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Feynman rules
for Wightman functions

by

A. OSTENDORF

Fakultit fiir Physik, Universitdt Bielefeld
4800, Bielefeld, 1 RFA

ABSTRACT. — We consider the vacuum expectation values of partially
time ordered products of field operators. For these we give graphical
computation rules analogous to the Feynman rules. As a special case
this includes the Wightman functions. It is shown that these functions
satisfy the Wightman conditions as formulated in Wightman’s reconstruc-
tion theorem, except positivity.

REsuME. — On considére les valeurs moyennes dans le vide de produits
partiellement ordonnés en temps d’opérateurs de champ. On donne pour
celles-ci des régles de calcul graphiques analogues aux régles de Feynman.
Les fonctions de Wightman sont incluses comme cas particulier. On montre
que ces fonctions satisfont les conditions de Wightman telles qu’elles
sont formulées dans le théoréme de reconstruction de Wightman, a ’excep-
tion de la positivité.

1. INTRODUCTION

In studying the properties of local quantum field theories the Wightman
functions are important tools, because the basic assumptions (« axioms »)
of the theory are easily translated into properties of them [/] [2]. Since
exact non-trivial models are hard to come by, we are largely dependent
on approximation schemes, one of the more useful of which still is per-
turbation theory. It is therefore desirable to find explicit rules for the
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274 A. OSTENDORF

calculation of perturbative Wightman functions which are comparable
in simplicity to the Feynman rules for the time-ordered functions. In
the present paper such Feynman-like diagrammatic rules for Wightman
functions will be derived for the example of the ¢*-theory. It is convenient
to solve a somewhat more general problem, namely that of finding dia-
grammatic rules for the « sector t-functions », defined by

COIT{(x1") - o(x)) } T {@(x?) ... ) } ...
CT{o(x) ... o(xM)}10> (1.1)

= tx), XD XD, XD |ng>, .., x)
boundary sector
=Xy | 1 Xy Xp={x, .,k

T : time order operator

They include the usual t-functions and the Wightman functions as special
cases. Their existence in perturbation theory as distributions has been
proved in [3], without giving an explicit representation of the type presented
here.

Let
W(xl""’xn): <0|q0(x1)(p(x,,)|0>

and W, be the term of order ¢ in the perturbative expansion of W and
similarly for the sector t-functions. Our construction is based on the follow-
ing conditions:

a) W, satisfies the linear Wightman conditions [2]

b) In 74X, | ... |Xy) the sector boundaries can be dropped between
adjacent sectors, if their arguments are in the proper time ordering:

ToXy Lo [ X K1 | X)) = 1K e [ Xy X |22 [ Xn)
if xP® > x%EXD  forall j=1,...,n
j, = 1, <o Mgty

c) For 7,(xy, ..., x,) the usual Feynman rules are valid.

Alternatively we could replace condition ¢) by the requirement that
the 7,X; | ...|Xy) satisfy appropriate equations of motion.

The plan of the paper is as follows. In sections 2 and 3 we derive unrenor-
malized diagrammatic rules satisfying conditions b) and ¢). In section 4
we show that the ultraviolett divergences can be removed by standard
renormalization procedures. In section 5 we demonstrate that the proposed
rules indeed satisfy the linear Wightman conditions. Positivity is, of course,
not expected to hold in finite-order perturbation theory.

The rules given here can be easily generalized to other local field theories.
However, in theories with massless particles we are then confronted with
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FEYNMAN RULES FOR WIGHTMAN FUNCTIONS 275

infrared divergent subgraphs. Examples in QED show that these diver-
gences will probably cancel between different graphs, but we have no
general proof of this assertion.

2. RECURSIVE DEFINITION
OF SECTOR 7-FUNCTIONS

To simplify the discussion and to facilitate understanding let us first
handle the unrenormalized case. The essential ideas will become evident
in this part. Later on we shall treat renormalization with the BPHZ for-
malism. We make the following ansatz for the sector z-functions in per-
turbation theory:

T, X, [ X5 ] ... | Xn) =

= — ijduiAF(x — W, u,u, Xy | ... | XN)

N
—A+(x—u)21:0-1(X1| I X lwuul X | XN)
i=2

— T Xy | [ Xl uu, X | | XN) (2.1

+ Z iAp(x — X)X\ {xP .. 1 XN)
=1
+ ZZA+()C = XXy | IXA{XP LX)

i=2 j=1

We start the recursion with the free field, i. e.

