta]p(a)da} 1.10

In eq. 1.9 we have assumed periodic boundary conditions but the modi-
fication to describe arbitrary boundary conditions is obvious. In particular
for mg = my ., = a, by translating all the spin variables by — a we get:

L-1
Fimy, ...,m) = Z[Vh(mi+a)+ﬂjl(mi_mi+l)z] + 111
i=1
+ Vimy + a) + Vi(my + a) + pIy(mi + mi)

Looking at the expression in eq. 1.9, one immediately realizes that the
stationary measure with formal density exp [— S(u)/e?] is in fact, a conti-
nuous version of exp [— 1/yF(my, ..., my)] provided y = &2: it suffices to
substitute the sum with the integral and the finite difference with the deri-
vative.

We remark that, as far as we know, no limit exists in which F(m, ) reduces
to S(u); furthermore, the dynamics described by eq. 1.1 involves only
global variables and it is not even clear how to relate a discrete version of
eq. 1.1 to a Glauber-like microscopic dynamics involving the single spin
variables g,. But it is reasonable to think that the discrete and the continuous
model share most of the physically relevant features, so that eq. 1.1 pro-
vides a qualitatively good description for the time evolution of the magne-
tization profile of a ferromagnetic Kac’s system.

Let us now briefly outline the time evolution of a system described by
eq. 1.1 to illustrate how nicely it fits with the phenomenological nucleation
theory. As we shall see in the next section, when the random noise is absent
(e = 0) there exists only two stable equilibria corresponding to two non
equivalent minima of the stationary action S(u). Apart from the effect of
the boundary conditions, these configurations are spatially homogeneous
(u(x) ~ const.). For one of them (the local minimum) the constant value
of the magnetization is antiparallel to the external magnetic field h (meta-
stable state), whereas for the other (the absolute minimum of S) it is parallel
(stable state). If at time t = 0 we are in the metastable state and switch on
the random noise keeping ¢ very small, the magnetization profile starts
oscillating near the local minimum untill some very large fluctuation leads

Vol. 44, n° 4-1986.



350 M. CASSANDRO, E. OLIVIERI AND P. PICCO

the system near to the absolute minimum. We evaluate the probability
of the occurence of the tunnelling in a given large interval of time: this
quantity is related to the mean transition time.

We get that the most probable mechanism of tunnelling is given by a
path going « up » against the gradient of S(u) and passing near a particular
saddle point of S.

The spatial structure of this saddle point is, in our case (h # 0), charac-
terized by a very pecular profile (see fig. 2): the magnetization has the
value typical of the metastable state all over L, except for a finite region
(practically independent from L) where the magnetization takes an opposite
value.

This region can be interpreted as the critical droplet and its formation
turns out to be necessary to allow the growth of the new stable phase all
over the volume. The position of this critical droplet is affected by the
choice of the boundary conditions; in other words what we describe is
not the homogeneous nucleation but, rather, the nucleation in presence
of « defects ».

In section 2 we shall clarify this point ; now we only say that, meanwhile
from a static point of view all the relative velocities in the joint limity — O,
L — oo are equivalent (in the sense that they all produce the same limiting
convex free energy), from the dynamical point of view we expect very
different kind of behaviours and it is only when the strength of the noise
goes to zero sufficiently rapidly, with respect to the volume, that we are
able to avoid the phenomena of the true infinite volume situation. In this
last case, the large local fluctuation can take place everywhere in the space
and even a global description of the profile looses any meaning.

The organization of the paper will be the following:

In section 2 we give the basic definitions and properly define our stochas-
tic process via an integral equation. We further classify the critical points
of S(u) and state our main result in Theorem 2.1.

In section 3 we prove the theorem. The strategy is obvious: since for
any fixed L the situation is similar to the one already considered in F.-J.
what we have to do is to trace back the L dependence in all the F.-J. estlmates
and adapt some arguments to our non symmetric case.

It turns out that the main new estimate, that we need, concerns the time
needed by the deterministic flow, described by eq. 1.1 when ¢ = 0, to reach
the neighborhood of a stable configuration starting from the vicinities
of the saddle point.

Section 4 is devoted to this estimate: we shall find an upper bound to
these times containing an explicit L-dependence.

Appendix A is devoted to the analysis of the previously defined statistical
mechanical model; appendix B contains the proof of some results concerning
the critical points of S(u).

Annales de I’ Institut Henri Poincaré - Physique théorique
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SECTION 2

DEFINITIONS AND RESULTS

Let us start by saying that in this paper, our exposition will not be self-
contained: we shall rephrase several definitions and results of F.-J., when
we need their adaptation to our case, but we shall, often, quote the F.-J. paper
without reporting the arguments of proof.

In the sequel we shall use the following notations: ||| |||, will denote
the L? norm of a function of the space and time variables; given a function f,

we set:
T L 1/p
s, = (I dtj dx| f(x,t) |">
0 0
Moreover
MfMle=sup |fx,0)]
xe[0,L], te[0,T]
We shall denote by || ||, the L? norm of a function of the space variable:
given u:[0,L] - R
L i/p
we set lull, = (J dx | u(x) |">
\JO
and

lull, = sup |u(x)]
xef[0,L]

Equation (1.1) that has been introduced at a formal level in the intro-
duction can be restated as an integral equation:
u=—GV'(u) + eW + gu, 2.1
Where

(1) g is the integral operator that solves the initial value problem for the
heat equation with Dirichlet boundary conditions (D. b. ¢.) on [0, L]
The Kernel of g has the following expression

25 7. 1) 2\ nznzt nnx . nmy )
X, y,t) =— ) exp| — sin — sin —— .
PO=g | T s

n=1
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352 M. CASSANDRO, E. OLIVIERI AND P. PICCO

Notice that for any positive ¢ the operator g maps the space C(0,L)
of continuous functions on [0,L] into the space Cp(0, L) of continuous
functions on [0, L] with (D.b.c.) on 0, L.

(2) uoeCp(0,L) is the initial datum
(3) G is the operator that solves the inhomogeneous heat equation with
zero initial condition.

G:C[[0,L] x [0,T]] - Cp[[0,L] x [0, T]]

t L
is given by: (Gf)(x,1) = f de dyg(x, y,t — ) f(y, ).
(] 0

(4) W, formally given by: W = Ga, a = space-time standard white noise,
is the Gaussian process with covariance

T L
EW(x, )W(x', t')) = J dsJ dyG(x, t, y, s)G(x', t’, y, s)
0 0

with G(x, LYy, S) = g(x’ »t— S) .’H[O,oo](t - S).
One gets:
E(W(x, )W(x', t)=T(x, t, x', t')

1\ 1
= EZu_ [exp (=12 —2'| ) — exp (= (t+ 1) a) ] Pu(X)ulx’) 2.3

2.2 2 1/2
Uy = nL_Za ¢"(X) = <I> sin <—n£—x>

For more details, see F.-J.
We assume the following properties of the potential V. (See Fig. 1.)

)  VeCH(R)
1) lim. V/(m)/m® = 2> 0

|m] > o

with

III) There exists only three hyperbolic critical points m. o such that
V(m,) < V(m_-) < V(mo), V'(m.) = V(m_) = V'(mo) = 0,
V"m_) <0, V”(m,) <0, V'(mgy) > 0.

IV) 3m :my < m < m, such that

V*”(m) >0 for m>m, V”m)<0 for m<m V"m)=0.

In Appendix A we show that, provided a further assumption is made

on p(o,) defined in introduction (see point II of lemma A.2), a particular

example can be found in the framework of mean field theory of ferromagne-
tism. In this case one gets:

V(m) = V u(m) = Vy(m + a)

Annales de II’Institut Henri Poincaré - Physique théorique
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where:
Vi(m) = Vo(m) + hm

and Vy(m) is an even function of m satisfying I) IT) and a symmetric version
of III). Namely:
m,=—m_, my=0.
Property IV) is a consequence of the hypothesis b) of section 1 and is
satisfied for m = 0. Fig. 1.

FiG. 1.

The following properties of the Gaussian process W are proved in F.-J.:

1) The random functions W(x, t) are H6lder continuous with exponent
< 1/4 with probability one.

2) They satisfy the boundary conditions W(0,7) = W(L,¢) =0 and
W(x, 0) = 0 with probability one.

Thus for any u, € Cp(0, L) and any realization W e C3[[0,L] x [0, T]]
(the space of continuous functions on [0,L] x [0, T] that satisfy D.b.c.
on 0 and L and zero initial condition) we try to find a unique solution to
eq.2.1.

Since the space C3[[0,L] x [0,T]] is of full measure with respect to
the Gaussian process W, in this way we correctly define the non-linear
(non Gaussian) random process u.

The following proposition summarizes the properties of the solution
ofeq. 2.1.

PROPOSITION 2. 1.

I. VugeCp(0,L), VT, YW e C3[[0,L] x [0, T]] there exists a unique
solution u of eq. 2.1 in CF[[0,L] x [0, T]] (the space of continuous real
functions on [0,L] x [0, T] with D.b. c. and u, initial condition).

Vol. 44, n° 4-1986.



354 M. CASSANDRO, E. OLIVIERI AND P. PICCO

II. The solution u depends continuously in the uniform norm on

Z =W + uy,
and we have

luz — i lll, <exp [K(T,L). T} Z; — Zy ]|l 2.4

for any pair uy, u, of solutions corresponding to Z,, Z,.
The constant K(T, L) is given by
K(T, L) = const L*>T%/4 2.5
DErFINITION 2.2. — The previous proposition allows us to define the
continuous one to one map ¢,, : eW — u = ¢, (eW) where u is the unique
solution to eq. 2.1.
For the proof we refer to F.-J. Here we only prove the L* a priori estimate

which is the analog of Lemma 5.4 of F.-J. The result is contained in the
following:

ProrosITION 2.3. — Let u be a solution of eq. 2.1:
u=—GViw+2
Then 3 constants a > 0, # > 0 independent from L and T such that either

Mu—Zllla < 1|l Z]lla

llu —ZIlly < 1/BLT)

or

From this Proposition and from Lemmas 5.5, 5.6, 5.8 and Proposi-
tion 5.7 of F.-J., it is easy to get the expression given by eq. 2.5.

Proof of Proposition2.3. — Letq =u — Z.
We denote by (-, -) the scalar product in L*([0,L] x [0, T]). It follows
from condition II) above on the potential that 3M > 0 : if | m| > M then
A
V'(m) > —m3.
(m) >3
We have

A A
V'(w),u=2)) > < (V’(u)— §u3)ﬂ|u,<M,u—Z> + §<(q+Z)3, q7 =
> —aL.T- o 1 ZILT)**+ 4/2(|||a[lI2=3 11 Z1Ils[[|q[lI2— 3 i gl | Z]||3)

where 2.6

Cl = Sup
Im|<M

We shall prove that the statement of the Lemma is true with o, § such that
a4+ o) < A/8 and c;f* + c,f° < A/8

’ j’ 3
V(m)—im

’ )' 3
V(m)—Em

lml}; € = sup

|m| <M
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For, if | Z|lls < 2|l ¢llls and (LT)"* < Blllqllls we get from eq. 2.6
that { Vu),u — Z) > 0.

