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Topology of vortices
by

C. von WESTENHOLZ (*)

Department of Mathematics, The University of Zambia,
P. O. Box 2379, Lusaka (Zambia)

ABSTRACT. — A conceptual new approach to field theory is given in terms
of unifield intrinsic field quantities which consistently describe interacting
elementary particle systems. These non-local field quantities provide a
classification of vortices in terms of homotopy theory and the Rham’s
cohomology framework. By way of such a classification scheme, interacting
vortex lines, i. e. interacting particles associated with these vortex lines,
are described in terms of a topological linkage property. A topological
scattering set-up of this type displays similar features as Born-scattering.

I. INTRODUCTION

Local relativistic field theories with interaction are known to be divergent
Therefore, an approach to elementary particle physics in terms of non-local
field quantities is given. Two-component fields, consisting of a physical

p
component w and a topological component c, are introduced as follows [/]:

(1) (@ c,) 0eF M), c,eCM) (p=0,1, ..., n=dim M)

FP(M) denotes the vector space of differentiable p-forms and C, (M) the
space of differentiable p-chains on the configuration space M [2], [3]. With
the fields (1) can be associated physical observables (integral laws) as can
be illustrated in the case of Gauss’s law of electrostatics:

2 2
2) (0, ¢,) > drne =j w (e : elecirical charge)

c2

(*) On leave of absence from Institut fiir Angewandte Mathematik Universitit Mainz,
Postfach 3980 D-65 Mainz (West-Germany).
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286 C. VON WESTENHOLZ

2 . .
whenever @ = E;jdx' A dx’ e FA(M), stands for the electrostatic field
E = (Ey, E;, Ej) 5 c,€C,(M), M = R? (i, j = 1, 2, 3). The role of the phy-
sical field component of (1) is displayed in table A where conventional

(quantum) field theory (QFT) is compared to a relativistic hydrodynamic
string theory with continuous degrees of freedom.

TABLE A.
Conventional QFT Relativistic hydrodynamical string theory

Particles are singularities of fields| Particles are singular strings (vortex lines or
such as streamlines) af a relativistic fluid, correspon-

9(x), Au(x), Fuu(x) ... etc ding to fields (1), such as

0 1

w=p(x)eF' MY, o= ZAu(x)dx" € FI{(M*Y),

©w

o= ZFW(x)dx” A dx® € FA(MY)

wich are differential forms of degree p = 0, 1,2, ...

Interactions are mediated by vec-|Interactions are determined by the curvature of
tor currents j, (x) is terms of the| a gauge geometry, i. e. Yang-Mills fields.

principle of minimal interaction| Vector current-1-forms j = Eju(x).dx” are
L = ej A" defined in terms of the Yang-Mills eq.
w

2
d*w = 4n*j ; « : Hodge star operator [2], [3]
d : Exterior derivative [2], [3]
d : FP(M) — FPT(M)

Dynamics of a system is specified| Dynamics. There is a variational principle for
by a characteristic function, the| the streamlines of a relativistic fluid [3], [4]
Lagrangian L(p, Ay), by means| which accounts for the dynamics of strings.
of a variational principle for
the action I :

P j Ldtx = 6 = 0
2’4 € C,(MY)

Unified intrinsic fields of the type (1), when related to string theory, are
those with p = 1. The corresponding topological « particle units » are
1-chains or 1-cycles (closed 1-chains or loops) of the following type:

o .
> ¢y € Cy(M) ¢1 € Cy(M)
Fic. 1 a. FiG. 1 b.
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TOPOLOGY OF VORTICES 287

II. STRINGS AS VORTEX LINES

String solutions of relativistic field equations are vortex type solutions
whenever the strings are closed or infinite (fig. 1). Such relativistic vortex
lines occur in the case of the Higgs model with Lagrangian density

0 e
(Z-iafe |- nlor-nlor
Ay, A, are constants
u=0,1,2,3

Alternately, such a model can be given in terms of fields (1) on account
of table A. The physical field of (1) is then a Higgs vector-current 1-form