(X | ... | Xy) = Z HA#(xyl') — x) 2.2

all all
pairgs. pairs

where A, = iAgfor ! =i, Ay, = A, for i’ <.

In addition we set t,(J) = d,9, T,(x) = 0.

(2.1) comprises the wellknown recurrence relation for z-functions as a
special case, since t-functions are sector t-functions without sector
boundaries.

In the following we shall give a proof of the time ordering property
mentioned before under b) by induction.

Vol. 40, n° 3-1984.



276 A. OSTENDORF

Zeroth order:

We know that iAg(x—y)=0(x"—)")A, (x—y)+ 0’ —x)A, (y—x). (2.3)
This implies

k) _ (k+1)y_; (k) _ (k+1) : 0,(k) O,(k+1
AL (xP — X D) =i Ap(x% — x{ if  xP® > x$k+D

Therefore boundaries between time ordered sectors can be discarded in
zeroth order.

o-th order
Let us call Iy(u) the integrand of 7,(x,X;| ... | Xg|Xes1]...|Xy) on
the right hand side of equation (2.1) and Ij(u) the integrand of
Tol Xy | oo [ Ko Xig 1 |-+ [ XN
We have to handle the cases k=1 and k > 1 separately.
k=1
The integrands I,(x) and Iju) read according to (2.1)
Il(u) = iAF(x - u)Ta—l(u9 u, u, Xl l oee |XN)
N
—As(x — u)z (o1 Xy |- [ Xicr lwuu [ X ] .o [ Xy)
i=2
= T tXy | [ Xicp [wu,u, X | o | Xy)]
I,l(u) = lAF (x - u)‘ca—l(u9 u, u, Xl’ XZ | R | XN)
N
—A(x - u)z [to- 1 X, Xo | oo [ Xicg luuu [ X | oo | Xy)
i=3
T 1 X, Xp [ I Xy [wu u, X | o | XN
From the induction assumption follows that
To- X, Xo |- [ XN) = 1, 4(X [ X, ] [ XN)

under the condition that x> > x%2) We obtain

L) —Ti(w)=iAx(x —w)t,_ 1 (u,u,u, Xy [ X, | ... [ Xy)
A=Wt Xy Jwuu Xy | [ XN =T i Xy w0, X5 | [ XN)]
- iAF(x_u)Ta-l(ub u, u, X19 XZ | e I XN) .

Since x°, x) > x?? there exists a y° with x°%, x{® > y°0 > x9@),
We distinguish two cases:

u® > y°
. We assume that the sector t-functions are invariant under permutations
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FEYNMAN RULES FOR WIGHTMAN FUNCTIONS 277

of the arguments within a sector. This will be shown later on. With the
induction assumption we obtain

L) =T (w)=iAp(x —u)t,— 1, u, u, X | X5 | ... | XN)
— A(x=w) [t Xy [ | Xy | [ XN) =T i XKy [ u [ X |- [ Xy)]
— A X — )T, (U, 0, Xy [ X3 | - | XN)

=0.
w<)°
Since x° > y° > u® we have iAg(x—u)=A,(x—u).
We obtain
Liw)—-Tiw)=A(x—u) [1o— 1 Xy U, u,ul X, [ ... 1XN)
- Ta'—l(Xllu’usu|X2I e lXN)+ TJ—I(XI |u5u9u»X21 IXN)
- Ta—l(Xl |u> u,u’X2| e lXN)]
=0.

We see that for k = 1 the integrands are identical for the given time order.

k>1

With the same technique as described above it is easy to show that all
contributions cancel, so I(u) — Ij(u) = 0 for any k. It follows that for
the given time order both sector t-functions differ at most in the uninte-
grated terms of the recursion equation (2.1). For these we proceed in the
same way as above until sector t-functions with no or one argument remain.
These terms are equal to zero.