In this way we get a contradiction with Lemma 5.3 of F.-J. and so
Proposition 2.3 is proved. [ ]

Now we give some results concerning the equilibrium solutions of the
deterministic time evolution given by eq. 2.1 when ¢ = 0. These stationary
solutions are the critical points of the stationary action:

L1 (du)?

S(u) is conventionally = + oo if u does not satisfy D. b. c,, if it is not abso-
lutely continuous or if the integral is not convergent.
The critical points of S are the solutions of the Newton’s equation
d*u . ..
yri V'(u) with the conditions u(0) = w(L) =0 2.8
x

In Appendix B we shall prove the following:

PROPOSITION 2.4. — Call i the real number such that V(i) = V(m_),
m_ < m < my (see Fig. 1).

We distinguish three cases:

) m<0

2) m>0>m_

3) m_=0.

In the case 1 there exists a unique critical point u* which is the absolute
minimum of S(u).

In the case 2 the critical points exhibit an oscillating behaviour. Calling I
the number of positive oscillations and J that of the negative ones we have:

) [I-JI<1

ii) 3K; > Osuch thatI +J < K,L

iii) AL, e N, K, > 0 such that VL > L, to any I < K,L is associated
a unique pair of critical points

. . du
with ¢; = 81gn—ll
x

= +1
x=0

ull,sn

and to any pair I, J with |I —J| =1, I < K,L is associated a unique
critical point
-1 if I=J+1

ith &, =
oy WERfu {+1 T G

Moreover: ug, is the absolute minimum, u, is the ogly other (local)
minimum and all the other critical points are unstable.
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“u11,+ and u;,; _ are saddle points and have only one instability direction.

Finally
VLI:I+J<K,L

Sy, er,) > S(ug1,-) = S(uyq,+)
0 < AS(L) = S(u11,+) — S(u10)
{Jim AS(L) =AS >0
Lim (S(uo1) — S(u10))/L = [V(m™) — V(m7)].
In the case 3 for L sufficiently large, we have exactly three critical points

Uy Uy, U, Where u, is a local minimum, u, is a saddle point with a unique
direction of instability, u, is the absolute minimum and:

Lim S(u;) — S(u,) > 0

Lim D) — S(u) _
L

L-~x

0

Proof. — This proposition summarizes the most relevant points of
Appendix B. Namely Proposition B.4, Lemma B.5 and B.6, Lemma B.7,
Lemma B.8 and Proposition B.9.

In fig. 2 we represent, for large L, the critical points in the cases 1), 3)
and the first critical points in the case 2.

m*

u o1 L m- /

uio

m mE —
L o
L/ L
m- m}

ui* ut~

F1G. 2 a. — The first four critical points of case 2 (see Proposition 2.2).

From now on, we shall consider only the case 2): @ > 0 > m_. The
other two cases will be discussed in Remark 2.2 after the statement of
Theorem 2.1.

We call B(uo,) and B(u, ) the basins of attraction of uy; and u,, respec-
tively, with respect to the deterministic gradient flow described by eq. 1.1
when ¢ = 0.
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ua L

(
c
X
-

m .
m N \ -
ub L uc L

Fi1G. 2 b. — The critical points of case 1 and 3 (see Proposition 2.2).

For any sufficiently large L, we consider a neighbourhood Y of ug,
in the uniform topology satisfying:

1) Y is contained in a uniform ball centered at uy; of radius
[my —|m_||

2
2) Y contains a uniform ball centered at 1o, of radius 6(L)= exp[ — gL]

where p is a suitable positive constant (see point 1), 11I) of Th. 4.1).
3) Y = Bluor)
We define the « tunnelling event »
AT = {ueCg([0.L] x [0, T] cu(., T eY}
We define also
AL = {ueCH([0,L] x [0,T):u(.,T)eY}

where Y is the closure of Y in the uniform topology.
The Sobolev H; norm of a function f : [0,L] — R is defined as

d f 2)1/2
= 2 4=
1w = (17184 2
Now we are able to state our main result concerning the probability
of tunnelling.

THEOREM 2.1. — 3L, : VL > Lo, ¥{ > 0 there exists a neighbourhood N
in the Sobolev H, topology, whose radius depends only on {; there exists
To(L, §), eo(L, T, {) such that

VT > Ty, Ve < €0, VugeN N Bluyo)
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d*u
such that FECD(O, L) we have:

exp[ M] < [P’(AI,,) P(AT) < exp [_ %2)_(} -

g
Moreover it is possible to choose
To = exp [‘ClL] 2.10

c
eo(L, T, () = L—iexp [—(L)°2T%%¢4] 2.11

where ¢4, ¢,, c3 > 0 depend only on (.

Remark 2.1. — Tt comes out from the proof of the above theorem given
in Section 3 that we can prove the lower bound in 2.9 even in the case
when the 1n1t1a1 configuration u, is only supposed to belong to a neigh-
bourhood N of Uy in the uniform topology with S(u,) bounded from above
by some constant c.

Remark 2.2. — It will be clear from the following Sections that a result,
completely analogous to theorem 2.1, is still true in the case 0 < m_ if
we substitute, respectively, Ugo, Ur1,+ and ug; with u, u, and u,; on the
other hand in the case i < 0 we cannot have tunnelling phenomenon at
all (absence of metastability).

We recall that, in the magnetic interpretation these three cases correspond
to different boundary conditions (see eq. 1.11). The case 0 > # corresponds
to boundary conditions that favour the metastable phase with negative
magnetization and so the fact that the configuration u, (saddle point)
- contains a critical drop of positive magnetization, placed in the center of
the interval [0, L], can be interpreted in the following way: the boundary
conditions repell the positively magnetized phase and so the most likely
position of the critical drop is as far as possible from the boundary.

The case /> 0 > m_ corresponds to boundary conditions that attract
the positively magnetized phase and so the most likely position where
the critical drop is formed, durmg the tunnelling, turns out to be near
the boundary.

In the case /i < 0 the boundary conditions are so favourable to the
positively magnetized phase that we don’t have any other stable critical
point.

_If we notice that 7 is the magnetization inside the critical droplet (in
the limit L — o), it is easy to understand why a change in the sign of
implies a. qualitative change in the behaviour of the system.

In fact for m < 0, it is the boundary itself that behaves like a critical
or overcritical droplet, driving the system directly to the stable state with
positive magnetlzatlon
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SECTION 3

PROOF OF THEOREM 2.1

We first evaluate a lower bound to the probability of tunnelling P(ueAL)
following exactly the arguments of F.-J. Since ATl isopenVfeAj,30 >0
such that

PueAy) =PIl f —ulll, <é) 3.1

From Proposition 2.1 and definition 2.2, wé get:

P(llu — Sl < 8) = P([[|eW — (due) ' (Nle < S exp [— K(L,AT)T]) 3.2

Now we define the Gaussian action functional Io(f) as

1
L) =367/ l3

and we set, conventionally, Io(f) = + oo if f does not satisfy the D.b.c.
or the condition f =0 at ¢t =0.
The expression of Iy(f) is formally given by

1 T L ;] 62 2
I(f) = EL dtJO dx(a—jtr - 6—x{)

From Proposition 3.1 of F.-J. (see eq. 3.6 of F.-J.) we have

P(|[|eW — b (/||| < 6 exp [ K(L, ITP< o
<P(n|ewmw<5exp[—K(L,T)T]).CXP[_S_J 33

where
10/) = To[¢a,'(N)] -

The formal expression of I(f) is given by

‘—1. T Llaf 62f , 2
| 1({‘)_2J dtj <Et——a—xz+V(f)>dx 3.4

0o ..Jo
From the proof of Proposition 3.3 below it easily follows that

P(I| W lllo < d/e) > 1/2 if §/e > const L?
0
so that if ¢ < ﬁexp [— K(L, T)T] it will certainly be true that
1
Pl = Sl < 0) = Sexp [- 1(f)/e?] 3.5
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Then the proof of the first part of eq. 2.9 is reduced to find V¥{ > 0 a func-
tion in AL such that
I(f) < 2AS(L) + ¢ 3.6

provided T is larger than some Ty(L, {).

To show 3.6 we construct four paths and then we piece them together
to form f. The first one is constructed by linear interpolation from u,
to a point u, near u, (see lemma 9.2 of F.-J.). The third path is again a
linear interpolation from a point u, to a point uy both near u,,, we will
show that the contribution to I(f) coming from these two paths is small.
The second path is from u; to u, and it follows the gradient flow with
reversed velocity. Finally the fourth path is along the gradient flow from us
to the vicinities of uo;. The contribution to I(f) of this fourth path is zero
and so the main contribution will come from the second path.

We shall show that we can choose the points u;, u, and u; with the
following conditions

D (lu;llo, | S'(ui) |5, i= 1,2, 3 are bounded by CL where Cis a positive
d2
-constant and- S'(u)= — t-l—g + V'(w).

II) The gradient flow starting at u; reaches the neighbourhood of ug;
in a finite time T,.

The gradient flow with reversed velocity starting at u; reaches u, in a
time Tl

II) T, + T, =T < exp(C,L) for some positive constant C,.

We first show that in any uniform neighbourhood of the saddle point
Uy; = uyy,+ one can find points u, and u; belonging respectively to the
basin of attraction of u,q and ug;.

Consider the case when the potential V is symmetric (i. €. V(i) = V(— u)).

In the case considered in Appendix A this means a = 0 and h = 0.

Since u; is the minimal saddle point it is certainly possible to find,
in any neighbourhood of u,, points in the basin of attraction of one stable
equilibrium ; because of the symmetry we find points in B(u,,) and also
points in B(ug,).

We want to show that the same happens in the non symmetric case.
In general we consider a one parameter family V,(u) where u can represents
either h or a and Vy(u) is symmetric.

Call uf, , one of the two minimal saddle points of S(u) (we can suppose
1] <|po| in such a way that the two wells-shape of V,(u) is preserved
and Proposition 2.4 still holds).

Consider the second differential of S(u)

2

0
S”(u)= —6—.)‘:2+V (u) 3.7
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with u = u%; + and D.b.c. and call ¥, the eigenfunction of this operator
associated to the only negative eigenvalue.
The following proposition is true:

PROPOSITION 3. 1. — There exists 6 > 0 such that for any @ : || < | uo |
and for any L there exists n > 0 such that if we can assume
that u§ = u%, , + OYzeB(ub,) and u§ = uf, , — SYzeB(ufo) then the
same is true for p = g + Ap provided |Ap| <.

Proof. — It is very easy to see that the functions: R — Cp(0, L) given
by uf,,+, uby, ufo are continuous.

