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ABSTRACT. — We consider a system of quantum particles in R'(v < 3)
obeying Maxwell-Boltzmann statistics and interacting via a superstable
and lower regolar potential. The following bounds for the Reduced Density
Matrices are proved for any value of § and x:

PAXL o Xy Yy ) S 7

These inequalities are a consequence of the Ginibre representation [/] [2]
and estimates on the classical correlation functions defined on the space
of paths, in analogy with the Ruelle superstable estimates [3]. These
bounds allow us to obtain the existence of the pressure, its independence
of boundary conditions, and the existence of the thermodynamic limit,
extending previons results of Ginibre.

(*) Work partially supported by Italian CNR.
(**) Work partially supported by THES.
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128 R. ESPOSITO, F. NICOLO AND M. PULVIRENTI

1. INTRODUCTION

In 1965, Ginibre proposed an approach to Quantum Statistical Mechanics
based on functional integration [/] [2].

Consider a system of interacting quantum particles in a box A (A = R is
assumed to be open and sufficiently regular). The (formal) Hamiltonian is :

h2
Hi=—— ) A, +%Ux,...x,) (1.1)
2m
i=1

where m is the mass of the particles, # = h/2x, h is the Planck constant,
and # : A" — R the potential energy.
We introduce the spaces %, (A) = L2(A") and %(A) = E:)o GAA). If

4 is regular enough, a semigroup of operators is given in % by the following
kernel :

WEAX, Y) = [exp (— SHA)](X, Y) = jpgc,y(d@%@) exp [~ %'(@)]. (1.2)

n

Here P()’(,Y(dg) = Hpgiyi(dwi)a X = {xi }:’l=17 Y = {yl }:‘= 1 xi? yiEA
i=1

and P, (dw,) is the conditional Wiener measure given by the Green function

—y? 1 h
exp — | x — yl < ), 0 :%, B > 0. P{(dw) is a measure on the

20 </ 2n0

space of continuous functions w = [0, 0] - R, o = {w1 ... o, }. The
function a, is defined as a,(w) = 1 if the range of all the w/’s is contained
0 ;

in A and o,(w) =0 otherwise. Finally J?l"@):j AU (w,(7). . . 0,(7)),
0
where %° = %%

We denote by H’, the generator of W/**, because it is the selfadjoint
version of the formal hamiltonian with Dirichelet boundary conditions [2].
For ¢ = 0, + 1, we define the grand-canonical particles density matrices

ok = Z'Sifexp — BHANZA) ", (1.3)

as positive trace class operators on %,(A). Here St = 1/n! in the case of
Maxwell-Boltzmann (M. B.) statistics (¢ = 0) and S; is the canonical
projection on the symmetric or antisymmetric functions of %,(A) for
Bose-Einstein (B. E.) Statistics (¢ = 1) and for Fermi-Dirac (F. D.) statistics
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MAXWELL-BOLTZMANN STATISTICS 129

(e = — 1) respectively. Zj denotes the partition function for activity z
and inverse temperature § and is defined as :
= ZTr,, z"S; exp — fHRA (1.4

nz0

where Tr, means trace on %,(A).
The m-particle reduced density matrices (RDM) are defined by:

" (n+m)!

Tr, o5"*m (1.5)
n!

PR
n=0
where the above Tr, means the n-particle partial trace on %, ,(A).
In terms of kernels this becomes

om (n+ m)!
PRT(XL o X3 Vi e V) = ) —————

n!
n=z0

J duy ... duoy" (X Xy Uy e U Yy e Ve Uy . Uy) (1.6)
A“

The integral representation (1.2) allows to write the RDM’s in the
following way when ¢ =0:

PAX, Y) = jPﬁ,Y(d@pA@) (1.7)
where

palw) = Z; 'z J do'on@ v o) exp { — U(wuw)}  (1.8)

Z, = Jdga,\(@ exp { — %%w) } (1.9

Here X = { x; }/-; and we have dropped the indices m and ¢ for nota-

tional simplicity. In this formula w e Q=UQ,, and Q, is the symmetrized
nz0

space of all sets of continuous trajectories { w; }i-,, 1[0, 0] - R

The union w U @’ denotes the joint set of the trajectorles in w and o’,

| | denotes the number of components of weQ and Z, = Z9; ﬁnally

dw is a measure on Q defined as :

dw—Z—de... w, , (1.10)

de = zfde ' (dw) . (1.1n

where

Vol. XXXVI, n° 2-1982.



130 R. ESPOSITO, F. NICOLO AND M. PULVIRENTI

The above representation holds for M. B. statistics and is a direct conse-
quence of 1.2 and the Feynman-Kac formula.

Analogous representations hold for the B. E. and F. D. statistics, but
with more complicated spaces of trajectories due to the combinatorics
arising from the statistics.

The RDM’s are expressed in term of the p,(w)'s. They have the same
structure of classical correlation functions in which points are replaced
by trajectories. Thus it is tempting to use the technology of Classical
Statistical Mechanics to obtain results for the quantum case. This has
been done by Ginibre, who proved the existence and uniqueness of infinite
volume limit RDM’s (for M. B, B. E,, F. D. statistics) by means of a low
activity expansion, similar to that used in Classical Statistical Mechanics
(see ref. [1] [2]).

Existence and properties of thermodynamic functions were also obtained
by Classical Statistical Mechanics techniques.

In this paper we want to apply to Quantum Statistical Mechanics a
classical idea due to Ruelle called superstability [3]. Roughly speaking
the problem solved in [3] is the following. In several problems one needs
to control large fluctuations of the number of particles in a small region I'
of the physical space. Such fluctuations are prevented by the Gibbs factor
in a trivial way if the potential is non negative and positive at the origin.
But in the presence even of an arbitrarily small negative part, one needs
to solve a genuine many body problem, because the interaction between
the particles in I’ and the external particles, has to be controlled. Ruelle
solves this technical difficulty for a very large class of interactions, called
superstable interactions (see definition below). More precisely, for such
a class of interactions he proves that the grand canonical probability of

k.n?
finding more than n particles in a box I' is bounded by exp (— 11 T + k2n>
VO

where k, and k, are constants depending only on the temperature B,
the activity z and the interaction.

This probability estimate is a rather simple consequence of a highly
non-trivial estimate on the correlation functions.

It has to be remarked that this approach is not perturbative (a free gas
does not satisfy the above probability estimate), so it works for all values
of z and . Among the consequences of this probability estimate is the
existence of the infinite volume correlation functions. These have already
been obtained (together with their uniqueness) by means of perturbative
techniques working only in some region of z and f (see [3] and [4]).

