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Legendre transforms and r-particle irreducibility
in quantum field theory:
the formalism for fermions (*)

by

Alan COOPER, Joel FELDMAN and Lon ROSEN

Mathematics Department, University of British Columbia,
Vancouver, B. C., Canada, V6T 1Y4

ABSTRACT. — For Euclidean field theories involving both a boson
field ¢ and fermi field y, let GM { J } be the generating functional of connected

Green’s functions with source terms |J,, Y™ ¢™dx, m = (m;, my) e M. We

analyze the Legendre transform ' { A } of GM{J} in the framework of
formal power series on a Grassmann algebra. By using Spencer’s t-deri-
vatives, we establish, independently of perturbation theory, that T™ is
cluster-irreducible for various choices of second order M. For certain
simple M’s we extend these results up to fourth order. We show that ™
generates M-field projectors and Bethe-Salpeter kernels with appropriate
irreducibility properties.

REsUME. — Soit GM{J} la fonction génératrice des fonctions de
Green connexes dans une théorie des champs euclidiens contenant un
champ y de fermions et un champ ¢ de bosons. Les termes de source sont

In¥™ ¢™dx, m = (m;, my) € M. On analyse T { A }, la transformée de

Legendre de GM {J }, dans le contexte des séries formelles de puissances
sur une algebre de Grassmann. Grice aux t-dérivées de Spencer, on établit,
indépendamment de la théorie des perturbations, les propriétés d’irréduc-

(*) Research supported by the Natural Sciences and Engineering Research Council of
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30 A. COOPER, J. FELDMAN AND L. ROSEN

tibilit¢ de I'™ pour M de deuxiéme ordre. Pour M assez simple on étend
ces résultats jusqu’au quatriéme ordre. On montre que I' engendre les
projections sur les champs de M et les noyaux de Bethe-Salpeter avec Iirré-
ductibilité appropriée.

§I. INTRODUCTION

This series of papers [/]-[4] is dedicated to the proposition that the rth
Legendre transform I'” provides a unifying framework for the concept
of « r-particle-irreducibility » in quantum field theory. In our previous
papers (which we shall refer to as I-1V), we gave elementary non-pertur-
bative proofs of the irreducibility properties of ') (r < 4) and we explained
the role played by I'® as the generator of (channel-) irreducible objects
such as Bethe-Salpeter kernels. In these previous papers we considered
the case of (Euclidean) quantum field theories involving a single scalar
boson field ¢. The purpose of the present paper is to extend our analysis
to field theories that involve a fermi field ¥. This will enable us (see Ref. [5])
to apply the machinery of the Legendre transform to the study of the
energy-momentum spectrum of the Yukawa, model with interaction ¢yry.
The extension to general multi-field theories or to more general fields is
fairly obvious, and except for a few remarks at the end of this section,
we shall not pursue this generalization any further here.

To define the higher Legendre transform I'™ for boson theories (see I)
one introduces higher degree source terms,

o".J, = J(b(xl) e OO (x1, .« ., Xp)dXy .. dx,,

J, being a symmetric function of n arguments x; e R? into the generating
functional for connected Green’s functions

N -
G™M{J, .. Iy} = ln<expz d)".J,,>;
n=1

and one then makes a (functional) Legendre transform in the « variables »
(PP PO I
G(N){Jl, .. .,JN} - F(N){Al, .o .,AN}.

Now consider a theory involving anticommuting fermi fields. (We shall
use the notation Y = (Y _, ¥, ) for the (independent) Euclidean fields in

place of the relativistic notation y, ¥ ; spinor indices will be suppressed.)
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LEGENDRE TRANSFORMS AND r-PARTICLE IRREDUCIBILITY 31

It is clear that source terms such as Yo + ¢f = Y_a_ + Y a, + ¢f,
with o = (a_, a+) being ordinary functions, are inadequate. In fact,

e = (1 + ya)e?”

so that it is impossible to generate a Green’s function containing more
than one fermion.

The formal solution to this problem goes back to Schwinger [6]: one
requires that the fermion source « functions » .. anticommute with them-
selves and with the fermion fields

{we"//a'}:{'/jeaae’}:{auas’}:O’ 85£’=i' (11)

Of course, the bosonic objects ¢ and f commute with ., . and among
themselves. The partition function for a theory of interacting (Euclidean)

bosons and fermions
Z{af} =" (1.2)
then generates the Schwinger functions of the theory provided one inter-

. o 0 . . .
prets the functional derivatives — of Z in a suitable non-commutative
LF3

sense (basically as derivatives on a Grassmann algebra [7]). The expec-
tation (. > in (1.2) corresponds to the formal measure

Ly 1
const. e~ V(e 2%¢ ¢5¢)(e"""s°_ VoY), (1.3)

where C and S, are the free propagators or two-point functions for the
boson and fermion fields

C=(—A+m)™' So=(—iV+m)? (1.4)

and V is the (local) interaction. For example, for the (unrenormalized)
Yukawa model

V= ij¢¢_$+dx

and we have

Z{a,f} = const. Jd,u(qb)e“’f Je"’“e"’"s_l"’*éq// (1.5

1 -1
where du(¢) = const. e ? v ¢5¢ is the well-defined boson Gaussian
measure and
STU=S;'+Aip=—iV +m; + Ao (1.6)
is the Euclidean Dirac operator with external field A¢. The fermion inte-
gral over anticommuting variables in (1.5) is interpreted according to
the prescription [§]

je-W-Aw(s.// =detA. 1.7
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32 A. COOPER, J. FELDMAN AND L. ROSEN

It is worth noting that the formulation (1.5) of Z in terms of anticom-
muting sources is consistent with the Matthews-Salam-Seiler [9] for-
mulation of the Yukawa model. To see this we complete the square in (1.5)

— Y SNy a_+yiar = — (Y- + S*a)ST (Y, — Sa_)—a, S,

and, since we may regard (- + S*a,) and (Y, — Sa_) as new anti-
commuting integration variables, we apply (1.7) to obtain

Z{o,f} = const. Jdﬂ(d))e‘”e”“s"“ detS™!
— const. f du(p)e? ~=+5- det (1 + 1S, ¢), (1.8)

(with a different constant). Taking formal functional derivatives of Z (in
the anticommuting sense) yields the usual (unrenormalized) MSS formulae
for the Schwinger functions (see (2.35)).

The procedure for obtaining the Legendre transform in a theory with
fermions may now be obvious to the reader. For instance, to define the
first transform '™, we would set G" {«, f} =InZ{a, f}, introduce
variables { f, A } conjugate to { o, f'} by taking appropriate derivatives

) 0 oG 6G
EG(I)’é_me’ and then define 'V { B,A} = G® {q, f}—cxa I

in the usual way, always respecting the non-commutative nature of the
variables. However it is very awkward to make rigorous the notions of
(complex-valued?) « functionals » Z, G'Y), . .. on a space of non-commuting
variables and of the desired operations on such « functionals ». Fortunately
for the purposes of our analysis it is not necessary to do so. Instead we
shall interpret such a « functional » as the sequence of its formal moments,
each moment being itself a well-defined multilinear form on a space of
ordinary functions. The desired structure (1.1) of anticommuting source
theory will be realized in the way we define various operations on the
sequences of moments. Now the natural setting for this point of view is
the framework of formal power series (fps) that we introduced in II for
the special case of pure boson theories and that we develop for the case
of theories involving fermions in § II of this paper. For example, consider
the partition function Z of (1.2). By a formal computation based on (1.1)

Z(as)= ) Y L cwaron

m=0 n=0

= sz—";!,fdxdywxl)... YEm)B(Y1) - - B(ym) D otlxy)
cmint () S0 - - f(a) (1.90)
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LEGENDRE TRANSFORMS AND 7-PARTICLE IRREDUCIBILITY 33

where
En = (— 1ymm-/2 (1.9b)

Here the y’s are integrated over R? and the x’s are integrated/summed
over R x { —, + } x {1,2,...,2421} where the first index set provides
for the two independent fermi fields ., and the second set for the 24/
spinor components of each field. We thus regard Z as the sequence of
multilinear forms ‘ '

Zm,n(al’ RS am;fl’ . "f;n)=£m < l//(al) e !//(am)¢(f1) e ¢(f;l)> (19 C)

“where now each a; is an element of the (ordinary) function space

Hy=H_1pRY) x CH2 (1.10a)
where

AR ={fR > Cl(f(—A+ D)3 f)< o0}
" and each f; is an element of -
Jf,,=9f_1(|R".). (1.10b)°

As is known [9]-[/1] for €Y, (the weakly coupled renormalized Yukawa
model in d = 2 dimensions), Z,,,€ Mu.(#s, #s), the space of jointly
continuous multilinear forms on #7 x s} that are antisymmetric under
permutation of the first m arguments and symmetric under permutation
of the last n arguments. Z = {Z,,,} is thus an element of the space of
C-valued fps on (o, #4):

ZeFy = F(H,, #,;C) = M (Hp, Hy) .- (1.11)
f s [

m,mn=0

Besides allowing us to interpret the notion of a « functional of anti-
commuting sources » in terms of functionals on ordinary spaces, the fps
framework has the same advantage that we have already exploited in II
for boson theories, i.e., it enables us to avoid the difficult analytic
question of convergence of the series: Operations on the « functio-
nals » (Z — Z’) are interpreted as corresponding operations on the
coefficients ({Zy,} = {Zn,}). For most standard operations, Zj,
is given by a finite expression in the Z,, ,’s. Hence our results, while stated
in terms of « functionals », are actually shorthand for well-defined statements
about the coefficients. In this way we can draw rigorous conclusions about
the coefficients while retaining the conceptual and notational advantages
of the « functional » point of view.

In the next section we shall carefully define the fps calculus that underlies
this reinterpretation. However, for the remainder of this introduction we
shall revert to the language of anticommuting source theory in order to

Vol. 43, n° 1-1985.



34 A. COOPER, J. FELDMAN AND L. ROSEN

describe the Legendre transform in an intuitively direct way. We introduce
general source terms of the form

uM{r} = Z Q" () Xo) (1.12)

meM

where

a) M e M={m=(ms,my) | mp,m,=0, 1, 2,...; (my,m)#(0,0)}, my
being the degree of the fermion source and m, the degree of the boson
source;

b) ®™(X,,) is a product of m, fermion fields and m, boson fields,

Q"(%p) = Y(x1) - Y )Xy +1) - - - D Xmysmy) 5
¢) for notational compactness, each fermion argument
xieRY x { —, +} x {1,2,...,2@21}

carries a space-time point, an index (4) which determines whether the
field is ¥, and a spinor index; each boson argument x; is simply a point
in R?;

d) the source « functions » J,(X,,) are antisymmetric in their fermion

arguments and symmetric in their boson arguments;
e Joudw = (= 1™ ],

) (=1 (1.13)

J.@" = (- 1)y ),

so that sources and fields of odd fermion degree anticommute with each
other and commute with sources and fields of even fermion degree.
f) repeated arguments are integrated/summed over.

Remarks 1. — In the body of this paper we shall concern ourselves with
the case of « second order » M’s, i. e. the case of source terms with

|m| =m r + my < 2
(however the Appendix treats the case of fourth order M’s).

2. In order to concentrate on the formalism we shall ignore questions
of rigour such as what spaces the J,.’s belong to (for a discussion of such
points, which entail Wick-ordering the sources, see Ref. [5].

3. As the need arises, it will be appropriate to place further restrictions
on M (see Definitions III.5 and III.10 for the notions of « gapless » and
« triangular » M),

4. We shall often write f = (1,0), b = (0, 1), fb = (1, 1), etc.
The generating functional of Schwinger functions is

ZM{J) = (UMY (1.14)

Annales de I’ Institut Henri Poincaré - Physique théorique



LEGENDRE TRANSFORMS AND r-PARTICLE IRREDUCIBILITY 35

and the generating functional of connected Green’s functions is

GM{J} =In( ™MDy,
The Schwinger functions and Green’s functions are generated by taking
functional derivatives of ZM and GM. For a complete discussion of deri-
vatives on a Grassmann algebra and in particular of distinction between

left and right differentiation, see Berezin’s text [7] or §II; as examples
of the product rule we have for the left derivative (x = J(1,0))

0
Sodx) (Y1) y2) = 6(x, y1)y2) — o« y1)d(x, y2) (1.15q)
o x)

and for the right derivative

o
ay) y2) 5o() = — 8(x, yo)u(y2) + o y1)d(x, y2) (1.15b)

where J(x, y) is the appropriate product of d-functions in the continuous
variables and Kronecker-8’s in the discrete variables. We shall denote

0
the left derivative of G with respect to J, by both ST G and ;, G, and the

m

o
right derivative of G with respect to J, by both G ST and G;,. One part

of our attempt to organize chaos is the (arbitrarily ¢hosen) convention
that whenever possible we shall apply only right derivatives to GM{J }.
Consequently we define the variable A,, conjugate to J,, by

Am(}m)'ngl(}m):Gx(xl)...lf(xmf).lb(xmf+ 1)+ Io(Xpf + mp) { J } (1 . 16)

where AY(X,,) is chosen independent of J so that A,, =0 when J = 0.

Note that as in I-IV we use the « connected variables » as the conjugate
variables rather than the « Schwinger variables » G}, 3, (see Lemma III.4
for the relation between the two). The Legendre transform '™ of GM is
then defined by

™{A}=GM{J} - ZGI}QJ,,J,:JM{A} (1.17)

meM

where JM{ A} refers to the inverse of the map J — A defined in (1.16).
For derivatives of I'™ we adopt the opposite convention to that of GY,
i. e. we use only left derivatives. (This convention eliminates certain factors
of + 1 from our formulas). In § III we interpret the definition (1.17) in
the context of fps and we work out the conjugate relations (expressing J
in terms of , ™) and the Jacobian relation for ™.

In § IV we establish the irreducibility properties of I'™ (i. e. of the gene-
ralized vertex functions generated by I'™) for various choices of « second
order » M. As in I-IV we employ an analytic notion of irreducibility due
to Spencer [/2] which does not rely on perturbation theory. The basic

Vol. 43, n° 1-1985.



36 A. COOPER, J. FELDMAN AND L. ROSEN

idea is as follows (for more details see § IT of I). Let o be a (d — 1)-dimensional
hyperplane separafing R? into two half-spaces R% and R?, and let S, ,
and C, be the fermion [5] [/0] and boson propagators (1.4) but with
Dirichlet B.C. on ¢. For t = (¢, t,) in [0,1] x [0,1] we define the inter-
polating propagators

So(ts) = t;So + (1 — t£)So.4 (1.18a)

Ctp) = t,C + (1 — ,)C,. (1.18b)

Note that at t = 0, Sy(t;) = So,, and C(t,) = C

We then introduce this t-dependence into the basic expectation (. >.
For a model defined by (1. 3) this is accomplished by replacing Sg ! and C~*
in the Gaussian part of the measure by So(t,)~* and C(t,) .

The effect of this replacement on the graphs of perturbation theory is
to replace fermion lines Sy by Sy(t,) and boson lines C by C(t,). At t=0
(Dirichlet B.C))

So(ts)Nx,y) =0  and Clto)x, y) = 0 if xoy (1.194a)

where by xay we mean that x and y be on opposite sides of g, i. €. the fermion
or boson line crosses ¢. On the other hand,

0:,So(ts)(x, y) # 0 and 0, C(tp)(x,y) # 0 if xoy (1.19b)

since e. g. 3,,C(t) = C — C, and C does not vanish across ¢. Now consi-
der a perturbation theory graph %(t) with external vertices at x and y
with xoy. By (1.19) 4(0) = 0if x and y are connected in %, and &;,0;*%(0)=0
if x and y are connected by at least r, + 1 fermion or r, + 1 boson lines in %.
Thus the vanishing of t-derivatives of %(t) measures its degree of irredu-
cibility. This idea applies directly to more general objects than graphs
to yield an analytic definition of irreducibility independent of but consistent
with perturbation theory. For instance the cluster-irreducibility of ™
is expressed as the cluster-connectedness of t-derivatives 9;T™ at t =0
(we write ;™ ~ 0; see (1.23) and Definition III.3). A practical advantage
of this analytic definition is that the formulas for t-derivatives of GM and
'™ have a fairly simple structure (see Theorem IV .2).

Naively one would expect the irreducibility of ™ to be simply that
0;T™ ~ 0 for exactly those r’s in M. However, for M’s that are not « trian-
gular », this expectation is dashed by the presence of more than one basic
field (this has nothing to do with fermions per se as we illustrate at the end
of this section by looking at a Gaussian, purely bosonic, multi-field model).
On the other hand, the presence of fermions enhances irreducibility because
of « fermion symmetry » (the expectation of an odd power of fermi fields
~ vanishes). As a result, the irreducibility results of Theorems IV.2 and IV .4,
are a little more complicated than originally anticipated.

and

Besides generating vertex functions (via degree one derivatives A and
S
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LEGENDRE TRANSFORMS AND r-PARTICLE IRREDUCIBILITY 37

A > '™ generates (via its higher degree derivatives) « M-field projectors »
b

Py, M-truncated expectations EN,.= (O™l — Py®"), and Bethe- Sal-
peter kernels
o

o
0A,, 0A, {03

We describe this generating role in' § V and in so doing-derive Bethe-
Salpeter equations relating E™s and K™s. Given the irreducibility results
of § IV, we shall thus have completed one of the main objectives of this
paper, namely, to establish the analytic irreducibility of the various Bethe-
Salpeter kernels needed for the analysis of the spectrum of the Y, model [5].

The irreducibility results of § IV can be extended to the case of certain
higher order M’s (see Theorem A . 1), but the discussion of these extensions
has been banished to an appendix.

In our previous study of the transformation from G{J} to T {A}
for a single boson field we found that transforming more source terms led
to greater irreducibility of I'. This same pattern more or less holds for the
more general transform considered here, but, as remarked above, some of
the irreducibility properties of I'™ turn out to be rather counterintuitive.
To illustrate this point we consider a free (i. e. Gaussian) multi-field model
where the fields are all bosonic. Define the partltlon function with linear
and quadratic sources by

_l -1 _l -1
Z{J’L;t} =Je¢J+L¢2e 5 ¢C (t)¢5¢/Jve 5 #C (t)¢5¢

M _
Km,n -

where
¢ = (¢1, ..., d,) consists of n boson fields,
J =y, ...,J,) is the set of linear source functions,
= (L) i, j=1,...,nis the set of quadratic source functions L;{(x, y),

each symmetnc under ieoj,x o y,
: t— (ts, ..., ta) € [0,1]7
C ), = C 1(#;)0; ; + V; j where Ci(t;) is a boson covariance asin (1.18 b)
and where the «interaction » V; j(x;, x;) = 4;;0(x; — x;).