To see this property it is sufficient to look at the equation of Newton’s
type satisfied by the critical points of the action S,(u) and remark that the

1 (dufy\? . . .
energy Bfy=-(—) + V,(ufj) is a continuous function of u (see
eq. B, B12). 2 \dx

Now by definition of ¥, if J is sufficiently small we have

‘ SAuB) < Sy{uf,+) 3.8
By the continuity of Su(u‘{1,+) as a function of p (that immediately follows

from the previously discussed conunuity of ufy + as a function of u) we
have that if # is sufficiently small

SH(u) < Szeadti1¥) 3.9
Now u% can be written as:
u§ = S[cPpsau + @] + Uiy 3.10

when @ is orthégonal to Yg4a, in L*([0,L]) and necessarily ¢; # 0.
We define for 1:0 <71

U, = C Yz4ay + 7P 3.11

S(ut) - (“'HAJL) < 62 [cl(l//ui-Aw u“*A“l//u+Au) + 0 6)] 3.12

for o sufficiently small. This implies that all the points of the segment defined

by eq. 3. 11 considered as starting points of the gradient flow corresponding

to u = fi + Ay are all approaching when t — oo either u¥¢** or ufif -
In particular this means that

o E+Ap _ p+A
us and uhTM = w1 + Waiau

then

belong to the same basin of attraction (for the gradient flow corresponding
tou=u+ Ap).

Now since we know, by hypothesis, that u4 belongs to the basin of attrac-
tion, say B(ufo), of uf, with respect to the gradient flow correspondmg
to 4 = 7, to conclude the proof we have only to show that u% € Bz 5, (4%
namely 4 belongs to the basin of attraction of uf}* with respect to the
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gradient flow corresponding to u + Ap. In fact a completely analogous
argument can be applied to u4. To see that uj € By ,,(u45**) consider a
time T so large that the evoluted u4 at time T along the gradient flow

corresponding to u = u and starting at u5 is such that
||k — vy || < 6/2

Now it is easy to show along the same lines of the proof of Proposi-
tion 2.1 a continuity property of the dynamics (at fixed times) with respect
to u that ensures that if u%*2# is the evoluted at time T of u4 with the dyna-
mics corresponding to u = u + Ap, then:

[|wf — uf** [l ;20 O 3.13
From the continuity in u of the critical points and from 3.13 we get, V6
||+ ae — ufdo ||, < & 3.14

for Ap sufficiently small.
By choosing § sufficiently small since u%g** is a local minimum of S we
conclude
uf A € By o, (ufs ™)

uh e Bﬁ+Au(“E(-)'— Ax) ]

Now by iterating a sufficiently large (possibly depending on L) number
of times the argument of Proposition 3. 1 since the value of § can be chosen
uniformely in u for | u| < |uo| we get point II) above.

To show I) it is sufficient to remark that, in our construction u, and u;
are bounded by a constant (of course u; satisfies the same property) and
that ¥ ,(x), being a solution of a Schrodinger equation with bounded poten-
tial, has a Sobolev H,-norm bounded by a constant.

Point III) is more difficult to prove.

Its proof will be the subject of the following section 4.

Now the contribution to I(f) coming from the path against the flow
(from u,, to u,) is bounded by 2AS(L) (see the proof of theorem 9.1 of F.-J.).
The contribution to I(f) coming from the linear interpolation between
uo and u, and between u, and u; is bounded by { provided

and so

luo — uy ||z < const {/L
|| us — uy ||, < const (/L

3.15

as it follows from Lemma 9.2 of F.-J. This concluded the proof of

eq. 3.6. |
To get an upper bound to the probability of tunnelling, we have to

consider all the possible mechanisms of tunnelling. The proof will not
follow the topological arguments used in F.-J. but it will be based on the
concept of basin of attraction.
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The crucial property of the gradient flow that we use is the fact that the
basins of attraction B(u;,), B(ug,) are disjoint and open in the uniform
topology (Theorem 8.4 of F.-J.). We start proving a preliminary result:

2

0 0“u .
ProposiTioN 3.2. — If u(.,t) is regular, namely o and e are in
x

Cp([0,L] x [0,T]) then 35 such that V{ > O there exists an H, neigh-
bourhood N of u;, such that if uy € N the inequality

I(u) < 2AS — ¢ 3.16
implies that
dist (u, A}) = 0.
Proof. — For, consider a neighbourhood Y’ o Y, Y’ = B(uo,) such that
dist (3Y, 8Y") > 26.
If a regular u belongs to A',:

AL, = {ueC([0,L] x [0,T]):u(.,T)eY" 3.17

then I(u) > 2AS(L) — (.

In fact if u(., T) e B(uy,) necessarily an instant T’ < T exists such that
S(u(., T)) = S(uy,), otherwise the trajectory u(.,t) would always belong to
the basin of attraction either of u, or of uy; and this is impossible since
these basins are open.

If u is regular it follows (see eq. 10.4 of F.-J.) that

I(u) = 2(S(u(., T")) — S(u(., 0))) 3.18

and since for any { there exists an H;-neighbourhood N of u,, such that
for any u(.,0) in N we have

IS(.,0) = S(u10)| < {/2
I() > 2AS(L) — {2 3.19

then

We conclude that if
I(w) < 2AS(L) — (/2
then u(., T)¢ Y’ and so dist(u, A,,) > .
We know by theorem 6.9 of F.-J. that if u is such that I(u) < + oo and
u(., 0) is regular then 3 a sequence u, of regular functions such that
i) u, — u uniformly
ii) I(u,) - I(u).

It is easy to extend the previous results, valid for regular u. It is sufficient
to consider the approximating sequence u, — u, for n sufficiently large:
| M) — 1) | < {/2.

Now, since I(u,) < 2AS(L) — {/2, u,(.,T)¢ Y’ and so dist (u,, A,,) > 20
and since ||u — u, ||, = 0 we get dist (u,A,) > 6. [ |

n—oo

Vol. 44, n® 4-1986.



364 M. CASSANDRO, E. OLIVIERI AND P. PICCO

If we define I* = {u :I(u) < a} we can say:

PueA,,) < P(dist (u, 225078 > §) 3.18

Now, using the continuous map ¢,,, we get, like in eq. 3.2:

uo

PueA,,) < P(dist (W, I3*" %) > dexp [- K(LT)T)  3.19

To bound the r.h.s. of eq. 3.19, we need some probability estimate
on the gaussian process W that are contained in the following:

PROPOSITION 3.3. — VS >0,V6>0,{>0

S _
P(dist (W, I3) > ) < exp [— C] 3.20

82

if

/ 2L 58

/( 2s> L6.32.8*
ln?

Proof. — We follow the proof of Proposition 3.2 of F.-J. making the
estimates explicitely.
We first solve the eigenvalue problem associated to the covariance

operator T".
2 4
r-t= _6_+6_> 3.22
o2 ox*

We can write
with the condition that any f in the domain of I'"! must satisfy f =0
fort=0,x=0and x =1L,

e < 80(C9 59 L) = 321

0 0?
E—ﬁf:(); t=T, x=0, x=L. 3.23

It is easily seen that the eigenvalue problem

r‘_lf;lm = yn_mlfnm 3.24
is solved by

. AmX
frum(x, t) = sin T sin b, ,t

3.25
i mi (Z)] ro1Re
L m=12 ...
with b,,,,, satisfying
L2
- ;2—7[2 bnm =1g (ban) 3.26
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from eq. 3.26 we get that VT, L, n

om — 1
b,,me|:m2 n,mn] 3.27

W = z(w’ f;lm)fnm

where the coefficients (W, f,,,) are independent Gaussian random variables
with variance y,,.

we have

We get o oo
F(x, t, X, t) = Z EYnm l fnm(xa t) |2 3.29
n=1m=1
We set N N
WNZZ Z(Waﬁlm)ﬁlm and WN:W_WN 330
n=1 m=1

For the variance fN of WN we have

N o0 o0 0
fN(x’taxat)zz 2 'ynm‘f;xmlz'i_ z E'Ynm‘f;lmlzg

n=1 m=N+1 n=N+1 m=1 3.31
N © © © )
L4 L4
< R R
m? + mn* m? + nn*
n=1 m=N+1 n=N+1 m=1

It is not difficult to estimate the double sums in the last side of eq. 3.31
by using the corresponding double integrals.
The result is

It x,£) < L4NY2  for N> 10. 3.32
Now we have
P(dist (W, I8) > 8) < P(l| eWx I, > ) + PWn¢ 1)  3.33
By eq. 3.13 of F.-J. we get

P(|| Wy || = 8) < const exp [— S/e?] 3.34
provided
L/N12 < 8228 3.35

and by eq. 3.15 of F.-J. we get

PEWx ¢ I§) < exp<— S —Bf/ 2)( \/2%5) 3.36
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N2
If ( \/ZCS) < exp [{/e*] namely if

N2 In (25/0)

we get the desired result and this is just condition 3.21 if we choose:
L42S)? ’

By eq. 3.19 and Proposition 3.3 we reduce the proof of the theorem to
the point III which will follow from theorem 4.1 below. ]

SECTION 4
TIME ESTIMATE FOR THE GRADIENT FLOW

In this section we give an upper bound, with an explicit L-dependence,
to the time needed by the gradient flow to reach a given neighbourhood
of ug, starting from a neighbourhood of u;; ; and to the time needed
by the flow with reversed velocity to reach a neighbourhood of u;,
starting from a neighbourhood of u,,. In particular we shall prove point I1I
of the previous section. We only consider here the first case, the second
one being completely analogous. Moreover, nothing changes of course
with uy, — instead of u,; .. We want to prove the following:

THEOREM 4.1. — Let u(x, t) be a solution of:

Ou _ 0’u
o ox?
w0,t) = u(L,t) =0 V=0, ulx,0)=uyx), xe[0,L]
with W(u) = — V(u).

i) uo belongs to the unstable manifold of u;,,+ and to the basin of attrac-
tion B(UOI) of Upq.

ii) |luo — ugy,+ 12 = [0 = exp [— pL/2], p > po > 0.

iii) S(uo) < S(uy1,+) »

(such uy’s exist as we have seen in section 3).

Then 3L,, such that VL > L,
=inf{t>0:u(.,t) " Bypytio) # B} <
< exp [aL]. [S(ur1.+) — S(uos) ]/ [KO*L)]

where K, uo and o are suitable positive constants and
Bow) = {v:llu—vl, <0}

+Ww, t=0, xe[0,L] 41

Tory 4.2
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Let us first explain the basic idea of the proof:
it is not difficult to see that if u satisfies eq. 4.1.

d—:i S(u(.,t) = — J [Q +W’(u):| dx <0 4.3

0 axz
in particular ES(u*) = 0 iff u* is a critical point of S(u).

We show that i S(u(., t)) cannot be too small unless u(., t) is near some
critical point.

