ANNALES DE L’I. H. P., SECTION A

FABIO MARTINELLI

The wave equation in random domains : localization of
the normal modes in the small frequency region

Annales de I'l. H. P, section A, tome 43, 1n°2 (1985), p. 227-249
<http://www.numdam.org/item?id=AIHPA_1985__43_2_227_ 0>

© Gauthier-Villars, 1985, tous droits réservés.

L’acces aux archives de larevue « Annales de I'I. H. P,, section A » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1985__43_2_227_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré,

Vol. 43, n° 2, 1985, p. 227-249. Physique théorique

The wave equation in random domains:
Localization of the normal modes
in the small frequency region

by

Fabio MARTINELLI

Dipartimento di Matematica,
Universita « La Sapienza » Pz. A. Moro 2 Roma,
00185 Italy

ABSTRACT. — We consider two models of wave propagation in domains
of R%, d = 2, 3 with stochastic boundaries. We then show that the normal
modes of sufficiently long wave length are exponentially localized and
consequently that there is no wave propagation in the same frequency
region. The techniques and main ideas needed for the proof are borrowed
from the recent analysis of the Anderson localization for the Schroedinger
equation made by J. Frohlich, E. Scoppola, T. Spencer and the author.

RESUME. — On considére deux modeles de propagation d’ondes dans
des domaines de R¢, d = 2, 3, avec des frontiéres aléatoires. On montre
alors que les modes normaux d’assez grande longueur d’onde sont loca-
lisés exponentiellement et par conséquent qu’il n’y a pas de propagation
d’ondes dans la méme région de fréquences. Les techniques et les idées
principales nécessaires pour la démonstration sont empruntées a I’analyse
récente de la localisation d’Anderson pour I’¢quation de Schrodinger
effectuée par J. Frohlich, E. Scoppola, T. Spencer et l'auteur.

INTRODUCTION

In this paper we study two models of wave propagation in unbounded
domains of R% d = 2, 3 whose boundaries are stochastic in a sense to be
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228 F. MARTINELLI

specified later. This problem is relevant in the analysis of waves guides
and in hydrodynamics through the shallow water theory [/] and it belongs
to the more general context of wave propagation in random media which
has received in recent years increasing attention both by mathematicians
and by physicists.

The most stricking phenomena for this kind of problems is the so called
Anderson localization [2]. For large disorder of the medium or for some
frequency interval:

i) the normal modes are exponentially localized

ii) there is no wave propagation.

Among the various models of wave propagation in random media the
interest was concentrated on the Schroedinger equation with a random
potential because of its relevance to the theory of disordered crystals expe-
cially in connection with the metal-insulator transition [3] [4] [5].

For such an equation the rigorous discussion of the Anderson localiza-
tion turned out to be a difficult problem and only recently it has been
proved by J. Frohlich, F. Martinelli, E. Scoppola, T. Spencer [6] and
subsequently by B. Simon and T. Wolff [7] and by F. Delyon, B. Souillard
and Y. E. Levy [8]. Here we will follow the lines of [6] where the physical
mechanisms leading to localization emerge in a rather transparent way.

The main point of the approach to the Anderson localization deve-
loped in [6] was the analysis of the quantum tunneling over long distances
for typical configurations of the potential. This point of view was already
present in the germinal paper [9] and it was subsequently considerably
developed in [I0] by G. Jona-Lasinio, F. Martinelli and E. Scoppola
in their work on hierarchical potentials. These potentials which allow
a rather direct and detailed analysis of the tunneling are the first multi-
dimensional models for which the Anderson localization has been proved,
and have represented a key intermediate step in the analysis of more rea-
listic models like the Anderson model.

In this paper we combine the main ideas of [6] with some techniques
developed in [/1] and we present a rather general approach to the Ander-
son localization for the wave equation in random domains in the small
frequency region. For similar results in the case of wave guides with
boundary modulated by quasi periodic functions see [I2].

SECTION 1

DESCRIPTION OF THE MODELS AND MAIN RESULTS

We now describe precisely the random domains on which we will inves-
tigate the wave equation.

Annales de I Institut Henri Poincaré - Physique théorique



THE WAVE EQUATION IN RANDOM DOMAINS 229

MopeL 1. — Let {C;}ieZ'v=1,2 be a paving of R* with unit
squares centered at the sites of the lattice Z* with sides parallel to the
coordinate axes and let { h; } be i.i.d. random variables with common
distribution:

P(dh) = g(h)dh
with sup g(h) < + oo and suppg = [0,1].

A configuration of the random variables { h; } is an element of the pro-
bability space: :

Q= H {(0,1), g(h:)dh; } (1.1)
. ieZv
and it will be denoted by w.

Let now i > 1 be fixed and define for a given » = { h; } the set D, = R,

d =v + 1 as follows:

D,={x=(2);yeR, ZeR h(y) <Z<h} (1.2)
where h(y) = h; if yeC;.

In order to avoid ambiguities we assume the squares C; to be half open.
The domain D,, can therefore be thought of as a slab with stochastic bottom.