Here { ;; } is the set of coupling constants, and we set A; = 0.
By a straightforward Gaussian integration (we suppress the t)

G{JLL}=InZ{J,L}
1 1
=5JC7 —2L)7 ~ SIndet (1 - 2LO).  (1.20)

Let P be a subset of the set # of unordered pairs (ij). We transform all
the J’s to conjugate variables

A; =G, =(C ! - 2L)" 1), . (1.21a)
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38 A. COOPER, J. FELDMAN AND L. ROSEN

but only those L;;’s with (i) € P to the conjugate variables

B;=G,,, - C;=(C"'-2L);'-C (1.21b)

ij -
For (ij) e P° = 2\P, we set L;; = 0. The Legendre transform I'® is then a
functional of A and Bp = { B;;|(i/)e P} and it is easy to compute that

FP{A,BP}EG*GJJ—GLL
1 1
= —JACT'A +Jtr[In(1 + C'B)— C'B] (1.22)

where in (1.22) we use the symbol B;j, (if) € P¢, to mean the functional
B;; { B, } determined by (1.21 b) (we shall not attempt an explicit deter-
mination of Bp. { Bp } !).

To illustrate the paradoxical nature of the irreducibility of I'®, suppose
first that P = {(11) }. Then, as we show below, I { A, B(y;,; t } is 2-cluster-
irreducible (2-CI) in t;. However if we further transform G, say by taking
P = {(11),(22) }, then I’ is no longer 2-Cl in t, ! By 2-Cl in ¢; we mean that

ATP~0, r=012, (1.23)

where we write F ~ 0 to mean that the functional F { A, B; ¢ } is cluster
connected, 1. €.,

Frimnm{ABst} =0 at 0 if xoy

where f{(x) = A(x) (in which case xeR?) or f(x) = B(x) (in which case
x e R?%); « at 0 » means that t = 0 and

B =0 i €., B(xl, xz) =0 if X10X, ,

and A and B are in .4/, the class of C§ functions that vanish in a neighbour-
hood of ¢. The functions in .4, are insensitive to changes in B. C. in C~ ()
so that (see Lemma V.2 of II)

0, AC™'A =9,C"'B=0 for A Be,. (1.24)
For general P, we have by (1.22) and (1.24) for A, Bp € A/,

1
01" =30, tr [ln (1 + C™'B) - C™'B]

= %tr{(ﬁ,iC_lB)[(l +C'B)"' - 1]}

— tr [C(3,C'B)L] (by (1.21b))

= —tr Z Cki(atici; 1Bij)LJ'k

Jik
(ij)ePe, (jk)eP
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LEGENDRE TRANSFORMS AND r-PARTICLE IRREDUCIBILITY 39

where the restriction (ij) € P¢ arises because of (1.24) (for (ij) € P, B;; is an
independent variable in .#,) and the restriction (jk)eP arises because
L; = 0 for (jk)e P-.

Clearly if there are no j and k with (ij) € P° and (jk) € P, then oI* =0,
i.e.T® is independent of #;. In particular, this verifies (1.23) for P = {(11) }
and all 7 > 1. On the other hand if there are j and k with (ij) € P°and (jk) e P,

“then I is not 2-CI in t; in general. In particular, for P = {(11),(22) } and
for Ay, # O the perturbation series for I'R,, x)Beayy contains terms of the
form

(212)*[C1(x1, y1)Cilx2, ¥2) + Culxy, ¥2)Cilx2, yo)1,

where C{x, y) = [Cii}(x, y; ;)] ~". These terms are manifestly not 2-CI
in t,. Of course, by enlarging P to { (11), (12), (22) } we would recover the
irreducibility (1.23). In fact in the Gaussian model with n = 2 the expected
irreducibility statement

0,0, JF ~0  forall (j)eP

fails only for P = {(11),(22)} and P = {(12) }.

The conclusions of the above paragraph for the Gaussian model motivate
the results we obtain for the Yukawa model (see Theorem IV .1) and serve
as a guide for irreducibility results we expect for a general multi-field model.

§II. THE FORMAL POWER SERIES FRAMEWORK

The purpose of this section is to develop the framework of formal power
series (fps) for « functionals » whose moments are multilinear forms on
Pr x & that are antisymmetric on £ and symmetric on Z7. This
framework will enable us to define « functionals » like ZM { J} of (1.14)
rigorously as fps and to realize the structure (1.13) of anticommuting
source theory in terms of a rigorous fps calculus. In order to consider
an object like

M{T} = CeMN(xy) . P )xre) - - Dk, 1) > (2.1)

ANEN)

which takes values not in C but rather in a space (see (1.10)-(1.11)) of
multilinear forms we need to generalize the definition (1.11) to allow our
fps to take values in a general vector space £:

DerINITION I1.1  (Formal power series). — Given topologivc‘al vector
spaces %o, &, and & we define the space of Z-valued fps on (Lo, Ze) by

F (Lo, 2052) = X Mo, L2 2) 2.2
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40 A. COOPER, J. FELDMAN AND L. ROSEN

where m = (mo, m,) runs through the index set N> = {0,1,2, ... }? and
M Lo, ZLe; L) is the space of F-valued jointly continuous multilinear
forms on £g° x £ which are antisymmetric (symmetric) under per-
mutation of the first m, (last m,) arguments.

Remarks 1. — As indicated by the symmetry conventions, the space %,
(resp. Z,) will consist of functions which are associated with an odd (resp.
even) number of fermions and which we shall usually denote by Greek letters
a, B, ... (resp. Latin letters f, g, . ..). For example, to define the right side
of (2.1) as an element of #(Lo, L, ; M(H ;, #})) when M = {(1,0),(0, 1),
(1,1), (2,00} = { £, b, fb, ff } we would choose

= p)ebo=Lio+ Loo=H,D(H;® Hy)
and
fE(Jb:Jff)egeEgl,e@ﬁgl,esz@(%f@”f)

2. We may occasionally split the test function space in different ways.
For instance instead of regarding the test function space in the above
example as Lo+ %, with J=(Jo, J.)=(o, /) we may write it as &£, +.%,
with] = (J,J)where ¥, = &, 0 ® L1 ., ¥, = L20®@ L30T =)
and J, = (Jy, J;/). In general an element of a subspace of will be labelled
with the same subscripts or superscripts used to label the subspace.

The space #(%,, ZL.; &) is a topological vector space with the obvious
definitions of vector addition and scalar multiplication and with the
product topology. In the important case % = C we can make % into
an algebra with multiplication defined as follows.

DEerFINITION 11.2  (Products). — If u= {un}, v={vn } e F (&L, Z.;C)

then uv is defined by _
(uo)m = Z <m,>u...f O U (2.3a)
m

m=0
where m’ runs over the set { (mb, m)|0 < mop<my, 0 <m,<m,}

mo\(m -
<m,) = ( ?)( f) and © denotes the tensor product of multilinear forms
m mo/\M,

antisymmetrized in the #,-arguments and symmetrized in the & -argu-

ments. Explicitly,

Up: @ Um—m’(al, v o0y amo;fls . -,fme)

= Aanum’(als ceey am(');fl’ . wfm'e)vm—m’(am6+ 19 ¢ *» amo;fm;+1, .. ~’fme)
1

= w sgn m, umr(a,,o(l), . ;f;‘e(l)’ . -)vm—m'(' . a,[o’(m(,); . ‘f;te(me))

M0ESmg Me€Sm,
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where A, antisymmetrizes in the o’s, S, symmetrizes in the f’s, and
1 1
m! mylm,!’

Remark. — More generally when u e #(%,, L,; ¥;) and ve F(%,, Z.;
&,) and a jointly continuous product is defined on ¥, x %, then we can
define uv and vu as in (2. 3) (see for example (2.39) below where the product
is an operator product). Whenever we write a product uv we shall be
assuming this additional structure, and whenever we write formulas like
(2.8) below we shall be implicitly assuming that the product on ¥, x %,
is commutative.

Although we have cautioned the reader about the mathematical impro-
priety of « functionals » of « anticommuting sources », the motivation for
Defin I1.2 and for most of the definitions to follow comes from thinking of
ue F (%o, &, ;C) as the formal series

-1
u { asf}=zw JdXdyum(xla- . -,xmo;h,- LX) .VMe)a(-xl)' . a(xmo)f(yl)
' - S(ym) (2.4)

where the o’s satisfy the multiplication rule

ofxy)odxs) = — alx2)a(x4) 2.3)
and differentiation rules based on (1.15), and the f’s are ordinary functions.
Note the order of the «’s in (2.4). Multiplying two series of the form (2.4)
together using (2.5) leads at once to the definition (2.3) (the binomial
coefficients in (2. 3 a) arise from our convention of placing factorialsin (2.4)).
In fact we shall generally write down a formal expression like (2.4)-(2.5)
in order to define a fps u, i. e. the formal series is to be interpreted s1mply
as a specification of each component u,, € 4,

We pause to identify the above multiplicative structure in terms of
‘Grassmann algebras. The Grassmann algebra [7] associated with the
finite set of generators { oy | 1 <k < p } is the vector space of dimension 27
having as a basis {1} U {o, ... |1 <m<p ky <k, <...<kp}
The multiplication law in this algebra is the natural extension of a0 ; = —arj0t;.
Hence there is a 1—1 correspondence between elements

p P

Vo + W Um(kl, ey k,,,)cxkl e O,
m=1 ky..km=1

and sets v = { v, } of coefficients provided we impose the condition that
each function v,(kq, ..., k,) be antisymmetric under permutation of its
arguments. In terms of these sets the multiplication law is

m .
W) (ky, - . s k) = Z (m,>Au,,,'(k1, e s R Wi (R 15+« oy Kim)

m=
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where A is the antisymmetrization operator. When the Grassmann algebra
has infinitely many generators the situation is similar. An element is a
set {v,|m=0,1,2,3,... } with vy € C and for m > 1 v, is an antisymme-
tric « function ». But now there are topological considerations. One choice
of topology is the product topology:

ULo) = X Moy Loy L3C).. (2.6 a)
m0=0
By rewriting { u, |m} as { { tgngm, | mo>0}|m, >0} we may view any
element u of # { %,, £, ;C} as an fps (in the sense of IT) on &, taking
values in #(%,). In other words
F (Lo, Ze;C) = F (Lo, 9 L)) . (2.6b)

(2.3) is nothing more than the natural multiplication law in % (%,, Y(£)).
More generally when the values occur in a space £ we write

9 Lo; 2) = XK Mg\ Lo 2.3 L), 2.60)

m0=0

In general, 4(Z, ; %) is not an algebra but it is a module over the ring %(.%,)
since multiplication between an element of (%, ; %) and an element of
Y(Z,) is defined as in (2. 3). As a generalization of (2.6 b) we have

F( Lo, Le; L) = F (Lo, 9 Lo £)). (2.64)

The point of view implied by the right side of (2.6 d) is convenient for mul-
tiplication of fps and for carrying over results from II. :
We also introduce the following notation to record the degree in the
Zo-argument :
F(Lo, Lo; E)={ueF (Lo, Lo; L) | thy=0unless my =i}, (2.7a)
geE @971', /OEI.%Dddg;i5 (27b)

i even
and similarly for ¢, 4, and %,. It is easy to see that
ueF, veF = w=(-1)wu (2.8a)
and that if at least one of u or v is even (i. e. u or ve &,) then

uv = vu. (2.8b)

Having a definition of product we also have a definition of the power u*

0

of an element ue #(%,, %,;C), and, given a function F(z) = .z
- k=0

analytic at z = 0, a definition of F(u) = ak. If ug o = 0, as we shall
k=0
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usually assume, then we need never worry about the convergence of the
sum over k because the sum defining F(u),, will have only finitely many
nonzero terms. (Indeed this will be the case even if Ta,z* has radius of
convergence zero.) A certain amount of care must be exercised when com-
puting with F(u) when u is not even. For example, by (2.8 a)

uodd = F(u) = ag + ayu
so that in general
exp(u + v) # t expuexpv.

On the other hand, if at least one of u or v is even then (2.8 b) entitles us
to use such familiar tools as the binomial theorem

k
(u+v)f= Z(l:)u'vk_' 2.9

and the product rules for exponentials and logarithms
exp(u+ v)=expuexpv (2.10)
log (1 + u)(1 + v) =log(1 + u) + log (1 + v) (2.11)
The existence of multiplicative inverses is guaranteed by the next theo-
rem whose proof follows that of Lemma II.6 of II. Here the identity 1
in #(%, Z,; C)is defined by 1, = 1 with 1,, = 0 otherwise.
" TueoreM I1.3  (Multiplicative inverse).

a) fue F(Fy, £, ;C)hasuy # 0 there exists a unique u~ ! € F(Lo, L,;
C)withu lu=uu'=1
b) If uis even, then sois u™!.

ExampLE II.4. — Consider the partition function for the renormalized
¢Y, model [9]-[/]] (corresponding to the unrenormalized form (1.8))

Z{J}=Z{af}= jdv(d))e““”f;"” (2.12)
where

I=0n1)=(f) = (o, x:),f),
dv(@)=det (1 + 1SoP)du( )/ J detrendy, (2.13)

(det,., is obtained from det by Wick ordering and mass renormalization
factors [9]), and

u{of;¢}=¢f—a,Sa_ (2.14a)
where we have replaced ¢(x) by P(x) = ¢(x) — fq&(x)dv and where
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S = (1 + ASo¢)™ 'S actson H#_;;, ® C2 As we remarked after (2.4)-2.5),

. 1
the relation (2. 14 a) defines a fps u = Ueo,1) + 27 U(2,0), Where

- 0 —S"\/B-
U0 f) = —aSp = — (oc_,oc+)<s 0 )<§+> (2.14 b)
Here S’ denotes the transpose of S with respect to both spatial and spinor
variables so thato_ . S'f, = Sa_ . f, and (2. 14 b) defines an antisymmetric
bilinear form on #; = #_,, ® C* .
The expression (2.14 b) is still only formal even for smooth ¢’s since S
need not exist as a bounded operator on #, and so u { &, f; ¢ } need not
be an element of #y = F (H,, #,;C). Nevertheless, we shall pretend u
is a well-defined element of %y for all ¢, interpret ¢* as explained above,
and then carry out the ¢-integration. The justification for this formal
procedure is that the integration over ¢ effects a cancellation [9] between
the « poles » of S and « zeros » of det,.,,, and so the resulting formulas for Z,,
correctly define Z { J } as an element of # . The advantage of this formal
procedure is that certain algebraic properties of Z { J } become transparent.
Continuing with the example, we have Z = 1 + v where v is an even ele-
ment of %y with v, = 0. Hence

G{I}=mzZ{J} 2.15)

is a well-defined element of #y. Suppose we introduce a t-dependence into Z
and G as described in the introduction:

Z{J);t} =fe“";¢;‘}dv,(¢),. G{J;t}=mZ{J;t}

dvt( ¢) = detren (1 + j'SO(tf)d))d/'lC(n,)((Is)/ detren’ d.uC(tb) (7 16)

u{J; 5t} =¢f - a+S(tf)a—<¢7 =¢— jqﬁdvt)
S(ts) = (1 + ASo(ts)d) ™ 'Solty).

Here duc,) = du,, is the boson Gaussian measure with covariance C(t;)
(see (1.18)). At t = 0 the measure dv, decouples across a [10]; so does S(¢,)

so that
u{J;0;0} =u{y+J;;0} +u{x-J;¢;0} (2.17)

where y . (x) is the characteristic function of the half-space R%.. From (2.17),
(2.10) and (2.11) we then obtain the crucial decoupling relations

Z{J;0}=Z{x.J;0}Z{x-J;0}
G{J;0} =G {y.J;0} +G{3.J;0}. (2.18)
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Functional derivatives are defined as in II except that for an Zo-func-
tional derivative it is natural to define both a right and left derivative. If
we formally apply the rule (1.15) to the series (2.4) we obtain

r

5 ' 1
- fl= S (X2« o o5 Xmg s Y1 + - +5 YmJHUX
6a(x)u{oc,f} Z(mo—l)!me!uu'"(x’xz Xmo> V1 YmJoU(X2)
A ™ e WX f(31) -+ - f(YmJdxdy (2.19a)
and
.

“{a f} 50(( ) zm“ um(xls- "'axmo—l,x; Vis- - .Vme)a(xl)
HXmg—)f (1) - - - f(Ym)dxdy . (2.19D)

These expressions motivate the following definitions:

DerFINITION 11.5  (Functional derivatives). — Given ue F (Lo, ZLo; L)

0 . .
the left £o-functional derivative —u= S u=uisdefined as a fpsin F#(Lo, Z.;
'%(1,0)(30’ ge; g)) by

0
<— > (ala- . ~aamo;f1" . -:fme): 0o — u(mo+1,me)(a0, xgy e - '9amo;fl,' . 'afme)?
m

0o (2.20 a)

o
the right %,-functional derivative u5—= ud, = u, is defined as a fps in
/($O’$e,'ﬂ(IO)(go’geag))by ®

5' . v
(u5&> (al,‘ . -,amo;fla- . ',fme):ao g u(mo+1,me)(a19' LR} amo, <X()3 fla' . ',fme)
" (2.20d)

o
and the Z,-functional derivative 5—; = fu = u; = ;u is defined as a fps in

0"(30, c'ge, '/”(0 1)(;?0, ge’g» by

o .
(5;) (ala . 9amo; fl,' . "fme): ﬁ) g u(mo,me+1)(a1a' B amo; ﬁ)’ fl" . '9fm¢) .
, (2.20 ¢)

In the case where %, or &, is a space of (generalized) functions {ax)}

1) o 1 .
or { f(x) } we write “ _for the kernels of the functionals

u, u R
(2 . 20). 5a(x) 6“(.7() 5f(x)
Note that a multiple functional derivative

o 0 o o 0 o
of(y1) of (yi) dax;) do(xy)  Oo(xi+1) 00(x;+ ;)
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is an element of #(%L,, L,; M,;, Lo, Le; L)) where, on the basis of
(2.19), we adopt the following sign convention for the form (2.21):

J < o o o o o >
dxdy e . u ..

of (y1) of (yi) oa(x;) Oaxy)  do(x; 4 1) 5“(xi+j) m

(g, ..., amo;fla .. 'afme)ﬁl(xl) cee ﬁi+1(xi+j)g(yl) oo 8(v)

=um+i+j,n+k(ﬁl9- .y ﬁi’ Qgye v ey amm Bi+j,- .y Bi+1;f19- . "fme9 gla- .y gk)
2.22)

Note also that if u e #' then the above derivative is in #'~¢7J.
Another convenient way of defining a fps u {J } is thus to specify all its

. 0 1)
derivatives <5J(x1) o) u) {0}.