More precisely, we shall prove that under the hypotheses of Theorem 4. 1
the inequality

< K@% exp [— 2aL] 4.4

e
E (u(")

implies, for a sufficiently large:
lu(.,0) —u*lla <0
where u* is one of the critical points u, 4, t;, -, Ugy, Uy and
u
&)
Let Bj(u) = {v:|lu — v|la < 6}. If we can exclude a priori that
u(., t) € Bj(ug,+) U Bgurr,-) U B(uo) U Bi(uso) Vie [0,Ty]

then necessarely

luller = sup <|u(x)l +

xe[O0,L]

>K60%exp [— aL] Ve [0,T,]

das ;
- U 0)

and so inequality 4.2 follows.
Before stating the main preliminary result of this section, namely Pro-
position 4.2, let us introduce another way to look at our equation 4.1.
First of all, it is known (see for instance theorem 3.5.2 of reference 12)
that if u, belongs to the Sobolev space H; then Vt > 0 the same is true
ou(.,t)
ot
in [0, L]. The above hypothesis is verified in our case because of iii).
Now, for any t > 0, the solution of eq. 4.1 must satisfy the inomogeneous
boundary problem:

for

. ou . : .
. In particular p i1s an absolutely continuous function of x

2

d“u
) + W(u(x)) = gdx)

u(0) = u(Ly = 0

4.5
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where g,(x) is nothing but the continuous function . It is natural

Ou(x, t)
ot

to expect, when g,(x) is small, the solutions of eq. 4.5 to be near to the solu-
tions of the corresponding equation with g = 0. But since eq. 4.5 corres-
ponds to a boundary value and not to an initial value problem the compa-
rison between the two equations is not immediate. Our result is contained
/in the following:

PROPOSITION 4.2, — There exists positive constants L, ap such that
for L > Lo, a > ay if g(x) is a real continuous function on [0, L] with

L
J | g(x)|*dx < K6? exp [— 2aL] 4.6
o

then the solutions of the boundary problem with forced term

2

%+W‘(u(x))=g(x) 0<x<L; u0)=ulL)=0 4.7

that satisfy S(u) < S(u;,) are such that

wreluyy + U111, - Mo1,U10}

min lu—u*]la. <86 4.8

The proof of Proposition 4.2 will be postponed at the end of this section.

Proof of theorem 4.1. — From the previous discussion it is clear that,
to get the theorem, it is sufficient to prove that if L is large enough the
solution of equation 4.1 cannot enter in the balls

Biwy(t11,-)» Boayur1,+) and Biguio) for te [0, Toq,l

By Proposition B.8 of Appendix B it is possible to choose a o such
that if Ay is the minimal eigenvalue (negative) of S”(u;; ) and A, is the
minimal eigenvalue (positive) of S”(u,) then exp [—poL/2]< mm(l Zoly Zo).

It is immediate to see that, for some constant K:

ueB,(u ){ S(w) } > S(uys,+) — KLp
Moreover, since 0 = exp [~ 3/2uL] with u> o, S(e) —S(t11,-) < —|40|6%/2
for L sufficiently large and S(uy;,—) = S(u;4,+) we get
inf  S(u) > S(uo)

ueBj(u11,+)

and since S is decreasing along the gradient flow Bjy,(u;q,+) cannot be
reached.
On the other hand, for some constant K

sup S(u) < S(uy) + LOK

ueB(u10)
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and
sup |[u —ugollz < oL2
ueB3(u10)
moreover

inf  S(u) > %02 + 0(6°) + S(u1o)

u:||lu—uio||=¢
o . L
therefore it is easy to check that if ¢ > exp| — uz then

inf S(u) > sup S(u)
ullu—usoll2=o ueB(us10)
for L sufficiently large.

If we start from any point of Bj(u,,) the gradient flow will never reach
the set {u :||u — uy0 ||, = o }; consequently since, for ¢ sufficiently small,
in the interior of the ball {u :||u — u;0 ||, < o } there are no critical point
other than u;,, we conclude that, for L sufficiently large:

Bé(“m) < B(uyo)

and so by hypothesis i) Bj(u; o) cannot be reached by the solution of eq. 4.1
for t < Ty, [ |

In the sequel we shall give some lemmas from which Proposition 4.2 will
be deduced.

We start by noticing that, like in the case of the critical points of S(u)
treated in Appendix B, we can see eq. 4.7 as Newton’s equation of motion
for a particle of mass 1 with potential energy W(u) and a forcing term g(x).

In this interpretation x is a time variable and Dirichlet boundary con-
ditions say that the particle returns to the origin at time L.

From our hypothesis on the potential it follows that W is strictly
decreasing on ]m_,mq [ and strictly increasing on ]mg, m. [ so that we
can define the local inverse functions of W

WIT: [W(m-), W(mo)] — [m_,mo]

- 4.9
Wit [W(mo), W(m.)] — [mo,m. ]

LemMA 4.3. — Let u be a solution of eq. 4.7 that satisfies: S(u) < S(u,,) if

1 <du(x)

B = 5 — ) + W(u(x)) 4.10

and

L
j | g(x) [*dx < &

0

then, there exists a constant § such that

sup |E(x) — E(y)| < /oLp

(x,)el0,L]
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Proof. — By differentating E(x) and using eq. 4.7 we get
dE du

Frim e

therefore by Schwarz inequality
u

L 1/2 L d
sup | E(x) — E(y)| < q | g(x) Izdx> (J
(x,)el0,L] 0 o |dx

L 1 d 2
S(u) = L [5 <¢TZ> . W(u)]dx < S(uyy)

and W is bounded above, there exists a constant f > 0 such that

L 2
f <@> dx < L
0 dx

from which we get the result. [ ]
It is proved in Appendix B that the only possible solutions of
eq. 4.7 with g = 0 correspond to some particular values Ej; of the energy

2 1/2
dx) .

Since

1 /du\?
E= 5(;) + W(u) which, in that case, is a conserved quantity, (the
x

integers I and J count the number of extrema of u).

Now from the previous Lemma we know that the solutions of eq. 4.7
with g # 0 but small in the L? norm are such that Vxe [0, L], E(x) is in
a narrow band in the plane u, W(u) of width AE < ,/SLg.

Since the typical distances between the energy levels Ey; is exp(— const L),
4

we choose 6 = —iexp [— 2aL]; conditions on a will be specified later.
Consider now the initial value problem

2

d“u
e + W'(u) = g(x)

u(0) = 0
w(0) = e[2(E, — W(0))]!/?

4.12

L 4
with e = + 1 and j | g(x)|?dx < —exp [— 2aL].
0 BL

Given a solution u(x) of the inhomogeneous boundary problem 4.7
we can find an E, and an ¢=+1 such that /(0)=¢[2(Eo,—W(0))]"/%
Therefore this solution of eq. 4.7 solves also the inhomogeneous initial
value problem 4.12. Let us now sketch the basic ideas for the proof of
Proposition 4.2.
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We shall prove that, under the hypotheses of Proposition 4.2, the pos-
sible values of E, must be very near E,;, E{,, or Ey; so that by continuous
dependence on initial conditions we get that the possible solutions of
eq. 4.7 have to be very near to one of the critical points 4, +, uy1,—, Uso
or ug, in the C; topology. To get the above restrictions on E, we first
exclude the number of oscillations of the forced motion described by eq.4.12
to be too high. Then we show that for « sufficiently large the times needed
to come back to the origin by the forced motion and by the conservative
motion with g = 0 and same initial condition are very near for any E,
far enough from W(m_) and W(m. ). Consequently we can replace the non
conservative return times with the conservative ones within a small error.
Finally by evaluating the variation of the conservative return times with
the energy we can conclude that even for the non conservative forced
motion it is impossible to satisfy D. b.c. unless the center of the corres-
ponding band of energy lies very near some level E;;. The case when E,
is near W(m_) or W(m, ) is treated separately and it is shown that the return
time is so large that even with only one oscillation it is impossible to satisfy
D.b.c. Let I, i = 1, 2, 3, 4, be the intervals

Iy = (W(0) — AE, W(m_) — exp [— BL])
I, = (W(m-) —exp [— BL], W(m_) + exp [— L]
Iy = (W(m-) + exp [~ L], W(m.) — exp [— BL])
[, = (W(m,) —exp [~ BL], W(m.) + exp [— BL])
where AE = exp [— aL].
LeMMA 4.3. — There exists an Ly such that if L > Ly and EqeI'; U T3

then, if u, is a solution of equation, 4.12 which satisfies also D.b.c.
u(0) = u,(L) = 0 there exist two integers I, J such that

(0]
S(u,) > 21\/§J [Eo — AE — W(w)]"/?du +
'W = 1(Eo—AE)

e apy 4.14
+21./2 J [Eq — AE — W(u)]"2du — L(E, + AE)

0

Proof. — We consider first the case E€T;.
. . du, .
Let u, be a solution of 4.12; since d—s is continuous and

x
du,

2
(d_> = 2[BE(x) — W(u(x))]
X

du, : .
—;— can change sign only if E(x) — W(u,(x)) = 0. Therefore u, startsat x = 0
x

d £ . .
with a given sign of dl which is unchanged as long as u,(x)e[0, W, *(Eo— AE)[.
X
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If uf(x)e[W,(E; — AE), W, '(E, + AE)] ‘with E(x) — W(u,/x) = 0,
du, . . o e
dl can change sign in an a priori comphcated way but if for some x*,
x
u(x*)e [WZ'(E; — AE), WX E, — AE)[ w1ll not change sign until
u(x)e [WZXE, — AE), W2 (E, + AE)].

J‘O { ( ’.:> }
( 8) 2 l ( ) .

and eq. 4.10, we get

Ldu 2
S(u,) = :
w> [ (5

) du — (Bo + AE)L 4.16

d
On each subinterval of [0, L] where the sign of d_u is unchanged we can
x

perform the change of variable x = x(u) in the integral on the right hand
side of 4.16.
Using

= V2[E(x) — W(x)] > \/2./Eo — AE — W(w,)

it is not difficult to see that if I(resp. J) is the number of subintervals of [0, L]
where u, is negative (resp. positive), then by forgetting the contribution in

L du 2
J (d_> dx which comes from the x’s such that
0 X
u(x)e [W; (Eo — AE), W, (E, + AE)]

fore=+4+1and ¢ = — 1, we get

j (d%) dx > 212 J — AE — W(w)]Y2du +
Z1[Eo— AE)

W ;7 1(Eo — AE)
+21/2 j [Eq — AE — W(u)]'2du
0

which leads to 4.14.
The case EeT; is much simpler since I =0 and J =1 is obviously
the only possibility compatible with the return to the origin at time L.
Let us define

4.17

0
S_(E) = 2\/§J [E — W(u)]"2du 4.18
W Z(E)
and
W3 1(E)
S.(B) =22 J [E — W(w)]"2du 4.19
0
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LeMMA 4.4, — Under the hypothesis of lemma 4.3, for any #:
0<n<Wim_)— W(0) if S(u,) < S(uy;) then, for L large enough
Eo > W(im_) —n.
Proof. — It follows from equation B.38 of Appendix B that
S(ui1) = S+(Eqy) + S-(Eqq) — Ey4 L.
For any n:0 < < W(m_) — W(0), if u, satisfies equation 4.12, D.b.c.
and Eq < W(m_) — n we get:
S(u) — S(usy) = [ — W(m-) — Ey1)IL — S_(Ey;) — S+(Eyy)
Since we know from eq. B.22 of Appendix B that
W(m~™) — E;; <exp[— constL]

and furthermore S_(E,;) + S.(E;,) is bounded by a constant uniformely
in L, we conclude that for L sufficiently large, the inequality S(u,) < S(u;,)
implies: Eq > W(m_) — #.