Since equation (2. 1) reduces for ordinary t-functions to the usual recur-
sion equation we see that the perturbative sector t-functions have in fact
the time ordering properties one would expect for the VEVs of partially
time ordered products of field operators (condition b)).

3. RULES
FOR EVALUATING SECTOR 7-FUNCTION GRAPHS

In this section we give an explicit solution of (2.1) in terms of Feynman
like graphs.

First we need some definitions.

A graph corresponding to T,(x,,...,X,) in ¢* theory consists of n
external points and ¢ four line vertices. N

A graph corresponding to 74X, |...|X,) also consists of n = Zni
i=1
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278 A. OSTENDORF

external points and o four line vertices. Furthermore every graph gets
an additional structure which we call sector partition. We will define
sector partitions in the following.

To every external point and to every vertex we relate a real number
called sector number. The sector numbers for internal vertices are for
the present arbitrary. Every external point gets the number of its sector,
i. e. x{? € X; gets sector number i. For graphs we extend the definition of
a sector as the set of all external points and vertices which have the same
sector number. The sectors must have the following properties:

External sectors are sectors which contain external points. Each of its
vertices is connected to at least one external point within this sector.

Internal sectors are sectors which contain no external point. They are
connected.

We call two sectors adjoining if there exists a vertex in one sector which
is connected to a vertex in the other sector by a line. Every partition of the
graph into sectors is called sector partition. We call a sector partition
proper if every internal sector has a number between the highest and the
lowest sector number of the adjoining sectors. This intermediate value
rule implies that all sectors have a number between 1 and N.

Sector partitions define an ordering of the vertices because we can order
the vertices after the numerical value of their sector numbers. Two sector
partitions are called equivalent when the ordering of all pairs of adjoining
vertices are the same.

An example of different sector partitions of a given graph is shown in
fig. 1. With these definitions we can formulate the rules for computing
sector t-functions with graphs; we compute 7,(X,|...|Xy) as follows:

1. Draw all distinct diagrams with n external points x{", ..., xN) and

_ N
vertices uy, . .., U,. E n; = n]

i=1
To every diagram draw all versions with non-equivalent proper sector
partitions.

2. Now set for each vertex a factor — i, for each line connecting the
vertices y; and y; with sector numbers g; and a; a factor iAg(y; — y;)if
a; = aj, afactor A, (y; — y;) if a; < a;, and a factor AL(y;i—y)=A_(yi—y))
if a; > a;.

3. Every diagram G has to be divided by a combinatorial factor
G) = g2%3 !)* 227, where « is the number of double lines (pairs of vertices
connected by two lines), § the number of triple lines (pairs of vertices
connected by three lines), y the number of lines connecting a vertex with
itself and g the number of automorphism of the diagram (permutation of

Annales de I’ Institut Henri Poincaré - Physique théorique



FEYNMAN RULES FOR WIGHTMAN FUNCTIONS 279

N/

1 o ) 2 1 v O 2

1 & 3 1 [_f\ 3

1.6 2

Correct Incorrect (the sector part. violates
the connectedness rule)

11 U 2

N ] VA
15 197 )31 12 127 O3

JA

! ‘ __>2 1 W2 Y 21
Y

improper (1.5 is not
between 2 and 3)

A
L

Equivalent sector partitions

FiG. 1

vertices which leave the diagram unchanged) [4]. In addition every dia-
gram gets a factor (— 1), where # is the number of internal sectors.

4. Sum up for each diagram all sector partitions, integrate over all u;,
and sum up all diagrams.

Let us consider an example of a second order graph G,(x; | x5, X3 | X4),
a contribution to 7,(x; | X5, X3 | X4).

We have to sum over all possible sector numbers for u; and u, which
lead to different proper sector partitions. The sector partitions in fig. 2
are all proper sector partitions for G,(x; | x,, X3 | X4).

¢ reads for example

2

6 .
5 (- i)ZJiAF(x1 —up)A_(xq—u)A (uy —up)A 4 (uy —u,)iAR(u, — X5)
) iA!;(uZ _X3)du1du2

Vol. 40, n° 3-1984.