As examples of (2.22) we have for the fps Z {a, '} of (1.9) (V {0, 0}
means Vg o))

0 o 1 0 0 0

- . V4 e 0,0

of(y1)  Of(yi) Oalx;)  Soxy)  OoXiry) T SoXys ,-){ )

= Z(i+j,k)(x1’ cees Xis Xitjs oo s Xidk1 3 V1o o os Vi)

=&+ Plxy) ... ‘//(xi)‘//(xiﬂ) Wi )O(31) - (k) D

= (= DYChy1) - QW) - X DP(Xiar) - P(xiny) >, (2.23)
since &;+ &:¢; = (— 1)Y, and for the fps ZM {J } of (1.14)

iy 2 5 5 5
5Jf(x1) o 5Jf(xk,) 5Jb(xk1+1) o 5Jb(xk1+kz)

= <eUM“}'//(x1)- WX )Xk +1) - - -¢(xk1+k2)>=ZM{J‘}

—. (2.24
Gy &Y

The following rules for computing with functional derivatives follow
readily from the definitions (2.20) and (2.22):

TABLE I1.6. Fps calculus.

Commutativity and associativity

s 6 6 5 8 5 5 0 2.25a)
5f) 81 () 81 () of ) of(x) daly)  daly) of () 222
J o = — 0 0 (2.25b)

So(x) Sa(y)  daly) da(x)

) ) ) )
(écx(x) ”> 5aly) ~ 5o <“ 5a<y>> @.255¢)

Annales de I Institut Henri Poincaré - Physique théorique



LEGENDRE TRANSFORMS AND r-PARTICLE IRREDUCIBILITY 47

Relationship between left and right derivatives

0 0. .
—u=(—=1)"1u— for ues’ (2.26 a)
oo oo
O = 0 f F 2.26b
Eu— u-az or ue#, (2.26 b)
1)
iu =u— for ue#, (2.26 ¢)
da o
Product rules
) Su v
_ = — 2.27
5f(uv) 5fv+u5f ( a)
o o ) .
2w = p (- ) for ueF  (2.27h)
oo oa oo
(uv) 0 =(— 1)/ 0 + 9 f eFI (2.27 ¢
P ua v+u 05 or v 27c¢

R D) o
da(xy) B 6a(x1)'“6a(x,)“

for ue#, (2.274d)

< da(x,41) 5d(xm) )

é o A 2<m>< & é )
Woat) s Lu\e N\ Saxn) T Bl

r=0

) o
f F 2.27
(” 5alers ) 6a(xm)> or vef. (2.27¢)

Derivatives of multiplicative inverse

0 1 _1(5u L
5fu —u 5—fu
iu‘1 = —y! iu u~! for ue# (2.28)
da da ¢ '
) o
-1 % _ -1, %) -1
u S u (u M)u for ueZ
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Chain rule
Forue %,
1
——F(u F'(u)—
of ) = () f
0
—F(u) = F'(u)— .
5 (u) (u) éocu‘ (2.29)

0 o
F(u) S F’(u)<u £>

As an illustration of the above manipulations consider the partition
function Z for the Y, model in the MSS form |dve" (see (2.12)). By (2.22)
and (2.26 a)

o o6 1) )
u
Sa(x) Say) | Su(x) " oaly)

Let = denote the restriction operators from 5, to #_, 12 ® C? defined
by n_(x-,a:+) =a_ and n,(x_, ;) = ay, and let

S(x, 5 ). (2.30)

2.31)

1)
o
on (#- 1, ® C*) x (#-1,, ® C?)’. Then by (2.30) and (2.14 b)

o
so that multiple derivatives (6 ) <—> yield (antisymmetric) functionals

5 6 6 5
uéa_ do_ 6a+ E B
and
0 )
u = —S(x,y;9¢). (2.32
S () Y39 :
Hence by (2.29)
0 1) 0 0
e' {0,0}

S (xn)  Ooalxy)  Sa(yr) T Sau(yn)

() (s ) Ty
" G Gen ) G ) ) (1) ()

ng‘“’ﬂ PR (ya,> (by @.27¢)

ceS,

= (— 1)" det S(x;, Vis @). (2.33)

Annales de IInstitut Henri Poincaré - Physique théorique



LEGENDRE TRANSFORMS AND r-PARTICLE IRREDUCIBILITY 49
In this way we obtain

5 56 5, 8 5
5f(z1) "~ 6f(z) 50l+(xn) VU ba(xy) Sa(yy)  Sa—(y)

=(=1 JdV(¢) det S(xi, y;; P)p(z1) - . . dlz) . (2.34)

{0,0}

Identifying (2.23) and (2.34) yields the MSS formula for Schwinger func-
tions,

CYa(6n) - WY (1) - Y- (n)lz) - - - Blzi) >
= J dv(@) det S(x;, y;; P)p(z1) . .. Plzi). (2.35)

(As the computation (2.33) shows, derivatives 8%55,Z5;_ {0,0} vanish
if i # /)

DErINITION I1.7  (Composition of fps). — Suppose that f € Fo(%o, £,
Vo), 8EF Lo, Le; V) With go0) =0, and ue F(¥,, ¥.; £). Then
the composition u{f{.,.}, g{.,.}} =u-(B, g e F (Lo, L.; L) is
defined by

(uo{ﬁ’g})m(ala“ .5 m05f1"' fme

where m’ = (my, m,), j*=(j§, j¥) are pairs of non-negative integers with

) . ) L
Jot o RO =my, G4 L g jmetme — gy

0) =T i S
J Jos - JEOTT )\ e, T

and the arguments of By and gy are (jy+. . 41415 -+ o5 iy 455
Sive v jr-retse o o fjae 4 jx). Note that because fo,0=g0,0=0 we must
have j¥+ j% > 1 for all k; consequently mj+m.<my+m, and all sums
in (2.36) are finite.

A simple example of composition of fps is that of composition with a
linear operator. If ue #(%,, &Z.; £) and T, is a continuous linear ope-
rator on .%;, then

(Tu { Toat, Tof } Im@15 - - -5 frn) = Ttim(To0ts, - - o, Tofim,) - (2.37)
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Just as in II we have:

THEOREM I1.8 (Chainrule). — Let fe Fo(Lo, Lo; Vo), 8 € FLos Les
v,) with go =0, and ue F(v, ¥.; &%)

a>§#4ﬁ{%fﬁg{mf}}— (a f}—wﬂ{af}g{afn

B rhalan) By = (s 5) 2y 228

) ) ) é Su
? aW(#)Sﬁ“*(#)&
) ) P) ou 1)

9 v (o) + 5 e5)

d) If ,g,and u depend differentiably on a parameter ¢, then

6u 0/35 Jg ou
atihel= 0t5ﬁ +E§

0 0 ou 0
=1+u_)£+1£,
ot o) ot og ot

Remark. — The suppressed arguments in b), c), d) and the second result
of a) are determined by the pattern of arguments in the first result a). An

.. 6udg. . du
expression like — — is to be interpreted as the value of — (regarded as a
dg of og

0
linear functional on ¥7,) at 5_u (which takes values in ¥°, because g does).
g

By imitating the proof of Lemma II.10 of II we have:

THEOREM 1.9 (Composition inverse). — Let Be Fo(Ly, ZL.; V) and
8€F (Lo, Le, Vo). If Biloy: Vo > Lo and gily,: V. - £, exist as
continuous linear maps, then there exists a unique composition inverse
(»h) to (B,g); ie, yeFo(¥o,Ve; Lo) and he F(V o, ¥ .; £,) with

r{B{af} glafil=a h{B{af} g{af}}=/ 2.38q)

and
Biy{r. k}, hi{k}}=x  g{y{xk}, h{xk}=k. (2.38b)

Here the right side « (and similarly for f, , k) represents the fps in #(%,, £,
%) whose components are all zero with the exception of the (1, 0)-compo-
nent which is the identity operator on %,.

The following theorem is a direct consequence of the uniqueness of the
composition inverse.
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THEOREM II.10 (Inversion of symmetry). — Under the hypotheses of
Theorem I1.9, if there exist continuous linear operators T; on %; and U;
on ¥"; with continuous linear inverses such that

UoB{Too, T.f } = B{o, f}
Ueg{TOasTef} = g{aaf} D
then the composition inverse (7, h) to (B, g) satisfies

To'y{Us'BUcs'g} =7{B g}
To'h{Ug'p, U, g} =h{Bg}.
If we right-differentiate the two equations in (2.38 a) with respect to a

and f using the chain rule, we obtain 4 equations which can be written in
matrix form as

I PRI

of oOg oo oo

5 oh s se | =1 (2.39)
h & 0 1%

5p ogl||®ox of
Here 1%°, I?< and I are the identity operators on %,, %, and %, @ Z..
(2.39) is to be interpreted as an equality of fps in F(%,, &L, ; B(Lo D Z.))
where (%, @ £,)is the space of continuous linear operators on ¥, @ ..
The first factor on the left side of (2. 39) takes values in the space (¥, ® ¥,
Ly @® &Z,) of continuous linear operators from ¥, @ ¥, to £, ® Z.,
and the second factor takes values in the space B(Lo D Lo, ¥o D ¥ ).

Similarly we can left-differentiate (2.38a) or differentiate with respect
to a parameter:

THEOREM I1.11 (Jacobian relations). — Let y(h) be the composition
inverse to (B, g) (assuming the hypotheses of Theorem II.9).

a) As an equality in F(Fy, Le; B(Lo D Lo, Vo D V7,))

s sy ! p 5 op
‘))_._ —_— R— JU——
OB og | | ox of | (2.40 q)
5 Sh 5 og
38 o | E5a of
b) As an equality in F (%, Lo; B Lo D Lo, Vo @ 77.)
s & |7 [e 8
5—1}? ﬁih %ﬁ ™ g
_ = . (2.40 b)
oy  oh o dg
og b 5f  of
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¢) If in addition B and g depend differentiably on a parameter ¢ then so
do y and h and

oy 5 6B ap
a = — Bg oh a . (2.40¢)
oh o Og g
at s | |or

As an example of the application of Defn. I1.7 and Theorems I1.8-II.11,
we consider the construction of the first order Legendre transform IV =T™M
where M = {(1,0), (0, 1) }. Instead of using the notation J = (J;,0), J(1,0)
and A = (A(1,0), Ao,1)) for the basic conjugate variables (as in (1.17))
. we shall use J = (a, f) and A = (f, g). From Example II.4 (we suppress
the t-dependence) we know that

Glof}=mmZ{af}eFy=F(H), #;C).
It follows that

Bx) = G{af}é()e%(ff, Hy; HF (2.414)
oand 5G{a, f} 8G{0,0
2(x) = 5fg;) b 5}(;) J FAH;, Hy; HE)  (2.41D)
where (see (1.10))
HF = H1,R)QCH A = #,R?. (2.42)

~ In order to apply Theorem I1.9 to invert the map («, f) — (B, g) of (2.41)
we first compute (usmg (2.27)-(2.29)) that

Ba,ox, y) = B(x) m 0,0}

) )
5a) 3a(y) 0

o ) . o )
— Z -1 -2
[ (Z 5al) 6oc(y)> tz <Z 5a(y)><z 5a<x)>}{°’°}

={Y@Y(y)>  (by (2.23) ' (2.43a)
and
0g(x)
8o, %, y) = 5y ){0 0}
= PPy ). (2.43b)

Assuming, as is true for £Y, (see Ref. 5), that B;%, is a bounded operator
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from ¥ to H, and that gg}, is a bounded operator from #5F to 4,
we may invert (2.41) to get

oc{ﬁ,g}eg"o(f}f}",éff,,}ff)

FAB.gYeF (K], HF; H) (2.44)
The first order Legendre transform is then defined by
r‘(l){ﬂ,g}s G{a,f} —Ga.a—Gf.sz:a{p’g} (2.45)
=1

as an element of #¥ = Z,(#F, #%;C). The chain rule (Theor. II.8)
together with the product rule (2.27 b) give the conjugate relations:

& o (8 )9 5 \oG o 5 .
51"‘”_ 6 \oa 0G of oo 5f__
(0% 5 s b O T @D

(in each case the first and third terms cancel as do ’the second and fifth).
Theorem II.11 b) gives the Jacobian relation:

6 9 o o K 5

—_ 1w —_—1W —a —

636 oo 56" 5’

30w X o |2 ¥

og op 0gog | g dg
| K

5P 5

op og

[ of  of |

6 6 -1

g3 896G

oo oo da Of

o 5 &2

950 96

| 0f o Of?

[ 6 6 6 51!

G—— G—— _

_ do ol Géaéf [

p—

66. 60

0] 2.47)
G

01

G— — -
| dadf of of
In the next section we generalize the above construction of I'™ to the case

of general M.
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§ III. DEFINITIONS AND BASIC PROPERTIES
OF THE LEGENDRE TRANSFORMS

We now set out to interpret the formal definition of I'™ given in (1.12)-
(1.17) in terms of the fps calculus of § II. We shall soon place some restric-
tions on M, but for now let it be any subset of

M={m=(ms,my)| meN for i=f or b, and m;+m, >0} = N?\{0,0}.

Since the components of m € ./ represent numbers of fermi and bose argu-
ments, we find it convenient to denote m = (m,, m,) alternatively by
m=myfmy,f or by a string of m, f's and m, b’s eg. (2, 3)=2f3b= f fbbb.
We shall order .# in the obvious way,i.e.r < sin A iffr, < s,andr, < s,
and norm it by |m| = m, + m;. We shall also adopt the familiar multi-
index conventions such as mn = (mgn;, myny), m! = m, ! m;!, etc.

In particular, as in (1. 12), we shall consider the « direct sum » formal field
® = (O, D) = (Y, ¢), and for X, = (x; ... Xmp» &1 - - - &m,) (With y;e R?
and x;eR? x { +, — } x 292 we let @"(X,,) =Y(x1). . .Y(Xm )P(V1)- - - (V)
and we shall let 6=(—1, +1) so that ¢"=(—1)".

Now consider two « single field test function » spaces ¢, and %, along
with their direct sum &, = &, @ %,. With each point m e M we associate
a « source function » space

L= PP QL. (3.1)

Here the symmetric and antisymmetric tensor products 2™ and Z2°"/
are defined in the usual way as subspaces of the corresponding tensor
product spaces and we shall also refer to the « appropriately symmetrized »
tensor product of (2.3 b) in terms of which we have

gml @ gmz = $m1+mz
and for Ne N
(&, @ &p)°N = 2 L.

me#
|m|=N

For M < ./ consider
M= 8, Lm> FM

i

® Zn and L=, % (.2

mygeven my odd

as subspaces of ¥ and define PM to be the projector in ## on M.
(We shall use the same notation, P™, regardless of the base spaces &,
and %, with any necessary distinctions being inferred from the context.)
Whenever the superscript M is omitted, we are referring by convention
to the case M = /.
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As in § 1, for J, €%, we let

", = JQ"‘(EE,,,)J,,,(},,,)dSC’m

and UM{J} = z o"(J,,).
meM

Our definition of the partition function Z {J } = Z# {J } is then moti-
vated by (1.14) and the following formal calculation.

Z{J} (e’ = z—<U{ = ZN' 2 <]_[<P"‘(Jm,)>

mi..mN i=

z 'Z J(Q"‘(xml D™ (Fomn) Y TnFomg) - - - Iy (Ko ) Ko,
N o dF, (3.3)

my...mnN

(The products ®™(J,,) all commute with everything, and if in the last step
we extract J’s starting from the right, then each is commuted past an
even total power of anticommuting objects on the way to its final desti-
nation.)

DErINITION. III. 1. — The partition function, Z, is the unique element
of F(%,, &, ;C)obeying
o o

2SI Gy (0F = KOG - OG> (3.

- -
for all N, my, ..., /Mn, Xings - o5 Xy

Remarks 1.— Here { ®@™(.) ... ®™(.) > denotes an appropriate Schwin-
ger function. For Y, without cutoffs the Schwinger functions are cons-
tructed in refs. [10] aild [/1]. To introduce cutoffs and/or t-dependence (as
described in § 1) in Z we just repeat the above definition with the appro-
priately modified expectation.

2. The choices of &, and &, are dictated by the requirement that ¢ . )
be sufficiently regular in t.

3. The vanishing of expectations involving net odd powers of ¥ implies
that Z is always even.

Using a straightforward fps composition we now have

DeriNiTION 1IT.2. G=mh{Z}. (3.5)
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DeriNITION III.3.

GMm J - O
» Jo for meM<= .4\M
and . M= pAMT (3.7

Then
M™{A}=G{M{A}} -G, {M{A}}P"M{A}. (3.9)

(Here, in the same spirit as our previous notational conventions, by G ,,l,.(?c,,,)

. G 0 0 o 0 )
we mean e e .
0Jp(x1) - O3fxm) 63y(y1)  OJ(Vm,)

Remarks 1. — A} = Gyn {0} is subtracted so that A =0 at J = 0.

2. For Definition III.3 to make sense as it stands it is necessary
for AM to have a fps composition inverse taking values in the domain
of ™ = G—G,P™. In [ref. 5] we shall establish that, for £Y,, ™M is a
well defined element of # (M, £M;C) and C® in ¢ for suitable test func-
tion spaces LM and ¥M.

3. Unless otherwise specified we restrict our attention to evaluation
of ™ at arguments, A, with A,, = 0 for me M*.

We now explain how to interpret in terms of fps the discussion of irre-
ducibility given in §1.
To start with we let P.. denote the projectors defined by

J.(%») if all components of ¥, have R? component
PrDm(X)= on the + side of ¢

0 otherwise (3.9
and P, =1 — P, — P_. We also let Qi = Pi.?.