The plan of this paper is the following. We use the Ginibre represen-
tation and consider the p,(w)’s rather then the RDM’s as the main object
to investigate. They are correlation functions of a Classical Statistical
Mechanical system of interacting trajectories. Such objects are expected
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MAXWELL-BOLTZMANN STATISTICS 131

to satisfy bounds of the same kind as those obtained in [3] for classical
particles.

Let’s now outline the content of the paper. In section 2 we prove the
basic estimates on the p,(w)’s for a large class of interactions in the case
of M. B. statistics for v < 3. These estimates allow us to control the fluctua-
tions on the number of particles in a box and hence the thermodynamic
limit for any value of z and f (section 5). Moreover, for the case of M. B.
statistics, we obtain the results discussed in [3] thus extending to a wider
class of interactions all the results already proven, controlling fluctuations
by positivity or by presence of hard-cores. In particular in Section 4, we
obtain the existence of the pressure and its independence of the quantum
boundary conditions. Section 3 is devoted to a probability estimate on
the number of particles in a bounded region I', and we discuss its classical
limit. Finally, in Appendix A we deduce a bound concerning Brownian
motion that will be used systematically, throughout the paper in combi-
nation with the estimates in Section 2. In Appendix B, we prove some
lemmas that are technical devices in deducing the main estimate of Section 2.

Although our results are obtained only for M. B. statistics, we believe
that this work might provide a conceptual framework for the physically
more interesting B. E. statistics. Furthermore some of our results may be
applied also to bosons and fermions in one dimension, since, in this case,
the partition function is the same for all statistics if the potential is suffi-
ciently repulsive [5].

The main difficulty arising in dealing with B. E. statistics using this
approach is the arbitrary « length » of the trajectories. The correlation
bounds that one would hope to prove, at least in a small activity region,
thus become more difficult, and might require a non trivial modification
of the method. Furthermore if one has such estimates (even for any activity),
one cannot automatically deduce uniform bounds on the RDM’s because
of the -divergence of the free measure. Thus the statistical mechanics of
interacting bosons at high activity has still to be understood for such
simple interactions as pure hard-cores or positive potentials.

[t should be remarked that quantum systems of charged particles
interacting via a positive definite potential have been considered in [6]
by means of the Ginibre representation and the sine — Gordon transfor-
mation — Furthermore some properties of superstability in a Quantum
mechanical context have already been applied to deduce the barometric
formula [7].

We conclude this section by stating our assumptions on the potential
energy.

We assume that our particles system interact via a two-body potential
$.¢ (0, + 0) > R' suchthat¢ = ¢, + ¢,, and where ¢, is continuous,

Vol. XXXVI, n° 2-1982.



132 R. ESPOSITO, F. NICOLO AND M. PULVIRENTI

positive, and strictly positive in a neighbour of the origin, and ¢, is conti-
nuous and stable, i. e.

(1,n)
¢a(x; — x;) = — Bn, B>0. (1.12)
i<j

Let us consider a partition 2 of R into half open cubes with side 1 :

T 01 1
,@={A|A=ﬂ<ri—§,r,-+§jl, riGZ} (113)
i=1

i=

We assume that there exist positive constants A, B such that

UX)= A Zn(X, A? - B Zn(X, A) (1.14)

Ae2

Ae2
%(X)=Z¢(|x,-—xj|)? X={x;...xJeR™ (1.15)

Here

and n (X, A) denotes the number of particles of the configuration X in the
element Ae 2.

The following decay property, called lower-regularity, is also required. Put

W(XIY)=Z¢(|xi—yi|), (1.16)

xieX
vieY

where X = {x; ...x,}, Y={y1 ...y}, x; # 3 V i, j, then

- WX1Y) < Z YA, An(X, An(Y, A') (1.17)
AAle2
where
‘P(A,A’)=sxgg¢(|x—yl) (1.18)
yeA'

and ¢ is the negative part of ¢.
We require the existence of a positive, decreasing function ‘P, defined
on the positive, integers, such that

W(k) = sup { P(A, A) |d(A, A) =k} (1.19)

and .
E:‘P(k)k“”“1 =F< + ® (1.20)

k=0
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1
where u > 3 and

d(A, &) = max inf {|x; — y;|| xe A, ye A"} (1.21)

2. MAIN ESTIMATE

We introduce the functions:
1
pan) = *Jdg exp { — 2w un) } an(w) 2.1
i ZA o

which are the correlation functions up to the factor zl,
Let Z([0, 6]) be the g-algebra of Borel sets in [0, 8]; Qg the set of all
measurable functions

@:B - R, Be #%([0,0)).

We define the following large space of trajectories:

{UQ@H symm ] U g)n (22)

nz1

where Q, is the vacuum element and

) o 2.3)

Be#([0,0])

Clearly Q is a subset of Q and it is useful to consider the following exten-
sion of %°, defined in sect. 1, from Q to Q: if & we Q we put

(@)= 525 L diy({Te 2(@) 0 D(@) }(| dfr) — D)) (2.4)

where 9(w) is the domain of @.

We notice that for a fixed # eQ (1 U w still denotes the joint set of
wand 7 i.e. n U o e QP rsymm where p = In | + |@]|,and | 5 | is the number
of components of - 1)

UZJ"(ﬁu-):Q - R (2.5)

is measurable on Q w. r. t. the g-algebra of the Borel sets corresponding
to the pointwise convergence topology. In fact, for each positive integer 1,
let ¢,(x) = min { $(x), I } and %] the analogous of %° with ¢ replaced by ..
Then %{(7 U -) is continuous in the pointwise topology on Q for fixed 7 1,
by Lebesgue dominated convergence theorem. The limit

Jim U7 o ) (2.6)
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134 R. ESPOSITO, F. NICOLO AND M. PULVIRENTI

exists a.e. do by monotone convergence theorem and coincides with
#°(n -) which is then measurable. .
The above remark allows us to put, for each 5 € Q

A

~ 1 -
palnn) = 7 Jt@%@) exp {—%(quw)} 2.7

which is an useful extension of definition (2.1).
Let now I' be a bounded measurable region in R* and define the map

M:Q — Q (2.8)
as follows: if o = {w, ... w,}, then
HNro = (Mo, ... IMw,). (2.9)
Here Ilrw is the trajectory of Q, whose domain is the measurable set
B={7€[0,0]|w(r)el} (2.10)
and, if it has non zero Lebesgue measure,
(Hrw)(t) = (1), teB (2.11)
Otherwise, if B has zero measure,
MrweQ, (2.12)
We introduce also the map
510580 oo s =l 2.13)
A

The union is made on all A€ 2 such that I1,(w) has domain of non zero
Lebesgue measure.
Notice that for all neQ

PAl) = palsin)) (2.14)

Let 5je Q be such that each trajectory in it is completely contained in a
tessera A€ 2; we also assume that the components of 1 have domain
with positive measure. Let also A, be the first lexicographic element in
the set of tesserae covering #. We fix the origin in the center of A; and
consider, for each integer g, the cubic region

1 Ly
efbel] e

I, = 5 (2.16)

where

x > 0 to be fixed later, and for x e R™, .#(x) is the integer part of x.
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If T is a region paved by 2, we denote:
|IT|=Card {Ae2|AcT} 2.17)

and, 7y the set of trajectories of # contained in tesserae of I'.
We define, for {€Q

E”(é) = % Z Inz(é(r), A)dz (2.18)
Ae2

For notational simplicity we systematically omit the effective integration
domain.

