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An upper bound for the local time-decay
of scattering solutions for the Schrodinger equation
with Coulomb potential

by

Hans L. CYCON .(*)
California Institute of Technology, Pasadena, Ca 91125

ABSTRACT. — We show that the large-time decay for some scattering
states of the Coulomb Schrédinger operator can be estimated by
t~'|1Int|®" using suitable « energy cut-off » norms.

RESUME. — On montre, en utilisant des normes contenant un cut-off
convenable en énergie, que la décroissance aux grands temps de certains
etats de diffusion de l'opérateur de Schrédinger coulombien peut &tre
estimée par ¢t~ ! |In ¢ |,

1. INTRODUCTION

Consider the Coulomb-Schrodinger operator H:=H, + g| x|~ ! in the
Hilbert space # :=L*R"), (n>3) where H,:=(— A) [ CF(R") and
geR, g #0. Note H is a self-adjoint operator in L*R") with domain
the Sobolev space D(H)=,(R").

We are interested in the « time evolution »

1) o(t):=e""™Mp  forlarge teR*, (pe#).

(*) On leave from Technische Universitit Berlin, Fachbereich Mathematik, Strasse
des 17 Juni 135, 1 Berlin 12, BRD
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386 H. L. CYCON

This is the (Hilbert space-) solution of the Schrodinger equation

@ i o0 =Ho), teR".  @0)=o
where ¢ € D(H).

Since H has no singular continuous spectrum (see [12, p. 186], compare
also [2]) we have &# = #,(H) ® #,(H) (see [7, p. 519]) and there are
two types of (formal) solutions of (2): the bound states e”"H¢p where

e #,(H) (i. e. ¢ is an eigenvector of H) and the scattering solutions where
¢ € A, (H).

Bound states stay « localized » in a bounded region of R" for all times ¢
while scattering solutions leave any bounded region for t — oo (see [/,
p. 260]).

In this paper we will make the last statement more precise, i. €. we shall
prove the estimate

G le” ™ol <ct 't loly, t=t

for ¢ in a dense set of #,(H) and suitable constants ¢, and c.

On the left hand side of (3) we use the « localizing » weighted norm
Tz =111 + x%) ™™ ||> whereas on the right || - ||y is a suitable « energy
cut-off » norm which will be defined below.

Local time-decay of scattering states for Schrodinger operators with
short-range potentials has been discussed by many authors; see for example
[4]1 [5]1 [6] [9] [10]. Very recently Kitada [8] proved, using pseudo-diffe-
rential operator techniques, an estimate similar to (3) which included long
range potentials but only for states with sufficiently high energy.

We shall prove estimate (3) by relatively elementary calculations similar
to those of Dollard [3] in his proof of existence of modified wave operators.

The essence of our proofis the device of a suitable norm which « supresses»
low energies by a weight function.

2. RESULTS

Let H:=H, + g|x| ! (xeR", n > 3) as in the introduction. It is well
known that the modified wave operator
Qp = s-lim e ™MULN1)
exists [3], where
g
2|p
Notice, here and in the following we denote p:= — iV and define the

operator F(p)g := (F(k)®) for any real or complex-valued function F on R".
("and “denote the Fourier transform and its inverse respectively).

Up(t):==exp{ — i(Hot +

|ln(t4p2)}, teR*
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SCATTERING SOLUTIONS FOR THE SCHRODINGER EQUATION 387
Now let

1
M:= {lﬁe LARY) [Nl Il = sup | (1 + k?)*"el*! Z Di(k) | < 00}
keR”
l1|<6n

and
N:=Q;M

where we used the usual notation

Di:=af(‘15i22...5;g;, l=<113127--'7ln>
and

[1] = Z I .
i=1

Then M is dense in # and N is dense in #,(H) (in the L?-sense). We might N
understand physically as scattering states with small low (and high) energy
parts.

Define the norm

Il'o I ’=||(QB)_1(P||M for peN.
We will prove the following.

THEOREM. — There are constants ¢ and ¢, such that

3) lee™pllz <et™!Ine[*[|@lly, for t>t and @eN

In order to prove the theorem we require some technical lemmas
(compare [3] and [11, p. 171]).
Let ¢, := e and denote

C) Ydlx, t):=e Mo (x) . YeM, xeR", t>t,
where (
5) Aplk, 1) = —— In (t4k?), ke R®

2| k|
We first show.

LEMMA 1. — Let yeM. Then for any multiindex /e N" with || < 2n
(6) Sl%pl(1+y2)3"Ditﬁc(y, D <cllne|*|yllu
yeR»

provided ¢ > t,, where ¢ is a constant depending on g and n.

Proof. — Notice first that if 7ieN, ie{l,...,n} and t > t, then by
some calculation for a suitable ¢, > 0
- . L
| OieAo®D | < ¢ | In ¢ bielkl keR"
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388 H. L. CYCON
Therefore for any multiindex 7 € N" and ¢ > ¢,

~ .
(7)  |Dfe #o®0 | <o Int|ltlel®  keR" ¢, > 0 suitable.