The phrase « at 0 » and symbol |, then denote restriction to both t=(0, 0)
and to smooth text functions J supported away from ¢ with PyJ = 0.
So F = G at 0, means (F — G) |, = 0. (It follows directly from the defi-
nition of fps derivatives and equality that if F = G at 0, then also

5 5
P, - F=P,-Gat0ie — F=—2o
* 5] e e S Gy o)

arguments of X,, are all on the same side of ¢.)
The same decoupling properties used to establish (2.18) now easily
generalize to yield the results that

Z=2Z{P,}.Z{P_} at 0 (3.10)

G at 0, whenever the

and so
G=G{P,}+G{P_} at 0 3.11)
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By X0 X, we shall mean that (the R? component of) each component x;
of X,, = (X1 ... x,)is separated by ¢ from all components of X;,. It follows
immediately that

Gjm( F) e (Xir) |0 =0 whenever }ma};: (3 . 12)

This is what we mean by the statement « G is cluster connected » which
from now on we abbreviate as « G ~ 0» (we shall also write F ~ G whenever
F — G is cluster connected). More generally, we have the following definition.

DerFiNITION 111.4. — For r = (r;, r,)eN? -we say that T {A,t} is
r — CI (« r cluster irreducible ») if and only if for all s < r we have

& ~0 o (3.13)

(e for all m, m'e M, Oin zamizml lo =0 whenever X,,0%.,). The
property of being (0, 0)-CI is the same as « cluster connectedness ».

Remark 1. — Here, since the argument of I' is A, |, denotes res-
triction to t =0 and PyA = 0. Fortunately,. there is no confusion
here with the restriction to PoJ = 0 since, formally speaking, « att =0,
PoJ=0 < P,A=0 », i.e. at t=0, PyoAo(1—Py)=0 and PyoJo(1—P)=0,
(see (4.17) of I and Lemma II.11 of II).

2. The cluster connectedness of all T™ follows easily from the above
remark together with (3.11) and (3.8).

In order to apply this definition and to investigate the other irreduci-
bility properties discussed in § I we must compute various t-derivatives.
A simple application of the chain rule (Theorem II.8 d)) yields, fori = for b

8,T™ = [(6,G) {M} + G, {IM}.5,I4]
— [Gy{IM}.8, M + 8,(Gy {M}).IM]
= (0,G) {M} — 6,(G,{M}). ™ (3.140)

For the first term on the right, the explicit formula

0,G = — ;C;I[G,,.,i+G,,.G,,. R=- 1C,-‘I[Ai,~+A,-A,.+2A?A,.] if iieM
2 2
' (3.14b)
with C;! = C; 4(8,,C;)C; ", will be derived in Theorem III.16.

As far as the second term is concerned, if ' had been defined using the
Schwinger functions AS, = G, for me M as dual variables instead of the
connected functions A, = Gy — AQ, then for ke M we would have
G, {IM{AS}} = Af{I®M{A}} + A}, independent of ¢, and so the
second term would drop out. But our « connected variables » A,, are not
the same as the « Schwinger variables » G, though they are closely related,
and the relationship bears looking at.
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In fact, by (3.5) and (2.24), for m e .# we have

L 7,1} =

GJ’"{J}=Z{J—}

Z{J}Z,m{J} (3.15)
But if
Z{J+g}eF (L ® Y, £.® ZL,;0)

is now defined by the obvious rule
Z{J + g }]'lngn |g=0 = Z{J}Ji"+n

then from (3.15) we have, for me M,

G, {1} = Z{J+g} gmlg=o=(expo H{Jg})g'"lg o (3.16)

Z{]J
where { J

H{lg}=G{J+g}-G{J} (3.17)
is even. Hence by (2.27 )

1
(expoH{J,g})gm=Z—(H{J g Mg

ZN' Z <m1 >i@1H{J,g}gm.~ (3.18)

But . m1+ AmNn=m
H{J{A},g}gleg=0=Gu{J{A}} =(A"+ A) (3.19)
so that by (3.16)-(3.19) we obtain:

LemMa III.5 (Relation between Schwinger and connected variables).

G, {J*{A}}=F,{A°+ A} (3.20)
where
|m| 1
N
Fn{a}=) — Z <m mm>i@1ami for me.  (3.21)
N=1 ’ my,..., mn Lo TN
my+..tmn=m
and
Foola}=1 (3.22)

Remark. — F,, { a } depends only on g, for k < m. So, as long as k < m
implies k € M, we have F,, = F,, - By and so

Gy, {M{A"}} =F,{A° + A{J"{AY}}}
=F,{A°+ AM{M{AM}}} =F,{A° + AM} (3.23)

(independent of M).
We can now obtain the relation between the J-variables and deriva-
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tives of I' that is « conjugate » to the definition of A in terms of deriva-
tives of G.

In view of the last remark, our task is considerably simplified if we
restrict to the case of « gapless » M, where we say

DerINITION III.6. — A subset M of ./ is said to be gapless if and only
if for meM,
I<m = leM.
In fact we have

THEOREM II1.7 (Conjugate relation). — If M is gapless, and m e M then

AmF”i{A}= —ZAka{A°+A}JkM{A} (3.24 a)
keM -
=—Z<k>(lm®Fk-m{A°+A})JkM{A} (3.24b)
keM "
k>m
where m

Im(xla v Xms Vi - - ‘,ym) = ﬂé(xi - y!)

i=1

and the © appropriately symmetrizes the m y-arguments of I,, with all
k-m arguments of F _,,.

Proof:
o

O w IR YRR
= o))

keM

=) (G () 0+ 07, (1)

keM

by the product rule (2.27). If me M, then in the first sum only terms with
k e M survive (since 5, J¥' = 0 for me M, k ¢ M). The first and last terms
now cancel because changing G, to ;G introduces a factor of ¢* (see (2. 26))
and commuting G, with , _J} (by (2.8 a)) introduces ¢**~™), so that the
total power of ¢ adds up to mk + k + k* — mk = (0, 0) mod evens.

SO AmFM = - zAm[GJk { JM } ]J;‘d.

keM -
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But by the remark following Lemma III. 5, we see that for k € M (assumed
gapless)
| anCGr A MM{A}} = L B {A°+ A} (3.25)
giving (3.24 a).
To obtain (3.24 b) we compute

A (A% A )= ZN' Z (kl >m[i§>1(A°+A)k,,] (by (3.21)

keJt
):kl
Z N' Z Z( ) m,ijkJ-@i@j(Ao"'A)ki
Tki=k j= 1
=1, 0
GZN'Z Z [ kN]m(A Ak
§1 kfk

Now the inside sum is empty if m £ k. When m < k we can combine the
combinatoric factors, noting that N choices of j (for k; to equal m) raises

! t ! and k k=m <k> to see that with
R [ = , L0 S W
NICON =11 ko ki) \y. ket M\m

n = N — 1, the second factor on the right becomes

' (Z)F,,_,,, {A°+A)

k 1 k—m \ n for k '
<m> nl (kl y .kn> QAT AL = -
n=0 . 1 k=m
’ 2z 0 k<m
So k |
Aka{A°+A}=<m>lm.Fk_m{A°+A} (3.26)

where Fp oy =1 and F, = 0 if r £ (0, 0) giving (3.24 b). |
If we now combine (3.14) and (3.23) we find

0, M"{A} = (0,0 {IM{A}} - [0.F{A*+ A} I {A}
=©0,G) {M{A}} — 0,A% F {A° +A}IM{A} (3.27)

1.
= — 5 Ci'[Au + AA; + 2A0A;] + (0, AN, T {A}

by (3.14 b) and (3.24 a).
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Iteration of this formula y1elds formulae for higher derivatives ;™ { A }
in terms of derivatives C;, C;'%, . .., 92A%, and ,T™, for various p, r <| s |
and g < s. Thus the study of general t-derivatives of I™ is reduced to
the study of t-derivatives of A2 and of the moments ,.I™.

In particular, to study the second moments ,,I™, we shall combine
the conjugate relation expressing ,I'™ in terms of JM with the inverse fps
Jacobian relation ,J¥ = (;JAM)~! (Theorem II.11). To prepare for this
we shall first express the A s in terms of a generating functional.

DerNITION II1.8. — For Je %, fe %, gegl; we define

S{Lfegy=exp{G{J+f+g} -G{I+[}
—G{J+g}+G{J}}Gy(go@gf('agf,ge@gb@gb,C) (3.28)

and

Smn = ('Spf"‘g" |f=g=0)e=g;($0> ge; '//lm+n($19 C)) (329)
‘Lemma II1.9.
AmJn = Z (n,>smn’ @ Fn—n’ { AO + A } (330 a)
n
n'eM
n'<n )

= z Smn’(An,Fn) { AO + A } (3 .30 b)

n‘e#

(Here ® appropriately symmetrizes the n’ rightmost arguments of S,
with all n — n’ arguments of F,_,..)

Proof-

Ans, {T}=Gypy, {T}=0""Gy 5 {T}
=" (Exp{G{J+g} — G{J}}gpls=o (by (3.16))
=" (exp{ G {J+f+g} =G {J + [} )pnymlr=g=o0
=Exp{G{J+f+g} —G{I+f} })menlr=g=o0
= {).fg}.expH{J, g} )imenlr=g=0 (by(3.28) and (3.20))

=Z<:,>Sm,.»{J} F_w {A°+A{J}} (by(2.27)since fis even)

"'
n'<n

establishing (3.30 a). (3.30 b) then follows by (3.26). [ |

Remark. — It is natural to interpret the S,,,’s as operator valued fps in J
from &, to £ and to consider these operators as matrix elements of a
single operator valued fps S (in just the same sense that A, are matrix
elements of the Jacobian operator valued fps Aj).
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In the same spirit we also let

SM = (PMSPM| #M) |
and K =K*=,F{A%+ A%}
KM = (PMKPM | #M)
where
Kum = o, Fn { A + A}

<m>1,, OFu_ {A°+ A%} if n<m (by (3.26)
= n
0 " otherwise"

So, since K is « triangular » with identity operators on the « diagonal »
it is formally invertible. Also, if M is gapless, then (by the remark following

Lemma III.5)
KPM = PMKPM

and F,{A°+A*}=F,{A°+AM} forall meM c M'.
So for any M’ > M we have
KM{JM{A}}=,F{A°+A} on oM

In terms of this matrix notation we have the following immediate conse-
quences of Lemma III.9.

CoroLLARY III.10.

a) A;=SK o) K = S71A,
. [PMSKPM PMSKP™* )
b) A= e |=PUSK+PY. (3.31a)

If M is gapless, then
AYPM = SMKM  and KM = SM'AMPM (3.31b)
c) (AY)~! = (PMSKPM| M)~ {(PM — PMSKPM) + PV,
If M is gapless, then
(J%)PM — PM[AI}A{JM}]—IPM — KM{JM}——lsM{JM}—l

Remarks 1. — Here S™! denotes the operator inverse of S interpreted
for S an operator valued fps by the reciprocal rule (Theorem II.3).

2. Similar formulae hold with right and left derivatives interchanged
provided all products are also written in reverse order. In particular, if

>|mn = (J,,,GO J)A,. OA — o_m+n+mnK"m
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then part (a) has the « adjoint version »
JA = S, etc.
We now compute 4™,

THEOREM III.11. — If M is gapless, then for n, me M we have

m+n
N c—:M( m )a""'wr“ —omSMe ML (3.32)

1 if keM

0 if k¢M
component of the operator inverse to S™o J™ considered as an operator
valued fps in the variable A.)

Proof. — By (3.24 a)

Am(Fm)An( in)rM { A } =

where eM= { (Here [SM o JM],..! represents the kernel of the nm

s
OAm(Ym)

o k
= —m[<n>ln(}m I271) O] Fk—n(zk—n) { A0+A } :l PMJ’%{ { A } (a"’_ék—”)

— o™, GoF{A° + AaGoPYIM{A} ((by (2.27)and(3.26))

where, since J} € Z,, we do not need to make explicit the symmetrization
in the first term and so have dropped the ©. For the first term we now apply
(3.26) again, and in the second term we use (3.23) to write , F, {A°+A } PM
as K}, { JM{ A} } and then apply Corollary III.10 (b) to get

An(mAG)T™ (A} =
—<k>1.,(?c,, a,,)[(k_") LG Om)Fo-m— W) { A°+A} ]
n m

PMJkM { A } (am ij "_{)k—m—n)

—o™EP[SM (I { A} Jap' o B AW G napo { M {A}))
(Amn P T(B) { A }).
S CYR AR vy
q n/\ m m+n m

an

In(—-)em an) @ Im(j;ma ?)m) = In+m(}n}m, aan)
So if n + meM the first term becomes
m+n k v s oo S
_< )l:( )In+m(xnym> um”m)@ Fk—n—m(wk—n—m){A0+A}:|
m m+n

PMJkM{A}(ani;mVVk—n—m) = <m+n> FM{A}
m A+ n( Xn¥m)

If n + m¢M the first term is zero.
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Now ,, J¥ = J¥,, o™ ™ (by (2.26))
and melky — ng)+mpk;—mg)=men,+m, (mod 2) '
so the Jacobian identity (2.39) converts the second term to
— o™ [SM{IM{A}} Jam' (R V)

But Al = 0" p AT
and so we are done. |
Remarks 1. — At A =J =0, (3.32) gives
PM A TPM = — gm[SM] ! (3.33)

2. If we define the reversal operator R applied to
Xm=(1...xh, x5 ... xh,) by  RX,=(xh,...x{, x5, ...x%)
and to any (appropriately symmetrized) function f,, € %,, by
(Rfm)(}m) Efm(R}m) = G'M(m_l)/zfm(}m)a
nn—1) mm—1) (n+m)n+m—1)
+ =
2 2
f;l+m(R(32m -_)Em)) = anmf(R}na R}m) .

The sign factor ¢™ in the first term of (3.32) could thus be eliminated
by reversing the arguments of all A derivatives to write

then, since + nm (mod 2), we have

m+n _
RA,.RA,,.FM :“enM+m< m >RA,.+,,.FM - "R [SM ° JM] 1R)nm
3. We can also absorb the ¢™ factor in the second term of (3.32) if we
write our result in terms of the matrix .S. with entries
nSm = f"ygm|f=g=0 = Unsnm

In fact, if 0 = Py — Pogq (Which is the linear operator on % with eigen-
value ¢™ on %,) then .S. = ¢§, and so

[_S_]_l — [gs]—l — S_lg_l — S—lg
so the matrix elements ,[.S.” '], of .S.”?! satisfy

’ n[-S-_I]m= [S_l]mnam‘
So (3.32) becomes

m+n
RARA,L T = € nM+m< >RAM,“I‘M ~ R, [.SMo M) 'R (3.32)
m
The virtue of these results is that by expressing ,,I' in terms of S (and
so in terms of connected derivatives of G) they provide us with a tool for
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the study of decoupling properties of ,,I" (over and above its obvious
connectedness between the two A variables).

For the purposes of such a study we find it convenient to abuse the
notation a bit and to think (as we did in III) of a subscript r € .# as repre-
senting also a value of the corresponding argument Xx,. In fact, at any
point in our discussion, r may be being considered in any of several ways,
either just as the pair of integers (ry, r,) (as we have done up to now) or
as an ordered « r-tuple » X, = (X1 ...%,, V1 ... Yy,) Or as the (unordered)
setof points { x; } U { y; } (e. g. wewriter = r'tomean { x; ... X, ¥1...Vp,}
is a subset of { x{...x.,¥1... 95 })

In terms of this convention it follows from Definition III.8 that each
matrix element S,,, is a polynomial in the variables

{Gilkemunknm# @, knn# 0}

i. e. every point in m is connected to at least one point in n and vice versa.
(For example since Gy, = 0 at J = 0 we have

Sse.r(xz 5 X'2) =Gy pp(x, X', 2, 2)+ G g f(x, X")Gii(2, 2°) )
This remark has the consequence that, at 0,
P.SP; = P.SP, = P,SP, = 0. (3.34)
In fact we can say more. By (3.11) we see that, at 0

G{J+f}=G{J+P.f} +G{J+P_f} —-G{J} (3.39)
and so
S{Lfe}=S{LP.f,P.g}F{P_f, P g} (3.36)

So by (2.27) if we let M = M U {(0,0) } and (§) = (},I’)S(g) with

Sm0,0 = S0,0m=0 for  m=#(0,0)

and §(0,0) =1 then, at 0

S':E Z Si.;Sivr oo’V sign (7, i) sign (7,))  (3.374)
+

Ve j'e M
i'ci j'ej .
where sign (i’, i ) is the sign of the permutation (,,, _f ., > which places
Iy I~y

the primed arguments first but otherwise preserves the order of i;. But here
only one term contributes (namely that with i’ being exactly the set, i,
of arguments on the + side of ¢, and similarly for j* = j.) and so we are
left with

Sij=Si,;.Si_j_o’*-, atO. (3.37b)

Thus (apart from the o factor) S looks rather like a tensor product of $
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and S. In fact, if we interpret operator valued fps as operators on vector

valued fps, then a natural definition of operator tensor product is given by

[(A; ® AL f1 ® f2)I(x1, x2) = [A1f1 ® Az f21(x1, X2)
= jAl(xl yf(y)dy: JAz(xz, y2) f(y2)dy,

= JA1(X1 V)A(x2 yp)08 B A2 T £ () fo(y2)dy1dy,

Keeping in mind the overall appropriate symmetrization of each group
of arguments in S, and the fact that for us the parity of a function valued fps
is always given by the total number of fermi arguments, we are lead to define,
for kernel functions with appropriate symmetry and parity, the fps operator
tensor product, @, by

(A, i, @ (Ai s, = Py iAoy 1i(AL), 071022
If we now recall Remark 2 following Theorem III.11, we see that at 0,
SR;; = SR;, ;,SR;_; ¢/*(-*2) (3.37¢)

= ($R)i, ;. @ (SR)i_;_

or (keeping in mind the survival of only one term in (3.37 a)) at O,

SR;; = Z Z C,)C.;)@R)i'j'@ (SR)i-ir,j-j (3.374d)

i'eM j'eM
i'<i j'<j

Letgs(Snm),,,mei=1®SonC®$,and§=1+§.

Following § 3 of III we rewrite (3.37) in matrix form so as to represent S
as a « tensor » product of S and S. If = denotes the map from ¥, ® £

to % which simply extends each function using the appropriate symmetry
it is natural to define, for é:gi o P,

A xé:m}@én'l.

The relationship between the kernels of A, A and A x Ais

(é X é)mn = z (;:t)ém’n’ @ ém—m',n—n" (338)

Hence we may rewrite (3.37) as

S=(SF ' xSF™)F at 0 (3.39)
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where F is the operator on % (or %) with F;; = i!J;;. Consequently

STt=F {FS™! x F§7) (3.40 @)
= 2 §r;’,1n’ @ Sr;lm’,n—n' (340b)

by (3.38). However since the projections that restrict S to S™® do not
commute with taking either tensor products or inverses (3.40) is of little
value. But for certain M’s we do have a decomposition formula analogous
to (3.15) of IIL

DEerINITION I11.12. — M < ./ is said to be decomposable if there is
a (finite) strictly increasing sequence M, ..., My of subsets of M with
My = @ and My =M ssuch that fori=1,...,N,

meM;\M;_; = Cym)={mel|m+meM}=My_;.