PRrOPOSITION 2.1. — There exist an integer o, an « small enough and a
constant h(q,) (depending only on g,), such that:

i) < Z exp | — 7ENin) } Paiing

1240 +coexp { — VEG(ﬁAqO)} PAlliag,) (2.19)
where B BA N
? - 75 q qO
4ﬁB2 v SB
CO=CXP{|:ﬂB+ A +(2_77:9—)"/—2<1+(1+2a)2(+1)e
o
+ Agl +h
A | Ago | + M(qo0)
BA BA  4PB? (2.20)
¢ = exp{ ~ @ = DIA | - [(;q =
B 0
+ (1 + (1 + 2a)2(v+1)eﬁB) + e f( )):||Aq|}
/2w [ Ayl
and

2 2
I o

- 2 1) exp{ — ¢, = —
f(e) Z ( ls+1 + ) eXp { 491 20(1 + 2&)4
s>go+2 + vFs221, + 1)"/2} (2.21)

c; and v being positive constants (see A.15 and Lemma 2.3 below).
¢, depends on v, and v on v and .

REMARK 1. — f(6) is bounded if v < 3 and is such that
6l_i)r()gl+ f@) =0 (2.22)

REMARK 2. — The sequence c, is fastly convergent, provided exp av < 2,
and we denote by D its sum.

Proposition 2.1 will be proven below. It implies the following.

Vol. XXXVI, n° 2-1982.



136 R. ESPOSITO, F. NICOLO AND M. PULVIRENTI

PROPOSITION 2.2. — Under the same hypotheses of Proposition 1, if
v <3, pA( ) verifies the following uniform bound in A:
pa() < exp { — yE°(7) + 817 | } (2.23)

where 0 is such that
exp d>co+ D (2.24)

Proof. — Let i’ be a proper subset of components of 7 n ; then we assume
that (2.23) is true for any such # n'.
Therefore:

PAlll) < coexp { — VEe(ﬁAqO) - VEO@A%) + 01 fag, |}
+ coexp { — VEe(ﬁAq) - VEB(ﬁAg) + 0| 7agl}

9>4q0

<exp{ —yEq) + 017 |} (2.25)

since | 71 Mgl <17 7| — 1. But (2.23) is true when 7 ne QO and proposition 2.2
follows by induction [J.

We consider now neQ. It is true that s(n) verifies the hypotheses of
Proposition 2.1 and 2.2, and therefore, by (2.14) we get the following:

THEOREM 2.1. — If v <3

pan) < exp { — yE%(n) + & s(n)| } (2.26)

We notice that |s(y) | has a simple geometric interpretation as volume
of the region (shadow of )

St) = {Ae2|3te[0,0] and ie{l...|yl}s.tn{)eA}. (2.27)

We now prove Proposition 2.1.
Fixed # and some integer g, (to be fixed later) denoting w U % = ¢ and

a7l = olq) (2.28)
we put the following decomposition:
1= Ygo-1(8) + chq(ﬁ) (2.29)
42 qo

where; denoting as usual by y(S) the indicator of the set S, for each g > g, — 1

Yo =1{0eQ|EN) < om)Vm=q}) (2.30)
and for q = q,
Yo = ta({ @€ QIEL_ (&) > (g — 1)} (2.31)
having defined
EY¢) = Z %fdrnz(é(r), A) (2.32)
AeAy

Annales de I’ Institut Henri Poincaré-Section A



MAXWELL-BOLTZMANN STATISTICS 137

By (2.29),
Zypa() = To + Zlq (2.33)
where 4240
I, = j exp { —U%(&) Jaa(@)yyo - 1(E)dew (2.34)
I, = Jexp { =) Jan(@) (&) (2.35)

We now bound the r. h.s. of (2.33) term by term.

It will be useful to consider different contributions to I, and I, arising
from the different behaviour of the trajectories w : we divide them in three
classes: w, are trajectories completely contained in the interior of A,
w, are trajectories completely outside A, and { are trajectories which
cross the boundary of A,. Furthermore the trajectories { are divided in two
classes: {, are trajectories which do not go out of A, while go {, outside
of this region. To be precise, we decompose the total energy as follows:

Uy v 0y U Lovlun = U0, A, Y Tia,l1 Y maLs)
+ U, U fpg) + U(rpgly U Tagls)
+ Wiw, U Nag Y a1 YU A Lo | @5 U iag U pgly U maAgls)
+ Wompl i @5 U Tlag)
+ WB(TCAggZ | w, U ﬁAa) (2.36)

where, if @ and @' are in Q, we put

jEi!
We also perform the integration according to the behaviour of trajectories.
In fact we use the following identity:

L= o () + ape(w) + agp () (2.38)

where o is the indicator of the event w is always in the interior of I", while
asr is the indicator of the set { w |3t e [0, O]s. t. w(t) e oI }. Furthermore
if o is any indicator on w, and w = (w, ... w,) we denote

n

*(w) = n ;) (2.39)

i=1

We have:

I, = fdgla/\q(Ql)J'dQZaAa(QZ)JdgaéAq(é)'qu(g)
exp{ — Uw, vw,u{un)} (2.40)

Vol. XXXVI, n°® 2-1982.



138 R. ESPOSITO, F. NICOLO AND M. PULVIRENTI

To get (2.40) we used twice the identity:
J‘@f (@) Z @) (oN\w’) = Jd91“(ﬁl)fdﬁzac(92)f (01w, (2.41)

where a° = 1 — o, f is a symmetric function on trajectories and the other
notations have an obvious meaning.
Let now j, denote the indicator of the set

{olot)elnt A,V 7€ [0,0];3 7€[0, 0]s.t. o(t)edA,_;} (2.42)
Then
Ao, = OoaOng., T Uongls = %o (%, T Xo) (2.43)

s>q+2

where , is defined by the last steep of (2.43). Using still (2.41) we get
finally:

I, = Jdgl“AQ(QI)JdC_Oz“Ag(wz)JdE 1%a,(C1)aa, , (€ 1)J‘dgzaéAq(gz)fq(gz)%q@)
exp{ — %'(%) } ar(w) (2.44)

We now estimate the various terms in the decomposition of energy and
use such bounds to evaluate (2.44). We need some lemmas.