280 A. OSTENDORF

1 20\ 1 201 2,5 1
W5 1520 1] 172
15
3 3 3 3 3
d

a b [ e
2 1
1 15 2 1 25 241 2'22 1 25 2
25
3 3 3 3 3
f g h i j
1 2 1 252 1 2
3 32 i:gl% E
k | m

_-:‘CG(X1 1]XN)

FiG. 3
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FEYNMAN RULES FOR WIGHTMAN FUNCTIONS 281

Proof of the rules:

We can write the recursion equation in the graphical form shown in fig. 3.

We will prove the rules by induction. In zeroth order the rules lead
to the correct expressions because for every graph exists only one sector
partition since there are no inner vertices, and these sector partitions
obviously lead to the correct propagators.

Now suppose the rules are true in all orders up to ¢ — 1. Let us first
consider the integral term of the right hand side of eq. (2.1). Obviously
equivalent sector partitions lead to the same analytic expressions for
a graph because it is only the order of the sector numbers of adjoining
vertices which determines the kind of propagator between them. In the
graphical form we have chosen S(A)=1, 1.5, ..., N—0.5, N. This special
selection can lead to improper sector partitions and to a repetition of
the same graph for different sector numbers S(A). For example the sector
partitions shown in fig. 4 are of the form shown in fig. 5.

FiG. §

The graphs with S(A) = 1.5, 2, 2.5 have equivalent sector partitions,
the graphs with S(A) = 2, 4 have improper sector partitions.

We will prove that graphs with improper sector partitions cancel and
that equivalent sector partitions sum up to yield one graph with proper sign.

For this purpose we have to answer the following question: How often
do we get equivalent sector partitions for a given graph, when S(A) runs
through the values S(A)=1,1.5,...,N?

Vol. 40, n° 3-1984.




282 A. OSTENDORF

LemMma. — Let G be a graph with sector partitions Sg, 7 an internal
sector of G with sector number S(y). There exists an intervall (k,, ) = R
such that we can find a sector partition equivalent to Sg with S’(y) instead
of S(y) iff S'(y) e (k,, L,), where k., and [, are sector numbers of external points.

Proof.— The internal sectors y; of S are restricted by a number of inequa-
lities like k < S(y;,) < S(y;,) < S(y:,) < I, where due to the intermediate
value rule k and [ are sector numbers of external points. For a given sec-
tor y there exists a highest k such that k < S(y) and a lowest [ such that
S(y) < L. We call these bounds k; and [; for a sector y;, so that k; < S(y;) < I;.
Only if S’(y) is within these bounds we can find an equivalent sector par-
tition with S’(y) instead of S(y). It remains to be shown that for every
S'(y)e(k,, I,) there exists a sector partition equivalent to Sg. Suppose
that S’(y) < S(y). Then the sector partition with S’(y;) = (1 —A)k;+ AS(y,)
is equivalent to Sg if 1€(0,1], and A can be adjusted such that
S'(y) = (1 — Ak + AS(y). If S’(y) > S(y) choose S'(y;)=(1— A);+ AS(y).

With this lemma we can complete the proof of the Feynman rules for
the sector t-functions.

For a given sector partition A is part of a sector p(A) with sector number
S(A) (see fig. 6).

(A

N 1

AR

FiG. 6

If y(A) is external the sector partitions for other values of S(A) will be
different. We see from the induction assumption that the resulting sector
partition has the right properties.

If (A) is internal and S(A) satisfies the intermediate value rule we know
from the lemma that for k, < S(A) < [, we obtain equivalent sector par-
titions, where k, and I, are the sector numbers of external points which
are all integer. Since S(A) runs through integer and halfinteger values
this implies that there are an odd number of graphs with equivalent sector
partitions. Due to the alternating sign the sum of them results in one
graph with negative sign. If y(A) consists of A alone, y(A) is a new internal
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FEYNMAN RULES FOR WIGHTMAN FUNCTIONS 283

sector, and the negative sign is appropriate. The sector numbers inside
of 7, can be chosen such that they are unequal to S(A), so that all internal
sectors are connected. If y(A) consists of more vertices than A this implies
that y(A) is an external sector with respect to t,_,. It follows that y(A)
is a new internal sector of 7, and the negative sign is again appropriate.
In addition it is connected, following from the connectedness properties
of external sectors.