MopEL 2. — (The stochastic worm).
Let {R;}ieZ be i.i.d. random variables with common distribution:

dPR) = Z(R)dR
with supp 2=[R;,R,], 0<R; <R, and supgR)< + o0.

Asinmodel 1 we denote by w = { R; } an element of the probability space:

Q= H{ [1—{1,§2], 2(R;)dR; } (1.3)

ieZ
Let now for a fixed R > 0 andr, > 0 D§,, = R? be the half annuli given by:
Di,,=1{(0,p;0<0<m;R<p<R+ro} 1.4
Di,o=100,p);n<0<2r;R<p<R+71o} (1.5)

and let DF,(x) = D&, + X, x€R.
For a given configuration w € Q we define the random domain D, = R?
as follows:
D, = Do (x:) (1.6)
P
with xo=0, x;=x;—1 +R;+R;_; +71o fori>0 and x;=x;_;—R;— —R;—1¢
for i < 0 (see (Fig. 1).
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Let now D,, be either defined by (1.2) or by (1.6); then in D, we consider

the wave equation:
0%u(x, t) = Au(x,t) xeD,

ux,t)=0 xedD,
u(x, 0) = uo(x)
duul(x, ) ;=0 = vo(X)

1.7

We assume that the initial data u, and v, are smooth functions in the
interior of D, and vanish at dD,,.

In order to analyze the long time behaviour of the solution of (1.7)
it is natural to expand the solution u(x, t) in terms of the normal modes
of the equation. To do that let us denote by H,, the operator — A on L%(D,,)
with Dirichlet boundary conditions. H,, is a selfadjoint operator which
can be uniquely defined in terms of the corresponding quadratic form on
the Sobolev space H}(D,,). The normal modes of the equation (1.7) are
then the generalized eigenfunctions of H,. By this we mean the following:

DEFINITION. — A function ¢ on D, is said to be a generalized eigen-
function of the operator H,, corresponding to be generalized eigenvalue
E(w) iff ¢ is a polynomially bounded solution of the equation:

H,¢ = E(w)¢

vanishing at the boundary éD,, of D,,.

The closure of the set { EeR; E is a generalized eigenvalue of H,, }
gives the spectrum o(H,) of H, (see [/3]). It is easy to check using the
ergodic theorem [/4] that o(H,,) is almost surely a non random set Z.
Our first result is a characterization of X:

PrOPOSITION 1.1. — @) Inmodel 1 E = [Ao(h), + 00) where Ao(h)=n?/h
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THE WAVE EQUATION IN RANDOM DOMAINS 231

2
is the lowest eigenvalue of — —; on L(]0, h], dx) with Dirichlet boundary
conditions. dx P2 1
b) In model 2 let Ey(R) be the lowest eigenvalue of — yiniee on
x X

L%([R, R + ro], dx) with Dirichlet boundary conditions. Then:

i) inf { 1; LeZ} = Eo(R,)
i) o [Eo(il), Eo(ﬁz)]-
Remark. — i) The quantity Ey(R) is easily seen to be a monotone

increasing continuous function of R. Therefore Eo(R,) > Eo(R ).

ii) It would be possible to investigate in more detail the structure of
the set £ in model 2 using the methods of [15]. However this will not be
necessary for our purposes, since we will be interested only in the lowest
part of the spectrum of H,,.

We are now in a position to state our main results on the nature of
the spectrum of H,, near the left edge of £ and therefore on the long time
behaviour of the solution u(x,t) for suitably chosen initial data. Let
Eo = inf X and let for n > 0, I, = [Eo, Eo + n].

Main results

THEOREM 1.1. — Let D, be either defined by (1.2) or by (1.6) and
let H, be the corresponding Dirichlet Laplacian. Then for # > 0 small
enough there exists a set Qo < Q with P(Qo) = 1 such that if E(w)€]l,,
weQg, is an arbitrary generalized eigenvalue then the corresponding
generalized eigenfunctions decay exponentially fast at infinity.

COROLLARY 1.1. — Let P,(H,) be the spectral projection of H, asso-
ciated to the interval I,. Then for  small enough there exists a set Q, = Q
with P(Q,) = 1 such that for any w € Q, the following holds:

let uop = P,(H,)uo, vo = P,(H,)v, with %, and 7, elements of the space
C¥(D,) and let u(x, t) be the corresponding solution of equation (1.7).
Then there exists a constant C(w) > 0 such that:

| u(x, t)| < Cw) exp (— ﬁ|x|4’5) vVt >0, VxeD,.

Remark. — The set of generalized eigenvalues in I, depends on the
particular chosen configuration  although its closure does not as shown
in proposition 1.1. In particular following the lines of [I6] one proves
that for n small enough a given energy E is not a generalized eigenvalue
with probability one. This in turn implies that the part of the spectrum of H,,
inside I, has no absolutely continuous component.

Vol. 43, n° 2-1985.