Now we choose  =71in such a way that in the set A= [W(m_)—#n, W(m_)]
the quantity T, (E) + T_(E) defined in eq. B.11 of Appendix B is strictly
increasing with E (this is always possible as it is shown in Appendix B)
and we set [} = I'; N A7

LeMMA 4.5. — Under the hypotheses of Lemma 4.3 if L is large enough
and S(u;) < S(uy,) then the only possibilities for the pair (I, J) are (1, 1),
(1,0) and (0, 1).

Proof. — We have only to consider the case EyeT; since, as we have
seen, for Eq € I’y we have (I, J) = (0, 1) and so the result is proved and for
EoeI'\I';y : S(u) > S(uy,) in contradiction with the hypothesis.

Now let I and J be strictly bigger than 1; from the inequality 4. 14 we get:

S(ur) —S(u11)=I—1)S_(Eq—AE)+(J—1)S +(Eo — AE)
+S:(Eo—AE)—S,(E;1)+S_(Eo—AE)—S_(E,;) 4.20
+ [E1; —(Eo+AE)JL

First of all, from eq. 4.18, 4.19 and B.9 we have
d
Esi(E) = T.(E) > 0.

Now we distinguish two cases. If E, — AE > E;; from eq. B.26 we get
|Ey; — (Eo — AE)| < exp [—constL] and so for L sufficiently large,
since S;(Ey — AE) — S.(E,;) = 0 and
(I —=1S_(Eoc — AE) + (J — 1)S,(Eo — AE) >

> max { S_(W(m_) — n),S.:(W(m_) —n)} >0
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we get a contradiction with the hypothesis S(u;) < S(u;,) by choosing L

sufficiently large.
If Eo — AE < E,; (but E; > W(m_) — 7 so that T(E) = T..(E) + T_(E)
is increasing in E), we have

|S+(Eo—AE)+S_(Eq—AE)—S . (E;;)—S-(Eyy)| <
< |E;11—(Eq—AE)| sup (TL(E)+T-(E))<|E;; —(Eo—AE)|L

Ee[Eo — AE.E ;]
and so

S(u;) — S(uy1) = SL(W(m_) — ) + S_.(W(m_) — ) — 2AEL

from which for L sufficiently large we get again a contradiction. [ |
For a given ¢, if u, is the solution of 4.12 let us now define the non conser-
vative times

TO = inf (x > 0| u,(x) = W, (Eq — AE))

T® = inf(x > TO | ux) = W, Y(Eo — AE),a‘j;:; < 0)
T® = inf(x > T® | u,(x) = 0)
if E,el, we can also define
T® = inf(x > T |u(x) = WZX(E, — AE))
TO = inf<x > T® | u(x) = WZXE, — AE), s% > 0)
T® = inf(x > T® | u,x) = 0) .
call T, the sum of the previous times: T, = Zﬁi’.‘
i=1

Lemma 4.6. — If AE = 6% exp [— aL] then, there exists a constant K
such that _for anye= +1
lf EO € r, v r3 :

| T + T + T — TEo)| < 6K exp[— <g - 28— %)L] 4.23
if EoeI'; we also have: ~
|T, — T(Eo)| < 2K6 exp[— (g _ 28— %)L] 4.24
where

R = sup | W"(x)].

Ix| < max (jm |,m 1)

Proof. — We consider first the case EeT.
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If e = — 1 one has
N N W - YE,—AE)
TO 4 T > T_(E, + AE) — J (Eo + AE — W(w)™2du  4.25
W

~YEn+AF)

Calling I(E,, AE) the previous integral, by a simple change of variable we
get

I(Eo, AE) < /AE(— W (WZ'(E, + AE)) ™" 4.26
By Lagrange theorem one has
| W_(WZYE, + AE))| = const exp [— 2BL] 4.27

therefore if 28 < /2, by 4.26 and 4.27, using that T_(E) is increasing
with E in T’} we get

TO 4+ T 4+ TS > T_(E,) — const § exp |:— (g - 2/3)L] 4.28
Now from lemmas B.2 and B.3 we get

TO + T® + T > T.(Eo) — const f exp [— (; - 2B)Lj| 4.29

and T, > T(E,) — const 6 exp [— G - 2B>L] 4.30

On the other hand, by lemmas B.2 and B.3 of Appendix B one has
T® + T® < T(E — AE) < TJEq) + const 02 exp [— aL] 4.31
T, - T® - TS < (T, + T_YE, — AE) < T, + T_}E;). 4.32

We give an upper bound on T? and T®: we consider only T%), the
other cases are similar.
Let us first consider the two vectors

du
Ulx) = <u(x), ;1;>

- 4.33
~ -, du
Ulx) = (u(x), ——)
dx
where u is the solution of ﬁhe initial value problem
d2u ’ T1
d_x2= —W(u) +g(x+T_)
u(i“”) = W2'(E, — AE) 4.34
T‘” - J2(E(TY) — W(E, — AE)
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u is the solution of the same differential equation with g = 0 and same
initial conditions. If we call

du
FU)=(—| ,-W
) ( = (u(y») 435
G(y) = (0.g(y + T))
and U and U satisfy the following integral equations:
U(x) = Uo(x) + J [F(U(y) + G(y)ldy
. 4.36
U(x) = Uo(x) + f F(U(y)dy
0
For x = (x1,x;)eR? let || x|l = |x;| + | X2 ).
We get
TU(x) = Y < Iﬁ(ﬁ( ’II U(y) — Y(») lldy + ﬁ( )II G(y)lldy 4.37
TU T¢
with ~
K= sup  |W"(x)]|.

x< max(jm~|my)

By Schwarz inequality, the last integral is less than ./Lé and so from

Gronwall’s inequality we get

sup || U(x) — U || < /Lo exp [K(X — T)] =
X

TL<xs - 4.38
(x — T

)]
= const > exp [ — oL + K

We choose « > K.
Now if L is large enough let us define

xp inf(xy]x > TH.0 > f(v) > W (E, — AE) + 2 Loexp [KL]) 4.39
then from 4.38 we get
u(x;) > W-YEo — AE) + /Lo exp [KL]

this implies T® < x,.
Since u is a conservative motion we have

W = 1(Eo— AE)
x; < (const)j [Eo + AE — W(u)]™ Y%du +
W= 1(Eo+AE) . R 4 40
W = }(Eo — AE) + 2 /L3 exp [KL]
+ j [Eo — AE — W(u)]"”zdu

W~ {(Eo— AE)
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As before, one gets

« K
X1 < constBexp[— <5 -5~ 2B>L]

therefore from 4.31, 4.32 and 4.41 we get the result.

LemMma 4.7. — If L is large enough, there exists a constant K such that
if Ege, UT,
but
Inf(|Eo — Eq1,|Eo — Eyol,|Eo — Eo1 | = Oexp [—al]  4.42
where y is such that

K < <——2 - — 4.43
r<j B 5

then the solution u, of the initial value problem 4.12 which satisfies
S(u,) < S(uy,) cannot satisfy D. b. c.

Proof. — Let IN“,, f} be the subsets of T';, I’y where 4.42 is true;
=TPurPuly, T=TPury

with:
I = {EeT\|E<E,, — Oexp [~ L]}
= {EeT,|E,, +0exp[— LIS E< E;o — fexp [~ yL1}
IV = {EeT,|E;+ 0exp[— L] < E< W(n_) —exp[— L] ]
I ={EBel;|Wm_)+exp[— LIS E<E,— Oexp[— yL]}
I'Y = {EeT3|Eo + Oexp[— yL] < E< W(m™) — exp [— L]}

From eq. B.27, for L sufficiently iarge we have :
. 1 ~
inf(| Ero — W(m-)I,| Ex1 — Ejol,| Eoy — W(m4)[) > T-exp [— KL]

for some constant (I~(). Therefore from the first inequality in 4.43 the
I'{"s are disjoint.
If EqeT{V, by lemma B.2 and B.3 we get

T(E,) < T(E,, — Oexp [— L) < L — K, 0exp [— 7L]

for some constant K, if L is large enough.

Therefore by lemma 4.6 if y<a/2—28— K/2 for L large enough we get
T, < L. Since TV + T® + T® < T,, u, cannot satisfy D.b.c. at x =0
and x = L with (I,J) = (1, 1), (0,1) or (1,0) and since by lemma 4.4 all
other values for (I,J) are excluded this concludes the proof in the case
Ee{V.
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By similar argument, if y < /2 — 2 — vﬁ/Z and L is large enough,
one gets: '
for Eqe I'? . _ . .
. T,>L TH+TP+TP<L
for Eoe T3
TO+T® + T®>L and T+ TP+ TP <L
for Ege 'YV . . .
TP+ TP+ TP < L
for Eqe ' . . .
TP+ TP+ TP > L
and the lemma is proved. [ ]

LEmMA 4.8. — There exists a constant K such that if L is large enough,

B> Iz, a2 — 2 — 12/2 > 0 and EqeT, uT,, then the solution of 4.12
cannot satisfy Dirichlet boundary conditions.

Proof. — For Eyel,.
If e = — 1 it is not difficult to check that if « > f then
0
TO > ﬁj [W(m_) + exp [— BL] — W(u)]~ “2du 4.47
W= {(W(m-)~ exp[~BL))
as in the proof of lemma B.1, we get
T® > KB, L for some constant K .
Ife=+1 andoc/2—2/}*lﬁ(/2>Oweget
T + T® + T < K, for some constant K.

For E,eI'y we have

T® > K{fL  for some constant Kj.
~ 1 1
By choosing K = max <——, ——) the lemma is proved. [ |
K, Kj

Proof of Proposition 4.2. — In order to satisfy all the previous conditions

we choose f = /8, y = a/8 + K/2 — R/4 with a > max (4K, 4K + 2K).
It is clear from lemma 4.7 and 4.8 that, if we consider any real value
of Ey such that

min(|Eg — E;{,|Eog — E(ol,|Eo — Eo1|) > 0exp[— yL] 4.48

then the corresponding solution of the initial value problem 4.12 with
S(u,) < S(u,,) cannot satisfy D.b.c. on [0,L].
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We define now, as in the proof of lemma 4.6 two vectors:

du
U — 5 —f
& <u€ dx )

U _ (u dul] ,8u>
L),exs — 1), &1y d
X

where u, is the solution of equation 4.12 and uy,,,, is the solution of the
analogous conservative equation with g = 0 and initial conditions:

ul],eu(o) =0

d &1y
Mo _ g /2By — W(O)).
dx

If E; and ¢ satisfy one of the following conditions:

i) |Eo — Eqy | < Oexp [— yL] ey = + 1
ii) |Eo — Ejol < fexp [— yL] g0 = — 1 4.50
iii) |Eo — Eoy | < fexp [— yL] E=¢y=+1

from Gronwall’s inequality we get:

sup || Uy(x)— Uy, (x)|| < const (max (6 exp [—yL], 6 exp [—aL])).

<x<L ' A
° _exp [RL] 4.51
where K is defined in lemma 4.6.