LemMa 2.1. — For each positive integer ¢

~ A 4pB?
UNiip, O Ta (@) > BTE(é)Jrﬁ—E (7n)) = /’

Al (2.45)

The proof of this lemma is a slight modification of the one of [3] and
is given in Appendix B

Now we have to estimate the interaction among the trajectories according
to the decomposition (2.36). The first two W-terms in (2. 36) are essentially
classical in the sense that they contain localized pieces of trajectories.
To treat them we use Lemma 2.2 below. The contribution of the last
W-term to the integration will be controlled with probabilistic arguments.

LEmma 2.2. — If &, and &, are sets of trajectories of ¢ contained in
Ay+dla = 0)and Af respectively and if 74&) = 1, then there exist an o small
enough and a q‘“]arge enough.s.t. foreachq = ¢\,

BA
W 18) > — I— @(q) (2.46)

Lemma 2.2 will be used with 51 = N, YU TA®, &3 = fag Y Mpg@ and
a =0, or with {; = my{y, & = ag Y @, and a = 3. Also this lemma is
proven following Ruelle [3] with minor modifications and the proof is
given in Appendix B for sake of completness.
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The interaction of trajectories {,, which could be very long, cannot be
treaten by (2.46).

LEMMA 2.3. — Let {, be trajectories in ¢ contained in A, s > ¢ and
%4&) = 1. Then there is a ¢ large enough such that for each g > ¢

Womagls | fiag © @2) = — vl {5 | Fop(s)"? (2.47)
where v is a constant depending only on dimensions and o.

Proof. — We denote {3 = mpgl,and &, = flag U @1. By lower regularity,
fixed 7€ [0, 0]

= W&(1) 1 £a(n) < g Z Z YA, An(Es(), An(Ea(0), A). (2.48)

AcAs A" cAg
Then
- W) | L) < Z'ﬁ(k) 2 n(&s(1), A) Z n(<a(7), A')
AcAg AT Ag
d(A" A=k
ﬁ = v—1 1/2
< EvlliZW(k)(k +1) % Z n(&s(7), A)( Z n*(&(7), A')) J (2.49)
k=0 ATAs A" Ag
d(A A )=k

by a convexity inequality, for some v;, depending on v. But:

sup Z n?(&y(n), A) < Z n*(¢,(1), A) (2.50)
T AT A" S Agrri
d(A A )=k

where r(n) is the smallest of the integers r such that the set

{AN e2|dA, N)=kV Ac A} (2.5
is contained in A,
Obviously
Z n(&s(), A) < | &5 (2.52)
A< Ag

Then, integrating (2.49), still by convexity we get

0

= W& 1&) < oy | &5 Zlﬁ(k)(k + 1) (E?+r(k)(£))
k=0
since ¢, is a subset of ¢; using the condition X{¢) = 1 we have then

- W1 &) < By | &5 Elﬁ(k)(k + l)v__r[fﬂ(s + r(k)]'? (2.53)
k=0

Vol. XXXVI, n° 2-1982.
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We now use Lemmas B.1) and B.2); we fix
1
Ap—=
2 2
) Q})) = So
v+1

(see Lemma B.1). By Lemmas B.1 and B.2:

& =min | &,

log (k +2)
og ( )Jr1
o

r(k) <
YDt ey 2.54)
@(s)
for each r > 0. Then
o(s + (k) < @(s)(k + 2%~ V21 (a, ) (2.55)
Therefore
— W(&5 &) < ol | os)F (2.56)
where

v =0/ fla, 3071 O (2.57)

Obviously the bound (2.47) is useful only combined with a phase space
bound, based on the fact that very long trajectories have small dw-measure.

LEMMA 2.4. — For any s >q + 2, ¢ = g
Z|A, 252 }
dwo! 7w < ———— - —————— 2.58
J waly (0)7w) Gty exp { ‘N T 20 (2.58)

where ¢, has been introduced in A.15.

Proof. — The lemma follows from the probability estimate A.15 and

the inequalities
ol

Iy ~lq>ls_1—ls_2>m (2.59)
where we used Lemma B.1 and the fact that
s—1>q2=q = sg (2.60)
Volume integration gives the extra factor | A| 0.
Above lemmas allow to estimate I, g > qo. In fact we fix
qo = max {45, 45" } (2.61)

and in (2.44), decomposing the energy according to (2.36). We bound
Uy U fip, Y T L1 U Tp L) by lemma 2.1, and WAl L magl) by stabi-
lity: a - - -
Q/e(nAf,QunAf,gz)? =B 1+ 181) (2.62)
Also we bound interaction energy by lemmas 2.2 and 2.3 since 3,(§) = 1
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we also decompose the integration on {, according to the partition (2.43):

A 4482
Iqsexp{—%AE"@AQ)}@XP{—?w(q—l)wh%(p(q) i IAI}

J'd_a_h%(@)Jdgz%@z)a/\g@z) exp {—”7/9(92 Y ﬁ/\a) } (2.63)

JdC1aAq+2(C1)eﬁBICI|Z Z JC(I) . C(k)

Si >q+2

H(zs..(c<;>>asAq(cg>>) exp { BB + BoFo(s)? )

i=1

Then, using lemma 2.4 we get the estimate for I,, g > g,
bA _ . ~
I, <exp { -7 Eo(ﬂAq)Cq dw,aa(@,)opg(@,) exp { —U(wy U _’ZAg)}

< exp { - %A E"@Aq)cqfd%@) exp { — (U i)} (2.64)

where ¢, is the coefficient of proposition 2.1.

To estlmate Io, which has the same structure of I, but with Xgo—1 1N
place of ¥,,, we cannot use lemma 2.2. In place of it we have with the same
meaning of notation as in Lemma 2.2:

LEMMA 2.5. — If £ is such that y, _ 1(§) = 1 and g, is fixed as above,
there exists a function h(q,) which does not depend on B, z, 6, such that

W18 > ~ Eﬁh(qo) (2.65)
Also Lemma 2.5 is proven in Appendix B

Then, since z,,-(£) = 1, using Lemmas 2 1,2.3,2.4and 2.5, eq. (2.36)
and performing integration as for I,, we get the estimate

A -
I < exp{ - %E"(q,\qo)}cofd@x,@) exp {—Uwu Hago) | (2.66)

where ¢, is given in Proposition 2. 1. Therefore (2. 19) is proven. O

3. A PROBABILITY ESTIMATE

In this section we obtain a probability estimate on the number of particles
in a given bounded region I'. We shall also compare this estimate with
the classical one, already deduced in [3].
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Let I and A be two bounded regions, exactly paved by 2, A>T, and a,
a positive integer. We want to obtain an estimate on Pr,(Np = a), not
depending on A, where Pr,(N; > a) is the A grand-canonical probability
of finding more than a particles in I". Such a probability is defined as:

Pr (N = a) = Tr 6,E(a) (3.1)

where E{(a) = J dE;, and dE, is the spectral measure of the selfadjoint

operator N, number of particles in T
Straightforward calculations on the Fock space %(A), give:

Pr,(Np > a) = Z M

m!n!

nzam=0
j dx, ...dxnj dy; .. Ay, onX1 . Xy Vi Y Xt oo Xn V1o V)
" (ANT)™ 3.2)

where g,( -, *) is the kernel of the density matrix. Eq. (3.2) may also be
assumed as a definition for Pr (N > a) in analogy with the classical case.
Thus

X,
PraNr 2 a) < Zj a Z"jpanxn(dQ)PA(Q)
o <SC+R  X,=x;...x) (3.3)

nza

where
X, .
C= p 2" | P% x,(dw)ps(@)ar(@) , (3.4
r‘n .
I'={AealdA T)<d}, d>0 (3.5)
R = 2 h_mL’\kajrpg(kxk(dQI)ar{Ql)
fhdthP;z,.xh(d_agz)x@z NI+ D)pp(@vws) (3.6)
T
B S n? _
C< ‘ o €XP ~Yﬁ+5lrl (3.7)
=" ann)?
Hence

o] ity (g 2111} <o =7 vaa} o
< exp —yl——f—l+ (2n0)“/2+ | T exp yl~1—_—| ga .
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for some 7’ > 0 depending on d and such Y — ywhend — Oandg > 0.
The last step is due to the fact that ¢ < 1.
Furthermore:

k
R < Z EZ—' J;_kkaJ‘P)gkxk(dQOO‘T‘(wﬂ exp { — VEo(Ql) + 6] s(wy)| }
ok h

k Za z Tc
h:;l i JthhJPghxh(dQZ)X(Qz vl #3)expdl|siw,y)| (3.9)
Jr

Using Schwartz inequality in the last integral and A.15 and A.21:

z \MHK| T
s
22( 2n0’ kth!

h21 k20
k+hza

_ hd?
exp{ —yk+d|T |} I(z8)"* exp (— cq —2?)—> (3.10)

& 2T
Sexp{—cl——gl(a— 1)+—|—'g—25} (3.11)

20 /2n0®
d2

¢ ..
where g; = min (y, £—0> and g, some positive constant.

Thus the estimate we obtains is rather different from the classical one
that is (3.8). This difference is due to the delocalization of the quantum
particles that is responsible for the extra addendum (3.11). However C
and R have different order of magnitude. In fact, as is expected to be true,

R - Oas# — Oand z — 0in such a way that — z,, that is the

276"
classical activity. This may be seen by realizing that in all coefficients the

activity appears only in the form z/,/2x6", so that in the above classical
limit, R — 0Oand C tends to the classical estimate, with the same coefficients
obtained in [3] in which z is replaced by z,.

To get the right scaling see Ref. [8], Th. 10.1, p. 106.

Of course other scaling are possible to obtain the classical limit, all
of that describing different physical situations.

4. PRESSURE AND EQUIVALENCE
OF THE BOUNDARY CONDITIONS

The existence of the pressure may be obtained, in our context, by a
combination of the methods employed in the previous sections and the
classical ones in Statistical Mechanics.
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Let’s consider the following rectangular regions:

A=[-L,L]Ix8
Al =[-L,0]xS
Ay =10,L,]xS

S=ﬂ[—L,-,Li], LieN, i=1-y,. 4.1

i=2
We prove the following inequality, for L, large enough:
Zy < Zy, Zy, exp {moSLY ) 4.2)

where my, > 0 and 0 < b < 1.
To do this let A() = [-1,1] xS, [ < L, integer and:

2@) = 7({ Exgf@) > k| A(l)] for some I} )
1) = x({ Expf@) < k| A()| for all 1})
@) = x({ Epf@) > k| A()| }) (4.3)

We claim that, for sufficiently large k:

J@ exp { = "(w) } ap(@)pw) < %ZA 4.4
Proof.

jdge‘”””“*”%@)xk(a_)) < Zjdgew {=2(w) } i(@)on(w)
121
< ZAZide'X(Q)I N A(l) # Q)iw?)
Z,
121

f@x@ NA(l) = @) exp { — U(w L ) }oa(@ U ©)
< ZAZJ@’X(U_J’ N Al # D) )palw )o@
121

<Zy Jdg’x@’ N A() # D)ydw’)
1Z1
(@) exp { — yEp(@) + 8| s(@’) |} (4.5)
We shall prove:

Jvdglx(wf A A(l) £ g)eélsun’)l < ™A (46)

for some positive m,, and hence (4.4) follows by (4.5), (4.6), (4.3).
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Proof of (4.6):

Z;—n‘ (jdePﬁx(dw)ea's‘w"x(w A A # ®)>”
nz0 2 12 .
2_‘ [G de P’?"(dw)emw)l> (J Pl(dw)w n Al) # @)> }
n.
0

z z" [ 1(26)'? dix, AD)* "

< I e — ey — 7 4.7
— |:(2n9)”/2 dx exp 15 4.7
n=0

as follows by (A.15) and (A.21).
Thus:

N

Zy < 2}@ exp { — %) } xi(®)
= Zjdglaal@l) exp { — (@, } JdQZaRz(QZ) exp { — U(w,)— W@, | ,)}
jdﬁx@ N A(lo) # D)yl vw; L w,) exp (=W | oy v a)—U 0} 4.8

where: Ry = A; N A(l), R, = AN A(l) and [y will be fixed later.

The last integral in r. h. s. of (4.8) may be treated as in Section 2. In fact
the contribution of the trajectories {; U {, (see lemma 2.3, 2.4 and 2.5)
give exp m, | A(lp) | for some m, > 0 and for sufficiently large [o.

Moreover if @, and w, are such that yj(w; U w,) = 1 then:

— W, | @,) < km3SL, - sup ZW(A, A') 4.9)
AeRy
A’eRa
Thus we have, for some positive a:
Zp < ZpZa,2 exp { mySly + kmySL,1g*} 4.10)

because of (1.20). Hence the inequality (4.2) follows after a suitable choice
of I, as function of L;.
As consequence of inequality (4.2), one can get the existence of the

limit

i log Z, for a suitable sequence of increasing regions. We shall

denote such limit P.

It has to be remarked that for short range potential [2] or for bounded
potentials, the proof of the existence of the pressure may be considerably
shortned.

An interesting problem arising in Quantum Statistical Mechanics is
how the thermodynamical functions, as the pressure, depend on the different
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boundary conditions, that, in principle, may be chosen for the Laplacian
operator.

