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On the supergroup SU(m | n)
and its superfield representations

by

DAO VONG DUC and NGUYEN THI HONG
Institute of Physics, Hanoi Nghia-Do, Tu-Liem, Hanoi, Vietnam

ABSTRACT. — The representations of the supergroup SU(m | n) are studied
on the basis of the generalized Gell-Mann’s matrices and identitites involv-
ing d- and f-tensors occuring in their commutation relations. The super-
field representation in the space of functions of an anticommuting m.n-
component parameter is also considered.

1. INTRODUCTION

There have been recently several attempts to consider the unification
model of strong, weak and electromagnetic interactions in the context
of the gauge theory of the supergroup SU(m | n) [/]-[7]. This formulation
has many attractive features—it allows to obtain naturally the reasonable
bare Weinberg angle, it also appears to lead naturally to a spectrum of
particles in the theory, in which the Higgs mesons are various components
of the gauge fields along with the-usual vector mesons.

The aim of this paper is to discuss the properties of the representations
of the supergroup SU(m | n). In section 2 we study some general properties
of the graded SU(m | n) algebra, especially those of the generalized Gell-
Mann’s matrices realizing its basic matrix representation. Section 3 is
devoted to spinor and tensor representations. Here too, some rules are
derived for constructing scalar and vector representations from the product
of two representations, and the eigenvalues of second-order Casimir
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212 D. VONG DUC AND N. THI HONG

operators are found for some simple representations. In section 4 we
consider the superfield representation which is realized in the space of
functions of an anticommuting m.n-component parameter.

2. GENERALIZED GELL-MANN’S MATRICES,
f~ AND d4-TENSORS

The graded algebra SU(m|n) consists of the generators T5,
AAB=1.2 ...,m+n

satisfying the commutation and anticommutation relations [7]:
[T2 T2]-ap.coy = ORTE — (AB, CD)SETR 2.1)
where the following notations are used:

(AB e CD i ) = (_ 1)((A)+(B)+4..)((C)+(D)+...)

0 forevenindicesi=1,2, ..., m (2.2)

(A),(B), ... = .
1foroddindices m + o, a = 1,2, ..., n

Due to the relation

m+n
ZT;: =0 (2.3)
A=1

the number of independent generators is (m + n)> — 1.
It is more convenient to use instead of T} the following generators:

1 -
F,=3 E (AT
i,j=1
_.1 (M\gTm+a
Gy=5 ) (T
af=1
1 . 1
HE_ET!:__E mita 2.4
2 i 2 + ( )
i=1 a=1
1
St =_Tre
i D) i
Ri —_ lTl
a—z m+a
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where A" and A are Gell-Mann’s matrices for SU(m) and SU(n) groups,

a=12...m*~1;p=12,...,n* -1
In terms of these new generators the relations (2.1) read:

[F, F,]1 = ifyp.F., abc=12...,m* -1
[Gpa Gq]=iqurGra D, qar=1, 2, ] n2_1
F, G,1=0, [HFE]=0, [HG,]=0

[E. 1] = 5 (iHs;
) 1 .
[Fo Ri] = 5 R4k
1
(G, 5] = 5 SHA;

i 1 a(n i
[Gp RE] = — 3 (A5%R

1 . 1 .
H S = - _-s i1 = _Ri
[ 2 1] 281’ [Ha Ra] 2Ra
{S, 88} =0, {RL,R;} =0

m—nH

. 1 . I 1 ..
{SL,R}} = 2 SH(AYE, + 2 SAEG, — 3 030!

2.5)

Here f,. and f,,, are the structure constants of SU(m) and SU(n). We see
that the graded group SU(m|#n) contains SU(m) x SU(n) x U(1) as its

subgroup.

It is easy to find (m + n)*> — 1 matrices@ of rank m + n satisfying the

same commutation relations as those for F,, G,, H, S, R! and therefore

realizing the basic matrix representation of the algebra. They are:

Am 1o
pam =M= (1)
0| 0
b= = (ot )

m
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The matrices f; will be refered to as generalized SU(m |n) Gell-Mann’s
matrices.
Let us denote the generator associated to the matrix f; by %, so that

Fam = F,, Fpm =Gy, Fn=H, 97(“) =St 37(') =R,
We then have:
[yla 371]—(1,1) = iflJKfK
[& Eq _ i 2.7
272 |qy M2

