ANNALES DE L’I. H. P., SECTION A

R.F. ALVAREZ-ESTRADA

Rigorous approach to elastic meson-nucleon scattering
in non-relativistic quantum field theory. (I) : integral
equation and Schrodinger ket

Annales de I'l. H. P, section A, tome 34, n°3 (1981), p. 253-276
<http://www.numdam.org/item?id=AIHPA_1981__34 3_253 0>

© Gauthier-Villars, 1981, tous droits réservés.

L’acces aux archives de la revue « Annales de I'. H. P,, section A » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1981__34_3_253_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

C. N.R. S:
Ann. Inst. Henri Poincaré, MQUE MA]HEMAI‘_QUEH A

Vol. XXXIV, n° 3, 1981, p. 253-276. Physique théorique.

Rigorous approach to elastic meson-nucleon scattering
in non-relativistic quantum field theory (I):
integral equation and Schrodinger ket (*)

by

R. F. ALVAREZ-ESTRADA
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Universidad Complutense, Madrid-3, Spain

REsuME. — La diffusion élastique d’un boson par un nucléon habillé
au-dessous du seuil pour la production d’un autre boson est étudié rigou-
reusement dans un modéle des champs quantifiés non-relativistes corres-
pondant, physiquement, a l'interaction meson-nucléon a basse énergie.
On présente une équation intégrale exacte et singuliere pour la diffusion
élastique, laquelle tient compte de l'infinité compléte des mesons virtuels
autour du nucléon. Pour des petites valeurs de la constante de couplage,
et en admettant certaines hypothéses techniques, on établie : i) la compacité
du noyau de I’équation intégrale singuliére et I'existence des solutions de
cette derniére dans un espace de Banach, ii) I'existence du vecteur de Schro-
dinger a dimension infinie qui décrit la diffusion élastique. On donne des
bornes qui fournissent une solution partielle du probléme posé par le
nuage infinie de bosons. Afin de contrdler complétement ce dernier pro-
bléme, des majorations des classes infinies des diagrammes de Feynman sont
nécessaires, lesquelles seront présentées ultérieurement, en un deuxiéme
trava‘l

ABSTRACT. — In a non-relativistic field-theoretic model corresponding
physically to the low-energy meson-nucleon interaction, the elastic scat-
tering of a boson by the dressed nucleon below the one-boson production

(*) A very short summary of this work (announcing its main results without proofs)
has been contributed to the « Ninth International Conference on the Few-Body Pro-
blem », Eugene, Oregdn, USA, 17-23 August 1980 (Session on Mathematical and Com-
putational Methods).
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254 R. F. ALVAREZ-ESTRADA

threshold is studied rigorously. We present an exact and singular (elastic-
scattering) integral equation, which includes the whole infinity of virtual
bosons around the nucleon. For small coupling constant and under certain
technical assumptions, we establish: i) the compactness of the kernel of
the singular integral equation and the existence of solutions for it in a
suitable Banach space, ii) the existence of the infinite-dimensional Schré-
dinger ket descrlbmg the elastic scattering. Bounds are given which partly
solve the infinite boson cloud problem. In order to control fully the latter,
majoration of infinite classes of Feynman dlagrams are required, which are
presented in a separate paper.

1. INTRODUCTION

A large body of rigorous results exists about scattering in quantum
systems of n(> 2) particles interacting via two-body potentials (see [1-5]
and references therein). Far less rigorous information is known about
those dynamical models which described n(> 1) non-relativistic quantum
particles interacting with a quantized boson field, and which are associated
to physical phenomena like low-energy meson-nucleon scattering [6-7],
electron-phonon interactions in solids [8], non-relativistic Quantum
Electrodynamics [9], etc., in spite of a vast physical literature regarding
them. Mathematical results on scattering in these models appear speci-
fically in [/0]). For other rigorous studies about them, see [//-14]. In
particular, rigorous scattering integral equations for such models which
could play a role analogous to the Lippmann-Schwinger [/] (Faddeev-
Yakubovski [4] [15]) equations in two-(n —, n = 3) body quantum systems,
do not exist, to the author’s knowledge. On the other hand, rigorous
results about scattering in Lee-type models, where the number of bosons
in the cloud around the non-relativistic particle is limited, appear in [12],
[16].

This work presents a general study of elastic scattering in a model of
the above kind corresponding, physically, to low-energy meson-nucleon
interaction [6-7). Since the mesons are massive and a cut-off function is
used (like in physical applications to low-energy pion-nucleon scattering),
both infrared and ultraviolet divergences are avoided. Nevertheless, two
difficulties exist: i) one faces an infinite number of equations, associated to
the infinite meson cloud around the nucleon, ii) elastic scattering singula-
rities are present, which give rise to singular integral equations. Our main
result is the rigorous construction of the Schrodinger ket describing the
elastic scattering of a meson by a dressed nucleon below the one-meson
production threshold, for small coupling constant and under certain
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ELASTIC MESON-NUCLEON SCATTERING (1) 255

assumptions on the cut-off function. Our methods can be generalized, in
principle, for increasing values of the coupling constant ( f).

This paper is organized as follows. In section 2, we formulate the model
(subsection 2.A), summarize and generalize (subsection 2.B) properties
of the dressed one-nucleon state and techniques, which will be very useful
later in order to solve difficulty i). Generalities about the elastic scattering
of a meson by the dressed nucleon are presented in section 3. In section 4,
we solve part of the difficulty i). Section 5) presents an exact singular elastic-
scattering integral equation (subsection 5.A) and a compactness -proof
for it, therely solving difficulty ii) (subsection 5.B). Certain problems left
open are solved or discussed briefly in section 6. Our construction also
requires a careful analysis and majoration of the infinite class of all Feynman
diagrams contributing to certain (Greens’) functions, in order to solve
completely the difficulty i) for elastic scattering. Such an analysis, which
is rather lengthy, will be presented in a separate paper. For simplicity, we
shall consider a model without spin or isospin dependences throughout
our work. At the end of the second paper, we shall add the essential remarks
in order to include internal degrees of freedom. Our work constitutes a
rigorous formulation, to all orders in f, of an approximate (Tamm-Dancoff)
approach to low-energy meson-nucleon scattering presented in [/7].