It may be proven [9], [/0], [2], that if we denote by Z{ the partition
function constructed via A”, the Laplacian operator with boundary condi-

-~

. 0 o . . .
tions —a—w- — oy, where n is the inward normal derivative on 0A, then
n n

Zy=2Z0 <Z5<Z%o>0.

Thus if one prove that P° the pressure obtained by the Neumann
boundary conditions ¢ = 0, is equal to P* = P, one can get the equivalence
of the pressure for all other intermediate ¢ boundary conditions.

The estimate p,(n) < exp 6|s(n)| allows to do this, so that previous
results obtained by Novikov (see [7] [2]) for hard spheres or positive
potentials, may be generalized to our situation.

LemMA 4.1. — Let u, be any Borel measure on Q with the following
properties: (A = [— L, L}

JuA(dQ)x(Q NA#D)=0 (4.11)

Haldw) f(@)op(w) = J@f (@)a(@) (4.12)

d

for all positive measurable functions f.

»

pAdo(w N oA # @) < emt (4.13)

o

for some m, > 0. Then defining:

7k = JuA(dw) exp { —%(w) } (4.14)

the following inequalities hold:
Z, < ZK < Z, exp myL? 4.15)
Proof.
Zy = Jm(dw) exp {— %) } JﬂA(dQ)X(Q v A # O)

Jexp {—U(no o) Jamdy < JﬂA(dQ)X(Q N OA # D)pp)-Zy (4.16)

The thesis follows from (4.13) . .
Now, using the images methods, combining the arguments given by
Novikov [9] [2] and (A.21), one can easily see that Z8 = ZX% for some
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suitable u satisfying (4.11), (4.12), (4.13). So the desired result may be
obtained by the use of (4.15).
We summarize the content of this section in the following.

THEOREM 4.1. — Let A, = [— n, n]” and ¢ > 0. Then the following
limit: (¢ = 0)
P, = nLier B~ 'n"Vlog ZF, 4.17)
exists. Moreover:
P,=P,=P 4.18)

As a final remark, we mention that it is possible to prove the continuity
of the pressure as function of the density with an appropriate (but straight-
forward) use of the arguments in [3] and those of the next section.

5. THERMODYNAMIC LIMIT

In this section we discuss the thermodynamic limit and prove the existence
of the infinite volume correlation functions and RDM. It extends, for
arbitrary z, previous results obtained by Ginibre [/] [2] via low-activity
expansions.

To this purpose it is convenient to introduce a family of seminorms
on the real valued functions defined on Q.

We define for each m > 0 and I" bounded:

Ilfll?=a§al)1)gllf(9)l (5.1

|o]=m

forany f:Q —» R.
As a consequence of the estimate
Paw) < exp {d]s(@)]} (5.2)

we are able to prove the following Proposition.

PROPOSITION 5.1. — Let A~ R be a sequence of bounded open regions.
One can extract a subsequence { A, };°, such that there exists

Jim 7y (0) =plw)  weQ (5.3)
moreover
sup || plIf < exp {5|T|} (5.4
and for all m and T bounded
lim |5 — Py, It = 0 (5.5)
Proof. — By the estimate .
Pafw)exp { — d|s(@) |} <1 (5.6)
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and the Banach-Alaoglu Theorem, there exists p such
(Pr, —P)exp { —3[s(*)|} - 0 (5.7

as n — oo for some subsequence { A, }*, in the topology of L* as dual
of LA(Q, dw).

On the other hand the p}s satisfy the Mayer-Montroll equations: (see (2),
p. 371)

PA@) = ap(w) exp {—U(w) } JdﬂK(g)r’_ﬁA(ﬂ) (5.8)
where .
K(w)|n= ”(eXp {-W@ln)} —1) (5.9

Thus, because of the estimate

JdﬂK@lﬂ)eXp{élsm)l} <+ (5.10)

that will be proven later, also (5.3) holds.

Now, using the pointwise convergence of g, (w), we can obtain also
the uniform convergence on the set Qf = Q of all trajectories  such that
or(@) =1, |w| = m. In fact we prove:

J K(@ |11 m)—p0)|dq  — 0 (5.11)

uniformly in @ € Qf simultaneously obtaining the bound (5. 10). Let us put

En) = | pa, (1) — p(n) | (5.12)
then

jK(QM)F,.(g)dn Jd?K(wl V() deK(QQi Orr©OF (7w Q) (5.13)

where
() = x({71dy{x), T) < d ¥ i and some € [0, 6] })

xl) = x({{1d(l(x), T) > dViand some te [0, 0]})

Now we estimateexp { 0 | s(y) | } K(@ | p)xr(y)and exp { 3| s(0) | } K(@ | )x(0)
in terms of two integrable functions gl(y) and g,(y) not dependmg on w
but only on m = |w|. So we obtain (5.10) and, by the use of dominated
convergence theorem also (5.11).

We have: (n=1y])

(exp 8 1s(2) DK(@ | Yr(y) < (1 + e™y'yr(y) exp 3 |s(y) | (5.15)

where B is a minimum of ¢. The integrability of the r. h. s. of (5. 15) follows
easily by the Schwartz inequality, (A.15) and the dy integrability of yr
(gaussian decay of dy).

(5.14)
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Moreover if { is such that y{({) = L,
12|

Ko< | [ie Ve + nWiw| )
- 1|

j=1
H[(l + e"B’")Hﬁ fdr [ (| olz) = (D) D]

j=1
1l

H[ 1+ eﬂB"')ZJdrqb d(aT, () = b ] (5.16)
j=1

j=

where 55 is some positive decreasing function not depending on w, such that:

dNdr < + o0 (5.17)

|r|>d
JdC exp {050 }K(w ]| Jrrd)
Z [+ e”'"”" { mp j d j Hd(@T, Lw)dz exp {5150) | }Xr(C)} (5.18)

and finally, for some ¢, > 0
Jdcj | $(@T, {(x))) | dr exp { 5| s(0) | 1)
0 ~
< %Ldrﬁ)&(do exp { dc, | s(0) | } J d'r(d(T, () + 1))

d@er, i +ry=d

I(c,0) ~
<p——- d'r . 5.19
B(21t0)v/2 J;r|>dd)(r) . = G149
Let us put
plw) = p() (5.20)
and define the infinite volume RDM by
p(X, Y) = JPﬁy(d@p@) (5.21)
First we observe that the following bound
(X, Y) < & (5.22)
holds in virtue of (A.15), where
zI(d)
=(— 5.23
((2n0>"/2> ©-2)

(The same bound obviously holds for the {,(X, Y)’s). It is not hard to prove
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that p, (X, Y) — p(X, Y) uniformly on compact sets for X and Y. Infact
(see [2], p. 379 for details)