Here (I, J) is the same notation as in (2.2) with (I) = 0 for I = a™, p™, h

and (I) = 1 for I = <°‘

i .
>, ( ); Juk — the structure constants having the
o

symmetry property followed from definition

fUK = - (I, J)fm( (2-8)
their non-vanishing values are:
fa(mn,m-)c(m) =fabc > fp(an(mrtn) = qu,

fumpyy = 505N Famagy = = 508
Tomieyey =~ %(’1(""));’ ooy = %(%’”)5
E oy i 2.9)
T = =3 Jygpm = = 3080
im—n
Top =2
2

Jow = "2 Towy =2

In terms of §; and &, the equations (2 .4) can be rewritten in a compact form:

aGE 1 21 - BrTA
F = ETr BT = 5 Z(ﬂl)ATB (2.10)

Note some simple properties of the generalized Gell-Mann’s matrices.
a) They are graded-traceless:

STrﬁIEZ[A](ﬁl)2=0, [A]=(-D® 2.1h
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b) They satisfy the orthogonal relations:
S Tr BBy = n()d;; 2.12 w)
Tr By = a(1)o5 (2.12 h)

where J =J for even indices

0= )=0)

) @ o i mn
n@™)=2, n(p™=-2, 0\ |=-1, 0| |=1, nh= (2.13).
i o n—m
{ InM[, I#h
a(l) = ( mn(m + n)’ [—h
(m —ny?
As a consequence of (2.12) and (2.13) we have
o(l) = Tr Bifiy
From (2.6) and (2.13) it is evident that
B = P (2.15)
c¢) They satisfy the completeness identity:
1
) URGR = B+ Lt g
n(I) n—m
I
d) They obey the multiplication law:
L n(I)
BBy = (ifux + du)Bx + o oy (2.17)

where djx are the constants appearing in the commutation relations

2n(I)
By Bil+ay = 2diPx + Oy (2.18)
m—n
They have the symmetry property
dux = (I, Ndy (2.19)

Vol. XXXVI, n°® 3-1982.
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their non-vanishing values are:

da(m’b(V")c('“) = dabca

2

dp(n)q(n)rm) = dpq,-

2

da(M)a(mn, = E, dp(n)p(n)h = - =
1
d yom = —(Am) | - — (m)\i
( )(7)(3) 2( a )z a( ) j) (}. )
n m
da("‘)ha("‘) = n—m s dp(n)hp(n) = n___m
ln+m In+m
Ay = = , dinin== 2.2
@) = 20— m ) = 2n=m 2
n+m
dhhh =
n—m
1
Ay = = (AM)%, Aoy 1y = = (A)8
weyn) = 3 Py = 2k
1
da /'L(m)” da ; __/{(n)
(1)(1)“("" 4( ) ()(G)ee 4( )i

1m+
d. = __mTn

(?)(é)" 2 mn

where d,,. and d,,, are the usual d-tensors of SU(m) and SU(n).
It is useful for further purposes to quote here some simple identities
involving f;x and dg:

(NP I
Juk = ) fki=—(, K)m Trii (2.21)
n(I
dix = (L, J) ’1((1()) wi = (J,K) ((K)) diii (2.22)
(L K)fiewfixe + s Do + (K, Dfcomfue = 0 (2.23)
(LK) fipmdixe + 3. Dfsomdin + (K, 3) fxomdy = 0 (2.24)

The validity of (2.21) and (2.22) can be checked immediately from the
explicit expressions (2.9) and (2.20) for f and d. The equations (2.23) and
(2.24) are consequences of the following identity for any three graded
operators M, My, M :

(A, O)[ My, [ My, Mc])smwcyl-ane) + (B, A)[ My, [Mc, Mp)scny]-@,ca
+(C, B)[ M, [Mp, My)siap]-B,cay=0 (2.25)

when applied to the matrices f;, f8), fx-
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3. SPINOR AND TENSOR REPRESENTATIONS

The spinor representation of SU(m | n) consists of m + n operators Y,
transforming in the following way:

1
[Z1 ‘pA]—(l,A) = - 5(1, A)(ﬁll//)A 3.1

[ts conjugate representation «* is defined by
_ 1 _
[Z) 'I/A]—(I,A) = E('/IBI)A (3.2)

The formulae (3.1) and (3.2) can be easily generalized for the spinors
of arbitrary rank y,, ., ¥*'* and mixed spinors ¢i'Bs. We have:

1
[9'-1a l//Al...Ar]—(l,Al..‘Ar) = - 5 Z(L Al s AK)(ﬁl)gx‘//Al...B...Ar (3~3)
K=1