N-quantum approximations to models of the type studied in this work
have been investigated in [/8]. A formal continued fraction approach to
non-relativistic Quantum Electrodynamics (with applications to sponta-
neous and stimulated emission), which differs considerably from our
developments, appears in [19].

2. THE MODEL
AND THE DRESSED ONE-NUCLEON STATE

2.A. Formulation of the model.

Let a non-relativistic spinless particle (nucleon) have bare mass m, and
position and threemomentum operators X = (x1), p=(p), L, j =1,2,3
([xL, p;]1 = idL ;) and let W(g) be a bare one-nucleon state with three-
momentum ¢. The nucleon interacts with an indefinite number of scalar
bosons (mesons). Let a(k), a*(k) be the destruction and creation operators
for a boson with threemomentum k and strictly positive energy w(k) > w, >0
([a(k), a* (k)] = 6%k — k'), k = |k|) and let |0) be the vacuum. We
assume the total hamiltonian to be:

2

H=H,+H, H= 2”— ¥ Jd%w(k)m(E)a(E) 2.A.1)

mo
H, = de3E[v(k)a(E) exp ikx + v¥(k)a*(k)exp (— ikx)] (2.A.2)
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256 R. F. ALVAREZ-ESTRADA

S being a real dimensionless coupling constant and v(k) being a complex
cut-off function. The total conserved threemomentum is

P, =P+ Jd%.ﬁ.f@)a(ﬁ).
=2

T
Let s#;, with e < wy, be the subspace of Hilbert space formed by all
0

kets ¥ such that (P,,, — @)W = 0. A basis for #; is formed by the set of
all kets

- — 1 - —
W(qz; ki oo k) = ¥(g) @ [Wa+(k1) - a+(kn)|0>]

o iﬁ (2.A.3)
4z =T — i

i=1

Throughout this work, we shall assume that

T a0k |2]”2
Y ”"fUdkw(m =

b) f is sufficiently small (we shall state this condition more explicitly later,
at the appropriate places), ¢) v(k) and V,v(k) are continuous and bounded
for any k. Later, we shall have to add further assumptions, namely, assump-
tion d) in section 3, assumptions ¢) and f) in subsection 4.B, and assump-
tion g) in subsection 5. B. Since they are somewhat technical, it seems more
convenient to formulate them when they become necessary.

A standard quadratic-form argument yields, for any normalizable ¥
(compare with [20]; see also [10-14]):

(P, HW) < n.[og V2| HE2P|? + o 1P 117].

Then, if wy /2.7 <1, well-known theorems imply that H is self-adjoint
and bounded below [20].

2.B. The dressed one-nucleon state:
summary of useful properties.

We shall expand the dressed one-nucleon state ¥, (w) which belongs
to #(P,,, — M)¥.(%) = 0) and has physical energy E as:

Y.i(n) = ‘P(n

iky ..k _ _
]
n 3 B
e,,(E,ﬁ;kl...k,,):E—Z (,)—Tn—<n—ZEi>, n>1 (2.B.2)
" 0 3

i=1 i=1
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ELASTIC MESON-NUCLEON SCATTERING (I) 257

¥ (%) is normalized so that the coefficient of ¥(7) equals one. The n-meson
amplitude b,(m;k, ... k,) is symmetric under 1nterchanges of ky ...k,
(its E-dependence is not made explicit). We shall summarize some recur-
rence relations and bounds regarding the b,’s and the nucleon self-energy
which will be quite useful later. For brevity, we shall omit the rigorous
construction of both ¥, (%) and E for small |7 | and f based upon such
recurrence relations and bounds. It can be carried out by extending directly
the proofs presented, for the large-polaron model, in [/4]. Using
(H — E)¥Y. (%) = 0, one finds (es'? = e,/ | e, "% bo/leo |'* = 1):

b7 ky k)

n 17‘[ kl"'El'—lEi‘Fl"'En)
(BT kl. k)m{ WZ‘ Ve BTk o koikins . ) [

1/2 37 bn+l(ﬁ; kkl e kn)
+ fn+ 1) Jd kv(k)lenH(E,Tz; AT (2.B.3)
B o 3 _ by(w; k)
E-5o=MB.  ME - ffd3kv(k)|el(E,ﬁ;E)ll 5 (2.B.4)

we shall introduce the L2-norms

| bulki) 112 = { [Hd%]lbn(ﬁ%%z }

n>2; bkl = bkl 2B

" _ _ 1/2
Il b ll2 ={ d3k1[“bn(k1)“2]2} »o on=1

and the following functions and continued fractions:

[ oa (e TetOP }
"'[f jdklel(E,ﬁ-En

=l S T —
Kika-1| e, 1(E7rk1... ko- 1)1 e B, kky ... k,_y)| ’
n=2 (2.B.6)
AL
01(k1)——w(k1)_E 0B
,,(k)— S lolky) | N> o

nl(n — Do + w(k,) — E][(n — Do, — E]}12°
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258 R. F. ALVAREZ-ESTRADA

Z, = , n>1 (2.B.9

(n/n + 1).77.
(n + D/n + 2). 754,
((n + 2)/(n + 3)).75.3

1 —

At least for small |7 | and | E|, one has: i) 1, < + oo, n > 1, by virtue of
assumption a), ii) 7, - Oasn — oo0. Then, all Z, and Z;, converge and are
positive for any n > n, (ny, depending on f), by virtue of some classical
theorems about the convergence of continued fractions [21]. Here, we
shall assume that f is suitably small (recall assumption b) in subsection 2. A)
so that all Z, and Z; converge and are strictly positive for n > 1. Some
direct L?-majorations of Eq. (2.B.3) yield (they generalize those in sec-
tion 4 of [/4]):