Therefore, since y < o, the right hand side of 4.51 does not exceed

Oexp [— (y — IZ)L] and, choosing oy = 12, we end the proof of pro-

position 4.2. ]

Hl W
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APPENDIX A

In this appendix we study the system introduced in section 1 and described by the Hamil-
tonian 1.5.
The finite volume Gibbs equilibrium measure is

N
Pi(day) = P(do, ... doy) = exp [— ﬁH(gN)]np(az)d(’z/zN(ﬁ) A.l
where *=1
N
Z\(p) = J ﬂ p(o,)do, exp [— BH(an). A.2
a=1

If we introduce the variables

1
m.-=—Zau=yZa¢ i=12...,L A.3
M

acA; acA;

the Gibbs equilibrium measure expressed in terms of the block magnetizations becomes

L
P(dmy) =P(dm,, ...,dmy) = exp [— ﬁ/vE(mL)H R,(dm))/Z,,.(B) A.4
where o
L
E(ﬂl) = - Z[(JO + Jl)mi2 = Jy(m; — mi+1)2 + hmi] A.S
i=1

and R,(dm) is the measure induced on R by the application (6,)sca, — Zo, ie.:

xeA;

JRy(dmi)XA(mi —m) = f np(daa)u <v Z o, — m) A.6

2EA,

. {l if |[x|<A
with 1 =

0 if |x|>A
and

L
Z,p) = Zn(B) = f ﬂRy(dmi) exp [~ B/yE(my)] A7

THEOREM A.l1. — For the partition function Z5;(m) defined by eq. 1.6 with Ho given
by eq. 1.5 when h = 0 and p satisfying conditions a), b), ¢) of section 1:

— lim lim y In Z2%;(m) = convex envelope (Vo(m)) A.8
A-0 y=»0 L ”
L—o
where Vy(m) is defined by .
Vo(m) = — Jofm? + I(m) A.9
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with

I(m) = !is%f{ tm — In Je"p(a)da} A.10
Jo =1y +17,.

Proof. — The strategy of the proof is that of properly bounding %ln Z%.(m) and then

show that the lower and the upper bound tend to the same value in the limit considered
in eq. A.8. These bounds will require estimate of the Curie-Weiss free energy

lim yIn f Ry(dm) exp [(Bhm + fTom®)ly) = — BFc.w (6, h) A.11

by Theorem B.1 of [/0] we have:
— BFcw.(B, h) = sup (Bhm + BTom? — Im)] = sup [~ Vy(m)] A.12

where I(m) is defined in eq. A.10.

The quantity in square bracket in A.12 is well known.

In fact (see for instance [/0]) 3B. such that

if B < B Vo(m) is a convex function of m that attains its minimum at m = 0;

if B > B. Vo(m) has three extrema and two of them (+ m*(f)) are equal minima;

if B> B. and h # 0 V,(m) has at most three extrema but only one of them m*(h, B) is
the absolute minimum.

Let us consider the g > B, first.

a) Imo| < m*(B) = m*
. mo + m*
calling 0= —
2m*
L al L
1
since XA<I Zmi - mo) > “XA(’"-' — m*) n xa(m; + m*)
i=1 i=1 i=a+1
we get

y (2m* + A)? o
L InZ2 (mg) > — BI, A2 — — +yaln | R(dm)exp [BTom?/y xa(m —m*)+

+ya lnfRy(dm)exp [BF om?/y 1yalm +m*)
on the other hand we have:

A.14

j 2
%m Z8 (mo) < y1n j R (dm) exp [B om ]
Y

since the interaction energy among blocks is always positive.
If we remark that A.12 is a consequence of large deviation theory it is easy to convince
ourself that

_lvijr(l)ylnfR.,(dm)exp [ﬁjomz/y]xA(mim*)= ]i[r)‘ »In [‘R'(dm)exp [BIom? »]=Vo(m*) A.15

therefore
- li_r.r(l) 31_.113 'Eln Z5 (mg) = Vo(m*) Vmg:|mg| < m* A.16

L—oo
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and therefore, since m* is the value of m for which Vy(m) is minimum we have also

Vo(m*) = convex envelope (Vy(m)) Ym:|m| < m*
b) [mqg | > m*(p)
L L
i 1
since xA(i Ems ~ mo) > ﬂXA(mi — my) A.17

i=1 i=1

we get

J
%ln Z3 1 (mg) = — BI A% + yanxA(m' — mo) exp [ﬂ_y‘j m’{I.Ry(dm’) A.18

Let us introduce the « translated » measure

T 2
P (dm) = exp [tom/y IR,(dm) exp [BIom*[y] A.19

fexp [tom’/y IR (dm’) exp [BTom'?[y]

where t, is such that
Jm’Ry(dm’) exp [BIom2[y + 1 gm'[y]
my = A.20
f R,(dm') exp [BTom™[y + tom'[y]

We remark that such a 1, exists always by convexity argument.
Therefore since

y lnIxA(m—mo)Rxdm) exp [BTom?/y]=

=vlan,o(dm)xA(M—m°) exp [—tom/y]+7y1n j exp [tom/y IR (dm) exp [BIom?/y] A.21
we get

%m 28 (mo) > — 4BT,A* — tomg — O(A) + O(y) + sup { tom + BTom® — Im)} A.22

where we have used A.12 and the fact that

Iin(lwln J‘P,ﬂ(zlln)zwn — mg,) = const.

which follows from A.20 and from the analogous of A.15 with h # 0. Using A.20 to

compute the sup { ... | in A.22 we get

%m 28, > — BIomd — I(mo) — O(A) — const y A.23

Now

L L
%ln Z3(mo) < %lnf I_I(Ry(dmi) exp [BTom?/y ])m(% st - mo) A.24
i=1
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Bv Tchebytchev exponential inequality we can get

IT1([Jeseolon (T Do Yonm )
Il

acA; =
<
i=1 aeA; acA;

1 p(a.)do, exp [ﬂv %o (z "“ﬂ)

TN

.

ij(dm) exp [(BIom® + tm)]y]

< exp —-; sup | t(mo — A) — 71n A.25
t

f R,(dm) exp [B Tom?]

L

therefore

%ln Z% (mo) < — sup { timy — A) — yIn JRY(dm) exp [(BTom? + tm)v]} = A%
= [ijom(z, — T(mg) + O(A) + O().

From A.23 and A.26 we get

. .Y ~
1111;1) 51_{% Eln 72 (mo) = BIomd — I(my) A.27

L=

since if | my | > m* the right hand side of A.27 is convex (see [/0]) this concludes the proof
for B > B.. For the case B < B, the proof goes along the same lines of part b.

Our previous results are consistent with the probability distribution that for y and L
finite reads:
exp [— F(my)/y]dm

P(dmy) = A.28
_ () Z,.(, 0
with
L
F(m.) = Z { Vilmy) + BIy(m; — m;y 1) } A.29
i=1
where
Vim) = — (Jopm? + Bhm) + I(m). A.30

We conclude this appendix by giving some properties of the function V,(m) that we have
assumed for the continuous version of this model namely condition I) II) III) and IV) of
section 2.

LemMA A.2. — Under the hypotbhesis a) b) c) for the measure p(c,) the following properties
hold for the function V,(m) given by eq. A.30.

I. VB > 0 and h finite Vy(m)eC'(— x, + x);

II. if we further assume p(c) o exp [— ac*] we have also that VB > 0 and h finite
Vi(m) = m?;

III. 3B, such that VB > B, and h sufficiently small V}(m) = 0 has three solutions m..,

m_, my where m, and m_ correspond to minima and m, to a maximum;
IV. sign V"”/(m) = sign (m).
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Proof. — From A.30 and A.10 it follows that

th ~
E= — 2Jofm — h + t* A.31
@V 238 + ar? A.32
dm®* T dm '
d<y, ¢!
t*, K>2 A.33

an®  dm<

where
fap(a)da exp [t*o]
Fm=t = {a A.34
Jp(a)da exp [t*o]
from A.34 we also get
dm
F=<a2>,.—(<a>,.)2>0 A.35
iz—"—’=<a3>,.—3<az>,.<a>,.+2<a>,3.={>0 <0 A.36
dt* <0 t*>0

where the strict inequality in A .35 comes from the non singular nature of p(s) and the strict
inequality in A.36 is a consequence of the properties b) and c) of p(g) (see section 1).
Furthermore, assuming that p(c)ocexp [ —ac*] by explicit calculation, it is possible to get:

Iexp [— ac*]exp [to]odo s

m = t:’uo (4a)1/3

Iexp [— ac*]exp [to)do
In conclusion:

Property I follows from A.33 and A.35.
Property II from A.31 and A.37.
Property IV from A.34, A.35, A.36.

To obtain property III we remark that the eq.
dv,(m)
dm

A.39

coupled with A.31 is the selfconsistency eq. of the Curie-Weiss model and, as it is well
known, (see for instance [I0]) 3f.:Vp > B. and h sufficiently small property IIT holds.
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APPENDIX B

In this appendix, we will prove some results concerning the equilibrium solutions of the
deterministic time evolution given by eq. 2.1 when ¢ = 0.
These stationary solutions are the critical points of the stationary action

S —JLF(“)Z—W jld B.1
(u) = \ & (u) |dx : .

with D.b.c. on [0,L], where W(u) = — V(u) i.e. the solutions of the boundary value
problem:
d*u ,
‘_1;2_ = — W(u) B.2
u(0) = u(L) = 0. B.3

If we interpret x as a time variable, eq. B.2 becomes the Newton’s equation for a particle
of mass one moving in the potential + W(u) and the solution of eq. B.2 satisfying the con-
ditions B.3 are the trajectories that pass through the origin at times 0 and L.

When u is a solution of eq. B.2, the energy

1 <du>2

E=-{—) + W B.4
2 \dx

is a conserved quantity and in our case, (boundary conditions B.3) we will have
W(m.) > E > W(0).

Fig. B.1 shows the three possibilities that can arise and that are discussed in Proposi-
tion 2.2.

We will start with some preliminary considerations and Lemmas. We will consider
first the case 2 of fig. B.1 and the results for case 1 and 3 will be briefly summarized at
the end of this section.

Given a real number Ee [W(0), W(m_-)], under our hypothesis on W (see fig. B.1),
there exists two periodic solutions of the initial value problem

d*u ]
s + W) =0 B.5
du
u(0) = 0; ™ = ¢[2(E — W(0))]'/? B.6
x=0
with ¢ = + 1 and ¢ = — 1, each corresponding to a given value of e.

On the other hand, for Ee [W(m™), W(m™*) [ only the solution of the initial value pro-
blem B.5 and B.6 with ¢ = + 1, returns to the origin in a finite time.

Under our hypothesis (see fig. B.1), W is strictly decreasing on (m_, mo) and strictly
increasing on (mg, m.), therefore we can define local inverse of W

WIl:[W(m_, Wimo)] — [m-,mo] B.7
Wit [W(mo), W(my)] — [mo, my ] B.8
given E € [W(0), W(m™)], if
WIYE) < x <y < Wil(E)
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®

1 1

we define
1 y
% () = 7f [E — W(w))™"2du B.9
2 Jx
that is the time for a particle which satisfies eq. B.2 and has energy E to go from x to y.
Consider for sake of definitness the case E — W(m) > 0 and call:

7-(B) = ttw=1g)mo)

70(E) = Tpmo,0

B.10
T E) = Tro,m)
7+(E) = 1m,wiey
The period of a periodic solution of eq. B.2 will be
T = AT_(E) + T+(E)) B.11

where
T-=1-+4+1; Ty =15+ 14
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(the modifications required for the case E — W(m) < 0 or more generally for the case
7 < 0 are obvious and they imply only a different way of splitting the times T, and T_.