(3) L:= — 1/4F%, —

1
w; = j which derives from (3); the topological component ¢, stands for
a closed or an infinite string (fig. 1), so

3
1
@ & =j= D =15  Gonsdst + 2 G — pdp) <FHMY

n=0
where

(5) on=ZAde"cF'(M*) and  (6) ¢ =ReS"eFM?

stand for a Yang-Mills potential A (x) and a Higgs scalar field ¢, respectively.
Vortex lines occur when quantized flux is defined in terms of the differential
action 1-form field dS which is associated with (4) by:

2iR?

hdS

. ; S _ _
do = dR A " 4 R(%) AdSe't = gdp — @dp =

dp =dR A e 5" — R(é) A dSe” S/
. 2¢* 2ie’R?
= jadx" = hzq) QA dx" + —— o ds

hence
2

i
) ds = (e/cA,, -

. j,‘) .dx* e FY(M*)
¢

Since the field (6) must be uniform, the phase must change by a multiple
of 2n along any loop c,. Hence quantized flux is associated with a 1-field
of type (1), i. e. is an integral law or observable of type (2):

1
1" (@, c))—>¢ = f dS = 2nin, neZ, o = dsSe F1(M*

Vortex lines occur for solutions where n # 0.

Vol. XXIX, n° 3 - 1978.



288 C. VON WESTENHOLZ

Given the 1-field (7), i. e. consider the quantized flux (1') associated with S,
then arises the following

Problem. — Determine the dynamics of relativistic strings (cf. table A)
which gives rise to the quantum condition (1).

The dynamics of strings is defined in terms of some dynamical system
X : =X (f, B), where f : P — R is any observable on phase space P and
B = B, dx* A dx’ € F*(M*) a Yang-Mills field. Then the Euler-Lagrange

1
1-form on M*, w,, accounts for the dynamics, i. e.

® o =E(Nde = Kdste PPy, En:i=LL Y

drox"  ox*
and
1 ~ .
9) o =efcu 1B =e/cB,x"dx" = K, dx"e F{(M*)
(_J contraction symbol) 1=u'=—

is the Lorentz force field.

1

Define the circulation I" of @ to be the contour integral

1 1

(10) l“:=fw ; co:=—a.£dx“
€1 ox*

then the dynamical system Z(f, B), corresponding to (8) may be characte-
rized in terms of the following

PropoSITION 1. — Let
2
an Q: = d( 5.1; dx") + EB,dx* A dx’ e FA(M®) [5]
X c

and let ¢, and ¢ be two homotopic I-cycles embrassing a 2-dimensional
tube T = M? which is generated by the trajectories of the differential system

dx® dx'  dx*  dx? W dx*
— TR — T —— T e— u = = —
u u u u dt

0 1 2 3 u=0,1,2,3.
Then

e Iy 1 , 2 2
(12) EJ‘B=J‘Iw—J.w ¢y —cy =0, ; 0:CM)—C,_;(MY)

p=0,12
Proof. — Let

(13) S = J.nfdr ;  (t a parameter, i. €. 7€ R)

Annales de Ulnstitut Henri Poincaré - Section A



TOPOLOGY OF VORTICES 289

—
be the action integral along the arc xqx, of the trajectory y:[tq, 7,] — M*
T > y(7) = x*(7). Then the variation S is evaluated to be

5= sx f “B(f)oxide= Lsxn - f "Koxtdr 5 ox'= 2 ox*
a ° 70 ax" o To

‘X T1

sos= L s j B, ox"dx’
ox" s CYT

since

K,dr= g B, x'dr = g B,,dx"

If the two-chain ¢, € C,(M?) denotes the portion of T = M? which is
limited by ¢, and c}, integration along trajectories of £ then yields

J Vg [ L[ Bavray m
¢ Ox* e Ox* ces

2 2 2
Discussion. — If Q is closed, i. e. dQ = 0, then Q assumes the form

(14) o= d( LAV fAudx“) e PA(M*)
ox" c

In fact: O IOTZ(M“) yields
dQ = 1/31C,,,dx" A dx’ A dx* + e/c ax””dx Adx’ Adx* =0