”anZSIn‘”bn—1“2+rn+l'an+1”2’ n>1 (2B10)
_ n—1 _
1 bulki) 112 < 0k i) 1 b1 12 + Ty I bp=1(ke) M2

+ Trr- 1 Bas (ki) Iz n=z1 (2.B.11)

with the conventions || by ||, = 1, || bo(k,) ||, = 0. We stress that (2.B.11)
is new, as it was unnecessary for the studies carried out in [/4]. One proves
that the three-term recurrences of inequalities (2.B.10) and (2.B.11) are
satisfied by the following inequalities (by using techniques sketched in
sections 4 and 5 and Appendix C of [14])

Wbally < 10-Zy I by-ill2,  n2=1 (2.B.12)

— n—1 _
I bulko) Iz < Zy. { et | bn—1(ki) ll2 + oulky). 1 bu-yll2

+ o0
+ 2([(‘5"“-Z;+1)-(fn+2-z;+z) v (Tar1-Zny)]
=1

Ouiiky). [ basi—y ”2)}, n=1 (2.B.13)
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ELASTIC MESON-NUCLEON SCATTERING (I) 259

The bound (2.B.12) implies that || b,|l, = 0 as n — oco. By virtue of
the above property ii) of the t,’s, the series on the right-hand-side of (2. B. 13)
converges. Since || bo(k;) ||, = 0, Egs. (2.B.7) and the bounds (2.B.12-13)
imply the existence of some continuous and positive functions o(k,)
such that:

a) || by(ky) Ilz < [1v(ky) | o (k) Veorky) 2, n=1
b) ¢'V(k,)is bounded for any k,
c) oP(k;) - Oasn — = for given k.

\

The second Eq. (2.B.4), the bound (2.B.12) for n = 1 and || bo ||, =1
imply the following bound for the self-energy M(E):

IME)| < 2.2, (2.B.14)

3. ELASTIC SCATTERING
OF A MESON BY A DRESSED NUCLEON

We shall study the low-energy elastic scattering of a boson by the dressed
nucleon, which had small threemomenta 7 and — I, respectively, in the
remote past, at infinite relative separation. According to Wick’s time-
independent formulation [22], the incoming state is a*()¥.(— ) and the
full (Schrodinger) state is W, (I; — ) = a*(D¥ (= ) + W ([; — D, V.(T; = )
being an outgoing ket generated by the interaction. The total energy is
E. = o(l) + E(—= ). Since (H — E.)¥(I; — 1) = 0, a simple calculation
yields (for similar developments in the static Chew-Low model, see Schwe-
ber [6]):

(H - E)¥l; =D = — folDexpil. x. ¥ (=) (.1

By generalizing Eq. (2.B.1) and noticing that P, ¥ (l; =) = 0, we
shall expand W, (I; — ]) formally as

Pooll; = ) = yo. ¥(7 = 0) + Z J [H d%]yn@l .. k)
.‘P(— ZEi;EI E,,> (3.2)

i=1

Va 18 the probability amplitude for finding n > 0 bosons in ¥, and is
symmetric under intercharges of k; ... k,. It depends on T and E,, but
these dependences will not be made explicit. Upon combining Egs. (3.1-2),

Vol. XXXI1V, n° 3-1981.



260 R. F. ALVAREZ-ESTRADA

(2.A.1-2) and (2.B.1-2), one derives the basic recurrence for the y,’s
(compare with Eq. (2.B.3)):

eEr, 05k ... k) .yuk, ... k) = — T

f o\ 7z -
+ iz’ Uk  yu-alky oo ki ikiey k)

i=1
+ f(n+ 1)1 fd3E.v(k)y,,+1(EE1 k), n=0 (3.3

80(E+,6)=E+, y—1=0
bo(— 1) (3.4)

T T T T = 1
| eo(E(— 1), = D['?
where all b,’s, n > 1, are regarded as known. Unlike the coefficient of ¥(7)
in Eq. (2.B.1), which equals one by virtue of the normalization condition
for W, (7), here y, has to be determined from the recurrence (3.3), like all
other y,’s, n > 1. Egs. (3.3) have only a formal sense in principle, since
some e,’s could vanish and, hence, the y,’s should exhibit typical scattering
singularities.
We shall add the assumption: d) f, and | = || are so small that
E(-N=El) <wy,E; >w,+E-0)>0
and E, < 2w, hold. These conditions imply respectively that
eB(=D, — Tk, ... k) <0
for n>1 and any k; ...k, e(E.,0)>0 and e, (E,,0;k, ... %) <0
forn > 2 and any k, ... k, and allow for ¢,(E ., 0; k;) to change sign and
vanish as k, varies. Notice that, at least for small f and [, E(0) < Oand E(— )

increases and becomes less negative (and, perhaps, even positive) as !
increases. Then, the elastic scattering threshold is

wo + E(O)E ., = wy + E0) > 0).
We are restricting ourselves to small / such that only elastic scattering
occurs and boson production is energetically forbidden.
The above statements and some preliminary study of the recurrence (3. 3)

indicate that all y,’s, n = 0, can be determined rigorously through the fol-
lowing three-step construction, which constitutes the plan of our work:

1) Solve partially the set of all Egs. (3.3) for n > 2 and obtain y, in terms
of y,andall b,’s,n > 2, treated as known inhomogeneous terms. Sincee, < 0
for n = 2, the kernels for such a set are free of scattering singularities, but
one has to cope with an infinite number of equations. The recurrence rela-
tions and bounds summarized in subsection 2.B will be quite useful.
Moreover, a detailed study and majoration of all contributing Feynman
diagrams (presented in a separate paper) will be required.
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ELASTIC MESON-NUCLEON SCATTERING (I) 261

2) Consider Eq. (3.3) for n = 1, plug into it the solution for y, in terms
of y, obtained in step 1 and the expression for y, implied by Eq. (3.3)
for n = 0 and solve for y,. Here, one has to deal with one integral equation
displaying elastic scattering singularities.