232 F. MARTINELLI

The strategy of our proof of theorem (1.1) and of Corollary 1.1 is orga-
nized in three steps as follows:

FIRST STEP. — One shows that if # is sufficiently small the random
domain D,, can be decomposed with probability one into two pieces:
D, = D u (D,\D?) where D, is the union of bounded subsets of D,
very well isolated one from the others and it is such that the restriction
of H, to L}D,,\ DY) with Dirichlet boundary conditions has its spectrum
entirely above E, + 25. Thus D_\D? behaves like a barrier for any energy
Eel,.

SECOND STEP . — One studies the « tunneling » among the components
of D, for energies E € I,. Technically this is realized by analyzing the decay
properties of the Green’s function corresponding to energies in I, of subsets
of D,, intersecting DY. This analysis is carried out by means of the inductive
perturbation expansion developed in [9] and adapted to continuous sys-
tems in [/]]. In particular one finds sufficient conditions on the confi-
guration such that the tunneling over long distances is forbidden for all
generalized eigenvalues in the spectral interval I,.

THIRD STEP. — One shows that for # small enough the conditions
found in the second step are satisfied with probability one.

The last two steps of our strategy can be carried out using the general
machinery developed in [6] and are largely model independent with the
exception of a probabilistic estimate, originally due to Wegner [/7] (see
also Lemma 2.4 in [9], Lemma 3.2 in [/]]) which will be proved for
the two models in consideration. Therefore our main result on the struc-
ture of the typical configurations for 5 small enough will be stated without
proof in the next section. In section 3 we prove proposition 1.1 and Corol-
lary 1.1 while in section 4 we prove the basic probabilistic estimates. Some
technical results are collected in Appendices (A), (B) and (C).

SECTION 2

ANALYSIS OF THE TYPICAL CONFIGURATIONS
AND PROOF OF THEOREM 1.1

In order to present a unified approach to the proof of our main result
in the form of theorem 1.1 we first establish some useful notations.

Let 1 be a non negative integer and let Z*(1) be the lattice (21 +1)Z".
To each site j € Z*(1) we associate a half open cube B(j) = R centered at j
with sides parallel to the coordinate axes of length (21 + 1) and we will

Annales de I'Institut Henri Poincaré - Physique théorique



THE WAVE EQUATION IN RANDOM DOMAINS 233

call it the block at site j. The block B(j) is identified with a subset of the
domain D, which we denote by B(j, w) as follows:
a) In Model 1:
B = {x=(y,2)eR% yeB, (y) <Z < h} (2.1)

using the notations of the previous section.
b) In Model 2:

By = () Dlidfxo) 2.2
ieZnBj
Given a bounded set A = Z*(l) we denote by A, = U B% and by Hp(w),
JjeA

HY(w) the restriction of H,, to L*(A,,) with Dirichlet and Neumann boundary
conditions respectively on d,A,, where d;A,, is in Model 1 the part of the
boundary of A, parallel to the z-axis and in Model 2 the part of the boundary
of A, which lies on the x-axis. The selfadjoint operators Hu(w), HN(w)
have purely discrete spectrum with eigenvalues pux(Ha()), ux(HRN(w)),
k = 1, counting multiplicity.

Let now E, = inf X, X being the almost surely constant spectrum of H,,
and assume that A = Z*(l) is such that:

11(HE (@) > Eo + 21 Vie A 2.3
Then using the Dirichlet-Neumann bracketing (see Appendix A) we get:
pi(Hp()) = pi(HY(w)) = /41(1.(?1\ ng(w)(w)) = Eo + 21 (2.4

Next we compute the probability that:

We have. m(HY,(@) < Eq + 21 2.5)

THEOREM 2.1. — There exists two positive constants f;, ff, such that
if I = [B1/</n] then for all sufficiently small #:

P(p1(HB (@) < Eq + 2n) < exp (— f,l")

The proof of this theorem will be given in section 4. We observe that
a similar result has already been established in [/8] in the context of
random Schroedinger operators using large deviations probabilistic esti-
mates. Our proof will follow closely the ideas of [/8]. In the sequel the
integer | will be kept fixed and equal to [ l/ﬁ]. Using the above result
and (2.4) we obtain that for # small enough a large portion of the set D,,
will substained only energies above E, + 2# and that the « singular blocks »
where (2.3) is violated will from small clusters well isolated one from the
other. Furthermore, using the Combes-Thomas argument [/3] one shows
that if A = Z*(]) satisfies (2.3) and if:

GA(E, @, x, y) = (Ha(@) — E)"(x, ) (2.6)

Vol. 43, n° 2-1985.



234 F. MARTINELLI

denotes the Green’s function of H,, then:
|GA(E, @, x,y)| < exp(—m|x —y|) VEe], 2.7

with m = \/5/2 provided |x — y| = 1/\/;1.