Then

0By , 9B, , 0B, oB

=0 and "
ox" ox’ ox* ox*

ny __

Cuvl =

2
are the necessary and sufficient conditions for dQ = 0 to hold. By de Rham’s
theorem there exists locally a potential A such that
_0A, 0A,
ox’  ox"

1
B=B,dx" Adx"=dA, B, and  w,=A=ZAdx" (éq. 5)

Therefore (14') Q = dw which means that the trajectories of the given
dynamical system admit the integral invariant

(15) c‘u=(;§+ A) ; (S—ffdr—f (f+cA %ﬂ) )

Vol. XXIX, n° 3-1978.



290 C. VON WESTENHOLZ

The physical interpretation of (15) and (12) is the following. The 1-form (15)
of - #?

equals (7) iff — o = p, = — .j,. Hence Quantisation of relativistic

strings amounts to quantizing the « space-time-flux » (12):
— - e 1 1 — —

(12 bis) ¢St,ing=¢=—fB=fw—fw=2nnh n:=n, —n,el

4 ¢y ¢y o1
whenever a generalized Bohr-Sommerfeld quantum condition

1
(12 ter) f 0= J‘ puax" = 2nn,h n ez

(5] Cy
is postulated. Therefore clearly n = n
::’igstring:‘b:J.ds
cq

is quantized flux (required quantum condition) associated with string
dynamics.

CASE OF STATIC VORTICES. — In this section we classify pure vortices
without monopoles (a classification with monopoles is given in section III)
i. e. we exhibit a vortex solution in the static cylindrically symmetric case.
Let (r, 9, z) be cylindrical coordinates and take Ay, = A, = A, = 0,
A, # 0. For an infinitely long static vortex line lying along the z-axis (fig. 2),
having 9 as the azimuthal angle, the axial symmetry reduces the problem
to a two-dimensional one. The field (6) is written as a differentiable map

(loop)
(6" @:[0,1]<R->S'c@ ; o=|pl™ , |o|=

where S' : = {ze®& :|z| = 1}. On account of 2nt = a, no = 9 the
field (6") is mterpreted as being “ parallel transferred ** along the circle S*,

and one may write U(%) = ™ * (6”). We give 2 types of vortex classifications.
A homology classification and a homotopy classification.

11.1. Homology classification of static vortices

1
Define a 1-field of the type (1), (w, ¢,) in terms of

xdy ydx

(16) o =d9 = eFY(®R? — {0)), ¢, eCy(R? —{0})

Annales de I'Institut Henri Poincaré - Section A



TOPOLOGY OF VORTICES 291

81

FiG. 2.

Let HY(S') = FYS")/dF°S"): = {a.d3 | ae R} (closed 1-forms modulo
exact 1-forms on S') denote the first de Rham group and H,(S') = : H,
be the first homology group of S' [3]. Then, by de Rham’s first theorem
there exists a nondegenerate bilinear form B, given by [3]:

1 . _ d
an B:H'xH, >R ; (@, ¢) > COnSt-f xd)z} yzx
¢y X +y
If ¢c;,: = S' and n e Z = R we have on account of a smooth map

y:St >R — {0}
@s) wolW) = 1 = Zl—n‘LlJ)ez

which is referred to as the winding number of y about 0. It states how many
times ¢; = S' winds around the origine and which stands for the vortex
number corresponding to ¢,. In defining the quantity

(19) dS = #.d9 (% : Planck’s constant)
the number n € Z may be regarded as quantum number associated with

1
the field (w, ¢;) e H' x H,. That is, n is associated with the Higgs-field
¢ = | @ | €™ * which is parallel transferred around ¢, € C(S'), and hence

(1”) (é), cl)y--)g = f dS = 2ntn (Cf éq (ll))

11.2. Homotopy classification of static vortices

Vortices are physical objects exhibiting homotopic conservation laws.
Let M = S!. Then the vortex number n € Z as given by (18) which is a
topologically conserved quantity, can be associated with the Poincaré
group (first homotopy group) of S*, IT,(S'), by

(20) M, ~ 7

Vol. XXIX, n° 3 -1978.