3) Extend the work started in step 1 so as to complete the construction
of yg and all y,’s, n = 2, once y, has been determined in step 2.

4. PARTIAL SOLUTION OF EQS (3.3)
FOR n>2 IN TERMS OF y, (STEP 1)

4.A. An alternative formulation of Eqs (3.3) for n > 2.

For later convenience, let us divide Eq. (3.3) for n > 2 by
B 0Ky . K2 # Ol e, |12 = e,)
and introduce
yik, ... k)=1e E,.0:ky ... k)" yuky ... k), n=2 (4.A.1)

.VIZ(EI_E'Z)

foolly.by(— T ki k)

ez(E+,6;E1E2)1/2- [ex(E(— D), — T; E1Ez)|1/2

fooll).b(— Tk ... k)
—T

Y(O) — . _ . — — :
! eEs, 05k, ... k)2 JeB(— D, — Lk, ... k) "2 | 4.A.2)
d'O(k, k)
0
yo=| o
O Ty — f « (T .y (F
d (kik,y) = (k) Y1(kz) + v(k,) J’1(k1)] (4-A-3)

eyEy, 05k k)2, 212 v
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262 R. F. ALVAREZ-ESTRADA

Then, the set formed by all Egs. (3.3) for n = 2 becomes the following
inhomogeneous linear equation for Y:

Y=YV +YP+W.Y (4.A.4)

where Y§" and Y§? are regarded as given inhomogeneous terms and W is
the corresponding kernel, which is unambiagously defined through the
right-hand-side of Eq. (3.3) for n > 2, the division by e}/? and Eq. (A.4.1).
One has, in a formal sense, at least:

2
Y=Zd‘”; d9=@1-W)"LY®, =12
i=1

a9k k,)

a9 = | a9k, ...k, 4.A.5)

where 1 denotes the corresponding unit operator.

4.B. Rigorous construction of 4’

Since none of the e,’s, n > 2, appearing in W and Y{” vanish for any
ky ...k, a suitable extension of the techniques sketched in subsection 2.B
will allow to construct d) rigorously. Thus, a posteriori, we shall realize
the interest of having introduced y, (Eq. (4.A.1)). Notice that d'\¥, n > 2,
satisfy the following recurrence relations:

dVk, ... k,)

B 1 { foohb(— Tk, ... k) Lt
eE1,0:Kky ... k)2 | [eB(= I, — T; k,

ey T )k
&y Kooy . K

i=

+ f.(n + 12 Jd3Ev(k)

len 1(E+,6 E . Ei—lEi+1 ce En)|l/2

dn (kk T

"“.("i_ k) n=2dP=0 (4.B.1)
Ien+ 1(E+’O k k kn)ll/z

In fact, if d© =0, then d® = 0 and one has Y = dV = Y{ + wa®,
whose explicit form is (4.B. 1). Upon introducing the L2-norms || d\V(k,) ||,
and [|d{"||,, n > 2, through Eqs. (2.B.5) with b, replaced by 4", and
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ELASTIC MESON-NUCLEON SCATTERING (I) 263

carrying out majorations similar to those leading from Eq. (2.B.4) to
(2.B.10) and (2.B.11), one finds

”digl) Hz < oyl byllz + 7 Hdﬁl—“ “2 + Tt ||d$.1+)1 Hz )
n>2 |dP],=0 @4.B.2)

n—1

| d(K:) |2 < [ 11 Balki) Nz + k). || 42y |] + T [| 2 1(ky) |2
+ Tprr ARk |2, n=2, ||dPky) ], =0 (4.B.3)
o, = foo(l). { [,lz\lﬁizlixflen(Eﬂﬁ;El k) M2
. [%géle,,(E(— D, =Lk ... k)21 n>=2 (4.B.49)

where the actual 7, and o, are still given by Egs. (2.B.6) and (2.B.7), but
with E replaced by E .. The recurrences (4.B.2) and (4. B. 3) have structures
similar to (2.B.10) and (2.B.11) respectively. Then, by applying the same
arguments which led from (2.B.10), (2.B.11) to (2.B.12) and (2.B.13)
respectively, one arrives at the following explicit recurrences of bounds
for ||d"||, and ||d{"(k,)||, (which satisfy the recurrences (4.B.2) and
(4.B.3), respectively):

nﬁwbsa{%umm+nwamm

+ o0
+ Z [(Tn+1-Zn+1)-(Tn+2-Zn+2) cor (Tt Zys )] (g ] bn+l”2)}’
=1

n>2 |[dV],=0 (4.B.5)

n—1

Ty ” di.l—) 1(%1) ”2

206 < Ze] G IE D+ k) 2 ]+

+ o

+ Z[(Tnﬂ Az, D-Tnia-Zyis) o (Cnr1-Zni )] [0 | bn+l(E1) II2
=1

+ Gp ki) || dizlgt—l 2] }, nz=?2, ” d{(ky) ”2 =0 (4.B.6)

Let f be so small that all Z, and Z;, n > 2, are finite and strictly positive
(this agrees with and makes explicit assumption b) in subsection 2.A).
Then, by using the properties of || b, ||, and || b,(k,) ||, established in sub-
section 2.B, and using similar techniques, it is easy to prove that

a) both series on the right-hand-sides of (4.B.5) and (4.B.6) converge
+ o0

b) [[d" |, » Oasn — ooandZ[“ dV|,]* < + ©
n=2

Vol. XXXIV, n° 3-1981.



264 R. F. ALVAREZ-ESTRADA

¢) there exist continuous and positive functions ¢'?(k,) such that
cl) || ko) [l < [1olky) | 02 (k) eotky)'

2) a'¥(k,) is bounded for any k,

c3) aP(ky) - 0if n — oo, for given k.