[PX,Y) = pa (X, Y) | < IP)‘Zy(dQ) (@) = ap (@)p4,(@) ]

and one can split the above integration in two parts: trajectories « near »
X U Y giverise to a small contribution for large n in virtue of Proposition 5.1.
The others, for which at least one goes far enough from X U Y give a small
contribution for the gaussian decay of P{y. To summarize:

PROPOSITION 5.2. — The RDM’s have a limit for n — + oo uniformly
on compacts sets. Moreover such limit is given by (5.20) and satisfy the
bound (5.21).
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APPENDIX A

Let P, the Wiener measure associated with a v-dimensional Brownian motion starting

at the point x € R". P, lives on the Borel sets of the space M = “ (R"),, where (R"), =
te[0, + )

More precisely, P, is concentrated in the small subset of M of all Holder continuous

1 .
trajectories (with exponent a < 5) as consequence of the following Lemma 2 :

LEMMA A.1. — Defining:
E(s;0,)={weM|It,t'e[0,s]st|t—t|<d wE)—alt) >1} (A. D
then:

P(E(s; d, I)) < C(s, (S)J~ gs(x)dx = C(s, 8)G(l, ) (A.2)

|x| > 18

-

where g(x) = (2nt)""? exp (— x* \2t), and (A.2) defines G.

Cls, 8) = 4[1(%) + 1} (A.3)

The above lemma has as corollary the estimate (A.10) (see below) that is the main tool
in proving the result of Section 2.

The following lemma is the core of Proposition A.1 that plays a central role in Section 3,
4, 5.

LEMMA A.2. — Let { A, ... Ay} be a finite sequence of elements of 2 such that
d(A, Aj)) > 1foralli#j i j=1...N. Suppose that d(x, A) > 1 for all i. (Here d(x, A))
denotes the Euclidean distance between x and A;). Denoting:

E@={w|3t,...txe [0, a]s.t. w(t)eA;} (A.9)
then:

20 \N
P(E(x)) < 42N + 1)3NG<1, ﬁ) (A.5)

Proof. — Let t; = t{w) be the family of the random variables time of the first entrance
in the set A; and consider the event:

={w|t <ty i=1...N A.6
Then: { o ) ( ’
5,0 (st+1)> <sNa _ (SN+1))
— <1 <= af...pl—<ty<— A.7
Z Z( PSTN AN SS—x %) @D
s1= 0 vN 0

Defining the new random variables:

=hL—bLoy, T =4 (A.8)
putting, r,=(s; —s;-) + 1, r, =5, + 1
N N N N
o
we e YA e[ ) @9
ri=1 rn=1 i=1 i=1
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We define the new processes:

0 =
@i (t) = 0yt + 7i-1) — @;_1(Ti_ 1), i=2...N (A.10)
In virtue of the strong Markov property w(t) is independent of w;_,(t), t < 7;_,. Thus
since:
( < a>< (| 0] =1 t<r"a> (A.11)
Lh— ) s i Z 1]l s — .
X N N o N
we have:
N N
P(F) < Z (Z < 2N)HC( ”)G(l ) < 4NN + 1)2NG<1 2°‘>N (A.13)
x =X s o, — e B s T B e
: A, N N N

ri..rn i=1 i=1
ri=1...N

after maximizing on r; with the constraint Zr; < 2N.

The thesis follows taking into account all possible permutations. O

The above estimates on P, induce estimates on the conditional Wiener measure P
that is the only measure used for our purposes.

By the following inequality we have, for all events Hy\ ; depending only on what happens
in [0, /2],

J‘ xy(dw)XHg/z Jdujpfﬁz dw)Hmz (w)go2(u — y) < n@)-wzf (dw)Ho/z(w) (A.14)

Hence:

12
'[P:?y(dw)XE(s,a,x)(w < (2=0)” ‘/Z(CXP - 25) (A.15)
NZ
[ P! (dw)y " )w) n0)“"/2<exp - ¢ 7) (A.16)
2

for I > 1, 6 smaller then some fixed constant, and c,, depending only on the dimensions.
(A.15) is a consequence of (A.14) Lemma A.1 and some tricks [1]
(A.16) follows easily from(A 14) and Lemma A .2. Finally we prove:

ProprosITION A.1. — For k large enough:
k2
P(Is(w)| = k) < c, exp — 032—0 (A.17)
for some positive constants ¢, and c;.

Proof. — Given a shadow S, we construct the set T(S) in the following way. We take the
first element of S in the lexicographic order A, €S and consider the set S R, where:

R;={A|dA A)=0} (A.18)

Let A, be the first element of S\R,. We iterate defining A; as the first element of

(SNR)N\R, ... \R;_;. Let T(S) =UA,-. Then T(S) contains at least | S |/c, elements,
where ¢, is a positive constant depending only on the dimensions. Then:

Pl(Is(w)| = k) < PE(E(T(S)) (A.19)

where E(T(S)) is the event in which the Brownian particle starting at x visits all the tesserae
of T(S) in the time 6. Hence:

E(T(S)) = U G<n, g) A G<n', g) (A.20)

n+n' =k’
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0 ~ 0
where k' = | T(S)| — 2 and G(n, 5) and G(n’, ;) denote respectively the events in which

6 0
the particles visit at least n tesserae of T(S) in [0, —:‘ and visit at least n’ tesserae in |:—, 0:|.

~ 0 0
Since Pj:j,<G<n, 3)) = Py"x<G<n, 5)) we obtain (A.17) by (A.16), the inequality

1
nz+n’z>5.(nv + n')?, Schwartz inequality and a rearrangement of the constants. As

consequence of the above proposition we have the following éstimate:
JPﬁ,.(dw)(exp 3 s(w)]) < (2r)~¥21(d) (A.21)

where 1(8) depends only on the dimensions if is chosen in some fixed but arbitrary interval
[0, b1
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APPENDIX B

We begin with some elementary considerations.
LeMMA B.1. — Given ¢ > 0, 0 < o < 1, there exists an integer s, large enough, such

that for each s > sq:
I
L+oa< 2t < ertten (B.1)
s+ 1
(’;(____) < Xy tav 1) = f(a, 8) (B.2)
@(s)
Proof. —
Is+1 ea(s+1) —1 1
> = ~-—=>1+a (B.3)
f l_y el.‘) e s
: 1
s =5, >~ log 2/a? (B.4)
o
IR et 1
- <—————=e’<1 +—_——) (B.5)
IR e~ — 1 e — 1
and, of course, if s > s, where
1 1
S, >-log<1 + — 1)
(B.1) is verified. * e
Finally, if s > s3, where
1
53> — (B.6)
e —1
we have )
s+ 1
—_—— < e (B.7)
s
and (B.2) follows from the inequality
[S
21 +
2_"2_1:_1 < eu(l+e)______°'1 < eu(l+e). O
2544 244
LEMMA B.2. — Put, for each ke N, r(k) = min {reN|l,,, > I, + k Vg > 1}. Then
1
rk) <1+ -log(k + 2) (B.8)
o
Proof. —
CreNly, >, +kVg>1}2{reN|expalg +r) —expag >k +1 Vg >1}
o {reNlexpar>k+2} (B.9)
Then: .
Hk) <min {reN|e” >k+2}<1+-log(k+2). 0O
o
Estimates (B.2) and (B.8) are used in Lemma 2.3.
In this appendix we use, instead of (B.1) and (B.2) the estimates
lS
l+a<t<l 420 (B.10)
+1
PEHD 4o (B.11)
@(s)
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which follow from (B.1) and (B.2), taking & < ¢, where
£o = 1 — 20e*° (B.12)
is positive, if o is small enough.