(So if meM; and m’ e M; withi + i’ < N, then m + m’ e M.)
For example, M = { me #| |m| < N} is decomposable with

M;={med||m|<i}.
Lemma III.13. — a) At 0,
STT=F'FxFE "' x5 (3.41a)
b) If M is decomposable, then, at 0

N N-2
SM—I — F—I(F X F) Z(§M,)—l X (SMN_I)—I _Z(Srﬁ,)—l % (§MN_,_1)—1:|
T1=0 =1

(3.41b)

Here, by another of our many abuses of notation we view (S¥)~* as
being defined to be zero off M = P, #™ (or C when i = 0).

Proof. — Part a) has already been proven. To prove part b) we compute
that the product of SM times the right hand side of (3.43 b) is P™. Let
T, = (SM)~ 1. By (3.39) and our condition on M this product is

N N-2
[PM(S x SYF ™! x F~)FPM]F~'(F x F) ZT X Tn-i— Z Tix T]
Ti=0 i=1 '

N .
= PM' ZS_IiXSIN_i - ESIistN_i—l}
L4 i= 1
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The proof now continues as in Theorem III.4 of III using the fact that
STi=P“+E
PYE =PUS ST =0.  m

As we remarked after Definition III.12, any M defined by an upper
bound on the « particle number » | m| is decomposable. More generally,
so is any « triangular » M, where

with

DeriNITION 111.14. — M is said to be triangular if there exist positive
numbers a;, a,, and a, such that

M= {Med|am=am; + aym, < ao }
Remark. — There are precisely two gapless subsets of { m | m; + m, <2}
that fail to be triangular, namely { £, b,fb} and { f, b, ff, bb }, and these

are precisely the two gapless second order M’s with anomalously poor
irreducibility properties. (See the end of § I and beginning of § IV.)

Lemma II1.15. — If M is triangular, then M is decomposable.
Proof. — For pe [0,ay] define
M(p) = {me M |lam<p}.
Clearly M(p) increases with pu, M(0) = ¢ and M(ay) = M. Let
U1 < My < ... < pu, be the points of increase of M(u) and set

D(p;) = M(p;)M(p;-). It is obvious that the complements Cy(m) decrease
with g in the sense that

meD(p;), m' eD(py), j<j = Culm) > Cy(m).
“Let 4; < 4; < ... < Ay-; be those y;’s for which the inclusion above is
proper if j < j' and let Ay = ay. We then define My = @,
M; = M(4) and D; = M;\M;_,
fori=1,...,N.
It remains to show that for k =1,...,N
meDk - CM(m) = MN'—k'
Since there are exactly N distinct Cy’s and M;’s (0 < i < N — 1) it suffices
to show that for any me M
Cu(m) = M; for some i, 0<i<N-1.

Since Cy(m) & M this amounts to the claim that if ne D; is in Cy(m) and
n' €D, for some i’ <ithen n’eCy(m) too. If i/ <i i it is obvious that n’e Cy(m)
because nya; + mya, < npa; + nyay.
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Ifi' =i
ne Cym) = me Cy(n)
= me Cy(n’) = Cy(n) by construction
= n’' e Cy(m). '

The properties of ,I™ and ,,I'™ established so far will suffice for our
r — pl results with |r| < 2. For higher irreducibility properties we shall
need to study ,~I'™ for N > 2 but since the majority of our results involve
just|r| < 2werelegate the study of higher order derivatives to the Appendix.

We now turn to the calculation of t-derivatives. Formal differentiation of
the (unrenormalized) expression

1 -
U{J}+V—=(¢C
Z{J}=<€U(J}>=const.fe U

‘¢+wc;‘w;5¢6l//’

0 -So

with C, = C and C,=<S 0
0

), yields for i = b or f

d 1. . ,
EZ{J} ——2-Ci_1[<q)2'eUU}>_<(D21><eU{J}>]
— %Cl—l <q)2i; eU{J}> (3.42)

where d
Ci—lE —C,_Id—tlclcl—l
is formally the derivative with respect to t; of C;* (but in fact must be
interpreted as a quadratic form).
Of course, for Y5, in order to make sense of (1.3) in the absence of cutoffs,
it is necessary to renormalize V with counterterms that depend on ¢.

Sm(t,
View = Vialt) = V + J olt, )p(x)dx + J " ; Y. 42 - (0.
The t-dependence of V leads to additional terms in our derivative formula.
d 1. 0 '
_zren J} = __Ci_1 o — ren 5 utn .
i {J} < 7 () 6t,~V e > (3.43)

This result will be derived rigorously for a suitable cutoff version of (2.13)
in a separate paper. But alas, the individual terms on the right diverge as
the cutoffs are removed. In fact, to write down a well defined expression for
the t-derivatives in terms of uncutoff quantities requires a rearrangement of
terms which destroys the locality properties and so is less suitable for
proving irreducibility results. Thus all of our irreducibility results are
proved first with cutoffs in place and then carried to the limit. For this
approach to work we must of course introduce the cutoffs in such a way
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as not to interfere with the decoupling properties that we aim to establish.
We may, for example, cutoff the fermion covariance through the intro-
duction of a small second order derivative )

S(1) = (—eA =V + m,) L. (3.44)

The cutoff covariance with Dirichlet boundary conditions on g, S 0),
and interpolating covariances S,(t) are then defined in the usual way.
S.(0) is the inverse of the Friedrichs extension of

(— eA — ¥ + m;)| C2(R%\g) x C2 x C¥21

It is a simple exercise in abstract nonsense to verify that S,(0) is indeed a
bounded everywhere defined (on L?) operator that decouples across o.

In the course of the rigorous argument it will be apparent that what
really occurs where we have written C; ! is the quadratic form defined by

: d
CileNfg) = — <C,(t)_1f, 5 G ‘g>. (3.45)

Our previous warnings [/]-[2] about the singular nature of C,’ 1 apply
equally well to S; !, In particular, although S; '(f, g) is equal to zero if
either for g isin C2(R%\¢) x C? x C“?!(and so is zero on a dense domain),
it is also defined, and not identically zero (see e. g. Remark (2), p. 168 of I)
on 2(S,(0)* 1 x D(S,0)™ ).

(This despite the fact that the quadratic form closures of S(t)™' are

1 1

all defined and independent of £ on 9(Cy(0) 2) x Q(C,,(O)_E) which includes
D(SL0* 1) x 2(S,0)~1)!). We shall not in the rest of this paper indicate
the presence of cutoffs explicitly in our formulas. We shall also drop the

d
extra — V,,, terms so recently introduced, remarking only that their
locality renders them harmless in so far as our irreducibility arguments are
concerned.
We now apply (3.42) to compute derivatives of G and I'.

THEOREM 1I1.16 (t-derivatives).— Fori = borf(and ~ i = for bresp.)
we have

1.
a) 0,G = — Eci_l [Gyy, + G1.Gy, 0]
1.
1.
b) a’irM { A }= - ‘i Cl_ ! [GJiJ,' + GJiGJi ]g)(A} +(at|‘ASI)AmrM { A }

1.
= =5 G '[Aut AT +2APA ]+ O Ama T { A} (if iie M)
(3.46b)
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1.
C) 5,,.A?,, = — ECi_l[Sﬁ’m { 0 } + 2Si,m { 0 } A?]

— [5:S(0)]n (3.46 ¢)

d) Furthermore, if M is gapless and if meM = m+i—(~i)eM,
then for me M and A supported away from ¢ with PjA = 0 we find that

1.
0, Amli=oPo = — ECf‘Su,m{JM{A}}POh:o (3.464)

Remarks 1. — In fact A? = 0 for all ¢ if i, is odd (and also if i, is odd for
psY, by Furry’s Theorem).

9 The condition meM = m + i — (~ i)eM in (d) requires that M
be a union of sets of the form { me 4 | |m| < B, m~; < o }.

Proof. — a) From (3.42)
1 1.
6t,»G = EétiZ = — EC;I[GJH li')
and by Lemma III.5,
[GJii Ig) = [GJiJi =+ GJiGJ‘- I(J)
= [(Ag + A%) + (A + AQ?] — [A% + (A??] if iieM

b) Follows directly by combining part (a) with (3.27)
‘¢) From part a) we have

1.
0,A% = — Eci_l[GJiJi + GJiGJi]J'I“ l1=0-

1.
== Eci_l lexp(G{f+ g} —G{g})]rgnlr=e=0

1.
= - EC{‘[Sp{f,g}eG‘f}]ﬂigm |f=g=1=o (by (3.28))

1., 2i
= —5 i j SZi—j,mZle.l:O

M3 2i
1

- —EC;I[SZ,.,M{O} + 28 {0} A?].

d) It follows from c) and (3.37) that, at 0

1.
0, ApPy = — 5 Ci'PS2im {0} Py

1 -, .
== EC-' " sign 78, m, {0} Si_m {0} (3.47)

where = is the permutation which reorders the fermion arguments of im ,.im —
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to 2im. (Here we are letting m, and m,. denote the actual sets of arguments
as well as the numbers thereof.)
Now if M is gapless and includes i + m then both of S;,,,, { I} are
+

polynomials in G, { M} = A, + A? (keM). So if we restrict to argu-
ments A with PobA = 0 and supported away from o, then we find by virtue
of the discussion following (3.45) that C; 'A, = 0, so

1. 1.
- EC;1+S_i+m+ {JM{A}}§i—m— {JM{A}} = - Eci_l§i+m+ {0}§i_m_ {0}

Finally, we check that i + m, € M. Since m.. are both nonempty both are
strictly less than m. So either my <m —i or my <m — (~ i) and so
i + my is less than or equal to either m or m + i — (~ i). But then our
assumption on M forces i + m. ¢ M and we are done. [ ]

§ IV. IRREDUCIBILITY OF ™

We now study the irreducibility properties of first order and second order
gapless Legendre transforms I'™. By n'® order we mean that max |m| = n.
€]

( « Gapless » is defined in Def. III. 5). The irreducibility properties we shall
prove fall into two categories. The first consists of general irreducibility
statements

0Ty ~ 0 (4.1)

that apply to the generating functional T™. The second consists of special
irreducibility statements about specific moments of T (evaluated atA =0)
of the form,

»I™M{0,t} is B-irreducible between x and y

where X=(X1 s Xm) V= (V15 -+ > V) s 4.2
M n
xer { 05 t } = <1_[ 5Auj(xf)><ﬂ 6Avk(yk)>rM { A, t } |A=O ’
and i=1 k=1
DEerINITION IV.1. — A function y(x, y; t) is r-irreducible between the

variables x and y (r—1I between x and y) if
0 y(x,y;00=0 forall r<r

whenever x and y are separated by o.

These special irreducibility properties arise from the fermion symmetry
« every graph must have an even number of external fermion lines ».

One might expect that (4.1) applies whenever « € M. If so one should
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reread the part of §I dealing with the Gaussian model. On the basis of
the Gaussian model one expects that (4.1) holds for all x e M whenever M
is triangular and only for |«| =1 when M is not triangular (i. e. if
M = {f, b, ff, bb} or { f, b, fb}). However the Gaussian model does not
take into account the above-stated fermion symmetry. This symmetry
is responsible for the applicability of (4.1) in the following cases:

i) M= {f,b,fb} and oa=fb
i)y M={b} and a=f,fb
iii) M = { b, bb } and a=ffb,fbb.

We shall see that (4.1) holds in case (i) because P,A° = 0 for all ¢. In
the latter two cases M is purely bosonic so that no graph from I' can have
external fermion lines. Consequently the number of internal lines cut in
disconnecting such a graph must be even.

THEOREM IV.2 (Irreducibility of T™M). — Let M be first order or second
order and gapless. Then

aer IO ~ O
for the set of o’s listed below.

Case M Allowed o’s Remarks
a) | {f} M
by | { b} Mu {ffb} fermion symmetry increases irreducibility
o | {fb} M

d |{f 1} M

e) |[{fbff} M

) {{ b bb} | MU {f,fb, fbb} |fermion symmetry increases irreducibility
g) [{fb, bb} | M
hy | {f,b, fb} M M non-triangular but fermion symmetry helps
) [ {fbfhrb} M

N {{fb fbbb} M
ky | {fibff, bb} |M\{ff bb} M non-triangular
) | {fbffifbbb} M

Remark. — A nonzero multiple of C(x;, x2)C (X3, x4)Cp(X1, x3)Cp(x2, x4)

. ' . ) )
occurs in the perturbation theory expansion of (ﬂ ™{0} for
5Af(xi)
i=1

M = { £, b, ff, bb } so the restriction o # bb, Jffisindeed necessary for this M.
Proof. — The tools we will be using here are similar to those we used in
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the case of a single scalar field [/]-[4]. Before getting into the details of
the proof we present a brief résumé of our principal tools.

RESUME. — Our goal is to prove the connectedness of various t-deri-
vatives of I'. The t-derivatives are evaluated by (possibly repeated) appli-
cation of

1. ™
(3,'.FM = — 5 C:,_1 [GJiJi + GJ:‘GJi ]g) A + (at‘.A,(,),)AmFM (4.3)

with i = f, b. (See Theorem III.16). There are three main tools used in
handling J-derivatives of G. Firstly the connectedness (2.18) of G implies
that for a product of J-derivatives each localized on one side of ¢

o
H(Pi 6_J>G lmeay ~ 0. 4.4)

' o ) 5 b
In fact we have equality in (4.4) if both P, 5 and P_ 5 appear in the

left-hand side. Secondly, since C;'(t;) and C; '(t;)* are independent of ¢
when applied to functions supported away from o,

SCT Gy [37) = (Gy I18™)C 1 f = 0 .5

for all f whenever me M and A,, € A,. Thirdly when M is purely bosonic
(cases (b) and (f))

<G| l—é—>(JM{A}) =0 if < E ik> is odd . 4.6)
5Jik f
k

k

The reason for this is that JM{ A} is purely bosonic so that no matter
how many additional derivatives are applied to the left-hand side of (4.6)
every term must contain a moment of G having odd fermion number.
Hence every moment of the left-hand side of (4.6) is zero when evaluated
atA=0.

There are three principal tools used in handling A-derivatives of T'™.
Just as for G the connectedness of ™ (see remarks following Defini-
tion II1.4) implies that

e 5
np, —™~o0. 4.7
(. 2) w

Consequently we may insert projections P,:
AFM ~ POAFM (4 8 a)'
aal™ ~ (Po ® (I-Pp) + I—Po) ® Py + Py ® Po)aal™.  (4.8D)
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Secondly the conjugate relation (Theorem III.7) expresses AI'M as a « linear
combination » of J’s so that

PoaTM=0  atzero. 4.9)

Thirdly the Jacobian relation (Lemma II1.9) is used to express anl™
(in Theorem III.11) and aaI™ (in the Appendix, see (A.8)) in terms
of G {JM{A}} via the matrix S; of Definition III.8. It is also used

0 .
to express 5—A—G,n {IM{A}}interms of S via

m

8
— Gp{IMIAYY=SM'S ... 4.10
5o Cr (A} 4.10)

First order derivatives. Let ie { f, b} and consider the formula (4.3)
for 3, T™. We always have

Gy ld ™ ~0 (by (4.4))
(P+ ® P, + P_®P_)[G,G;J0 ¥ ~ 0 (by (2.8))
Pia M~ 0 (by (4.7)
and
Pos TM ~ 0 (by (4.9))
Consequently

8,TY ~ P.G, {M{A}} Ci'P-Gy, {M{A}}
~ PGy [MNC P _Gy [N

If i e M this is zero for all A € A, by (4.5). The case i ¢ M occurs on}dy when
i =fand M is purely bosonic (cases b) and f)). But then Gy, |5 ¥ =0
by (4.6).

Second order derivatives. The general second order derivative of I™ is
1 . M
a‘ja!ier - E(atici_l)[GliJi + GJiGJi](J) i

1. "
- EC!_ latj[GJiJi + GJiGJi]g) “
+ (01,0, Am)a ™ (4.11)
o 1-_
+ (5uA21) m [Gy,5; + G3,Gyy] |JM{A)<— Ecj 1)
+ (0, A)0,AN) ALY

for any i, je { £, b}.
We first consider those cases for which we can choose 2ie M (namely
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all cases except « =fb, M = {b} or {f,b,fb}). Then by (4.5), (4.11)
simplifies to

a,ja,il“ ) ™
A ) [GJJJ, + G, G,,]IJM{A,<—_§C )

= (0,0
(@
+ (0, AN )( tJAO)A,,,A"FM 4.12)
(
+(

+

5
~ (PoduAR) 54 G,J,J{JM{A}}<——C )
Pod, A%)(Pod, A%)a,a, M.

To get rid of the G;,G;, term we have observed that either je M or (in the
case i=b, j=f, M= {b,bb}) G;,{JM{A}} =0 by fermion symmetry.

0 1.
Now (Py0,,A%) —— A, Gy, {M{A}} <— 7€ oy ) is independent of A and

hence OCI unless 2j¢ M. This happens only when i # j and M={f, b,
fb,2i} or M = {b,bb}. Then if i denotes b(f) when i = f(b)

(POa"Ag)%GEE{JM{A}}<—%C;l) |
(=e 1>S(2“'"““{A}}Po>sr%f‘{JM{A}}smla-n{JM{A}}<‘§c’>:‘>

(by Theorem III.16 c) and (4. 10))

1. 1.
= <— 3 Ci_1>POS(2i)(2_i) {M{A}} <‘ Ec_i_ 1> (since (2i) € M)

since PoS2i25 { M {A } } contains a factor G, {]M{A}} which is
inA,forM = { £, b, fb, 2i }and is zero for the purely bosonicM ={ b, bb }.
That leaves the second term in (4.12):

(Pod,, AR )(Pod:,A)a,a,TM
= <— %C,-“S(z,-)m {M{A}} )(_ o"Smn F {IM{ A} } Po)(0,,AD)

by Theorems III.11 and III. 16,
~0.