We now turn to the analysis of the tunneling for energies E € I, among
the singular blocks B,(j) where (2.3) is violated. An important observation
for this analysis is the following:

let E(w)el, be a generalized eigenvalue and ¥ be the corresponding
generalized eigenfunction. Then for each, A = Z*(I), ¥ is the unique solu-
tion of the Dirichlet problem:

— Au = E(w)u in A
U Torooire = 0, ulom, =V (2.8)

provided E(w) # ux(Ha(®)), VK.
Therefore by Green’s formula:

l//(X) = J‘ d‘:w(é)angGA(E’ @, X, 6) (2 . 9)
1A w

where 9,,G, denotes the outward normal derivative of GA(E, w, x, &) at &
From (2.9) it is clear that the decay properties of y are strongly related
to those of GA(E, , x, y). To make this idea more precise we introduce
the following definition:

DErFINITION. — A set A = Z*(]) is said to be a k-barrier for the energy
Eel, iff:

i) E # u(H (0ow) Vn

ii) |GAE, @, x, y) | < exp (— m|x — y|)

N

for some constant m > 5 and any x, y € A,, such that | x—y| > ldg/5

where:
5 K
dg = exp (ﬁ(ﬂ)(z) ) (2.10)

Bn) ~ —1nn

Let now Ay, Ag be cubes in Z*(I) centered at the origin with sides of
length [8dx], [4dx] respectively. Here [.] denotes the integer part and
we use the convention that any length in the lattice Z*(I) is measured in
the natural length scale [ of Z*(l). Then our basic result on the structure
of the typical configurations @ which shows the absence of tunneling
over long distances for energies in I, reads as follows:

THEOREM 2.2. — For 5 small enough there exists a set Q, of full measure
such that if w e Q, there exists an integer ko(w) and for any generalized

Annales de I'Institut Henri Poincaré - Physique théorique



THE WAVE EQUATION IN RANDOM DOMAINS 235

eigenvalue E(w) € I,, an integer K(E, w), w) > Ko(w) such that the following
holds:

i) For any k > k(E(w), w) the set A; = AK+1\IKK is a (k-1)—barrier
for E(w).

ii) Let k = K(E(w), w)—1; then the set A is a (k—1)-barrier for E(w),
provided that K > K(w).

Remark. — In the context of random Schroedinger operator this theo-
rem was first proved for the hierarchical models introduced in [/0] and
subsequently for the Anderson model in [6]. The proof given in [I0] was
considerably simpler than the one given in [6] because of the hierarchical
structure of the random potential.

As already anticipated in the introduction we will not give any detail
of the proof of theorem 2.2 since it follows step by step the proof of the
analogous result for the Anderson model given in [6 ] provided one replaces
the inductive analysis of the discretized Green’s functions of [9] [6] with
its continuous version discussed in [//]. However at the basis of the pro-
babilistic part of the proof there are two estimates which will be proved
in section 4. These estimates depend on the specific model in conside-
ration and are necessary in order to apply the general machinery deve-
loped in [6]. The first of these estimates has been established in theo-
rem 2.1 while the second one allows us to estimate the probability that
two separated regions A;, A, of D, are in resonance in the sense that:

dist (o(Hp (@) NI,  o(Ha@)NL) <e @.11)

We state it in the next lemma:

LemMA 2.1. — Let A = Z*(l) be a bounded set. Then for E <1,
and ¢ < n:

v+2
P (dist (a(H,(w)), E) < ¢) < const. \/g [Ao| 2 exp <_ %IV>

where | = I(n) is as in theorem 2.1 and | A,, | is the volume of the region A,,.
Using now theorem 2.2 it is easy to complete the proof of theorem 1.1.
Let w € Q, be fixed, Qo as in theorem 2.2, let E(w) € I, be a generalized

eigenvalue of H,, and ¥ the corresponding eigenfunction. Let also xe€ D,

be given, x ¢ AxEw).o)(®w) Where k(E(w), w) is defined in theorem 2.2.

We choose an integer k such that:

x € Aw) 2.12)
and

. 1 1
dist (x, 01Ak(@) > 31 %1 > g dial (2.13)

A simple geometric argument shows that such an integer always exists.

Vol. 43, n° 2-1985.



236 F. MARTINELLI

By applying (2.9) to the set Ax we get:

Y(x) = L N dEY(£)0,,Ga(B(@), ©, x; ¢)

+ f _ dEY(8)0,,GalElw), o, x, ¢) (2.14)
1Ak (@) :
The normal derivative of the Green’s function can be estimated by:
| 00 G arian(Bs @, X, &) | < const exp <- ? x| > 2.15)

for any & € ;A using theorem 2.2 (2.13) and the following technical lemma
provedin [11]

LEMMA 2.2. — Let A < Z*(1). Then for any xe A, and & € d;A,, with
|x — &| = 2 one has:

| angGA(ES @, X, é) l < const. sup | GA(E, w, X, y) |

[y=¢l<1

The exponential decay of y(x) can now be infered using (2.14), (2.15)
and the polynomial boundedness of .