If p(A) is internal and does not satisfy the intermediate value rule we
obtain equivalent sector partitions for k < S(y) < N. The lemma applies
for the part of the graph belonging to t,_,,. Therefore k is integer, so
that the number of equivalent sector partitions is even. Due to the alternating
sign their sum vanishes.

For the unintegrated terms in (2.1) we repeat this procedure until t,
with no or one argument remain. These are equal to zero.

We see from our rules that the sequence of arguments of 7,(X, | ... | Xy)
within a sector has no influence on the graphs contributing to (X, | . . . | Xn)-
Therefore the arguments can be permuted within a sector without changing
the sector t-function.

4. RENORMALIZATION
OF SECTOR 7-FUNCTION GRAPHS

Until now everything has been done without renormalization. To get
well defined results a renormalization is necessary and the renormalization
scheme we shall use is that of BPHZ [4] [5].

We are mainly interested in the subtraction of infinities and shall comment
on the renormalization conditions and finite renormalization later on.

The BPHZ renormalization scheme is formulated in p-space. We therefore
have to transform the Feynman rules into this space. We use the unsymme-
tric Fourier transform

o(p) = fd“w(x)ei’”‘, o(x) = Jd“pfp(p)e‘“’" 4.1)

1
@2n*

A connected diagram in p-space is evaluated in the following way:
We have to set an overall factor &(p, + ... + p,), p; external variables;
for every line a factor A,(p), depending on the sector partition; for every
vertex a factor — i. In every vertex momentum is conserved and to every

independent closed loop we associate an integration variable k; and an
4

. @m)*
analogous to the rules in x-space.

integration measure We have to sum over all sector partitions

Vol. 40, n° 3-1984.



284 A. OSTENDORF

The renormalization of a proper diagram G (i. e. a connected diagram
which remains connected when an arbitrary internal line is cut) is done
in the usual theory in the following way:

The integrand of every superficial divergent diagram is subtracted by a
number of counterterms. We do not give a general definition of superficial
divergence here, we only need that in ¢* theory every subdiagram with
four external lines has superficial divergence of degree 0, i. e. is logarithmi-
cally divergent, and every diagram with two external lines has superficial
divergence of degree 2, i. e. is quadratically divergent ([4], for example).
Here we use the definition of a subdiagram of a graph G as a subset of
vertices of G and of all lines joining them in G. A subdiagram must have
at least 2 vertices.

We replace the integrand I of a Feynman graph by

R = Z H ("“ T.',)IG TyIG = IG/)’T'YIV (4. 2)
U veU

U is the forest of renormalization parts, G/y is the graph we obtain, when
we replace y in G by a point, and T,I; = I, T,1, is defined as the integrand
of the Graph G, where T,I, is inserted in place of L,.

The first step is to translate this renormalization scheme to sector t-func-
tions. We shall see that we can apply exactly the same procedure to them.
This is based on the following two properties:

1. every integral over a loop not completely within one.sector is finite

2. every renormalization part y not completely within one sector satisfies
the equation T,I, = 0.

So only those subgraphs of a sector function graph need a renorma-
lization which consist of purely iAp propagators. Seagull terms, i. e. sub-
diagrams connected to the diagram only by a single vertex, vanish in the
course of renormalization, because they do not depend on external momenta.
Therefore, we shall omit them in the following.

Let us first prove property 1. Consider the sector with lowest sector
number within the loop, so that all lines coming out of the sectors corres-
pond to A, propagators. If we call k the integration variable in the loop
momentum conservation implies that there exist two lines with propa-
gators A, (k) and A (p — k), respectively. But the product A (K)A,(p—k)
has its support in a finite region with respect to k. It follows that no UV
divergences appear.