Proof of Lemma 2.1. — By superstability, fixed  in the intersection of the domains of the
trajectories in 15, and m, o, we have

. BA -
#'(ja () U Ta (7)) = T Z n2(fia (1) U 5, 0(7), A)
AcAg — ﬁ; Z n(ﬁ/\q("«') U 7, 0(7), A) (B.13)

AcAg
In fact, for any n such that

A 4B

n<—n*4+— B.14
4B A ( )
we have
0 > A 25
UAST) O A 0(T) 2 —— ) n*(fa, U Tp 0(T), B)
- - 40 - 2
AcA, 4ﬂB BA 2s
———|Agl + == ) n*(fia,(7), 8) (B.15)
20
AcAq
Therefore, integrating in t we prove the lemma. O

The proofs of Lemma 2.2 and 2.5 are based on the following decomposition of the
interaction energy: fixed t in the intersection of the domains of the trajectories in ¢; and
2, by lower regularity (1. 17), if a >0,

£ 1£:(0) z Z YA, A)[nP(E4(2), A) + n*(€a(1), A)] (B 16)

Ach‘aA cAg

Omitting the dependance on ¢, £, we write the r. h.s. of (B.16) as follows

1
—g{ Z Z WA, An*(A) + Z Z WA, An*(d)

AcAg+raNAg-1 A'SAg+a+1\Ag AcAg-1 A’SAgia+1N\Aq
Z Z WA, An*(A) + Z Z W(A, An?(AY)
ASAgra NCAGrass ACAgia A'SAgrasiNAg

Z Z YA, An*(A") } (B.17)

ACAgia A CA§+as1

The first term in the bracket is a « short range » term and is easily bounded by (see 1.20)

T, = Eg Z n¥(A) (B.18)

AcAgiaNAg-1
The fourth term is also of « short range » type and is bounded as
T, =- l—; Z n}(A%) (B.19)
+=35% '
A'cAg+a+1N\Ag
The second and third terms are of similar nature and are bounded respectively by
1B
T, = EEF(I" —l-y) n(A) (B.20)
AcAq-1
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and

1B
T; = EEF(lq+a+1 = lg+a) Z n*(4) (B.21)

AcAgia

where F(n) denotes the rest of order n of the series defining F.
The last term is bounded by

ST ) es

AcAg+a k=1 AcCAgratk+r INAgra+k
Wk = '//(lq+a+k - ’q+u) (B~23)
After integration on <, since ¢, and ¢, are subsets of ¢, we have

- W 1&) < ﬂFEAq,.,,,\«,, ,(5) + BF(l, — - )ER,. (D)

Z Zwk(ﬁawa,k,.\.«w.(g>—E‘;W,MWI@, (B.24)

AcAgia k=1

where

where we have collected T; and T, to get the first contribution and T, and Tj to get the

second one, since l4,4q — e, > 1, — I, for g large enough.
We have now:

LeMMA B.3.— Let p = ¢ + a. Then:

Zl//k(E?\PwH\A,H — B}, inapa) S Z('/’k — Y+ DER, s, (B.25)
k=1 k=1

Proof. — In fact

o0 X o
0 0 _ 0 0
Z‘/Ik(EApu«H\/\pn - EAp+k\Ap+l) - El//kEA,H(H\A,,H - ZwkEAp¢k\Ap+l
k=1 k=1 k=2
xX o0 x
0 o 0
= zwkEA,+w,\ApH - ZW'HEAPWH\APH < Z(Wk — Ve B, ke, O (B.26)
k=1 k=1 k=1

LEMMA B.4. — If ¢ > q{") with g, large enough, and « is small enough:

¢(q+a+1)—w(q—1)< A

— (B.27)
(q) 48F
oot Ofle —ld A (B.2%)
o(q) 48
olq + a)Z(l//,¢ =YW +a+k+1)
k=1 < A (B.29)
o(q) 24
1
Proof. — Since ﬂq——)<l and, by (B.11)
o(q)
paratD=-old =1 _ e _ (B.30)
olg — 1)
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inequality (B.27) is true if we choose o so small that

A
(L4 20000 — 1 < (B.31)

Furthermore (B.11) and the fact that

ly—ly>aly » 0 as q > (B.32)

q q

prove (B.28), if g, is chosen large enough.
We have, denoting g + a = p, for k > 1

v 1
olp+k+1) << lp+k+1l) (B.33)
2

1 ,
;l‘)g (Ip+k+1 - Ip+l + 3)[2(lp+k+1 - lp+l) + 3P

but by (B.10)
IL+k+1

beier by 1+2 1+
I, Il—(1+o)™ 141+

] — = =a”'(1 + a)1 + 2a) (B.34)
ptk lp

1 —

lp+k

Then the I h.s. of (B.29) is smaller then

o1 + )1 + 2“)]”+‘Z[ll/(lq+a+k = lgra) — Wlgsark+1 — li+d)]
k=1

x ot 10g (lgravkr1 = lgrars T I20guwarisr — lyvar1) + 37

<a e (4 o)l + 20! Z [¥(s) — ¥(s + 1)](2s + 3)" log (s + 3) (B.35)

s=lg+q+1-lg+a+1

but the last series converges by (1.20), and then (B.35) is bounded by an infinitesimal as
q — oo; therefore, if g, is large enough, by (B.11), (B.29) is proven. O

Lemmas B.3 and B.4 and (B.24) imply Lemma 2.2 since ¢ is such that () =1 for
q > qo and qo is chosen large enough.

Lemma 2.5 is easily proven using still (B.24), Lemma B.3, (B.28) and (B.29), since
Xao-1($) = 1. Thus:

A 1
- W14 < ﬁ[Fw(qo +a+1)+ EZ(p(q")] = Eﬁh(qc) (B.36)

with h(q,) defined by the last step and then independent of B, z, 6.
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