We now return to those cases for which it is not possible to choose i so
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that 2ie M, namely 0,,6,,T™ with M = {b} or { £, b,fb }. In both these
cases we have Py)A = 0 so that (4.11) leads to

1.
atfatbrM ~ = 5 Cl;_ latf(GJbe { JM { A } } )

# 0uAL) 5 (G (A Gy (a1 (= &)

1.
~ _Ecl;latf(GJbe{JM{A}}) ((by (45)’(46))

The 0,, may act either on the G,z or on the JM{ A }. In the former case
we get, by Theorem III.16 q)

1.
(0 Gp) {T" (A} }= =5 C7'[Gizp+2Gy, Gy, 53 +2GH 4, ]
~0. (by (4.4),(4.5), (4.6)

In the latter case we use

00,44 = (0,4 )+ (D) (M 0 )
to get

5
o (A = - (252 Jo, AN (M (A )
and hence "

Gu {M{A}} o, M {A}

= = G A (A} (. A (1A}

—(ng{JM{A}}%)(at,Aa‘){JM{A}}

P
— — (55 G M A} A (1M A)) by (2.26)
= — o"SM 'S, (0, AY) {TM{A }} ' (by (4.10), (4.13))
Now
(0, AY) {IM{A}} = — %c’:;l [Gy: + Gy,Gy, ] ;J [
1. e
= - ECF IGJ;Jnlé W (by (4.5),(4.6)

for any ne M. Hence Po(0,A}) {JM{A}} =0 and P.(0,AM) {M{A}}
depends only on P;A so that Gpym { M {A}} 0, J0 { A} ~ 0 too.
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Third order derivatives. There is only one third order derivative to consi-
der, 0{"?TM{ A } for M = { b, bb }. By (4.11).
RRTM{A} = (02A2)a,T™ + (0,A%)(0,,A%)a, 0, T™ + const.
and by (4.3) and the fact that G, { M{A}} =0
1 - M
a,er = ECf Gy, 1™+ (0, Ap)a,T™
so that

1
T = 61 2AT) T — 2 (AS) <1

oA, GJZ{JM{A}}CJ

+ (00, An)0t, AD)ana, T + 201 DAR) 0, AR )ama T
1 o 6

—= 5,bA,?)(6,bA )5A A, Gp {JM{A}}Cf
( AO)(é Ad)(o, AO)AmAnApl" + const.

b
~ — —(02A%) —
2( fo m)aA,,,

1
— 5 (CRANA) 5

Gy {(M{A}}C!

o 9
— Gp{M{A}}CS
5w 5 O (M (A} 7
+ (01, Am )01, AR (01, AD)Amana, TV -
We have used (4.8 a) and (4.9) to get rid of the ,, '™ term and (by Theo-
rem III.16 ¢))

1.
i, AppPo = — 3 Cr'Sprm {0} P

1.
= —EC]I(zG,fJb{O}G,f,b{O})

=0 4.14)
and

1.
0,bA,(,)P0 = - Ecb_lsbb,n{JM{A}}PO

to get rid of the 5, ., T™ and 4, '™ terms respectively. We now consider
each of the remaining terms in turn,

o
POKGJZ{JM{A}}_S Sm ffPO (by (4.10))
= PoSh 2G5, { M {A}} Gy, {IM{A}}
=0.
5 0 5
Gz MIAY) = M-ig

— M-IgM~ 1 M-!

- = Smm' Snn' Tn'm’kskm” Sm",ff
M-I1gM~!

+ Smm’ Snn’ Tn’,m’,ff
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by Lemma A.3. (Note that n is purely bosonic.) Suppose firstly that at

0 . . .
least one of —— and is not hit by a P,. We may assume without loss

o
0A,, 0A,
5;1 is hit by a P, . But then it follows from the defini-
tion (A.7(c)) of T that

P, 1@ ITymi = P, ®P, ® P, Tymr + P, ® P, ® POTn’m’k .

of generality that the

The P, ® P, @ P, term gives a cluster connected contribution to

o 0o
5A. 5A. ‘JM{A}} All contributions to —— 6A AL sz{JM{A}}from

P, ® P, ® Po term contain a factor of Gy j, { ™ {A}} (either in S, ,,

and —are
oA, O0A,,

hit by Py’s. Then by Theorem I11. 16 d) we obtain a cancellation of the « live »
factors SM.' and SM.’

or in T, v ;) and hence are zero. Suppose now that both

o6 0

2r M
5A 5A GJ J {A}}Cf

1
- 5(6,bA,‘,’Po)(a JAnPy) —

1 . . .
- g(Cb- IPO)(Cb— IPo)(— Tbb,bb,kSka”Sm", 75+ Top,ps, ff)cf_ !

If the CJ‘»‘ is hit with a P, we always get a factor of Gy, { M {A}} = 0.
If the C; ! is hit with a P, (. g) then P_A dependence may enter only
through Gy { M {A} } = Ay, + Adyall of whose A dependence is destroyed
by a C, . Hence

1 o 0
— A2 a AO ,{M
2(b )( )5A 5A GJ {J {A}}Cf
This leaves only
(0, ARNOw, AR)(O: A aaur, T
(atbAr?lPO)(atbAr?PO)[athg(1 —P, 0)]AmA,.Apr Mo (by (4.14)
1. . .
= Z(Cb— "Po)Cy lPo)[athg(l i 0)]5241( Tob, b0,k
~0

as in the Ty 45, discussion above. W

The remaining irreducibility properties we shall consider (cf. (4.2))
are motivated by the fact that in perturbation theory if no fermion line is
allowed to cross o (i.e. if t ;=0) then every graph must have an even number
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of external fermion lines in RZ and R%. We find it convenient to express
this fact in terms of the symmetry operators

(ExDn(X) = (= 1)"+J,(3) (4.15)

where m.,(m_) is the number of the m; fermion arguments x,,

ey X
that are in R4 (R%). ’

LeMMA IV.3. — Ift, =0
ZM{E.] } = ™M{]}
GM{E.J } = GM{J}
™{E.A} = ™{A}
Proof. —To get ZM{E.J } = ZM{J },and hence GM{ E,J } = GM{J}
we need only observe that, when ¢ =0,
CS(@ON=1)"4(xy) - .. Y(xm) > |
= const. Jdu(¢)f(¢) f(—l)"'*!ﬁ(xl) o Ylxp)eT VTS Y Gy

= {S(DW(xy) - .. Ylxm) >
because the fermion integral is zero if m, or m_ is odd.
From GM{E,J} =GM{J} we get
E.AM{E,J} =AM{J},
then
E.JM{E A} =IM{A} (byTheorem II.10)
and finally
TM{E,A} = GM{M{E,A}} - GY{JM({E,A}}.J{E.A}
=GYM{M{A}} - GY{M{A}} . M{A} =T"{A}
Remarks 1. — If we were being completely rigorous, even to the extent

of worrying about which spaces things lived in, A and J would live in diffe-
rent spaces each with its own projectors E ;.

2. It follows immediately from F{E A} =F{A} that

[l rmar= (Lo

m

o
and hence that <ﬂ E)F{O} is zero unless m, and m_ are even.

m,
m

3. The Yukawa model actually obeys a much stronger symmetry than
this. Any graph with no fermion lines crossing ¢ must have the same number
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of  _ (fermion) and y . (antifermion) external vertices in R4, . This symmetry
may be expressed in terms of the operators

(Ful)u(®) = 27+ 21,(%) (4.16)

where f (f.) is the number of fermion (antifermion) arguments in RY,.
We will not discuss, in this paper, the extra irreducibility that results from
this symmetry.

Consider a graph contributing to be perturbation theory expansion of

P, QP_ xyFM la=:=0 =55<” P+5A"j(x,)><l—[P—éAvk(yk)>rM la=t=0-

=1 k=1 4.17)

Define x, to be Z( 14;)s, the number of fermion arguments in x. Sup-
j=1

pose By + x; (B + yy) is odd. Then no matter where in R? we place its
vertices our graph must have strictly fewer than g, fermion propagators
crossing o. For otherwise the subgraph consisting of everything in R% (R%)
would have an odd number of external fermion lines. Hence if 0 T™ ~ 0
for all B’ obeying B; < f, and B, < B, we would expect (4.17) to be zero.
The intuition, combined with Theorem IV .2, suggests

THEOREM IV.4. — Let M be first order or second order and gapless.

a) If at least one of x, and y, is odd then the following hold.

i) For all M G} {0, ¢} and ,,T™ {0, ¢ } are cob-I between x and y
(i. e. m-1 for all m with m, = 0).
it) If fe M, then ,,TM{0, ¢} is 2fI between x and y.
iii) If {£,b,fb} =M, then ,T™{0,¢} is ffb-I between x and y.
b) If at least one of x, and y; is even then the following hold.
i) For all M, GM,{0,¢ } and ,,T™{0,t} are f-I between x and y.
ii) If be M, then ,,J™{0,¢} is fb-I between x and y.
iii) If { bbb} < M  { £;b,ff, bb }, then ,,T™ {0, } is fbb-I between
x and y.
iv) IF{ f,ff} = M # { £, b,ff, bb}, then ,,T™ {0, ¢ } is 3fI between
x and y.

Proof.— We may immediately dispense with a) i) thanks to Lemma IV . 3.
(Note that t, is not set to zero in Lemma IV.3.) Furthermore we need
not consider 8™ derivatives with m} < m, in our proofs of m-irreducibility
because these have all been taken care of in Theorem IV.2. We now consi-
der the remaining first, second and third order derivatives in turn.
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82 A. COOPER, J. FELDMAN AND L. ROSEN

First order derivatives (part b) i), b) ii))
1.
ath = — 5 CI_I[GJ; + GJfGJf](J)

~ — C;'Gy, {P,J}Gy, {P_T}

Now apply Lemma IV.3. From now on applying Lemma IV.3 (and in
particular remark 2 following it) will be referred to as fermion counting.

ater = - —Cf [G]Z + GJIGJf] ) + (athS,)AmrM{A}
~ = C7'Gy, {M{P,A}} G, {M{P_A}}.
Count fermions.
Second ordef derivatives (parts a)‘(ii), b) (ii), a) (iii) and b) (iii)).
Let je{b, f } with je M. Then from (4.11)
1.
@0, ~ = 3670, [0y (1M1A})]
1.
+ (6'fA'?'P°)5A—m[G’3' {M{A}} ]<— 5 G 1)
+ (0., AmPo)(0,,APp)a, A TV {A}.

We consider each of these terms in turn, starting with the last one. By
part b) (i) 8,fA,?,P0 is zero unless my = m_ = f and by parts a) i) and b) i)

0,AYP; =0 wunless n, =n_=j. 4.18)

Hence we need only count fermions in 5, T™{A}.
To get a nonzero answer from the second term (0, fA,?,PO) must be nonzero,
which implies m, =m_ =f which implies ff € M. Either j = fin which case

[G s {IM{A}}]is 1ndependent of A or j = b in which case we need
only count fermions i in —— [G 2 { M{A}}]

*%c;la,,.[cg{JM{A}}J

1. .
= ZCJ'_l[G-'f + GJJGJJ']J}{JM{A } } Cfl
. 1. n
+ nS,,M,,r-IS,,r - — C Gp 2
o yff{( 2 >[ Ly + G 5Jn
~ O-jCj_lGJJ.Jf{JM{P+A}}GJJ.Jf{JM{P_A}}Cf_I

1 N—1 nMl JM{A)'
*Z(Cj )o"Smm "SwrPo[Gy, Gy ]( P oS

IMA} .
} EC;I (as in (4.13))

C;!
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since j € M and P, commutes with S}  and S, /-, at zero. Because there must
be one J;in R% and one in R we may now count fermions. For example let

p4 (4%, pus) be the number of fermions in those of the H P.da, x, deri
j=1
» S\ [
vatives that are applied to Sy | Sx.;,Po, [G) G,J:|<P0 5Jn> )

Then to get a nonzero answer we must have all of n, . +n} , +ps,
nyy + 1+ p} and (j);,+ + ny 4 + pS even and hence

L+ (s + 08 +pb +u5 =140+ + ps

cven.

Third order derivatives (cases a) iii), b) iii), and b) iv)). We merely sketch
the argument. First we consider those cases involving only derivatives of
the form 07'*/T" with {i,j,2i} = M (possibly with i = j). (This covers
all but those cases of part (a) for which 2f ¢ M.) Iterating (4. 3) and throwing
out all those terms which either vanish for Ae .4, by virtue of a C!
hitting a factor of G;m { JM{A}} for meM (see (4.5)) or which are mani-
festly connected (such as (3/*2'Ap)a,, M) we find that for Ae A,

. 1 .. . o

Y = 2 EARNCTY) 5 G (M (A )
+ (3,2iA,9,P0)(5,jASPO)AmAnFM
+ 2(0i A Po)(0,, AR Py)a, 8, T™

1 . o o
S OARIOLARNC ) 5o o G, (A
. o 0
- (atzA'?'(l - PO))(atzA'(')PO)(CJ_ ) 5A : 5A GJJ Jj { JM { A}}

+ (0t1A'(’)')(attAg)(6’J Ag)AmAnAp FM

It turns out that, when the external (x and y) derivatives are applied and
the result evaluated at 0, all of these terms vanish for the relevant choices
of i, j and M. This involves essentially a case by case analysis with fermion
counting taking care of all cases not covered by the tools of Theorem IV .2.
We illustrate this by considering just the first term.

¥
5, T (Al

1 . ~ 1
- 5 (5,2'A,?,PO)(CJ_ )Sxm’ Sm',ZjPO

1 )
- 5(‘3:2 ‘AnPo)(C; 1) ——

If 2je M this is independent of A, so we may restrict to 2j¢ M. Now m
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is either 2b or 2f (by fermion counting applied to 62'A% on each side of o)
and the 2b case is okay by fermion counting. But if m = 2f'then, sinceme M,
wemusthave]—b The only such case is i = f, j = b, M = { f, b, fb, 2f }.
But then for m'eM, S, ,; {JM{A}} P, contains a factor of Aye.N,
which is annihilated by the C; .

For the cases of part (a) (1nvolving 2f + b derivatives) with 2f¢ M, we
get a different pattern of terms dropping out by virtue of (4. 5). In particular,
if we compute 02 *°T" by using (4. 11) for ¢/ *PT and then apply the second
?y,, using (4.3) when it hits a T" factor, we find after the usual reductions

O™ ~ — —(Cb 1o Gy, { M{A}}]
— (6/°ASP,)(C; ) [GJ,«J,« {M{A}}]

[y

6
5 0 [Gr, (1 (A )]

(6 ANCT )5A 0,,[Gy,s, {M{A}}]
( LALP) (02 A%P,)s, 0, T

S0 ARNCTY) 51

6o 0

5 A O (AT}

3 (a:,Ag(l —Po))(0,AnPo)(Cr 1Y) —
For the case M = { f, b, fb,2b } all of these terms can be handled along
the lines we have already discussed. But for the case M = { f, b, fb } the
first term (alone) requires a more subtle analysis: after expanding out
07,Gy, i it is necessary to effect cancellations between some of the resulting

terms in addition to invoking all of our standard tools including fermion
counting. The computation proceeds as in Theorem IV .2 to get

(-3 )o, G (" (A1) = @ NET NG (1 (A}

]. b (S M
—_— Z O'n(cl;-_ 1)<6A GJZ { JM { A } } >(Cf GJZJﬂ |J {A})

Applying the second J,, derivative then results in an expansion which
includes in particular the terms

%(Cb— )Cr N0, Gri) { M {A}}

and
1 )

A€ 5E oy (A} )N G 7).
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These can be shown by our standard techniques to give the same connected
contribution to 62/ *?, ™ (for x, y not both even) as

1. : .
F g (GG (Cr)Gx(Cy )

and so these contributions cancel. All other terms can be shown to give
zero contribution individually. p |

§ V. THE M-FIELD PROJECTORS
AND BETHE-SALPETER KERNELS

In this section we develop the relationship between the Legendre trans-
form '™ and the M-field projectors Py and Bethe-Salpeter kernels KM
in analogy to the results for boson models in I. One major difference for
fermion models is that the Euclidean expection { . > is not associated with
a positive measure and a related Hilbert space in which the Py’s are self-
adjoint operators. Nevertheless we can obtain sufficient algebraic structure
to define Py, K, etc., by equipping the formal vector space ¥~ of all poly-
nomials in the fields with the bilinear form

fg>=<sg>. (.1

Our manipulations on ¥ will be purely formal; for instance, we write,

for an element fe ¥, f= Z f o Pm)®™(V,)d ¥,y for suitable fémily of
me M

(distribution) kernels f,(y,,) (with only the appropriately symmetric parts

of f,, having a nonzero contribution). One way of attaching rigorous meaning

to such expressions is to identify each f'e ¥~ with its family of kernels ( f,,)me7

with f,, € &, (so that ¥~ might be thought of as a suitable completion

of #°= |_) #4in 2%

Me A
M finite

Even after restriction to kernels of appropriate symmetry, the bilinear
form (5.1) is still not positive definite or even symmetric. But writing
f=Pof + P,f where P, f(P, f) s the part of f of odd (even) fermion degree,
we have (since ( Py f > = 0) )

f,8>=(Pof,Pog ) + (P.f,Pg)
= - <P0gs P0f> + <Peg’ Pef> (52)

It follows from (5.2) that { f,g > = Oforallge ¥ ifand onlyif { g, f> =0
for all ge ¥". Hence it is natural to define the orthogonal complement of
a subspace % < ¥~ as

Ut ={geV|{f,gy=0 forall feu}.
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Throughout this section we assume that M is gapless (i.e. me M,
0<n<m= neM)and we let ¥ be the subspace of ¥~ generated by
{@®"(X,) |meM =M uU {0,0}}. The physically Wick ordered powers
are defined by

o e 6
:_WWJEO' (5.30
It is easy to see that for all m
:o™:) =0 (5.3b)
and
{d)’”gzcl)"‘+2cm,,(l>" (5.3¢0
ngm

with coefficients ¢,,, depending on the variables in mn. Hence : @™ : € ¥y
and {®"|meM } also generates ¥. Note that the matrix S, ,{J} of
Defin. II1.8 is related to the Wick powers by

o 0O
Smn{o}=eXp{G{f+g}—G{f}_G{g}}§f;Tgn
f=g=0
_< & e >—5_5
T\ ) ™)/ 0" 0g" |r=g-0
_< e(Pf _5_ ed)g i >
ey of™—0 (™) 08" lg-0
=" ) (5.4)

Since (., .) is not positive definite there is always the danger that
Ym0 Vi # {0} However as we are making the basic assumption that '™
exists, SM must be invertible (see (3.32)). It follows that there cannot be

a polynomial Z c,®" in ¥y which is orthogonal to all : ®™: me M.
neM

Hence ¥yn ¥y = {0}, {.,.) is non-degenerate, and the decompo-

sition f = fy + fut where fe¥", fu€¥w fut € ¥ must be unique (if

it exists). We now establish existence by showing that fy can be explicitly

given in terms of the Legendre transform as fy = Py f where:

DerINITION V.1. — For each fe ¥~ define

Puf=<f> - ZG"’E<D'"EA,,,A,.1"M{0}<E®"E,f> (5.5

P¢f= P{O,O}f = <f>
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THEOREM V.2. — a) The range of Py is ¥y
b) P2 = Py.
¢) CPufg>=<fPug).