292 C. VON WESTENHOLZ

which is isomorphic with the additive group of integers. That I1,(SY) is
homomorphic to Z is displayed by the degree deg(p) = d(¢) of (6'):

1 [1d . . .
@1 deg(p) = — ?(0 , where ¢ is a differentiable loop.

2ni J,
In fact, if ¢,, @, are two differentiable loops as given by (6'), then
d:TS e)+2Z , e =(,0)eS!

and

_ (7dp29) | [Mdpy29— 1) _ [Mdgy() . (" dgs0)
“@102) J 2,29 +f = | o0 + ], o
= d(@,) + d(p,)

The homomorphism d is surjective: If n € Z, then the loop

@t e = z(r)

. 1 1 . 2mint
satisfies deg (¢) = — 2—71":‘?—. dt. Hence
2rniJo  e*™™
(18") deg(p)=n in agreement with (18)

This is consistent with the fact that the integrand of (21) is related to the
1-form (16) in the following way:

1 xdx + ydy 1 xdy — ydx
(22) T T AT Thn a2 T
2riz 2w x+iy 2ni x*+y 2 x“ +y

Hence the 1-field (16) is given to be

1
w=d9=lm(£1£)
z

To SUMMARIZE. — The scalar Higgs-fieldp = | ¢ | *™™ (egs. (6) and(6'))
determines the degree deg(¢) = n, which is an injective and surjective homo-
morphism T1,(S') -~ Z. Hence homotopic conservation laws are obtained
in terms of this isomorphism. The inverse of this isomorphism is the map
n > [@,)(*). Vortices are classified by the fundamental group T1,(S?) ~ Z.
Each vortex is labelled by a homotopic invariant, the integer n € 7.

(*) The class of the differentiable map t — e2w int is a generator of 7,(S%, ¢;).

Annales de I’Institut Henri Poincaré - Section A
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III. CLASSIFICATION OF STRINGS WITH MONOPOLES

Within the frame of Lagrangian formalism a physical action field S € F'(M)
(cf. table A) may be related to a string model [5], [6] by

(23) S = f Ldt = f Ldldt

where [ is the measure of length along a string, L is a line density and
Ldt € F{(M) the corresponding Lagrangian 1-form field. The Euler-Lagrange
eq. of motion are [5], [6]:

oL o/ oL o oL
@ a—xk“a(a a_xk))‘aaaﬁf =0
(al, 6t)

where the vector-valued map x: (/, 1) - x'(/, 7), T = ict, is regarded as
a string in space, which, as time changes, sweeps out a 2-dimensional
Riemannian manifold M2 : = (M?, ds?). The string-model given by (23)-

(24) may be cast in terms of topological fields (5), c,) (eq. (1)), wheneverp = 2
as follows: Let

(25) x:U < R? - R3 (', u®) = x'(u', u*) (U open in R?)
be a vector-valued map of class C* (k = 1) and define a topological action
field S € F°(M?) associated with the topological 2-field

2 2 - .
(26) (w,cy); @ :=k\/gdu1 Adu* , keR,g=det (&) > ds2=gijdu'duj
c,€C,(M?)
in terms of the assignment

2 2 -
27) (w, cx)S: = f W= kf\/gduldu2

The field (27) generalizes (23), since with the particular parametrisation
u' = I, u?> = 7 = ict one recovers the physical action field (23). The pro-
blem then arises if there are any topological charges (conserved quantities),
playing a similar role as (1’) or (18) and being associated with fields

2
(w, ¢2) (27).
II1.1. Homology classification of Higgs-fields

2
Define a 2-field of the type (1) (w, c,), where

2
(26") o = sin 3d3 A do

Vol. XXIX, n° 3 - 1978.