Given a real number L, that in our problem can be arbitrary large, two integer I, J with
|II-J| <1 and gge{ —1,+ 1} such that

egp=—1 if I=J+1; egg=+1 if J=1+1
but g5 = + 1 or — 1, then, if Ey is such that
L = 2IT_(Ey) + 2JT(Ey) B.12

the solution uyy ,,, of the initial value problem B.5,B.6 withE = Ejand ¢ = gyisa solution
of the boundary value problem B.2, B.3.
On the other hand for a given L, if u is a solution of the boundary value problem B.2,B.3,

du
it is clear that the value of e gives a pair (¢, E) such that B. 6 is satisfied, D. b. c. gives
Xlx=0

the two integers I, J such that B.12 is satisfied. To discuss the solutions of equation B.10
we will give first some properties of the various times 7, which are crucial to our analysis.

LeMMa B.1. — It is possible to find a constant § > 0 such that if W(m_) — E > ¢ then

1_(E) > — K,(8)In(W(m_) — E) B.13
7_(E) € — K,(8)In(W(m_) — E) B.14
1o(E) + Tmg(E) + 74+(E) < K3(0) B.15

for some constants K; = K;(8), i = 1,2,3. For W(m,) — E < § the analogous of B.13
and B.14 holds.

Proof. — We study 7_(E), the proof for 7.(E) is similar. Let us first choose § > 0 such
that for | W(m_) — E| < § it also follows that m — WZ'(E) > & where 7 is the only inflec-
tion point in the interval (m_, m,), then

WZ1(E)+4/2
1.(E, &) =— [E - Ww)] Y%du < 1_(E) <
V2w B.16

<1_(Ed) + %(m — m_)YE — W(WZY(E) + §/2))

Using Taylor formula and also property IV of V(m) that controls the sign of W, if we
notice that m > m,, we get

1 1 [
‘L'_(E, 5) zZ—— J‘ [Y(W:I(E) - m_) + y2/2]_1/2dy =

v = W(m_) 72 0

_ —3__1n\/5+\/4(W:1(E)—m_ +6) BT
V= Wrm_) JHWI(E) - m)
and also
(Wim_) — E)fa > E - Wim')  (WAB) = m-)° B.18

W (WZYE) ~ 2
for some o > 0 for WZY(E) + /2 < /it and B.13 follows.
The arguments to get B.14 are very similar.
To get B.15 it is sufficient to notice that for | Wim~™) — E| < é the r. h.s. of eq. B.9,

when the integration intervals are those prescribed by the definitions of 74, 77 and 7.
in eq. B.10, is always finite and bounded uniformely on E.
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The following lemma is an adaptation of a result of Loud [//] (see also Chafee and
Infante [/2]).

Lemma B.2. — t,(E) is differentiable on its domain (W(0), W(m.)) and

dt.(E
L B.19
dE
Moreover there exist two constants K,, K, such that
dt .(E)
IE = K;7.(B) . B.20
dt4(E)
iE < K1, (BE)/[W(m.) - E] B.21

if W(my) — E is small enough.

Proof. — We consider t_(E), the other cases are similar. If we perform the change of
variable W(u) = [E — W(— mg)y? + W(— my)] in the integral expression of 7_(E) we get
e - (E — W(mg))'"?ydy

(BE) =— B.22
O ) WWIE = W)y + W)

Differentiating with respect to E, setting u = WZ!((E — W(m,))y? + W(m,)) we get

0 , W' ()2 — 2W"(u)(W(u)—
dr (E) _ ; (E— W(mg)~ 12 : ydy : (W’ (u) ’(u)(z (1) — W(mo))]
dF 2\/2 ~1 Wiu)(1 —y?)'? (W'(u))

Calling G(u) the term in square bracket in B.23, it is not difficult to see that 52
G(mo) = [W'(mg)]* > 0.
Since, by property IV, G'(u) < 0 we get G(u) > G(m,) > 0 from which we deduce B.19.
Moreover we also get
de_(B) (W'(mo))* I ¢ ydy

> B.24
dE " 2 /2E — W(m)!2 J-1 (1 =y [W ()]?

from which, by Lagrange theorem, we get B.20. Using property IV and Lagrange theorem
in B.23 it is not difficult to prove B.21.

Lemma B.3. — If E — W(m) = p > O there exists a constant C(p) such that

0>d2> - C(p) B.25
dE
dT}ﬁ

0z2—2>=-0C B.26
I (p)

Proof. — We consider only =, the proof for t, is similar.
From the definition of = we get

dtm 1
dE 2 \/E
and therefore since E — W(m) = p > 0 B.26 follows.
The following proposition is the main result of this section.

J " [B — W]~ du B.27
0
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PROPOSITION B.4. — There exists K; such that only for I < K,L the equation B.12
has solution for any L.

There exists a constant K, such that if I < K,L, J < K,L then if L is large enough,
equation B.12 has only one solution Ej, moreover

Ey > Epes > Erv > Eiva4a B.28
If L/I is large enough then

L L
for I1>1 W(m_)— const exp[— —I—K3] < Ey < W(m_) + const exp[— TK4] B.29

L L
W(m,) — const exp[— I K{l < Eo; < W(m,) + const exp[— YK4:| B.30

for some constants K3 and K.
If AE, is the difference between two consecutive terms in B.28 then if L/ is large enough

L .
| AE;| = const l/Lexp[— 1 KS] B.31

L
| AE;| < const exp [— 1 K(,] B.32

For a given L, large enough, if Ej is a solution with I > K,L then I, J cannot belong
to any interval [Ef, Ejol

Proof. — Under our hypothesis (W” (mo) # 0). There exists a constant K;, independant
from L such that
i E)} > 0
wono B iy L TEV} > VK>
from which we get the first assertion. »
From lemma B.1, B.2, B.3 there exists E, < W(m ) such that if E < [E,, W(m_)]
then T_(E) is strictly increasing, moreover there exists an E*e [W(0),E,]:
*
T(E*) = max T-(E) B.34
Similarly there exists E, such that, if Ee [E,, W(m.)], T+(E) is strictly increasing and
E* > E, such that R
TA(E*) = max. T,(E) B.35
Ee(W(0). E,)
Therefore if L= max (2T, (E*), 2T_(E*)), there exists one solution of B.12 for 1J=(10), (01), (11).
Let K, < (T(E*))~ ! then if 1 < L,J < K,L and L large enough we get

2IT,(E) + 2JT_(E) < K,L(T+(E) + T_(E))

since for E = E* one gets 2IT.(E*) + 2JT_(E*) < L and 2IT.(E) + 2JT_(E) is strictly
increasing if E > E* there exists only one Ej; such that B.12 is true.
Using the fact that T, + T. is increasing if E > E* and that

20T (Ey) + 2AT(Ey) = 21T (Eppe1) + 200 + DT (Epp+1)

we get also Ey > E; ., and similarly all other inequality given in B.28. B.29, B.30 are
a direct consequence of equations B.13, B.14, B.15 in Lemma B.1.

B.32 is a direct consequence of B.29.

We prove B.31 in the case AE; = Ey — Ej ;4. The other cases are proved with easy
modification of the same argument.

Using B.12 for two pairs (L I), (I,T + 1) one gets

En En

2T (Erps 1) < 2I<I dr—‘(E)dE) + 201 + 1) B.36

Epni+y Eri+1
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From B.20 and B.29 we have, if L/I is large enough, that

(AEPK y(t-(Ep1+2) [ L ]
2T, (E <2l ———+2IC --K B.37
+(Err42) Wm_) — En 3 €Xp I

for some constant K, Cj, K.

Since 2It_(Ej+2) < L and T4(E;;+,) = C for some constant C we get B.31.

To prove the last statement of the proposition it is sufficient to prove that if I, J > K,L
then Ey ¢ [E73, E7.5-1for 1, 3, T, 7 < K,L with the properties that no other solutions
of B.12 belongs to the interval.

Assume Ej e [Eyy, Et-3-], if Ey = Eyy since T, + T_ is a bijection, I must be equal
to T which is absurd. By the same argument we can assume E1y < Ej; < Et.3. therefore
if L is sufficiently large

IT_(Eyy) + JT+(Ey3) < IT_(Ey) + JT.(Ey) =L
which is absurd since

IT_(Ery) + JT.(Ey;) =L with T<Iand J <J. |

Evaluation of the action
We want to evaluate the value of the action S(u) associated to the stationary solution

- [0(2) -
(u) = L 2\ (u) Jdx

that is the critical values of this functional.
Using energy conservation we get

L du 2
S(uyy,ey,) = = dx — EyL
0 9

and a simple change of variable leads to

S(y.,,,) = 2IS _(Ey) + 2JS,(Eyy) — EyL B.38

U, exy

where
0

S_(E) = \/EJ du(E — W(u)!/2

WZL(E)

_ [(Wz(E)
S.(E) = \/2j du(E — W(u))'/?

0

ds .(E
It is not difficult to see that S (E) are increasing functions of E and that ;é ) = T.(E).
. I+J>2
LEMMA B.5. — There exists a L, such that VL > 0, ¥(I,J) : H-J<1
S(uy,-) = S(un,+) > S(ug1,+) = S(u11,-) B.39
Proof. — By definition we have
S(uiy) — S(uy1) = A — DS_(Ey) + (J — 1)S4(Ey) + S+(Ey) — S+(Eyqy) + B.40

+ S_(Ey) — S_(Ey;) + (E;; — EnL

In the case E,, — Ey > o/L' ¢ where « is a constant independent of L, the proof is
straightforward since S, (E) and S_(E) are positive and for L going to infinity are uniformely
bounded, meanwhile the last term in B.40 goes to infinity.
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Let us discuss the case when Eyy | -, W(m_). By Lagrange theorem we get

| Seluy) + S_(uyy) — S(uyy) — S_(uyy)| <|Eyqy — Eyl|  sup | T.«(E) + T-(E)| B.41

Ee[Ery,E14]

If we remark that L = T,(E,,) + T_(E;,), then by Proposition B.4, if L is large enough,
we get that the r. h.s. of B.41 does not exceed (E;; — Ey)L and therefore the left hand
side of B.40 will be larger than (I — 1)S_(Ey) + (J — 1)S+(Ey) a quantity which is strictly
positive for any L and I +J > 2.

LeEMMA B 6.
l_li_.m AS(L) = 2S(W(m™))

Jim (S(uo1) — S(us0))/L = — [W(m™) — W(m™)]

Proof. — Using equation B.38 we get
AS(L) = 2S_(Eyy) + 28+(E11) — 25_(Eyo) + (Eio — Ef1)L

L
By Proposition B.4, eq. B.29: E,y — E;; < const exp[— YK“] therefore the two

last terms in the r. h. s. side of the previous equation go to zeroand E,; and By | = W(m™).
On the other hand, by equation B.38 we get also

S(uo1) — S(u0) _ 28 +(Eoy) — 25 (Eyo)
L h L

By definition of S_ and S the first term in the right hand side of the previous equation
goes to zero when L goes to infinity and, using equation B.29-B.30, we get the result.