Proof. — a), b) Since Py¥~ = ¥y it suffices to show that Py 1 ¥y is the
identity, i. e. that Py : @ = : @": forallr e M. The case r = (0, 0) is obvious
from (5.3 b). When r € M we have from (5.4) and the Jacobian relation (3.33)

PM(D' = - Z O.mE(DmEAmA,.FM{O}Snr{O}
m.,neM

_ o
¢) From the definition (5.5) with T, = 5,4, I™{0}

CPufgd =<Xf><¢g> - Z " O™ g T @ f)> (5.64)

m,neM

CLPug) =<(f><g) - E " [0 Tm (O™ g)  (5.6D)

m,neM
The equality of the two sums follows from the observation that T,,, satisfies
T =0 if  my; 4+ n,isodd (5.7a)
Tmn = UmnTnm = (_ l)mfnanm . (5 i b)

For suppose that f is of pure fermi degree d. Then n, and m, must have
the same parity as d and the sum in (5.6 b) equals

ARG DA QU

which agrees with the sum in (5.6 a) since ™ = ¢™. |

Properties a)-c) of Theorem V.2 ensure that both Pyfe ¥ and
(1—Py)f € ¥y thus giving our decomposition. By virtue of the uniqueness
of such a decomposition, these properties completely characterize Py.

LEMMA V.3, — If Q: 7 — ¥ satisfies
a) the range of Q is ¥y,

b Q* =Q,
o) <Qf,g>=<£Q¢>
then Q = Py.

Just as in the case of a single scalar field (see Theorem IV.1 of III) we
can characterize the matrix elements of (1 —Py) in terms of the partial
Legendre transforms I'™ viewed as a functional of { A,|xeM } and
{J;|i¢ M} (here we use the convention that Greek letters run over M
and Latin letters over M°).
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THEOREM V.4 —_— <q)i, (I—PM)q)k> = Fl}fjk{()} = Ji,krM{O}Vi. kéM.
When M = ¢ replace ™ by G.

Remark. — Since the conclusibns of Theorems IV.2 and IV .4 apply to
the partial Legendre transforms, we can read off the irreducibility properties
of ¢ ¢, (1 — P)¢* > from those theorems.

Proof. — The case M = ¢ is the well-known identity
GJiJk{ ¢} = <(Dt(I)k> - <(Dl><d)k>

So consider M # ¢. Since G, , {J{A}} = F,{ A°+A} is independent
of J;, we have T}, = G, Joy, + Gy, — Gy 1y, = Gy, and

M _
FJiJk - GJiJa;JaJk + GJiJk .

But 5
0=G, {J{A}} o= G,1.dn + Gu,
o) J —(z—z - [GM.]5'Gy;
5T S
and

| rl}elk { 0} = GJi-‘k - GJiJa[GM']a_‘/lGJ;Jk .
=0 ) — (D)D) — (O H[(ZE )] (Z gk
where X refers to the polynomial @' — { @' ». Hence it suffices to prove that
Py@ = (&) + T (T ) ]t (ZD* ). (5.9
Define Q®* to be the right hand side of (5.8). It is straightforward to verify
that Q obeys the hypotheses (a) and (b) of Lemma V. 3. As for hypothesis c)
we note that the matrix T,, = ( Z*X? ) satisfies (5.7), and hence by

Lemma V.5 below so does its inverse. Thus by the argument of Theo-
rem V.2 ¢) Q satisfies hypothesis ¢) of Lemma V.3 and thus Q = Py,. [ ]

LemMA V.5. — If { T,,,| m, ne M } is an ordinary (i. e. not Grassmann
algebra valued) invertible matrix/operator satisfying (5.7) then so is T~ 1.

Proof. — The condition (5.7 a) can be restated as T,,, = ¢™*"T,,, or as
T = oTo, where the matrix ¢ has elements g,,, = J,,,6™ Inverting we have
T '=0¢"'T '¢7! = gT !, as desired.

We now establish (5.7 b) for T~! by computing that the matrix

Upn = 6™(T ™),y
inverts T. By (5.7 b)
Umnan = o-mn(T—- l)mnanrrm .

But by (5.7 a) applied to T and T~ !, m and r must have the same fermion
parity and so ¢™*™ = 1. Hence U,,,T,, = T.i(T ™ Dpw = Orm- [ |
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We turn next to the construction of projectors P,, onto single powers ®™.
The natural definition of P,, given Py is

Pm = P[m] - P(m) (5.9)

where [m] and (m) consist of those n’s in ./ that are, respectively, « smaller
than or equal to » and « strictly smaller than » m. In fact we have a choice
in interpreting the notion « smaller » at this stage; it can refer to the natural
partial orderingon # (n <m < ny<mgyandn, <my;n<m <> n<m
and n # m) or to a total ordering by some « weight »:

DEFINITION V.6. — Let u, >0, p, > 0 with uz/p, irrational. Then n is less
than m in ordering by weight, denoted n < m, if ueny + ppby, < pemy + pymy
and n % m if ﬂf"["’ Hphp < Uugmy + Upmg.

Remarks 1. — We require u/p, irrational to prevent ties. Hence exactly
one of n <Smn=morn>m holds.

2. Ordering by weight is consistent with the natural partial ordering
and with addition (Le. n <mred = n+r<sm+ r).

3. Given any total ordering on .# consistent with the natural partial
ordering and addition and given any finite subset M of .# it can be shown
that there exists an ordering by weight that agrees with the given ordering
on M.

Since PyPy = PyPu = Py if N = M it follows that whichever definition
of [m] and (m) we choose P2 = P, and P, P, = 0 if n < m. However, while
P,®" = 0 if n < m, it is not the case that P,® = 0 if m < n. Moreover it
is not true as in the single field case that

Py = ZP,,, (5.10)

meM

for all gapless M. Of course (5.10) does hold (with the ordering by weight
definition) for any M of the form {ne .# |n <m }. To see that (5. 10) cannot

hold in general for all gapless M we note that the consistency condition’

Pyuogmm = Puopm + Puogy — Pu

is violated. For choose M= { '}, m=ff, n=b. Then none of Py g n®" =",
Pyogy®@"=@" or Py®"={ @") contains a ®™ contribution whereas
Puogm@" = @") — 1@™ i, , TMM{0} 07 0")
=@y + 10" GO
does.
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Explicit expressions for P,, can be given in terms of the Legendre transform.

THEOREM V.7. — a) Let P, = Py,; — P, where the sets [m] and (m)
are defined either in terms of the natural partial ordering on .# or by an
ordering by weight. Then

P,J = = 0"(1 = Pu)®"s,a, " {0} (" (1 = Py, 5. (5.11)
b) Define R,, = ( ®", P,,®@" >. Then
R,'= —0"sn {0} =™ {0})mm.
Proof. — a) By the definition (5.5) of Py,
Pof = (1 = Pgu)Ppf(l — Py f
= — (1 — Pyy) Z o' 1@ a T {0} ((1 = Pyy) 1075, £

i, jlm]
We obtain (5.11) by noting that (1 — Py)¥ ) = 0, @ € ¥, if ie(m)
and : @™ — D" eV .
b) By part a)
Ry = — 0™ (D", (1 — Pyu)®™ Dp, 0, T {0} (O™, (1 — Pp)@™ 3.
But (1 — P;,)®™ = P, @™ so that
R, = — 0"Rpp, 4, "™ {0} R,

and the theorem follows once we prove that R,, is invertible. Now

PO = (P — P @' = ZUU e
Jtil

where V; = 1and V;; = O unless j € [i]. Then letting all indices run over [m]

VikS;c';l]Vltj =P @ D P; g D
_ { R, if i=j=m
Lo if ie()) orjel)
V and V' are invertible by « triangularity » and S is invertible by the
hypothesis that I'™! exists. Hence the left side of (5.12) is invertible. It
follows that R,, is invertible. [ ]

We now consider the Bethe-Salpeter kernels. In any model involving
only one field, the « n to n Euclidean Bethe-Salpeter kernel », K™(x,, y,),
consists, in perturbation theory, of all graphs from the 2n-point Schwinger
function —S,,(x,, y,) that are connected and n-irreducible between the
clusters x, and y,.

(5.12)
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In models involving more than one field there is no one obvious desired
degree of cluster irreducibility. For example in a 2-fermion to 2-fermion
kernel one can imagine wanting 0, 1, 2 or even more boson irreducibility
in addition to.two fermion irreducibility. Hence there are many « m to m
Euclidean Bethe-Salpeter » kernels. However one would want any such
kernel to be connected and to be n-cluster irreducible for any n « smaller »
than or equal to m. The question is: what is the most general reasonable
definition of « smaller » ? As the following proofs show it is desirable to
~ define « small » in terms of a total ordering on .#. On the basis of Remark 3
after Defin. V.6 we shall determine such an ordering by a fixed ordering
by weight. Such a determination is physically reasonable; for example y,
and y, might be chosen as the (bare) fermi and boson masses.

As in the bosonic case (§ V of III) we can now define Bethe-Salpeter
kernels K™ inductively by

Km = (Snt Im| =1

K" = (St), .+ — Z n,'K? |m| =2 (5.13)

pe 9'2"
where

2™ = set of decompositions of m into summands from .# without regard
to order
={{my,...m}|ls=>, med,m + ... +m=m}
7 =2"\{{m}}
={{my,...m}|s=2 med, m+...+m=m}
K? = appropriate symmetrization of '@p K"

n, = ﬂ nyn)!

neP
n,(n) = number of times n occurs in p.
Remarks.
1. The induction is well-defined since nepe 97" = n <m.

2. The order of the factors in "@p K" is irrelevant since each K" must

contain the same number of outgoing fermion arguments as it does incoming
fermion arguments.

3. When J = 0 (as in the conventional definition of K™) K™ may be
expressed directly in terms of the Legendre transform as

K'”{0}=—AmAml"["']{0}—zn‘,‘lK"{O} (5.14)

) 24
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4. The subtractions in (5.13) have no effect on the cluster irreducibility
properties of K™: if K™ is n-irreducible for each n < m then K? is m-irre-
ducible. The role of the subtractions is to ensure connectedness (not just
cluster connectedness) of the K™s i. e. to eliminate « lower body scattering
processes ».

5. Different choices of ordering by weight (i. e. different p,/u’s) will
give different K™s. The principal differences will be in cluster irreducibility
properties that are not comparable in the natural partial ordering (see the
discussion after Theor. V.10).

THEOREM V.8. — K™ is connected. In other words K™ = 0 whenever
there are arguments on both sides of o.

Proof. — We use induction on m in the order given by our ordering by
weight. The result is trivial for the smallest m, which must be one of f or b,
thanks to the connectedness of S™. Assume the result for all n <m St

commutes with P, P_ and P, as do (by the induction hypotheses) all K?’s
with pe 27 So it suffices to prove that for any decomposition m; + m,
of m with m; # (0, 0)

™ x g™ | K™ = g™ x 7:2{(8['"]),,‘,,,% - z n;lK"} =0.
¥ = + =
pe@’z"
But there is precisely one term in the decomposition formula (3.41 b)

that can have m; + ’s and m, — ’s. Hence

m -1

- -1 -1

WXﬁW$=ﬂXWQ> mom X Sk, . (5.19)
1

By the induction hypothesis each nonzero factor in K? with p € 2% must have
arguments of pure sign. So fm‘ x n™n, 'K? is zero unless p = p; U p,
with p;e 2™,

™ ox ™ n, 'K?
% n

peDT
— ZLle X 7™ n; 1Ke

pegm™
st.p=pi1Vp2
withp; e 9™;

m m -1, —-1ywP; P2
=E‘XEZE n,, 'ny, K" © K
Pieom;
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) nyr)! .. .
<smce there are H L ways of assigning signs to the factors
1, (1) 1 np(r) !

of K” to get K™ © I_(“)

= (7™ x 2")($ha, " © Sha.) (by (5.13)
-1
= (E'"t X nm2)<m> (Stmad -t x Stmal ™) (5.16)
%N g

So (5.15) and (5.16) cancel precisely. ||

From (5.14) and the known irreducibility properties I'™ (Theorems IV .2
and IV.4) we can now read off the irreducibility properties of the second
order BS kernels K™(|m| = 2, J = 0). The second column in the following
table gives the (triangular) set [m] induced by a choice of ordering by weight
and the third column gives the allowed set of ¢-derivatives in the relation

0iPsK"™Pz |i=0 = 0

as authorized by Theorems IV.2 and IV .4 (referenced in columns 4 and 5)

TABLE V.9. Irreducibility of K™.

Case| m - [m] Allowed o’s Theor. IV.2 Theor. 1V .4
s {£11} mlo { fff} d) b) iv)
ii) {£b1} (mlo {1 /b} e) by ii), iv)
i) | (b, ffbfibb} | [m]u {fff,fbb} ) b) iii), iv)
iv) | bb {b,bb} [mlu{f,fb,fbb} f)
v) {fb,bb,fbb} | [mlu{fb} 2) b) i), iii)
vi) {£,b, 11, fb,bb} | 1mju { fff,fbb} 1) b) iii), iv)
- i) | fb | {fib S fb} [m]u{ ffb, oob } i) a) i), iii)
viii) {£,b,fb,bb} [m] o { ff, ffb, ob} )] a
ix) {f,b.ff,fb,bb} | [m]u {ffb,ob} 1) aj i), iii)

For an alternate and possibly more concrete description of the kernels K™
we next consider the « Bethe-Salpeter equations » they satisfy. These equa-
tions are simply Jacobian relations for partial Legendre transforms, as
we now explain. Given two gapless subsets M < M’ of .# we may regard
the transform T™ { AM'} as arising from first transforming G {J"'} to
™ { AM, JM\M} and then transforming the remaining J’s. (We adopt the
convention that unprimed (primed) indices belong to M (M’\M) and that
AM = {A,|meM}, etc) More precisely, define

A+ AL =Gy {I™} meM
TM{AM WM = G (M) — ZGJM.J,,, oo, (5.17)

meM
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94 A. COOPER, J. FELDMAN AND L. ROSEN

Note that AM and ™M are independent variables. As in the proof of Theo-
remV.4,S, =G, {M{AM}} = F, { AM + (AM)° } is independent of J,,.
so that

S = TN {AM MM = Gy (I} | ez g (5.18)

Now transform the sources J¥"™ to connected variables AM\M defined in
terms of the Schwinger variables SM':

AL+ A% =F, ' {S"}, meM\M. (5.19)
Here F~! is the inverse of the mapping F of (3.22); like F,,
F,'{SM} =S, + terms involving S,’s with n < m.

The definition (5. 19) of AM"M agrees with the direct definition in terms of G,
ie,
A { A% THM) 4 AQ, = G {JM{AM}, MM} (5.20)

and so by (5.17) and (5. 18) the iterated transform agrees with the direct one:

I:FM { AM, JM’\M} _ Z FJM" {AM, JM’\M } Jn':I

JM’\M = JM'\M{AM’\M}

n’eM’\M
=T {AM}.
The conjugate relations for the iterated transform are (by the usual cancel-
lation)
0 , 0
— ™ _ ™1, (5.21)
OA, oA,

Now suppose that no two different indices m’, n’ e M’\M are comparable
with respect to the partial ordering on .#, i. e. neither m’ < n’ or m’ > n'.
From (5.18) and (5.19) and the definition (3.22) of F we see that

Y {AM, MW LAMWMA Y = A, + A +terms involving A,’s with a <n’.

14
Hencea—l“l}fw = 0p» and so from (5.21)
" 5

Jpo=—
A,

™. (5.22)

Moreover, from (5.19) and (5.18),
A, + A = 6™, T™ + terms involving S,’s with n < m’.
Since S, with n e M is independent of J,. we conclude that

0
o)y

— m’ M
A, = O'J,.,Jm,r .
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Evaluating at A = J = 0 we obtain from Theorem V.4
O A, = EM om (5.23)
<7 B = B0 .
oty
where
EYp =< @", (1 = By)@™ )

is the « M-truncated expectation between @ and ®™.
From (5.22), (5.23) and the Jacobian relation

o o
T A 4 oA Jn’ = 5m’ n’
<5Jm’ " ><5Ar > ’

we arrive at the following result:

THEOREM V.10. — Suppose that M = M’ are two gapless subsets of .#
such that no two indices in M"\M are comparable (with respect to the partial
ordering on .#). Then

EM, 0 A a, TV {0} = — S (5.24)
where m’, n’, r' e M'\M.

Equations (5.24) constitute the Bethe-Salpeter equations. Consider for
example the ff kernel of case ii) in Table V.9 which we denote by KM,
where M’ = [m] = { f, b, ff }. For i = for b, Sl is diagonal at A =J = 0
whatever [i] is, and so

Ki=G;} i=f or b. (5.25)
Hence by (5.14)
KM = — A, ™ — % Gy, ® Gy3,
Taking M = { f, b } and letting Eq = 2G;,;, ® Gj,;, we can write (5.24) as
KM = (EM)~! = E;! (5.26 a)
(as operators on the two-fermion space), or as
EM = E, — E;KMEM. (5.26 b)

The BS equation (5.26 b) has a simple interpretation in perturbation theory
which is best seen by writing it in amputated form. With EM,, = Eq 'EME; !
the equation becomes

EZ}np = E(;l - KM'EOES\Amp (526 C)

All graphs contributing to E}l, ) have at least two lines (f or b) joining the

left and right ff clusters. The first term on the right of (5.26 c) consists

of the disconnected graphs contributing to E},,. The second term consists
of the connected graphs in E}  visualized in factored form as follows.

amp

Either the graph can be channel-disconnected by cutting two f lines or not.
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If not, it is a graph in —KM'. If so, consider the first place starting from the
left where it can be channel disconnected by cutting two f lines. Such a

graph will have the form
Yo

where—@— (i =1,2) is a graph contributing to Gy, @ is a graph
contributing to — KM, and a graph with only M-irreducibility which

contributes to E} . Summing up all these graphs gives — KME,EM, (the

2f-channel irreducible graphs are captured by the singular contribution
Eq! to EM)).