294 C. VON WESTENHOLZ

and
0
:=8 , c,eCyR*-{0})

Consider a gauge theory [/], [3] with Yang-Mills group G = SO (3), Yang-
Muills field Af, (w=0,...,3, k=1, ..., 3)and a Higgs-field ¢ given by

¢! ¢(r) sin 9 cos (ngp) .
Y (3;2) - (iﬁ:i “"")) —¢ 9 expresss the radin
C

The construction of a topological quantum number associated with (28)
can be given in terms of cohomology as follows. Let

29 $:5%r) > SZ; B, %) = (319, 0), 3O, @) = (3, no)
be a smooth map, where

(30) ¥ =

2
stands for the normalized Higgs-field (28). With the 2-field w = sin 949 A do
(eq. (26)) can be associated the Brouwer degree in terms of the following
commutative diagram:

H'(S*(r)) jf-- H'(S2)  ne{0,1,2}

(31 Isz")=fsz(r)l l lSﬁ,:.fSﬁ
fA

where

f H'(S*(r)) => R
JS2(r)
and

f R U CHE

S4
are linear isomorphisms which determine a unique linear map f3€£(R, R)

f;:R-—»R , t—kt keR.
Then

(32) deg (@) = (1)

is by definition the Brouwer degree. Since Isz(,)o$* = f;"Isg and since

2 2

w € [w] € H*(S*(r)) one obtains from (31)

33) ¢oTw = kf w
S%(r) s3

Annales de I’Institut Henri Poincaré - Section A
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This is just the topological action field as given by eq. (27), whenever ¢, = S2.
Hence conserved quantum numbers may be associated with the action
field S. — — Let x = (9, ¢) € S*(r) be a regular point of 3 so that d$(x):

T(S*(r)) - T~ o )(Sf,) is a linear isomorphism between oriented vector spaces.

Then 4) determines an integer valued function

+1 if d$x preserves the orientation

sgn (J,(9)) =

-1 if d$x reverses the orientation
where

1.(3) = det (d3(x)) = det (;‘;;; (x))

is the Jacobian of $ So

fs’(r)a;*;): ( Z en (J,,@J))).Lz(f,= kJ‘S:Cf’ C P ={x, . X

x€¢=1(y)

Hence

(34) deg (B)=k = z sgn (£, eZ
xEZ"(y)

is an integer [9]. On account of the Higgs field (28) the integer k equals 7.
In fact

a¢ aqs‘ a¢> a¢‘
ox’ 22 w2 - o
¥ 6“!’(>"’2() ‘?“’()""’() "

Hence, by formula (34) one obtains
~ 10
35) deg (¢) = sgn det 0n= (+1)=n
To SUMMARIZE. — By virtue of (33)-(35) one may associate with a topo-

2
logical 2-field (w', c,) a conserved integer quantum number n, in setting:

2 2 2
(33 bis) o =¢*0 , S*(r)=c, , J. w =4z
5%
Thus
2 ~ 1 g2
(36) (w,cz)r—»n=deg¢=—f o w
4” Sz(,.)

Vol. XXIX, n° 3 -1978.



296 C. VON WESTENHOLZ

It turns out [8], that from the topological structure of the Higgs-field
(9,, 9,, 95) originates magnetic charge. In fact, let

3
o = jodx' Ndx? Adx® — jidx® Adx® A dx® — j,dx° Adx' A dx®
37 — j3dx® Adx' A dx® e F3(M*)

3
do = 0e FY(M*%)

where

38) Ju= 3ol 0" =0
then

39) M = 41—an0(1, xt, x%, x*)dx'dx?dx®

is magnetic charge, whenever (cf. [10]):

< 1 ~ ~ S ~ k
FMV = ¢kGftv - _8klm¢kvu¢lvv¢ ¢k = Lk'
€ (K
wa = 6MA}V‘ —_— aVA:‘l + eﬁklmAi‘A';' 5 vﬂ¢k — a“¢k + esklmA‘I‘(Pm