On the other hand, by expanding (1 — W)™ !, one gets

+

dV = [11 + ZW"]YP’ 4.B.7)

n=1

It is obvious that the series for each d{!(k, ... k,), n > 2, which results
from (4.B.7) coincides with the one obtained by successive iterations of
(4.B.1). By majorizing directly such a series for d{" (via Minkowski and
Schwartz inequalities, etc.), one finds two majorizing series for ||d\"||,
and || d"'(k,) ||, which, in turn, can be summed up into the right-hand-sides
of (4.B.5) and (4.B.6), respectively. The detailed check, term by term,
of the last statement is not difficult, but rather cumbersome, and will be
omitted (compare with section 4 of [/4)]).

Notice that the recurrences (4.B.2) and (4.B.3) provide a particularly
convenient method for majorizing all d{!”s, which avoids the detailed
study of the individual terms of the series (4.B.7). We stress the fact that
the bounds (4.B.5) and (4.B.6) establish the convergence of the series
4.B.7).

We shall assume that the boson energy w(k) is such that

e) if e(E,7;k, ... k,), n>2, is non-vanishing for any k, ...k, and
small or vanishing | 7| at the given E(E < E,), then

1 1

\Y _ _ < (3). _ _
Yo (E, T ky ... k)2 leE, Tk, ... k) ['?

for any k, ... k, n > 2, ¢'® being a positive and finite constant.

f) for the given E., e,(E,,0;k,) = [k; — K(E.)].eP(k,) where
k®(E,) > 0 and e{(k,) # O for any k, > 0. These assumptions are auto-
matically fulfilled by the typical non-relativistic boson energy

(k) = wy + w,k?,  w; =0.
For a relativistic meson energy, namely,
wk) = (0§ + 01k, @720,

the corresponding e®/(k;) may have its own zeroes, generically denoted
by x,, which would violate assumption f). One can still allow for the rela-
tivistic w(k), provided that f') be replaced by

/') v(k) vanishes identically for k > x,, x, being smaller than all x;,
so that the only effective zero of e,(E.,0;k,) below x, is K{(E.). It is
always possible to choose v(k) so that assumptions b), f’), and g) (to be
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formulated in subsection 5.B) hold simultaneously and, hence, the main
results of this work remain valid.

By applying Vg, to the whole recurrence (2.B.3), one generates a new
recurrence for Vglh,,(ﬁ1 ... k,), n> 1, which also contains b, Vge, and
Vi, t(ky). Upon majorizing this new recurrence by using assumption e)
and techniques similar to those leading to (2.B.11), one gets a three-term
recurrence of inequalities of the type

|V1?1171(E1)| < odiP(ky) + 75 |l Vl?ll’z(El) Il2 (4.B.8)

_ 1 _ _
Ve bk ) ]2 < (k) + 5 T2 I Vebik) T+ 75 ] Vibs(ki) [l (4.B.9)

1 _
T ll Vi by— 1 (k) ]2
+ s Ve Pas (k) Iz n=3 (4.B.10)

— — n—
| Vi buk ) [z < o (ky) +

Here,
_ _ _ o _ 1/2
I Vibuk) |l = Ud% o Pk, | Vi byfkiky kn)lz] , n=2

and #"tk,), I = 1. whose expressions are omitted for brevity, depend on v,
Vi utky), [1b, 1l and || by(ky) |[,. In turn, the latter two are regarded as
known, by virtue of (2.B.12-13). By applying to the recurrence (4.B.8-10)
methods analogous to those yielding (2.B.13) and the results a), b) and ¢)
at the end of subsection 2. B, one arrives at

| Vl?lhl(El) |< 0(4)(1;1) [ v(ky) | + 6(5)(E1)~ IVE. v(ky)|  (4.B.11)

where ¢'?(k,), i = 4,5, are continuous, positive and bounded for any k.
Similarly, by taking Vg, in the recurrence (4.B.1) and majorizing (using
again assumption e)), one derives the analogue of (4.B.8-10) for

1/2
HV;:d},“(El)HZ(z[Jd%z...d3E,,|Vk—.idi,”(E1E2...E,,)|2] ) ;

Finally, by extending the methods which led from (4.B.8-10) to (4.B.11)
and using (4.B.8-11), one derives

| Ve d(ky) |2 < 0 ©(ky). etky) | + 6 7(ky). | Vg vky) | (4.B.12)

a(k,), i = 6,7 being also continuous, positive and bounded for any k;.
The bounds (4.B.11-12) will be useful in section 5.

v

2.

4.C. An expression for ¢}’ in terms of y,.

Our next task is to construct mathematically the first component
dP(k k,) of (1 — W)~ 1YY, Unfortunately, it is difficult since d¥”’ depends
on y,, which contains elastic scattering singularities, so that the majoration
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techniques used in subsection 4.B for d\", n > 2, cannot be extended
to d and other methods have to be applied. Let us consider all possible
contributions to d$*(k,k,) which arise from the formal expansion

+ o
(1w

n=

(through a detailed analysis for n = 1,2, 3,4 and a suitable induction for
larger n). Then, one shows without difficulty that

a) there exist, in a formal sense at least, four functions s;, i = 0, 1, 2, 3
such that

d(zz)(E1E2) = So(Elﬁz)-d{o)(EEz) + stki -51(E1E2§ Ei)d(o)(Eiﬁz)
. j PRy ). dOE, T
- fd3E;d3—;s3(E1E2; kik5)d Ok ky)  (4.C.1)

by all s;;i = 0,1, 2,3, are free of -functions of threemomenta.

cl) Sq(’fi’fz) = So(k2k1_) o
D) silkoki; k) = sy, Ry

3) sa(kyka; kiky) = sa(koky; kikh)
Since d9(k,k,) = d®(k,k,), the properties cl), c2) and ¢3) imply

. d(zz)(E1E2) = d(zz)(EzEﬂ-

The structure of (5.C. 1) suggests that the s; can be regarded as a kind of
Green’s functions.