Consider next case iii) in Table V.9 where m = ffand M’ = [m]={ f, b,
ff, bf, bb }. Choosing M = M’\{m} = { f,b, bf, bb } we obtain an equa-
tion of exactly the same form as (5.26) except that now the M-trucated
expectation EM enjoys more irreducibility (since bf, bbe M) as does KM
The interpretation in perturbation theory is exactly the same with the
factorization KMEoEN,, displaying the place at which a contributing
graph may be channel-disconnected by cutting two f lines (no graph can
be disconnected by cutting two b lines or one b and one f line).

In this second example there are other possibilities for, M such as
M = { £, b }. With this choice M"\M = { ff, fb, bb } and (5.24) yields a set
of coupled BS equations for kernels

Kl}i},ff == AffAfer’ {0} - E(;,}f
Kg{,bb = - AbbAbbFM, { 0} - E(;J}b
Kgll?l,ff = - AbbAffFM, { 0} = Kl}i}’bb
and
thdl;,fb == AfbAjbrM, {0} - E(;.}b

Where EO,ff = 2GJfJfGJfJf’ Eo’bb=2G,beG,be and Eo’szGJf]ijbe. In
matrix from (5.24) becomes (the O entries result from fermion symmetry)

EYrrr Elfrm 0
E%,ff Erg}),bb 0
0 0 —Ef s
KYrrr+Eofs Kim 0
Kbbsr K3 55 +Eo i 0 =1I.
0 0 K% r5+Eo fo
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The fb, fb entry decouples from the others to give a BS equation of the
form (5.26) whereas the other kernels satisfying the coupled BS equations

M — M M M’ M

EY, ;r=Eo s —Eo,r/KYs r/Efr.rr—Eo,rsKy s eEbb s 1
M _ M’ M M’ M

EY 55 = —Eo,rr K} 50Ebb.00 —Eo,7sKsr. s s Ef b (5.27)
M M’ M M’

Ebb,bb = Eo,bb - EO,bbeb,ffEff,bb - EO,bbeb,bbEbNib,bb

These equations have an obvious interpretation in perturbation theory.
For example the second and third terms on the right of the first equation
display the connected graphs in EY, ;; which can be channel disconnected
by cutting two f and two b lines, respectively.

We remark that by developing tree graph expansions (€. g. for Gy,,..5, In
terms of vertex functions 4,,.., I'"/"") in analogy to the bosonic case (see I,
§ VI), it is possible to characterize the vertex functions as appropriate irre-
ducible parts of Gj* ;, . The analysis is complicated by the sign factors
arising from fermi statistics and by the occurrence of lines of two types,,
and so we choose to omit it.
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APPENDIX A :

HIGHER DERIVATIVES

In this appendix we develop and apply the tools needed to prove irreducibility results
involving more than two t-derivatives. Our main result deals with M’s determined by « total
power of the field ». In fact, if for Ne Z welet My = {me 4| |m| < N }and '™ = M~
then we have

THEOREM A.1. — For all re M, if N >|r|, then the generalized vertex functions
Ay, TN are r-CI for all i if | r| < 4, and provided || # 2 if [r| = 4.

The proof of this theorem is similar to that which we gave in IV for the case of a theory
with just one scalar boson field. In that case the proofs proceeded in three main steps:
first expanding t-derivatives of I" in terms of A-derivatives of I and t-derivatives of A°,
secondly using « tree graph expansions » to express the A-derivatives of I in terms of S™*’s
and connected Greens functions and the t-derivatives of A in terms of these and C""s,
and finally using the factorization properties of S and S™! to obtain expressions in which
the applied C~ Vs could be seen to « kill » the « live » (i. e. A-dependent) part on at least
one side of the hyperplane o. In fact, in the present situation, for M of the form My, the
decomposition property (3.17) and derivative formulae of Theorem III. 16, are so closely
analogous to the corresponding results of IV that we shall not follow through all of the
argument in detail. The only new point on which we might need to elaborate is the control
of ¢ factors. For N < 3 this is of little significance as the terms arising in our expansion
of 0/T are all controlled individually and an overall ¢ factor does not affect connectedness.
But for N=4 our argument involved a partial cancellation between (A%)2T' , and (A%*Txann.
It is therefore important to keep track of the o factors that are associated with the various
terms in our « tree-graph » expansions.

We first recall the previously stated results for n=1 and 2, namely (3.24)

WA} = - Z(’f)non-i{éué}ww A1)
1

and (3.32)
m+n
ARARIM = e,,M+,,,< >ARFM ~ [R(.SM- M)~ 'R] (A.2)
n
Note that we prefer to work with the ¢ factors of (3.32) suppressed by an appropriatc

rearrangement of arguments as in (3.32’). Also we shall augment the notation of (3.32")
by defining (in the obvious way) operators ..S with matrix elements

nms= [["gmy rf:g:o, etc.

To compute Ar,r,=rI™ we start by iterating (A.2) to get
P y g

i+ k
arapapl™ = ap(apapI™) = {(l : ) M — jIRSM{ ™ }“le}
AR A

! J /AR,
j+k i+j+k _ MM -1
= . . FM—E[RSM{JM} lR]Hk - ,IRS {J } Rk
j i A
i+j+k Jj+k M TM1-1
= I"M—,-[RSM{JM}-“R]”,‘ - ,-[RS {IM}7IR],
ia ja k A”.H( .’ k Alii
(A.3)
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Next, motivated by the « tree-graph » expansions of 111 we extract « external » S™! fac-
tors by means of the following two lemmas (analogous to Theorem I11.7 a), and Lemma III.6
in III).

LeEMMA A.2. — If M is gapless, then

i[R.s.M“le.+..‘+,-n<J.‘+ v +1."> (RSO U) (Ada)
Jis - In
with

i ?g:(_"};,"%)

J—
iy
=ity

Remarks 1.—Here the left hand side is interpreted as the kernel of the operator asin (3.32),
and as usual we include arguments in subscripts with j = j; + ... + j, representing the
J-tuple consisting of j; up to j, listed in the order written in the sum.

2. The « tensor product » @ on the right is the fps operator tensor product introduced
in (3.37).

3. The sign factor in each term in U is exactly that required to reorder the arguments
from their positions as occurring on the right side of (A.4 b) to the ordering on the left side.

4. Aside from the R’s in (A.4 a) and o¢’s in (A.4 b) and the distinction between left and
right derivatives in the definitions of .S. and ..S, this Lemma is of exactly the same form
as the result used to prove Theorem I11.7 a) of IIL

Proof. — Following our convention of regarding the variables X,, as included in a sub-
script m, and in particular considering variables corresponding to a sum as occurring
in the order in which the sum is written (so that f, 4, =fim+a(Xm» Va)) We have

M-1 M-1 [lgnjl mz<ljm]
F 5 PR R PN
M-1 [lgxi;mziljm]

= i['S' ]i'1+-'~+i;,6i',jl ce 6,-:‘1'"0' ) [i
= i[-sy_l]i’l+..4+i;(i'lsj’ljl’ ['Sy_l]jl) s (i;_sj; [-Sy_l]jn)o' -

ST Ty, [SM T ] g [SM TP Z Ovi+ iy yS - S
sij =i

[,}::1 ir( 2 'jm)*' ;m;+ gum‘;)( Z(:l(i;n +i)+ ),:j;]

i ):'fm]

1

[
M-1
ST ¢ £ C 1))i'+j"+”.+j;Pi' z Sirsig+oininiyS - i .S
2i;=i’
[Za(Z im)+>:ij;+§ux+j',>( 2l(i;"+f;,,))+2i§+i'Zl‘.(in+i;)+ 2,3’7( Zl(im*'i;,.))]
1=1 m<1 1 mg 1 m>
g

Here in the last step we have used the fact that

@) , \;i; ):,umw;,.)
. 1@ M- m<
kerjo+..+,, [.s¥ 15+ sin = al-S ]j;"

=0

Vol. 43, n° 1-1985.



100 A. COOPER, J. FELDMAN AND L. ROSEN

But now, since

S0 St ol Te )

=1 m<l

z]l + i Z(]t +]1) + Z]l Z(Jm +Jm) Z <Z}m> (mOd CVCHS)
we find that

S P TN | K L] ROREYY)
with

Zi( X i)
— m<l
i jend, — WE Ly 2 et 1S - ~i;'j;lsa

But for each term in this sum, the j’ integrals yield factors of d; ;;. So for any function
SfUts - > Jn) we have

i['sy_l]jn+...j1f(jl, .. ’jn)

}:i;(z i
= 8™ @("+1) Z DACCTNG A2 bt S wiSe " )

" M;

1 l

TE .
In particular, with f(jy, ..., Jj,) = (h J > we get

J1s  + s ]n
- Git e i
(LM ]<: _>=.~,,-1,...,,<n([.s.“ 1@+ -U)
1 s Jn
with

i’ [z (2 i)
o fypniy, — U = Po Z ( ,,)5i',.<;+,‘.+.»;<n,~,,~,S>a =)

| VP 14

$ o =1

Since R(j, + ... +j1) = (R;, + ... + R;), the statement of the Lemma now follows
immediately. [ ]

At this point we find it useful to introduce some graphical notation for our various
functions and integrals. In particular, we follow the usual procedure of representing the’
variables associated to a function by lines (or « legs » ) emanating from a location (or « ver-
tex ») that is labelled by a symbol representing the function itself. For m € .4, lines corres-
ponding to variables x,, will terminate at a label m in the name of the function, and if there
is no such label then it is considered to be part of the variable. In that case m will run over .#
for a smooth line and over .# for a wiggly line. (The legs associated to a function’s variables
will generally project downwards from the function name on either the left or right but
will do so consistently for a given function. The choice of sides has not been formalized
and is made according to the taste of the authors. In particular, for example, for a (left
or right) functional derivative of a fps, the corresponding variables will (usually) be on the
same side of the fps name, and kernels of integral operators will often be split with
« incoming » variables on the right and « outgoing » on the left.) As usual, sums and inte-
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grals of products will be indicated by joining legs that correspond to the same integration
variable and removing the label. (So, for example

[AF](x) = JA(x, y)f(y)dy may be written as /A\_/ f)

x

Because of the anticommuting fermi calculus we do not feel free to arbitrarily rearrange
the positions of vertices in a graph, and in fact will always arrange the vertices in a line
in the order in which the product is to be taken and will terminate the unintegrated (« exter-
nal ») lines in a row below in the order in which we wish them to be considered as argu-
ments of the product. This process may involve crossing of lines. The presence of a _dot
on such a crossing of lines representing variables x; and 3; will serve to indicate a factor

of ¢'. So, for example, for the @ tensor product we have

ker(a @B) = ker A ker B
y/4 AN /—_____\:/v——“\
(.e. ker (A@B)\\ = /ker A ker B)
’(1/"2 W *1% 27

Sometimes (as in the above Lemma) a product is to be thought of as a function of which
a single argument x; corresponds to several factor arguments X;,. This will be indicated
by joining the corresponding lines in the obvious way (with the order of components X,
in X; being that in which the corresponding lines come together). Appropriate symmetri-
sation of such a product will be indicated by joining the lines via a hollow blob, and the
i+
it
cated by filling in the blob. So, for example

. . ot . . o
occurrence of a cominatoric factor < . ]in such a symmetric product will be indi-
tl lﬂ

g9

if i if 19
i+ 1 2 )

1 2 ~ (11 12) ~ > >

=(' = : ; i 2

L) X.=x, u x, §i ?ci vy

. R i7i,7 e, .

X, X,

1 1

-

X4t~
2]
,‘é.
—
EX3
b
—
Hh
X
-~
h
»

where sign (_, . ) is the.sign of the permutation which puts the odd arguments of X,

Xiy  Xiy
ahead of those of X;, but otherwise respects the order of X;. As another example, the defi-
nition (A .4 b) of U becomes

A = S B A

and the statement of Lemma A.2 then reads

-1 -1
[R, sM M ] M s

-1 -1
R] = RSM k[RS +es[R S ] eee S
. /../..\1..\AJj .4
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If .A. and .B. are function valued fps with « appropriate parity » (i. e. same fps parity
as total numerical parity of all fermi arguments) then )
A
A

/7/_%/3\ /B\f_\\ (A.5a)
/A\./B\ ) %{ (A.5b)

Also the particular symmetry properties of S and S™! are conveniently represented in
this notation. For example,

nms =0 nsm reads //S =/s?)

and

(A.64)

and
-1

-1 -1
Jls. 1 =c mleSe 1 reads/[.S. 1\= g{ (A.6b)

These ingredients (together with SM™' SPM = PM) provide a simple graphical version of
the proof of Lemma A.2.

Lemma A.3. — If M is gapless, and i e M, then

a) A:z(ij{JM}) =[RS {IM} ]y o T{IM} (A.7a)
and
b) AR[R.SMT{IMIR] = — [R.SE""{JM}]@Q*...T{JM} A.7b)

where, in the graphical notation just introduced,

///T =//>s'§,s (A.7¢)

Remark. — These results are also true with the R’s omitted (since the R’s occur in exactly
the same locations on the two sides). In fact they play no role and we shall prove the results
without them. (We keep them in the statement of the lemma because this is the form that
is most compatible with our factorization results for ST,

Proof of Lemma. — Starting with the case M = .# we compute

6 )

5h \of) \5g) 7l

= ai(j+")li<i>1<i>k([ o z (A° + A),+qR f: —g—q])V)
of / \of/ \LSA; rlq!

p.geM

= oi(i+k)[<i>j<i>k< Z P.Rf_p g_q y)
of /) \og plg!

p.ae M
qtp=i

adaSeI{A}) =

F=g=0

f=g=0
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e S el 1
Js 1 pCk kg of og f=g=0

p.ge M

qtp=i

P<jq<k

i(j+k)+kp
§ (p> ()Pkt Lyt p G- pik-SO

p.ge M
q+p=i
P<j,qy<k

J k .
= ) R(e eyt
p.geM P 1 i/. P Jp g k"/q
q+p=i

P<j, q<k

=[.s7" s /s

/ \—{/><:k
J

(since by (A. 6a), 0l = i[-ST 111,407 = i[.S. 7 )11 p4gS)-

Reversing the X; argument on both sides then gives (a) for M = ..

Now we turn to the cases with M # .# where instead of S - J we consider S o JM (and to
avoid confusion denote the argument by AM). By the chain rule (Theorem II.8) we have

-,

L Se T gANy) (LS D (AT {AY}))

A /] =]

ATM{AYDI( .S D{(A-TH{AY}}]
= ol
_am(ATMLAMEY( STH{T} TO{T})o (AT {AM}
=400 x XX (X.9.7)

= [ IIGA M STH P TO o ] {AY)

But now, by Corollary III.10, ;A= JS, and if M is gapless, then
CPMWIM = (SM{IMY)TIOAM M )L
Also PMY = PMYPM so OIM)~!()) = PM. Thus if ie M, we have
aMIM[GA) o TMISTE o M = [(SY)TIOIM TIASS T ] o JM = (SM) 71 o M
Since .S7! = S7!g, this gives
(S o TH{AMY) = [(SM7 o Mg |(To 1) {AM} = (SM™ o YT o I { AM},

as required.
For part (b) we start by using (2.28) to get

ALSE LM do= = LS a8k M) [ o
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Using the graphical notation we have introduced, this gives

1

-1 - -1
[LsTa™] = " Ja™ | M [t 14
A .S, a
JN AN
st [.s’."qKJM}

-1
_ M M M M
= [.sd J{a) [ 1Y,

(by (A.6 a))

\ (by (A.7 a))

(by (A.5b))

(by (A.6 )
|

By applying these two lemmas to the last two terms in (A .3), we find that

i+j+k)

A:‘A;‘A:r”=<i k) Tl IS T@L Ve (A g

T j+k

where ... V® = U+ ...T

WSS e

and so, by the comments preceeding (3. 34), is a sum of products of G’s with each factor G,
connecting more than one cluster of variables. (The symmetry properties of V® that are
obvious from (A.8 a) are less apparent in the explicit formula (A .8 b) but can be restored
to view either by expanding each S as a product of G’s, or by defining generating functionals
% and 7 for U’s and T’s with % + 7 appropriately symmetric in its arguments as we did
in IIL and IV for the boson case.)

To illustrate (A.8 b) we consider the case of ;;; V® with |i| = | j| = | k| = 2. Writing
I=(,1,) for I =1i,j,k we have

iV = — (1, SN1,48)0™ + (i, ;S);, xS)aI +iri2]
+ GiikiS)a k290 4152 + (i1, S)(jy 4, S)a* 1t + 142
+ (1 28) (3 1, S)e2 482 4 (54 S)(ji 4, )/t
+ i S
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At 0, since PoSP; = 0 and P,SP_ = 0 we have
i+i..j+j_.k+k_V(3) = ui-ju'-,k.k_s-

If we now apply (3.29) we see that, at 0,
k_V“) = i+j+k+Gi_j_k_GG'l—(j_—k—). (A.9)

Priojej-iks

In fact (A.2) and Lemmas A .2 and A.3 provide us with a machine with which to express

arbitrarily high derivatives of I in terms of first derivatives of I" and integrals (of tree graph

type) involving factors of [.SM]7! (for the legs) and sums of products of G’s (for the vertices).
For example

i+j+k+l)
R,LR,R RFM =( FM
A(A,-AkAl i, j, k, lA"t+'+u+l
S 4 [RSMT@ V@ (A.10)
— (;[RSM®2 . VO L VO LM RID 24 perms)
where
(1) ( /)—"\ + perms.) means ( /»—"\ + /;{\ + /=) )
i3 k2 ij k2 D7) e S e

(i. e.-the sum over « topologically distinct » assignments of variables to external legs with
appropriate ¢ factors included).

ii) ..V®) and .V®). are defined in the same way as ...V® but with appropriately
modified S factors (i. e. variables on left or right of V® corresponding to left or right deri-
vatives on &), and

iti) ....V® is a polynomial in the G’s with each G factor in a term connecting at least
two clusters.

This result follows quite easily by differentiating the right hand side of (A. 8 a) (using (A .2)
and Lemma A.2 on the first term, Lemma A.3 b on the S™! factors in the second term,
and Lemma A .3 a with (A.8 b) to compute ,V?®), and then collecting terms in the manner
indicated. !

With (A.2), (A.8) and (A.10) in hand, the proof of Theorem A.1 is, as remarked earlier,
so similar to the pure boson case of IV that we omit the details.
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