To prove the second property we similarly consider the sector with
the lowest sector number in the renormalization part. Let us first assume
that the Taylor operator has degree zero which means that the external
momenta of the subgraph 7y are set to zero. This implies that the sum of
all momenta of the outgoing lines of the sector is equal to zero. Since all

Annales de I Institut Henri Poincaré - Physique théorique



FEYNMAN RULES FOR WIGHTMAN FUNCTIONS 285

these momenta belong to A, propagators T,I, = 0. This remains true
if the external momenta vary in a small neighbourhood of zero. Hence every
derivation in the external momenta of I, at the origin is zero and T,I,=0
is satisfied.

At last we have to examine wether G/y leads to a finite integral in all cases.
Due to point 2 above this is only important if y consists of only one sector.
If y has four external lines G/y has a new four line vertex with the sector
number of A instead of the subgraph y and we see that this is again an
ordinary sector t-function graph.

Things are different when y has two external lines. We obtain a new type
of vertex with two lines for G/y. This kind of vertex occurs also in the
course of mass renormalization.

This two line vertex leads to an undefined product of propagators such
as A, (p)iAg(p) or A (p)A.(p). We can hope that the summation of these
undefined products leads to a well defined expression. Let us therefore
consider a reduced graph with m— 1 two line vertices between two four line
vertices.

We assume the sector number of the four line vertex on the left hand
to be lower than that on the right hand and take into account all proper
sector partitions of the two line vertices, holding the rest of the sector
numbers fixed. Due to the intermediate value rule we obtain only A,

m
and iAp propagators. There are m positions for one A, propagator, <2> for
two propagators and so on. Using the sign rule we obtain: ’

I(p) = Z (’f)(— 1A, (piAe(p)y™~

Jj=1 m
= 0(p°) Z (?)(— 12rd(p* — mA) A p)m

j=1
= 0(p°) [~ 218(p? — m?) + IAKP)" — (AKP)"]
= 8P (— A+ (p)—A_(p)+ iA(P)" — (A:(p"]

where we used 0/(p°) = 0(p°).
With the formula

iIA(p + iAx(p) = AL(p) + A_(p) (4.3)

I(p) = 0(p°)[(— iAe(p))" — (A(P)"]. (4.4)

iAg(p) as well as iAg(p) can be potentiated as boundary values of holo-
morphic functions. The multiplication with 6(p°) does not cause any diffi-
culties.

we obtain

Vol. 40, n° 3-1984.



286 A. OSTENDORF

Apart from this obvious difficulty with selfenergy insertions we have
not considered the problem of the local existence in p-space of our inte-
grals, i. e. the question corresponding to the existence of the ¢ — > 0 limit
in ordinary Feynman graphs [6]. We feel that this is a difficult, but not
a serious problem. In any case the sum over all graphs of a given order
must exist by the results of [3], hence a possible local divergence of indi-
vidual graphs can be easily cured by a suitable regularization.

Thus we have the result that R = 2 H (= T)Igis a well defined expres-

18] by
sion both for t-functions and for sector t-functions. Only for the z-function
subgraphs counterterms are necessary. Zimmermann proved that they
lead to finite expressions when the integrations are performed. Integration
over loops with vertices in different sectors are always finite as we showed
above. So the whole integration can be performed and is finite.

The time ordering property mentioned in part 1 under b) is true also
for the renormalized t-functions. This can be easily seen with the multi-
plicative renormalization scheme. We regularize all propagators by setting
Au(x; m) = Ay(x; m) — Ay (x; M)(Pauli-Villars). The argumentation
given in part 2 can be applied then, because the reparametrization of the
theory by Z, 84, and dm does not influence the time ordering property.

In the BPHZ renormalization scheme renormalization conditions can
be imposed as usual with the help of finite counter vertices.

5. DEMONSTRATION OF WIGHTMAN PROPERTIES
FOR THE PERTURBATIVE WIGHTMAN FUNCTIONS

In this section we show that our expression for W satisfies the linear
Wightman properties.

a) Relativistic Transformation Law

W,(Lx,+a,Lx, + a, ...,Lx, + a) = W,(x;, x5, ...,%,) a€R*
Lell

Translation invariance: In the equations only differences between two
arguments occur, differences between two exterior variables (x—y) and
differences between external variables and integration variables A (x—u)
or A,(u—w’). An addition of a constant vector vanishes or can be absorbed
in a translation of the integration variables.