Let f be sufficiently small (recall assumption b) in subsection 2.A).
Then, one can establish rigorously the existence of the four functions s,

i=0,1,2, 3 satisfying the above properties a), b) and ¢) and the following
ones

d1) | se(k,k,)| is continuous and bounded for any k,, k, -

o F2 ok oK) ]
42) |s;(kiky; k)| < 5y lkiKs Kp). | e L AN
) Itk W < simlbaka: ) |:|32(E+’0;k1k2)|lz-ié’z(E+»0§k1kz)|”2

)[ F2 k)| (k) | ]
. |‘—’2(E+’6§ %1];2)'1/2' |32(E+a6§E1E£)|I/2
1)

|52(E1 E2§ Eﬁ” < SZ.M(EIEZ; k

NS

bl
Eexl

Sl.M(El Ez? H) = SZ,M(EZ
d3) | ss(kyky; kikY) |

< S3,M(E1E2; E’lilz)[

15

SE k) | ulky) | ok || (k) I]
|ex(E 4, 6? EIEZ) |12, |es(EL, 6; E’l%'z) |12
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d4) sy M, S2m and s3 v are positive, continuous and bounded for any
ky, ko, K, K.

an1 nz
ds) ‘6k"‘ oz, — so(kyk,) | is bounded for any ki, k,, if ny + n, < + o0,
(o, $=1,2,3)
7 o I/ L S
d6) ‘ — « ———5,(k1k;; k)
2,?[; akﬁy 2\ 1”2 2
ny na - 6hll)(k )* ahzv(kr)
S [Z z S(zhlwlha}xv(klkz§kz§n1nz”3)~ 6k'2'1j | ok
hi=0h2=0

1
‘ lex(Ey, 6; §1E2) |1/2‘ | ex(E 4, 6§ EI%IZ) |1/2

where E n; < + o, all s§y2;, are positive, continuous and bounded

for any E_l, k,, k, and so on for s,
o o o o™

d7)\ (kKo KGR
1"Zﬂ 6k3 0233 1K2; K1K3
*hnv 1)* okt | | "o(kl)
oK'z, okl 6k"’4 |

hy=0 h2=0h3=0 ha=0
. (hiuhz e h")(E k ;EQE§§”1”2"3"4)}
1
. |32(E+,6§E1E2)|1/2- |92(E+,6§E'1E'2)|“2

3

where Y n, < + oo and all s®ii23h9 are positive, continuous and bounded
N 3,M;apyd

i=1
for any ki, k,, ki, k5.

d8) each s;, i = 0,1,2,3, is really a function only of the ‘'scalar products
of the vectors which appear as its arguments (no privileged directions exist).
Thus, s, depends only on k2, k3, k, .k, and so on for the others.

Notice that all s;, i = 0, 1,2, 3, depend on E, and, through it, also on |,
and that they do not have an additional and explicit I-dependence. In fact,
i) they are uniquely determined by the kernel W, which depends on E,
and which does not have an explicit I-dependence, ii) E, depends on (])
and E(— ) both of which only depend on L

The proof of the above results, which are essential for the rigorous
construction of y,, requires a careful study and majoration of all Feynman
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+

diagrams which, arising from [1] + ZW"] Y4, contribute to the func-
n=1

tions s;, i = 0, 1,2, 3. Such a proof, which is rather lengthy, and explicit
estimates will be given in a forthcoming paper. Our methods also provide
the basis for an effective construction of all s, i = 0, 1,2, 3, in the form
s; = S;¢ + Sir, Where s; is the sum of a finite number of Feynman dia-
grams (say, all perturbative contributions to s; up to some order f2")and
s; r is the remainder. In fact, the techniques to be presented in such a forth-
coming paper will allow to majorize all | s;g | .

5. THE ELASTIC SCATTERING INTEGRAL EQUATION
FOR y, (STEP 2)

5.A. Derivation of the elastic scattering integral equation.

Let us consider Eq. (3.3) for n = 1 and replace in it y,(kok,) by

2
sl 0 Ry 112 [Z dg«zza)]

i=1

where, in turn, d?'(kk;) is to be substituted by the right-hand-side of
Eq. (4.C.1)and d4"(kok,) is a known function (as it is given by the conver-
gent series which results from (4.A.5) for n = 2 and (4. B.7) and it depends
only on completely known functions). Moreover, let us express d© in terms
of y, via the second Eq. (4.A.3), use Eq. (3.3) for n = 0in order to eliminate
yo in terms of y, and rearrange terms. Then, Eq. (3.3) for n = 1 yields
finally the following inhomogeneous, linear and singular integral equation
for y, :

M(El) = D(k1)—1 'yin(El)
+ jd3k'1 .D(kl)_l.[A(El,E’l) +

Srelky)*e()
Vin(ky) = Dy(ky) + eoEL.0) (5.A.2)

fZU 1(1\1)
€o(E+,0)

}(E;) (5.A.1)

D(k,) = e (E4,0: k;) + it — Dy(ky) (5.A.3)
Sl b= 15 k)

DuR) = 4B Tk
1/2 3 U(k) 4(1)(1(, )
M J\d ‘ez(E+,0 ]\]\ ll/z (5.A.4)
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1)
vk Yo(k”)*s (1\1\1, ") :|
Bk Pk —— S 5.A.5
J e 03K |2 e 0 Ry | OA)
o k k kik
Ay = etk
ex(E,0; k] kl)

. v(k)()(k R
+f,d3k edE L0 ) 2 e 0 R
B T Y
O B 0 k) 12 (o 0 R
e R R )
SO B0 k) 7 exEs. 0: Ry
N i
LR R P B ST
[ sFEFR) sa(k'k_l, k) ] 56
B0 kR B0y e) O

Remarks. — 1) Since e,(E.,0; k,) vanishes for some k, (recall assump-
tion d) in section 3)) and in order to ensure the correct elastic-scattering
singularities and outgoing wave behavior for y,, we have replaced
e(E,,0;k;) by e(E,,0;k;) +ie (¢ - 07), according to the general
prescriptions of scattering theory [/].

2) By virtue of properties d1), d2) and d4) in subsection 4. C and assump-
tion a) in subsection 2. A, D,(k,) is bounded for any k,, vanishes if k; — oo
and, for any k,, becomes as small as desired if f is suitably small.