_ 1 _
[(Zo 02 ™) ayan = 3 Z(L Ay Ao )(BogRY A B A (3.4
K=1

S

_ 1
7y, ¢R‘lll‘.§.sr]—(l,Al.A.ArBl...Bs) = 5 Z(L By ... Bx- 1)(51)2‘((1’ """ Bs
1 : K=1
—5 (LA ... AB, ... BYB)S PR 8 A (B.5)
K=1

The « vector » representation consists of (m + n)> — 1 operators ¢,
transforming in a similar way as %, namely:

[Zs (PJ]—u,J) = ifuxPx (3.6)

In some cases it is more convenient to use instead of ¢, the traceless mixed
spinor ¢% defined by:

2
A= Z% [AlBoRer = \/ [B 1803 (3.7)

The reciprocal formula of (3.7) is:

1
¢ =—=Tr o (3.8)

NG
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The generalization of the formula (3.6) to higher tensor representation
is straightforward. We have:

[,97], <P[1[2...[,,]—(],[1[2.”[,,) = iZ(L Jo.oo. Jl—l)flJ;K(p.ll...K,..Jp (3.9

=1
From (3.1)-(3.4) it follows that if y, and y, are spinor operators then
w = Yrya (3.10a)

is SU(m | n) invariant, and

o1 = YA BRIz (3.11 a)

is a « vector » operator transforming according to (3.6). Similarly, if i/,
and ycp are second-rank spinor operators, then

V™o 3.10 b
(A, B)‘ZABXAB ©. )
are invariant, and ~
WAB(ﬂl)gXBc
TBA(p \C
(Aa B)W (ﬁl)AXBC (3 R 11 b)

(B, OWA(BKxce
(AC, B A(B)ixce
are vector operators.
These rules can be easily generalized for higher-rank spinors.
From (3.6), using the identities (2.21)-(2.24) we can prove that if ¢,
and ¢, are vector operators, then

. 3.12
p = Z()dﬂp (3.12)

is SU(m|n) invariant, and

(F) ; (1, 27](K IJK(/)"(PJ (3.13)
2n(K)

O = > LJ dysi 703 3.14

v ( )'1(1) ) g P07 (3.14)

LJ
are vector operators.

The expression (3.12) can be rewritten in terms of matrices ¢4 and ¢%
defined by (3.7) as follows:

:Ziﬁq},:STrcﬁ(p:STr(pd) (3.15)
(D)
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In writing the last equation we have used the fact that the matrices ¢ and
¢ have graded elements satisfying the commutation relation:

[d%, ¥€]-(aB,cp) = O (3.16)

More general, it is easy to prove that the supertrace of any product of the
matrices with graded elements has the cyclic property:

STrop...x=STre...x¢p=... (3.17)

In a similar way, with the help of (2.7), (2.16), (2.18), (2.21) and (2.22)
the expressions (3.13) and (3.14) can be rewritten as follows:

W = %s Tr ($xe — 0Bcd) (3.18)
1
WP = 3 S Tr (¢hxo + 0Bcd)  (3.19)

According to (3.12) the second order Casimir operator is of the form:

L™
C= FiF |

1
ZFZ ZGZ + 2SR} — 2RS¥ — ( )Hz (3.20)

From the transformation laws (3.1)-(3.6), using the above quoted
properties of the matrices f; we can find the eigenvalues of C for each
irreducible representation. Thus, we have

cm—n?-1
2(m — n)

for the spinor representation ,,
C=m-—n
for the vector representation ¢,

r+m—nfm-—n-—1)

C=
2(m — n)

for the graded totally symmetrized r-rank spinor

'/’C1Cz (Cl’ Cz)'//(czél...c, )
etc.

Vol. XXXVI, n° 3-1982.
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4. SUPERFIELD REPRESENTATION

Consider the space of functions of an anticommuting m.n-component
parameter 0, 0 = 1,2, ..., m;i= 1,2, ..., n. In this space the generators
of the SU(m | n) algebra can be realized as follows:

1, 9
F, = = (A™)i6} —
a 2( a )z

* 06!
1 0
G, = = ()b =
2 00;
L s @.1)
H=_6—
2@6@
i 0
St= — - —
: 200;
, i 0
1{l = — -, J—.
g 20”9“@0;,

Consider now the transformation laws of the superfield operators ¢(0)
defined in the space of the parameters .. From (4.1) we note that the point
6, = 0 remains unchanged under F,, G,, H and R! transformations. So,
these transformations form the little group of the SU(m | n) group. According
to any given representation of this little group we can define the entire
action of the generators of the SU(m|n) group on the field operators.
This is done by the method of the theory of induced representations [8][/0]
in the following manner.