Lorentz invariance: Ag, A, and A_ are invariant to Lorentz transfor-
mations. The integration measure dx°dx'dx?dx> is invariant, just as the
integration region which is the whole R*.

(5.1)
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b) Spectral Condition

Wo(Pl’ . '9pn) = O
k

if ij¢v+ forany k< n, V+={p|p0‘>0,p24>0} (5.2

i=1
We shall prove a slightly stronger statement, namely
T(Py|...[PY=0

k
if Z|R|¢V+ |P,~s==zp“> k<N | (5.3)
i=1

i=1

Consider an arbitrary graph G,(P; | ... |Py) of order ¢ together with a
given sector partition. Let us cut every line for which one vertex has sector
number less or equal k and the other greater than k. Then the graph disinte-
grates into two pieces, which are not necessarily connected. Due to the
intermediate value rule one piece has sector numbers less than k and the
other bigger than k. If we call the momenta of the lines between the two
pieces g, ...,q, then to every line corresponds a propagator A_(q;).
S

This implies that G, vanishes if any g; ¢ V, and particulary if Z qi¢ V..
i=1

s k
Due to momentum conservation Zqi = Z | P;|, which proves the
i=1

Spectral Condition. =

¢) Hermiticity Condition
W1, oo x0) = Wix,, - .0y Xy) (5.4
At first sight this seems to be easy to prove, but it turns out to be quite

involved. The reason for this is that iAg(x) has a relatively complicated
algebraic relation to iAg(x) (eq. 4.5). We shall use the relation

Wa(xh o '7xn) = TO(xl | e |xn)

and proceed again by induction.
In zeroth order the hermiticity property is obvious because

Z+(xi - xj) = A+(xj - X;)

In higher orders we first consider the unrenormalized but regularized

graphs. G,(x | ...|x,) denotes a graph together with all sector partitions
and we define DY = G, (x| ... |x,) — G,(x,[ ... [x7).
In the following we will expand G,(x,] ... | x,) from behind, i. e. with
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respect to x,. This can easily be done with the help of the graphical rules
for the sector t-functions. We obtain:

Dngo’(xll |xn)_Ga(x1|"~|xn)
=(—1) J‘{ iAp(x; — WG,— 1w, uu| x| ... | x,)
- A+(X1 - u)[Ga—l(ua uau|x2| lxn) - Go—l(ua u, u, x2| ‘xn)
_Z [Gooi(xz | oo I X [wuu x| oo [X,)
i=3
S CANRTC 7% I b SRR TS TS TR 73 |xn)]]}
- {(— i)f{ iAglxy — WG,y | - 1%, |t 1)
- A—(xl - u)[Go'—l(xnl cee ‘x2|us u, u) - Ga—l(xnl L |x2|u7u’ u)

n
+Z[Ga——1(-xn|"'lxi|u9u7u|xi—1|"'|x2)
i=3

— Gy (X | oo I Xy uyul xmy | X2)11 7

The second term of DS yields, using the induction assumption and
A_=A.:

Ga(xn| D |xl) = (_ I)J‘{ iAF(xl - u)Ga_l(u,u,u|x2| e |xn) -

- A+(xl - u)[Ga'l(u9u7u|x2| cee |xn) - Ga—l(xnl cee |x29u’u9u)

n
+ Z[Ga—l(xll |xi—1|u’u9u|xil e |xn)_
i=3

=G, q(xp] - - x| uuu] x;—q | ... |x2)]]}du

From equation (4.3) we know that iAg+iAp=A, +A_. A similar equation
holds for G, + G,, namely

G,oi(ea] o X g | Uy u, 1, Xil oo X))+ Gy (Xl - - Ixi, u, u, u| Xy |- |x2)
=G, 06| . . Ixi—g lu,u,ul x| . .. [ %)+ Gooi(2] - - - [xi—1 | x| u, u, ul...|x),
(5.5)