3) The results d1)-d4) in subsection 4.C imply

| Ay, k1) | < Ak, k). Lotk | oK) | [odky). ofky)] ™12,

where Ay(k,, k') is bounded for any k,, k% and vanishes if k; or k} approach
infinity. Moreover, A becomes as small as one likes, provided that f be
adequately small.
4) By using
d3k’'v(k )d‘” [J — |1(k ) |2 172 _

. o< Bk — || a8k
'J-IezEwO I\k ',2 Iez(E Okk)l ” 2(1)”2
and the results a) in subsection 2.B (between Egs. (2.B.13) and (2.B. 14))
and c1) in subsection 4.B (between (4.B.6) and (4.B.7)), one gets

|Dy(ky) | < Dy mlky). | vlky) | oolky) ™12
where D, y(k,) is bounded for any k, and vanishes if k;, — oc.
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5) By using assumption a), the results d1)-d4) in subsection 4.C, the
results obtained for b, (subsection 2.B) and di" (subsection 4.B) and

Egs. (5.A.4), (5.A.6), it is easy to prove that fd3E1 |Dy(ky) > < + o0
and jd3ﬁld3l?’1 [Atky, k) 12 < + .

6) From Egs. (5.A.3),(5.A.5) and (2.B.2) for @ = 0, the result d8) and
the comment just after it in subsection 4.C, it follows that D,(k,) and,
hence, D(k,) only depend on k, and E .. (but not on the direction of ky).

Let f be suitably small (recall assumption b) in subsection 2.A). Then,
by using assumption f) in subsection 4.A, the above remark 6), and noti-
cing that D,(k,) becomes as small as desired for suitably small /, one has

Dky) = [k — (Ki(E.) + ie) ID'(k,) (5.A.7)

where kj(E.) > 0 and D’(k,) # 0 for k; > 0. Notice that:

i) Ky(Ey) — kKP(E.) and D'(k,) — e{(k,)(kQ(E ), ¢¥(k,) being the same
as in assumption f)) approach zero as f2,if f — 0,

ii) D'(k,)/e(k;) — 1ask, — oo, since Dy(k;) — O (recall remark 2)
above).

We shall introduce

,V'l(El) = D(E1)-,V1(E1)

ky, k T & vk, )* ok} A
Ay(ky, ky) = [D’(ki)]‘l.[A(kl, 3)+M] (5.A.8)

eO(E +> 6)

so that Eq. (5.A. 1) becomes the desired elastic scattering integral equation

_ _ o AGRLE, _
yi(k1)=ym(k1)+fd3k; - i(ks, ki) JiEY)  (5.AL9)

1 — [KU(E) + ie]
Using standard abstract notation and manipulating, Eq. (5.A.9) reads
Y=Y+ Ay, i) = k1>, k) =kl (5.A.10)

Ay(ky, KY) ¢
ky — [KY(E.) + ie]

|

ALK

RS AV (AN
= dkl 17 ’ .
0 ki — [ky(EL) + ie]

(5.A.11)

+1

2n
Chy | AKRY) RS = J d(cos 63’)J de’ . [cos 07 — cos 04 ]
1 0

Slo7 — @11.0[kY — k1. Ak, KY) (5.A.12)
where (61, ¢7) and (07, ¢7) are the polar angles determining k; and k7.
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5.B. Rigorous solution of the elastic scattering integral equation.

Some time ago, Lovelace presented a compactness proof for the Lipp-
mann-Schwinger equation in two-particle potential scattering [23]. As
we shall see, it is possible to extend such a proof to Eq. (5.A.9). We shall
give the essential arguments and bounds for that purpose, and omit certain
details which can be found in [23]. Let us consider the Banach space C,
of all complex functions ®(k,) such that both ®(k,) and Vg ®(k,) are conti-
nuous and bounded in magnitude for any k,. The norm in C,, which makes
the latter a Banach space, is

el = M6l)<|<1>( )+ a®. MaXIVh@(kl)l (5.B.1)

¢'® being a strictly positive constant such that both terms in Eq. (5.B.1)
have the same dimensions (for instance, ¢® = w, > 0).
We shall make the following additional assumption: g) v(k) is such that
o110

1 + ¢ [In(k}/wo)]*’
RIS

1+ 0 [In (k{/wo)I*

gl) | k2 Ak, k) | <

| k2VeAsky, k7) | <

are true uniformly for any k, and ki, ¢, i = 9,10 and 11 being certain
non-negative constants, with ¢® > 0 strictly, and
g2) both
% oAk, K,
r1/2 ’ ’ ’2 IAUSERAST
kl |:<Zk1 (8)>|A (klak )l + k —_5k'— :I
a‘1\1(1(17
ok

k12
k’11/2|:<2k’ (3)> | VklA(kl, DI+ kP

Vkl

are uniformly bounded for any k, and k’l.

By recalling the second Eq. (5.A.8), majorizing it and Eq. (5.A.6),
recalling Eq. (5.A.7) and the comments below it and using the results d1)
to d7) in order to make v and Vv appear, one concludes that there always
exist cut-off functions » such that both g1) and g2) hold. We shall not
write down the resulting conditions on v and Vv, which are straight-
forward but rather cumbersome. Notice that g1) and g2) generalize, respec-
tively, the conditions named (2.11) and (2.14) in Lovelace’s paper [23].
Moreover, both ¢'? and ¢*") become arbitrarily small, if f is suitably
small.

The main steps necessary for solving Eq. (5.A.9) in C, are the following.