As shown in [8], the magnetic charge M is given to be

(40) M= deg (§)

II1.2. Homotopy classification of strings

A homotopy classification of strings makes again use of the degree deg(¢)
of a map (cf. sect. I1.2). In fact, if ¢, :S?->S? are smooth maps, such
that deg(¢) = deg(y), then ¢ and ¢ are homotopic. Otherwise stated.
The degree d(¢) = deg(p) depends only on the homotopy class [¢] of ¢,
and d induces an isomorphism d:T1,(S?) > Z (cf. (20), section II.2). Hence,
by (40), Higgs fields belonging to the same homotopy class have the same
magnetic charge M.

IV. CHARACTERIZATION
OF INTERACTING VORTEX LINES

Consider interacting vortex-line like particle structures c,, c; € gll(M)
(cf. fig. 1 b) which are assumed to be interlinked as shown in figure 3. It
is the aim of this section to show that such an interaction set up (i. e. topo-
logical scattering) results from a combination of Higgs-scalar fields of type (6)
with Higgs-vector fields (28)-(29)-(30), i. e. in terms of homology classifi-
cations as given in section II.1 and III.1. Referring to the non-relativistic

Annales de IInstitut Henri Poincaré - Section A
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5\

’

CH

FiG. 3.

;S —

case of a Higgs-field of the type (6"), i. e. ¥ = Re'#; R = R(x,1),S = S(;, 1)
where p = ey = eR?, we obtain for the velocity of the corresponding
non-relativistic fluid flow:

"—__"ﬁ d_'/’_d_w =ﬁ =1_ 1/mp3
(41) kadx— 2m(w J) a3 =~ dS < F'(®)

and hence, for the circulation around a vortex-line (non-rel. particle):

42) r=éfd9:-2”—"h,n=i1,i2...
mJ., m

where
h

4 = —

43) r, s

denotes, what we refer to as quantum of circulation. So (42) stands for
Thomson’s law of vorticity. This law is susceptible to an interpretation
in terms of the topological linking number /(c,, ¢;) which describes a lin-
kage property of the type as displayed in figure 3, whenever c, is a closed
vortex line of an incompressible fluid and ¢; a loop which winds around
the vortex tube displayed in the figure 4.

FiG. 4. — Vortex tube. FiG. 5. — Topological scattering device.

Vol. XXIX, n° 3 - 1978.



298 C. VON WESTENHOLZ

Then one can show that

(44) Ky, ¢) = f’vkdxk =T;

where v must satisfy Biot-Savart’s law (45) and relation (41) (cf. subsequent
remark 1).

45) ;=£ dx ﬁ\(x_)—x)
4r Je |}x - x' "3

First quantisation for the interlinked field quantities ¢, and c; is then given
in combining (42) and (44), that is

(46) Ky, cy) = n% n=+1,12,..

PROPOSITION 2. — Let f: S' > R3, f(S') = ¢, = dc, (fig. 6) be a loop
which is the orbit of a material particle of an incompressible fluid. Then the
circulation around the loop c is given in terms of

, 1 1 1
44) Icy, ¢y) = j ) o =3pdx*eF' ; d*0=0

c1
where ;, divv = 0, is the corresponding velocity field.
Proof. — Letf:S! -> R3,f(S') = dc, (c, a compact oriented 2-mani-

fold with boundary, figure 6) and g: S' > R? g(S!) = c;, such that
f(SHN g(S') = O consider the map

ety g1y gl R . 8(s) —f()
@) S xS STERN0} 5 (s 0 ST

FiG. 6.