Let
[Fo $40)]- = — (;7¢(0)).s
Gy ¢u0)]- = — (gP9(0).s @)
H, ¢,0]- = — (h"9¢(0)), '

[Riw 4).91(0)]7[.*%] == (7(¢)L¢(O))w

where f,, g,, h, ri, are some matrices obeying the analogous commutation
relations as those for F,, G, H, Ri. We are to find the commutation rule
[Z1, ¢4(0)]- 4.« Choose the basis in index space o/ in such a way that
the operators S{ do not act on the indices, i. e.

i 0
[57, d)d(e)]—[(w] = 56_0‘ d’w(e) (4-3)
and, therefore, )
1 e .
¢x<95*'5n5>:=€W4¥¢d«h¢“”- (4.4
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With the help of (4.4) we can write
[Z1 0] -0 = e 2SI, d)M(O)]_(LM)el""; i 4.5
where we denote
3‘7{ =e 2i0}, S,?‘e?le- 2i0} S¥ (4 6)
Using the commutation relations (2.5) we find:
F, = F, + i0(2)iS;
G, = G, + iS{AM)0;
H' = H + i0S?

Re = &+ Loimpe, + oo, - 20"~ "]~ o

4.7)

mn

By inserting (4.7) into (4.5) and taking into account (4.2) we get, after
some manipulations:

E 601 =~ { oo, + 3y 040 |
[Cp $uO)]- = = {(gi,"”(ﬁ((’))d S (126 a";zfg)}
[H, ¢.A0)]- = - {(h“‘”qb(e))d _9; 0%9)}

[Re 001 = = {(’g‘mi‘f’("))ﬂ ¥ ""i( S’M))i(ﬁ,‘¢>¢(9))d

)\ B
+ iG;}(%)( Dep(6)) — 105" (h"”’¢(9))&, + - 019,, 6";;}(9)} 4.8)

Let us consider the simplest case when
fo=0, g=0, =0

and & is a number. Then the formulae (4.8) become:

= _ Limyig 990
[Fa, ¢(9)] - (lg ))ioa 691
0
[G,, ¢(0)] = _(A(n))ﬂgﬂ ;1’0( )
4.9)
__ . 290)
| =i ; i oini 9900)
[RL 9(0)] = i h6i4(0) - 2 ) 105 20}

The superfield ¢(6) can be expanded in a polynomial series of order 2™":

BO0) = @ + 0,07 + OX020%5 + ... + 0 .. Ol (4.10)

%mn

Vol. XXXVI, n° 3-1982. 9
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Here the tensors @f1%2:% are totally antisymmetric in the pairs of indices

o
(_’). Their infinitesimal change can be easily found from (4.3) and (4.9):

3]
K+1 .
0Oz = 5 NP i (4.11)
m—n K

. ~1
IRz — (—1)"{ h.[ofi@f ] — [o7! ?;’f;‘.::;-i"]} (4.12)

mn 2

K
S Mepiriie = iS(h + 7)(9?:{‘;%::;7:‘ (4.13)

K

iwa m)\j oar...2...%

et =5 Z(AL X (4.14)

=1

iw
0NhiRe = — =7 ) Rl (4.15)
=1

Where 5, o, ¢, o are infinitesimal parameters, the symbol [...] in the
r. h. s. of (4.12) means the antisymmetrization over all the pairs of indices

()
i)

The equations (4.11), (4.14), (4.15) show in particular that the highest
field component @¥'#2;* is invariant under S, F and G transformations.

i1i2...imn

In order to see in what condition it is R-invariant we write (see (4.10)):

1 a(mn)
il = . &0
Pisiz.imn (mn)! 00 . .. 06,200, d(0)

and therefore (using the last equation of (4.9):

1 m-n mn olmm .
(R) (@120 — ] Ah+ =) — — (120.9(0
O (mn) = mn ( T3 > o0 ... 002003 (7:0:9(0))

. . . . mn . .
From here we see that ¢f2%m is R-invariant if h = — 5 It is obvious

from (4.13) that with this value of h this component is also H-invariant.

Finally, we note that if ¢,(0) and ¢,(0) are superfields transforming
according to (4.9) with h, and h, then their product ¥ = ¢,(6)¢,(0) is
also a superfield transforming in the same way with

h=h1+h2.
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