Hence for any multiindex je N" with |j| < 6n

| Dfe™Ae®00(k) | < ¢ Z | Dfee®0| | DLj(k)|

|T|<6n
|l]<6n
1

< cq|lne[®el Z | Dk |
|l]<6n
where the constants ¢; and ¢, depend on j and g.
On the other hand we have

sup | (1 + y?)>" Dy, t)| = sup |(27) 2 J dke™(1 —Ak)s"k'e-“‘n"‘w?(k)‘
yeR»

yeR"

< ¢5sup
kelR”

(1 + k2)2n Z Di(e—iAD(k,r)l’p(k)\'
lil<6n

where 1e N" | I| < 2n and ¢5 > O suitable. Using (8), the last term above
can be dominated by

keR"

1
e | Int|®" sup ((1 + k2)2nelk] z | DL(k) |> <clInt]* ||y |lm

. |l|<6n
for suitable ¢4 and c.

Therefore (6) follows. [ ]
Now Introduce the notation

©) Ryx1):= UD<z)n//(x)—(2it)‘3n(x,r)&(%); (xeR" ¢ > tg)
where

x? gt . x2)
10 L t)=exp|i— | — In—|.
(10) o, 1) p(z4t)exp(z|x| t
Then we have
LeMMA 2. — For €M and a suitable ¢

(11) |Ru,(x,r>|sa‘(%“)unuﬁ"(uc) >_"wnm, (xeR, 1210)

Proof. — Let xe R", t > t,. Since e~ M0 has a representation as an inte-
gral operator, we have (using the notation (4) and (5))

2

UPe W) = (dnit) 2e jdye-%el (1)
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SCATTERING SOLUTIONS FOR THE SCHRODINGER EQUATION 389

Now we use the identity

‘(2it)_%n(x, t)a/?(%) = (4nit)_..e : fdye 2y, 1)

to obtain (see [3,11])
xy ;¥

(12) Rw(x,t)=(4nir)f%ei% jdye e 1)y, 1)

Ly 2
. L vy . .
since [ e * — 1| < % it is easy to see that

n

—(2+1 ]
(13) [Ry(x,t)| < eqt G )II Vv, ¢, > 0 suitable .

Furthermore by integration by parts

e

: n e 2t
<ot o

2

< Cgt

2 jdye 2t( Ay)n{( o

)

Dy, 1)} i

D' - 1)] (143D (1) |

11,1 TI<2n
() K
-(5+1 D,j(e * — 1)
< cot 2 max |dy —————" | max sup |[(1 + y?)> DLy (¢
g <msznjy T+ >m<2nyeuep’( YT

Since the integral in this last expression is bounded we get using Lemma 1

<§>2"R,,,(x, t)

Combining (13) and (14) yields

(s

-(2+1
(14) < ¢qot & )llnt|6n”l//”M-

—(2 +1
<ct (2+)|1nt|6"|||//||M, ¢ > 0 suitable .

which implies Lemma 2. |
LemMa 3. — For ¥ € M and a suitable ¢ > 0
(15) IUp@W iz < et 2[Inef* [y, ¢ 1,

Proof. — Because the Hilbert-Schmidt norm of

n

(1 + x?) e~ o1 4+ x2)7™"||  is bounded by ¢ 2c,,

Vol. XXXIX, n° 4-1983.



390

H. L. CYCON

for suitable ¢, we get

11+ x*)™"Up(t)y |l

<+ x?) e (L + x| (A + XP)lx 1) |l
1

_n 2
< gt 2<de(1 + xz)_2"> sup | (1 + x2)*™(x, t) |
xeR”

_n
<ct *[Int[*" [ m.

The last inequality follows by a calculation similar to that in the proof

of Lemma 1.

Finally we prove the Theorem.
Proof (of the Theorem). —Let ¢ € N, denote ¢ == (Qp) ™ '¢ thus Y e M.

Consider

(16) { lle™ ™l <II (1+x%)7"(e™ o = Up(eW) [+l (1+x*)"Up(e)¥ |
< @427 M| Lo — e MUn(e) I+ 1| (1+x7) ~"Up(e ) |

Now denote

h(t) == MUt .

Then h(c0) = ¢ and we have

Therefore

(t) = ie"™(H — Ho — g(2| p| )" YUn(t)

IRON<T1glIITIxI"" =@ plt)” U |l

Denote , :== (| k|~ 1)~

Then we have

|x|-*$<—2’5t) =(2r)—1$,(§> (see [11]).

Now we use the notation (9), (10) and Lemma 2 and get for t > ¢,

IR <lgll1x]7 Rylx, ) 1+1g ] 11207 Ry, (x, )l

Thus we get
(17

[

-(Z+1 n_2 " tdu \?
< cyat & )Iln tom (Jm) (R"AM
1

—(B+2 z u" " tdu \?
+ C13t & )llnt|6"t2(Jm> |RVAIVE

WA < crat™ 21t | |1 lm-
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SCATTERING SOLUTIONS FOR THE SCHRODINGER EQUATION 391
By (16), (17) and Lemma 3 we have
lle™ ™ p llez < I (o) — h(t) Il + 1 (1 + x*)~"Up() ||
r B (s)[1ds + 1 (1 + x*)""Up(t ) ||

IA

IA

C1s ” s™2|Ins|®ds + ¢t 2|Int|* } 1 llm
t

ct ™ In e [* [ ¢ Il

IA

Since || ¥ ||y = || @ |l We have shown (3). [ ]

Remark. — Note that an estimate similar to (3) holds if one replaces ¢
by —t for t < — ¢, provided one replaces Qy by Qf in the proofs.
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