SECTION 3

PROOF OF PROPOSITION 1.1 AND OF COROLLARY 1.1

Proof of Proposition 1.1. — a) By the Dirichlet-Neumann bracketing:
'H, = H, 3.1

in the sense of quadratic forms where H, corresponds to the configu-
ration @, in which each random variable h; is set equal to zero. Therefore:

inf (1; A€ Z) = inf (1; € a(Hy)) = Ao(h) (3.2

It remains to show that any E > Aq(h) belongs to . Let us fix 6 > 0 and
E > Ao(h) and choose a cube A = Z* so large that:

dist (E, o(Hp(wo))) < (3.3)

Since the spectrum of H,(w,) can be computed exactly it is easy to see
that such a cube always exists. Let us now assume that for all j € A one has:

0< hj(O)) <e (3.4

Annales de I"Institut Henri Poincaré - Physique théorique
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Under this assumption it follows that for all A > 0:
dist (o(Ha(@)) N [0, 2], a(Ha(wo)) N [0, A]) < K(A)e (3.9

for a suitable constant K(2). The proof of (3.5) is given in Appendix B.
From (3.5) and (3.3) it follows that:

dist (6(Ha(w)), E) < const. ¢ (3.6)

for ¢ small enough.
To conclude the proof it is enough to use Weyl’s criterium [/9] (see
also [/5]) and the following standard result based on the ergodic theorem:

P (there existsabox A = Z* of side Lsuch that 0 < h;<eVjeA)=1 (3.7)
VL < + o0, Ve>0.
b) We procged as in a). By the ergodic theorem forany ¢ > 0,any L < + o0
and any Re [R{, R, ]:
P (there exists an interval A, of length L in Z such that
IR, —R|<e VieAy) =1 (3.8)

In Appendix B we will prove in analogy with (3.5) the following result:
assume that |R; — R| < ¢ V|i| < L; then for any A there exists a constant
K(4) such that:

dist (6(Hp,(@)) N [0, 4], a(Ha (wr)) N [0, 4]) < K(A)e (3.9
where wg = {R; = R }icz.

From the Weyl’s criterium, (3.8) and (3.9) we obtain (see [15] for details):

2> ) oH,) . (3.10)
R;<R<R;
We are left with the problem of showing that:

inf X = Eo(R,) (3.11)
and

) oH,) > [Eo®y). Eo®2)] (3.12)

R; <R<R:

Actually (3.11) is a consequence of (3.12). In fact by the Dirichlet-Neu-
mann bracketing:
H, > @ HNo) (3.13)
in the notations of section 2. Therefore:
inf X > inf inf o(H(®)) (3.14)
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238 F. MARTINELLI

' Using the polar coordinates (o, p) centered in x=x;, HNw) is easily seen
to be unitarily equivalent to:

______ (3.15)

on L*([R;, R; + ro] x [0,n]) with Dirichlet boundary conditions at
p = R; p = R; + ry and Neumann boundary conditions at § = 0, 7. Thus
the lowest eigenvalue of H}Y(w) coincides with Eo(R;) and thus, using (3. 14):

inf £ > EoR,) (3.16)

To prove (3.12) we observe that, using the explicit representation (3.15)
of the operator H,, in the local polar coordinates of each D{ )(x;) it
is easy to check that:

inf o(H,,_) = Eo(R) (3.17)

Thus (3 -12) follows from the monotonicity and continuity of Eo(R),
Re [R4, R,]

Proof of Corollary 1.1. — We have to estimate a time evolution and
it is natural to expand the solution u(x, t) of the wave equation (1.7) in
terms of the generalized eigenfunctions of H,. To make this precise we
recall for reader’s convenience the following general result [/3]:

+1
THEOREM 3.1. — Let o > v—z—; then there exists a spectral measure
dp, of H,, such that for any Borel bounded function g: R — R
gHoy)(x, y) = JdPZ,(E)g(E)F(x, ¥, w, E) (3.18)
where F(x, y, w, E) is given for almost all E with respect to dp? by:
N(E)
F(x,y,0,E) = (1+| x "2 (1+] y |22 ij(x)fj(y) (3.19)
=1

Here the functions {f;} are orthogonal functions in L%D,) with
N(E)

z Il f; II* = 1 such that the new functions:
j=1

@;(x) = (1 + | x 2 fi(x) (3.20)

are solutions of the equation: — Ag; = Eg,.
Using (3.20) and the Harnack inequality (see [/3]) it is easy to see that

Annales de I’ Institut Henri Poincaré - Physique théorique



THE WAVE EQUATION IN RANDOM DOMAINS 239

the ¢;’s are actually polynomially bounded and therefore are generalized
eigenfunctions of H,,. The number N(E) counts the multiplicity.
Let now for u, 7y € CP(D,), uo, vo given by:
N(E)

uo(x) = Py(H,, Jio(x) = ﬁdpw(E)E(P,(X) jdyuo(y)fp,(y) (3.21)

ji=1
N(E)

vo(X)= P.,(Hm)ﬁo(X)=£ dp%(E) Z ?i(x) deﬁo( Veiy) (.22

where P,(H,,) is the spectral projection of H, associated to I,. Then we

will show that:
N(E)

u(x, t) = ﬁ dp3y(E) cos (t/E) Z(Pj(x) J dyej(yyuo(y)+

Jj=1
N(E)

+ L dp(E) L _sin (t/B) z ?5(x) jdyq’j(y) To(y) (3.23)

JE

is the unique solution of (1.7) and satisfies the stated bound. This follows
from theorem 1.1 and from the next estimate on the multiplicity N(E):

LemMA 3.1. — Let Qo and # be as in theorem 1.1 and let E=E(w) €],
be a generalized eigenvalue of H,,, w e Q,. Then:
N(E(w), w) < const. diEw),w)+1

where K(E(w), ) is the integer defined in theorem 2.2.
The lemma will be proved in Appendix C. Using the above bound and
the results of theorems 1.1, 2.2 we obtain the following basic estimate.