This can easily be seen by distinguishing the cases u® > x{ and u® < x{.
Using equation (5.5) several terms cancel and we obtain after some simple
calculation

DGG = - iJ‘{A-*-(xl - u)Ga—l(x2| e |xn|u5u’u)
+A_(x; — WG,y uwulxy | .. | x,) | du
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Transformation into p-space yields

- {A+(P1)Ga—1(l72| oo | Palpy = kg =k, Ky, k)
+ A_(p)G,-1(py — ki — ka, ky, ky | pa] .. | Pr) } dkydk, . (5.6)

Weknow that G,_(p, | ... | p| p1 —k, —k,, ky, k,) has support inp;eV_,
whereas A, (p;) has support in p, € V,. Hence the product vanishes and
the same is true for the second term in (5.6). It follows that D¢ =0. In
the same way as in part 4 we can conclude that the hermiticity condition
is satisfied also for the non-regularized and renormalized sector 7-functions.

d) Local Commutativity

Wa'(xla . .,Xj, xj+19 .. '9x)=Wo'(x1’ . -:xj+19xj9 .. .,X,,)

if (xj —xj51)*<0 for j=1,...,n—1. (5.7

From (a) we know the relativistic invariance of the sector t-functions. Hence

Wt - or X Xyt -0 = T | 1 g | )
=1,Lx,|...|Lxj|Lxj4,|...|Lx,), for LelLl.

We choose L such that (Lx; — Lx’,)® > 0. This is always possible if
(xj — xj4+1)* < 0. Then
Wo(...) = toLxy | ... [Lxj, Lxj4 ] ... | Lx,)
= t(Lx; | ... |Lxje1, Lx; | . .. | Lx,)

where we used the fact that we can permute arguments within a sector.
Now we choose L’ e L} such that (L'x; — L'x;:+1)° < 0. Then

Wo(...) = (L' | ... |L'x;41,L'x;] ... | L'x,)
=1(L'x¢ | ... [L'xj4 1 | L'xj| ... | L'x,)
=Ty | Xl 1 x,)

=W,(x,, ..., 1 Xjs oo es Xp)

The main point in the proof is that every sector t-function is Lorentz inva-
riant for every selection of boundaries.

At last we have to prove the Cluster Decomposition Property. We
can completely mimic the axiomatic proof. The essential assumptions
are locality, spectrum condition and the fact that the Wightman functions
are tempered distribution.

By the results of this section W,(xy, ..., x,) is the boundary value of
an analytic function in a forward tube [1]. W, is thus uniquely determined
by its values in the open real set { x{ > x > > ... > x9}, where it must
coincide with 7,(x, ..., x,). Hence our solution of the problem posed in
the introduction is unique.

Vol. 40, n° 3-1984. 12



290 A. OSTENDORF

ACKNOWLEDGMENT

It is a pleasure for me to thank Professor Dr O. Steinmann for many
stimulating discussions and his continuous support.

- REFERENCES

[/]1 A. S. WIGHTMAN, Quantum Field Theory in Terms of Vacuum Expectation
Values, Phys. Rev., t. 101, 1956, p. 860.

[2] R. STREATER and A. WIGHTMAN, PCT, Spin and Statistics, and All That, New York,
1964.

[3]1 H. EpstEIN and V. GLASER, The role of locality in perturbation Theory, Ann.
Inst.Henri Poincaré, t. 19, 1973, p. 3.

[4] W. ZIMMERMANN, Local Operator Products and Renormalization in Quantum Field
Theory, in Lectures on Elementary Particle Physics and Quantum Field Theory,
Brandeis University, Summer Institute in Theoretical Physics; MIT Press,
Cambridge, 1970.

[5] W. ZiMmMerMANN, Convergence of Bogoliubov’s Method of Renormalization in
Momentum Space, Comm. Math. Phys., t. 15, 1969, p. 208.

[6] K. HEPp, Proof of the Bogoliubov-Parasiuk Theorem on Renormalization, Comm.
Math. Phys., t. 2, 1966, p. 301.

( Manuscrit regu le 24 avril 1983)

Annales de I'Institut Henri Poincaré - Physique théorique