— (Eor — E1o)

Stability properties of the critical points

The stability properties of a solution u* of the boundary value problem

d?u W 0
T T W= B.42
W0) = L) = 0

follow from the dimensionality of the subspace D(u*) of L?(0, L) spanned by the eigen-
vectors corresponding to the negative eigenvalues of the self adjoint operator:
2

d
S = = -5 = W) B.43

with D. b.c. on [0, L]. In this part, we will give the exact dimension of D(uy,,), moreover
we will give also lower bounds on the first eigenvalues of S”(u,,) and S”(uo,) which are
positive and upper bound on the first eigenvalue of S”(u,, 1) which is negative. These
bounds depend on L and are needed in section 3. Let us remark that the exact dimensionality
of D(uy,,,,) was given in J.-F. [1], Laetsch [I4], Berestycki [/5] by using convexity hypo-

. W(u)
thesis, namely —

< W”(u) that are not true in our case. The constructive approach

of Chafee, Infante [/2] together with the fact that L can be arbitrarily large allow us to
solve these problems.

PRrOPOSITION B.7. — If L is large enough, then for any critical point corresponding to I, J
such that I, J < K,L where K, is defined in Proposition B.4 one has:

dim D (uy,,) =1+7J — 1.
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Remark. — The restriction on I in Proposition B.7 is for technical reasons, let us remark
this in section 3, we need only results for 0 < I < 1.

Proof of Proposition B.7. — Let us first consider u* = uq. Let u(x, vo) be the solution
of the initial value problem

aef
~ 5 W) =0
@ =0 B.44

1
f'0) = vy <0 where E;,= 503 + W(0)

ou
It is not difficult to see that Z,(x) = —(x, v) is the solution of the second order linear
equation 0vo
W)z = 0 B.45
—_° u = .
a2 10)8
with initial condition g(0) = 0, g’(0) = 1.
On the other hand, if we consider u; o(x) as the restriction to [0, L] of a periodic solution
of B.5, B.6, it is not difficult to see that

duyo(x)
Z,(x) = — 0<x<L+2T.(E,,

ax

is also a solution of B.45. Moreover, it is easy to check that

Zx) <0 if 0<x<L)2
Z)L/2)=0
Zyx)>0 if L/)2<x<L+2T(Ey). Zo(L +2T.(E;o)) =0

Since Z, and Z, are two solutions of the same equation B.45 and Z, # iZ, for VAie R,
by the theorem on separation of zeroes [/6] there must exist only one x*in 1L/2, L+ T+(E o) [
such that Z,(x*) = 0, moreover since Z;(0) = 0, Z}(0) = 1 wehave Z,(x) > 0if 0 < x < x*.
Assume that x* > L then Z;(x) is the eigenvector corresponding to the eigenvalue 0 of

the self adjoint operator
2

d
Lp(0, x*) = — E — W"(uy0)
with Dirichlet boundary condition on [0, x*].
By the theorem on oscillation properties of eigenvector [/6] this is the first eigenvector,
from the quadratic form inequality

Lp(0. x*) < S"(uy0) B.46

it follows [/7] that the first eigenvalue of S”(u,o) is strictly positive and therefore
dim D(u,,) = 0.

Now to prove that x* > L it is sufficient, since Z,(x) > 0 if 0 < x < x*, to show that
Z,(L) > 0 uniformly with respect to L.

If 2t _(Ey0) + to(Ejo) < x < 2T_(Eyo)
u[x,v0)
x = 2T_(Eyo) + f (E — W)~ "2du B.47

0
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. dx
therefore, since — = 0 we get
[

u(x.ro) ' dT
Z,(x) = vo[ J [Evo — W(u)]™%2du — 2 — (Em)jl B.48
2 0 llE
Let us remark that in B.48, u(x,ty) = t(x) < 0. v, < 0 therefore Z,(x) > 0, since
by construction u;(L) = 0 we get
. dT _(E o)
ll_p;n_ Zi(x) = — 2v0—dE——

7
by lemma B.2, B.3 and Proposition B.4 E(Em) = KT_(E,;o) = KL > 0 therefore

1 ~
using B.20 and E,, = — v + W(0), there exist two constants Ly, K such that if L > L,,
Z,L) > RL. 2 i
The case u* = ug is similar with the following modification: we define Z, = dm
d2 - X
where #ip,(x) is the solution of — d—fz — W'(f) =0 with initial condition f(0) =0;
x

£'0) = + [2(Bo; — W(0))]/2 where W =W on [m_, + o] but on | — co,m_[ W is
equal to a C® modification of W such that the newtonian motion is periodic and the time
interval with #,,(x) negative, is bounded uniformaly with respect to L. Z, is defined by B.44
but with v, > 0 and such that Ey; = 1/2v3 + W(0). We consider the case u* = u;, _.

duyy, - . . .
Let Z, be *~ it is not difficult to check that Z,(T_(E1))=Z,(2T_(E;;)+ T+(E;;))=0
and Z,(x) > 0 if T_(E;;) < x < 2T_(Eyy) + T+(Eqy).
2

Therefore, since Z,(x) is solution of — e + — W”(uyy,-) = 0; zero is the first eigen-
X
value and Z,(x) is the first eigenvector corresponding to the operator

d2
o Wuypy,-) = Lp(T(Ei1), 2T_(Eyy) + T+(E(y) B.49

with D.b.c.on [T_(E,;), 2T_(E,,) + T+(E, )]
It follows from the quadratic form inequality

S"(uy1,-) S Lp(T-(E), 2T-(Eyy) + T+(Eyy)) B.50

that the first eigenvalue of S”(u;y,-) is strictly negative.

. ou
Let Z(x) = a—(x, vo) Where u(x, vo) is the solution of B.44, but here vy < 0 and such
Vo

1
that E,, = 5 3 4+ W(0). In this case Z,(x) is solution of the differential equation

d?

> |- W"(“u,—) f =0
dx*

with initial condition f(0) =0, f’(0) = 1. Using the theorem on separation of zeroes,
since Z,(x), extended to [0,3T_(E,,) + 2T,(E,,)] satisfies the same differential equation,
there exists one and only one zero of Z,, say x*, between T_(E,,), 2T_(E,;) + T+(E;;) < L.
Moreover since Z;(0) = 0, Z1(0) = 1, Z,(x) is negative for x* < x < 2T_(E,) + T4(E;,).

If we can prove that Z,(L) < 0, uniformly with respect to L, using again the theorem
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on separation of zeroes we get that there exists a zero of Z,(x), say x**, which belongs to
JL.L + T_(E,, [. therefore Z,(x) is the second eigenvalue of the operator

dz
i W”(u, x,—_) = Lp(0, x**)

with Dirichlet boundary condition on (0, x**), zero is the corresponding second eigenvalue.
It follows from the quadratic form inequality

Lp(0, x**) < §"(uy4,-)

that the second eigenvalue of S'!(u,, _) is strictly positive.
We prove now Z,(L) < 0 uniformly in L. It is not difficult to check that if

2T (Ey)) + 2tw(E () + 1.(E;)) < ¥ < 2T_(E,,) + 2T (E,,)
then

u(x,v0)

x = 2T_(Ey;) + 2T4(Eyy) — f (Eyy — W)~ 2du B.51

0

therefore differentiating with respect to v, we get

dT- dT, ut.v0)
Z,(x) = vo(Ey; — W(O))"’[Z 5 (Bu) + 2 (B + f (Eqy - W(u))"3’2du] B.52

0

Since, when x — L, u(x, vo) = u,4(x) goes to zero, by lemma B.2, B.3 and Proposi-
tion B.4, we get Z,(L) < — KL for some constant K, independent on L.

The general case u* = uy,,,, for I < K,L is treated with the very same arguments and
it is left to the reader.

ProposITION B.8. — Calling 4, the lowest eigenvalue of S”(u*), the following inequa-
lities hold.
For u* = uyq or ug,

4o = A/(Lexp [uL/2]) B.53
and for u* = u,, +,
/o < — B/(Lexp [uL/2]) B.54
where A, B and u are constant independent from L.

Proof. — We start considering the two equations

d*y
- dx; = W/ W*x)yr = doys  y:1(0) =y,(L) =0 B.55
\
d*y, ”
il W7 (u*(x))y, = 0 y200) = yo(L) = 0 B.56

If we perform the so ca]]éd Pfriifer transformations

dy;

Vi = Yis Z,=— B.57
dx

y; = pisin 0;; Z; = p;cosb; B.S8
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we get the following eq. for the 6,’s

0

d—‘ =cos? 0, +(W” + io)sin?0;  0,(0) =0 B:59
X

do, .

= cos? 0, + (W”)sin? 0, 0,(0) =0 B.60
X -

The following are standard properties of the 0(x)s [/6]
for 49>0 0:(x) — Oy(x) >0 Vx >0
for 40 <0 0:(x) — 0(x) <O ¥x <0

0,(L) = 7 if Ao is the lowest eigenvalue of eq. B.55 or B.56.
Calling A(x) = 0,(x) — 0,(x), substracting B.60 from B.59 and formally solving the
non homogeneous linear differential equation of first order

dA

B.61

i 101,05, x)A + Agsin? 0;(x) B.62
x
where i ) ) ,
cos? 8, — cos? 0, + W” (u*(x))(sin* 0; — sin* 0
P L 2 + W (@(x)sin? 0, ) 5 63
0, — 6,
we get .
A(x) = -[ dx'), sin? Bl(xl)exp[j f(6,, 02,x“)dx“]. B.64
0 x!
If we remark that | f(6y, 65, x)| < u/2 where p is a constant independent from L
| Ao| = = — 0,(L)]/(L exp(uL/2)). B.65
To evaluate 0,(L) we recall that
L
tg0,(L) = _yz_()_
(dy2> B.66
dx / lx=
where * r
®) du*
x) = —.
Y2 e

From eq. B.48, for u* = u,, and the similar relations for the other cases we will have:
(Byy — W(O)'/?
s=L Ww'(0)

Since 3a > 0 : E;; — W(0) > a, uniformely in L, from B.65 and B.67 the bounds B.53
and B.54 will follow.

. du*
tg 0,(L) = — sign —
dx

B.67

PRrOPOSITION B.9. — iffn > 0 there exists a unique critical point u which is the absolute
minimum of S(u).
If 0 < m_ there exists, for L sufficiently large, three critical points u,, u, u:
u, is a local minimum, u, is a saddle point with a unique direction of instability, u is the
absolute minimum and
gim S(up) — S(ug) > 0
—

lim [S(u;) — S(u,)J/L <0

Proof. — The case m > 0 is obvious (see fig. 1.B). For the case m_ > 0 the proof follows
the very same line of the proof of Proposition B.4 and it is left to the reader.
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