ProprosITION 3.1. — Let f:I, - R be bounded and let for weQ,
ge CZ(D,,). Then there exists an integer K(w) such that:
N(E)

J dp(E)| f(B)| E | @j(x) |
I, {E;K(E,0) 2K}
<exp(—md.4\/) VK > K(w) VxeD,

defpj(y)g( y) l

and some m > ﬁ/l

The proof of this proposition follows word by word the proof of theo-
rem 5 in [10] and it is therefore omitted. However it can be understood in
simple terms as follows: if we consider a generalized eigenvalue E such that
the corresponding integer k(E) = k(E(w), w) is very large then, according
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to theorem 2.2, the box /~\K(E)_ 1 will be a (k(E) — 1)-barrier for E. Therefore,
using (2.9) all the eigenstates ¢;’s corresponding to E will be exponentially
small in the same box which in turn implies that for g of compact support:

‘ jdyg(Y)¢j(Y)‘ < exp(— de(E)—l/ﬁ) (3.24)

(3.24) together with lemma 3.1 implies the proposition.
We are now in a position to complete the proof of Corollary 1.1. Using
the proposition and lemma 3.1 we get that u(x, t) defined by (3.23) satisfies:

i) }ing u(x, t) = ug(x) uniformly in x
ii) }ing Ou(x, t) = vo(x) uniformly in x

Furthermore u(x, t) is easily seen to satisfy the wave equation (1.7). It
remains to show the decay in x uniformly in t. N

Let us fix x with | x | very large and let k(x) be such that x e A{) | \Ax(w)
Ak, KK as in section 2. Then we divide the integral in (3.23) into two pieces:

dpz,(...)—l-j dpi(...) (3.25)

J;.,f\ {E;K(E,0) <K(x)— 1} I, 0 {E; K(E,w) > K(x)}

Using Lemma 3.1 and (2. 14) the first term is bounded uniformly in ¢ by:

m
const. exp <— ) | x I) (3.26)
while the second term is estimated using the proposition by:

const. exp (— §|x |4/5> (3.27)

uniformly in .
In (3.27) we have used the fact that, by definition, dg.; = d¥*. The
proof of the Corollary 1.1 is now complete.

SECTION 4

PROOF OF THE PROBABILISTIC ESTIMATES

In this section we give the proof of theorem 2.1 and of lemma 2.1.

Proof of theorem 2.1. — We first fix a length scale 1 and estimate from
below the first eigenvalue u,(HE,(w)) of HY (w) for a given configuration
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weQ. Let {C;}i.zv.p, be the unit squares around the sites of Z' N B,
and let:

i = p(HE (@) 4.1)
Then for any 0 < A < 1 we have:

HE(@) > (1-)HE (@) +4 Z HiXce (4.2
ieZvnBo
in the sense of quadratic forms, where yc. is the characteristic function

of the block C{* given by (2.1). In Model 1, using the Dirichlet-Neumann
bracketing, we also have:

(1-)Hg,(w)+4 Zﬂim» > (1—A)HE (o) +4 Z#ingu (4.3)

13 1

where wo = {h; =0}.
In Model 2, using the representation of H,, in polar coordinates (3.15),
we have:

(1 - HHE(w)+4 Z HiXcp =

i

S - { d? 1 1 a }+
- dp> 4p+R,? (p+Ry)?do?

+ A Zﬂil{os,)sro;(i—1)nsosm) 4.4
where the second operator in the r.h.s. of (4.4) acts on
@ LX([0,r0] x [(i — 1)m, in])
Bo

ieZvn
with Dirichlet boundary conditions at p = 0, r, and Neumann boundary
conditions at 6 = [n, — In. In conclusion we have shown that if:
m(H3 () < Eo + 27 4.9

then also the lowest eigenvalue of the operators appearing in the r.h.s.
of (4.3), (4.4) are less than E, + 2.
We now observe that both these operators can be written as:

(I —AH, + 4 Zﬂi%ei (4.6)
with: "
i) u1(Ho) = Ey  in both models.
ii) inf u{w) = E; in both models.
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Thus, by adding and subtracting E, in (4.6) we have reduced the proof
of the theorem to the estimate of:

P(ﬂl((l — A(Ho — Eo) + 4 Z(#i — Eo)te,) < 211) 4.7)

We now take A = 1/2 for concreteness and observe that the estimate of (4.7)
falls into the cases considered in [/8] for the Schrodinger operator:

H,=-A+V, on L¥R) 4.8)
with V,(x) = v; VxeC,;, ieZ’, v; 2 0 and igf vi(w) = 0, for which theo-
rem 2.1 was established.