1) Assumption ¢) and our previous results in subsections 2.B and 4. A
(recall the result a) in subsection 2.B, the result cl) in subsection 4.B,
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the bounds(4.B.11-12)and Egs.(5.A.2)and (5. A .4))imply that b,(— T; ky),

f P HEOADET)
| e, 03Ky 127

D, (k;) and y, (k) all belong to C,.
2) If ® belongs to C,, so does A(k7)®, and one has

INAKRD® | < o' 2(Kk7). ||| @]

uniformly in kY, where

+1 2n
a1 I(k7) = Max |:k'1'2J d(cos 9'1')j dot | Ak, k7) | :I
ki - !
' +1 ° 2n o
+ ¢'®. Max |:k’{2j d(cos 0’{)[ do? | Vi, Aqlky, kY) IJ (5.B.2)
ki

0

This bound implies that A(k} = 0) =
3) Step 2) and assumption g1) imply
(13)

AR ||| < @ 5.B.3
Il A(kY) |||< YA I |l ( )

uniformly in kY, ¢"'* being a positive constant (compare with (2.10)
in [23]).

4) If @ belongs to C,, so does (k,(,l/z)) ®. Moreover, by virtue of assump-
dAkY
tion g2), one has 5(7(7(,3/17))(1) < aUKY). ||| @ |||, uniformly in kY, where
1
+1 2n k”
cIN(kYy = 2. kY32 { Maxj d(cos 0'{)J d(p’1’|:< 0‘8)) | A (ky, kY) |
S ’ | AR KD ]
ook
+1 2n ku
+ a®. M_axJ d (cos 0’{)] d(p’{[( (8)> | Vi, Ay, k7) |
k1 -1 0
oA (ky, kY
+ kY V;,M ]} (5.B.4)
okYy

5) Steps 2) and 3) imply the following Holder conditions:

IHAKY) — ARO[l < 2. [ kY = k5 | 1@, k3 >0

- ; (5.B.5)
I AGD® I < oM kY2 (@ i)

6> and ¢"'® being positive constants (compare with [23]).
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6) If ® belongs to C, A® also belongs to C,. Moreover, Egs. (5.A.10-11)
and steps 2), 3), 4) and 5) yield:

i) if K{(E4) >0

3) g
Ao < {imr s [ C |+ o0k
1 + [In(kKi(E+)/wo)] Ky(E;)
+ “”rw it } @1l (5.B.6)
g . .D.
w  [KY — Ki(ED]L + o [In (K} /o) 1]

ko, being an arbitrary finite momentum, with ko > k{(E,).
i) if E, is such that ki(E,) = 0 and kj is arbitrary but strictly positive

Il Ad |

< [20“6).%1/2 + a(ls)fm dk{
K7L [L+ [In(kY/wo)]?]

Notice that the two integrals appearing in (5.B.6) and (5.B.7) converge
and that ¢, i = 13, 14, 15 and 16 become as small as desired as f — 0.

From the above properties, and extending Lovelace’s arguments [23],
it follows that: a) A is a compact (and, hence, a continuous and bounded)
operator in Cy, b) A can be arbitrarily closely approximated by an operator
of finite rank and, hence, Eq. (5.A.9) can be approximated by a finite
matrix equation as accurately as desired, ¢) for suitably small £, the series
for y(k,) formed by all successive iterations of Eq. (5.A.9) converges
in C, (as the two constants multiplying ||| ® ||| on the right-hand-sides of
(5.B.6) and (5.B.7) are less than unity). Further results can be obtained
by applying to the kernel A and Eq. (5.A.9) other standard properties of
compact operators. For brevity, we shall omit them.

]'IH(DIII (5.B.7)

6. CONSTRUCTION OF y, AND y,, n > 2 (STEP 3)

Using Egs. (5.A.7) and the first Eq. (5.A.8), Eq. (3.3) for n = 0 becomes

1 i [t dk
= eo(E+,6){f'”“) * f’L K~ Ki(E,) + i)

kl +1 2n _
'[D’l(k) . J“l d(cos O)J‘0 do. v(k).yl(k)]} 6.1)

Here, (0, @) are the polar angles of k and y/(k) is the solution of Eq. (5.A.9),
which exists and belongs to C, (at least, for small f). By extending the
techniques used to establish step 5) above, one proves easily that the sin-
gular integral in Eq. (6. 1) converges, which implies the finiteness of y,.
Similar methods allow to establish the convergence of all integrals

Yo
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in Eq. (5.C.1), when d'? is expressed in terms of yj via the second Eq.
(4.A.3). This implies that D(k,).D(k,).d$(k k,) and

VE[D(k1)D(kz)d(22)(E1E2)] > i=12

are continuous and bounded for any k,, k,. This, by virtue of the results
obtained in subsection 4.B and Eq. (4.A.5), completes the characteriza-
tion of y,.

Once y,, y; and y, are known, the construction of y, for n = 3 poses
no problem of principle, although it is rather cuambersome. We shall sketch
the determination of y; only. Let us consider all Egs. (3.3) for n > 3 and,
using Eq. (4.A.1), cast them as

Y =Y+ Y9 + WY,

3
T )

0"
Y40 = : (6.2)

e3(E+7 6

where (j, h) = (2,3), (1,3), (1,2) for i = 1,2,3. Y’ and Y{? are given by the
right-hand-sides of Eqs. (4.A.2) respectively, with the first component
omitted and W’ is the corresponding new kernel. The construction of
(1 — W)~ 1.YY? proceeds by generalizing directly that of d'* in sub-
section 4.B. Clearly, y5 equals the first component of (1 — W’)™1.Y{?,
plus that of (1 — W’)~1.Y45%. In turn, the latter is given by the genera-
lization of Eq. (5.C.1), with: i) new functions s}, j = 0,1, ..., 8, instead
of s;, which can be constructed by generalizing the techniques to be pre-
sented in a separate paper, ii) d'* replaced by the non-vanishing component
of Y49, which is already known. The elastic scattering amplitude could be
determined, in principle, in terms of W (I; — ), by generalizing directly
the developments given in Schweber [6].

We stress that the techniques used in this and the following paper provide
basis for: i) effective reductions of the actual elastic scattering problem in
a field-theoretic model to n-body problems (as they control the contri-
butions of all possible Feynman diagrams), ii) non-perturbative studies,
for increasing values in f, (following the spirit of subsection 5.C of [/4]).
In order not to make this work longer, we shall omit them and the discussion
of some open problems.
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