Proof of lemma 2. 1.— We proceed as in the original paper by Wegner [17]
(see also [6] and [/1]). Using theorem 2.1 for £ < n and E €I, we have:

P (dist (o(Ha(w)), E) <) < P(p1(Ha(w)) < Eo + 27)
< | A|P(uy(HE (@) < Eo + 2n) < [Alexp (= Bol7%) (4.9)
with [ =I(n) as in theorem 2. 1.
Let now:
NAE, 0) = # { KeN; ux(Ho(@)) < E} 4.10)
Then:

P (dist (o(Ha()), E) < &) < de(w) (NAE+&0) — N\E — 6, 0) } =

dE’

We will estimate the (formal derivative) of NA(E’, w) in terms of the deri-
vative with respect to the random variables { h; } and { R; } respectively
in Model 1 and in Model 2. To do that we use the next two lemmas which
will be proved in Appendix B.

d
= de(w) dE' — NA(E', w) (4.11)
|E’ —E| <

LEMMA 4.1. — Let 1 =0 and let in Model 1 for any configuration
o= {h} o, be the configuration corresponding to {h; + ¢}, ¢>0.
Then if A = Z” is bounded: )

2n
(1 —e)ux(Ha(w,)) < px(Ha()) < p(Ha(r)) — 73 ¢
LemMA 4.2. — In Model 2 let for = {R;}, o, be equal to { R;+¢}.

Then for A bounded in Z and provided that ux(Ha(®)) < Eo + 37
px(Ha(@,)) — Cie < px(Ha(@)) < px(Ha(@e)) + Caln)e

1
for suitable constants C,(x), C,(y). Furthermore C,(n) < — TE for n
small enough. ' 2
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Using the above lemmas we get that for # small enough:

0
E NA(E', (,O) < — const. Z —a‘-h—l NA(E', CO)

ieAnZv
in Model 1 and:

d
dE’

0
NA(E’, w) £ — const. Z R NA(E’, w)

ieAnZ

in Model 2.
The same proof of [11] now gives:

P (dist (a(Hy(w)), E) < &) < const. [A"* e

243
@.12)

4.13)

(4.14)

The Lemma is proved if we take the geometric mean of (4.9) and (4.14).
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APPENDIX A

THE DIRICHLET-NEUMANN BRACKETING

In this first appendix we review the main results of the so called Dirichlet-Neumann
bracketing which have been used in the previous sections.
Let A and B be non negative selfadjoint operators on a Hilbert space # with form

domain Q(A) and Q(B) respectively. We write 0 < A < B if:
i) Q(A) = Q(B)
ii) For any ¥ € Q(B): 0 < (¥, Ay) < (¥, By).
Using the min-max principle one proves:
If0 < A < B then:

a) dim Py ;(A) < dim Pyo_o(B) (A.1)
b) ux(A) < px(B).

Here { P ;(.)} denotes the family of spectral projections.
Let now A = R? be an open set with continuous boundary and let A} AY be the Dirichlet
and Neumann Laplacians respectively on L%(A). Then:

a) If AcAN 0<—-AR < -AR
b) 0 — AV - AR (A.2)
¢) If Ay, A, are disjoint open subsets of A so that A = (A; U A,)™ and A\A; U A,

has zero Lebesgue measure:
0 S - AR S - A/?ﬂJl\z
0<

N N
— ARoa, S — AR

Annales de I’ Institut Henri Poincaré - Physique théorique



THE WAVE EQUATION IN RANDOM DOMAINS 245

APPENDIX B

PROOF OF LEMMA 4.1, 4.2

We give the proof of the two lemmas of section 4. We also observe that they prove esti-
mates (3.5) and (3.9).

Proof of Lemma 4. 1. — For notations convenience we denote by p,(h;; h) the eigenvalues
of Hu(w) with @ = { h; }. Then the following chains of inequalities follows from the results
of Appendix A:

s ) = by + 631+ 0) < un((h +s)( ;) H(l +h>) B.1)
<h<1 ‘ > 1(1 ° )) <h che | e ﬁ>> (hi+e:F) (B.2)
—— )l - |=p\ li———+ —— h |2 i T &; .
h—1 h—1 # h—-1 h-1 H

We are now in a position to estimate pux(Ha(w)).
€
Upper bound: Using (B.1) it is enough to estimate ;1,,((h,-+e)<1 + I:> ﬁ(l + i)) and
h h
this can be easily done by scaling the z-coordinate by a factor (1 + ¢/h)~ . This gives that

minus the Dirichlet Laplacian on the domain described by (h;+e)(1 +¢/h) and (1 +¢/h)
is unitarily equivalent to:

Hp(w ) + (1 ! > 52 (B.3)
] - = .
t @/h + 12/ 9Z?
on L%*A,,). Again by the results of Appendix A:
Hi( )+<1 ! )62<H( ) (1 ! )A(l_) (B.4)
() — ————— ) — < Hp(w,) — {1 — — D .
* eh+12)ozz =" e/h+ 12"
which implies:
& _ & _
tnl (hi + €) 1+ﬁ i h 1+ﬁ>><ﬂn((h,~+e);h)—ce (B.5)
240(R _
with c= 2 e
h
Lower bound: We start from (B.2). By scaling the z-coordinate by (1 — g/h—1)"* we get:
(1 = &/h = 1) p(HA(@)) 2 po(Ha( ) (B.6)
In (B.6) we have used the obvious fact that:
02 9% _
-——(l—s/h—l) 2 < —(1 —¢h=-1)7°A (B.7)
ay* 072

Proof of Lemma 4.2. — As already observed in the proof of theorem (1.1) Hj(w) is uni-
tarily equivalent to:

—————— (B.8)
on H = @% L¥([Ry, R; + 10], dp;) @ L*([0, =], d6;).
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Let now: u,(Ha(w)) = sup inf { @, Hy(w)g > be less than E, + 35. Then we
Vi¥n-1 0L(Y1...¥n-1

infer that the infimum appearing in the definition of y, must be taken over functions ¢

such that:
T Ri+ro
Z '[ df)if dp{9e,0(p1, 0:))*/p? < 3n (B.9)
o R
ieA

ZJ' JR itro ‘ 2 1 2}
e, {(a,;,) “0i” > E, (B.10)

Let us make the change of variables: pi = p; + &. Then if we set ¢ (p}, 0;) = ¢(p;—¢, 6;)
we have:

< ?, HA(CD)(P > = < Pes HA(ws)(pe > +

+ Z Rit+e+tro
f do; '[ dpio?(pi, 0:)X1/4pi* — 1/4(pf — ¢)*) (B.11)
ieA

Ri+e

Ri+e+ro ’ a 2
+Zf do,f dp:((p;—s)-‘—<p:)-2)<—"’—2) (B.11)
) Rite 691
ieA

Using (B.9) the two sums in (B.11) can be estimated from above by:

— (1/2R3)e + 6nR3e/R3 (B.12)

since by definition:

and from below by:
—¢/R} (B.13)

The proof is complete if we observe that:

sup inf Pe> HA(ws)(ps > =
w¥n-1 0L ¥n-1)

@ satisfies (B.9)
= _ sup inf (P Ha(@:)9:) = pu(Ha(w;)) (B.14)
Vit Wn- 1,668, QelWi,eW¥n-1,c)
@ satisfies (B.9)

#H:= @ LY[R; + & R + & + 1o, dp;) ® L*([0, 2], d6)).
ieA

Here:
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APPENDIX C

PROOF OF LEMMA 3.1

Let n, o, E = E(w) and N(E) be as in the statement of the lemma and let { ¢; }*¥) be the
generalized eigenfunctions corresponding to E. From our main result it follows that there
exists a box A < Z" of side L centered at the origin such that:

sup | @fx)| < exp (— mL) Vj (c.1)
xeAw
and
I dx| ¢{x)|* <exp(—mL) Vj (C.2)
LRV

with m, m’ > \/;/2. Actually using the arguments of section 2 the side L can be taken pro-
portional to:

L ~ (1/</mdxe.e (C.3)

where K(E, w) is defined in theorem 2.2.
Let now X, be a smooth approximation of the characteristic function of the set A, and
let @; = X, ;. Then it is easy to see that:

—AQ; =Ep; + g ; (C.49)
with sup | ga Ax)| < const. exp (- mL) Vj
XeAw
Using (C.4) it also follows that:
m
dist (E, o(Ha(w)) < const. exp <— ) L) (C.5)

Let now { ¢, } be the eigenfunctions of Hy(w) and let us write:

¢; = Z n(j)Wn (C.6)

Using (C.1), (C.2), (C.4) and (C.5) and the orthogonality of the functions ¢7’s the Fourier
coefficients c,(j) have the following properties:

m
i) l—ssz ledD?> <1 Vj, s=exp(—§L>
ii) l Z c,,(i)c,,(K)‘ <g v K#j
iii) There exists an integer ng(A) such that:

Z | eaj) |* < const. & vj
nZng

furthermore n, can be estimated by const. | A |.
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Properties i) and ii) are trivial; iii) can be derived as follows: we apply to both sides
of (C. 6) the operator Hy(w) and take subsequently the scalar product with ,. This gives:

L) 1? < 1< W, g3 > 1P/| p(Ha()) ~ E| (C.7

We now observe that there are at most const. | A | eigenvalues p,(H,) below 2E. Therefore
if no(A) = const. | A| (C.7) implies:

1
Z lealDI? < E Il ga,; II* < const. ¢ (C.8)

nZno

Using i), ii), iii) and the Grahm-Schmidt procedure we can extract from the sequences
{ i) } 1 <j < N(E) new orthonormal sequences { v,(j) }a<n, 1 <j < min (N(E), const. ¢)
(see [10] for details). However, since no < const. | A | this is possible only if

min (N(E), const. &) < const. | A |

m
thatis, using the relation ¢ ~ exp <— 3 L),only if N(E) < const. | A |. The Lemma is proved.
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