In substituting S' x S' to S*(r) in the commutative diagram (31),
section III.1 one obtains the formula

/ 1 2

deg () = lewe) =g [ 10

Stx st

Annales de IInstitut Henri Poincaré - Section A
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On account of the map (47) and formulae (44')-(45) it suifices then to prove
the following relationship:

| A(s, t)dsdt

o)== ) Teo) =70
where
181(8) = f1(1)  g2(5) — fo(t)  g3(5) — f3(2)
A, )=  g1(s) g2(5) g3(s)
0] 0) f3)

Als, 1) = — (= )" (gs) = UOgAsVi1) — &) (0] i#j#k j<k

2
It remains to compute the 2-form y*w. Let &(s, 1): = g(s) — f(¢), then
0=l EPeFRN\{0} ; o =Zaudtlde*=3(— 1) 1EdEdE e FA(S?)

and hence
1

I S 08,08 _ 05,0
[86) =@

(= 1*1(ggs) —ﬁ(r»[a— % _% E]"s Ndt m

x*w
REMARK 1. — Relations (41) and (45) for ;yield

_1os f f*((y—y')dz-3<z—z')dy)
.

| =— =

mox r
o= L84 f f*((z—z'>dx—3 (x—x')dz)
m dy st r
10S x —xNdy — (y — y)dx
3=___#ff*(( X)ys(y ¥) }
m 0z st r

whenever

X=X =@—-x,y—y,z-2) , |x—x|*=r
dx' = (dx', dy', dz')

Discussion. — The topological scattering device of figure 5 is similar
to conventional scattering as exhibited in figure 7:

HH )}/\\//%//.;XDetector
-7

Fi1G. 7. — Conventional scattering device.

Vol. XXIX,ne 3-1978.
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To see this similarity between topological and physical scattering consider

2
a scattering field of type (1), p = 2i. e. (o, c,) where ¢, = S2(r) is the « geome-
try of collision ». By virtue of eq. (41), section IV, we may write:

(41) j=Zjdx* = — ’ﬁ(./,d.p Ydp)e FI(R®)  (cf. table A)

ay, df e F'(R®)

With respect to the basis { &' = dr, a®> = rd3, a® = r. sin 9.dp } of (R3)*
write:

j——fn[w(g‘”d +ggd9+ ) (a 6¢d9+gz <p)]
B[ o 2 (B v 522
(48) >j, = _ ek (.p g'f v (ﬁ) (3, @ : const.)

2 2
The 1-form (48) relates to the scattering field (w, S%(r)), since w = r2.
sin 949 A dp = r?dQ (cf. eq. (26")) is the solid angle 2-form. In fact, applying
the Hodge star operator [3], *: F? -~ F"~?, we obtain:

(48') *_] _ leh [l/l a'// g"/./:l A d : az /\O(3 = dO
i. e.
" * . k 2

which is, up to a factor, the number of particles dn scattered into the solid
angle dQ, that is

(48/”) dn = kdQ # *jr (Cf remark 2 bCIOW)

p
Within an approach to scattering in terms of fields (w, c,) (eq. (1)) there

3
is a Born-field (B, c;), such that

3
49) B:H’M) x H;(M)—> R; (B, ¢;)— — % f Vx, y, 2ot Aa? Aa®

is a non-degenerate bilinear map [3]; (H3, H; stand for the 3rd cohomology
and homology group of M: = R3 — {0 }, respectively). Schrédinger’s eq.

for Born scattering becomes then a relation between differential 3-forms:
3 2mE
(50) do +B=x(+y) ; x;=’;—2
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whenever
3. 2m 1, 2, 3 _23 2
ﬁ:=h—2V¢a A AaeF°PM) 5 o:=x*dyeF M)

In fact, applying Hodge’s star operator to both sides of Schrédinger’s eq.

50y - f—; Ay + Vi = By yields with respzct to the basis { ', a?, o’ }
*[— ﬁ—zAx//+Vl//—E|p=O]
2m
= —%Al/m‘/\az/\oﬁ + Vo' A oa® Ao —Egal Aol Aa® =%0
where

Ayt NP A d = d(x dip).

REMARK 2. — The formula dn = k.dQ (48") of particles dn scattered
into the solid angle dQ has its geometrical counterpart. Assume that ¢, < S?2

. 0
(fig. 5) is pierced by # closed vortex lines (cf. fig. 1 b) ¢; € C;(M), M = ¢,
ci = g, g;: S' > R>. Then the number n(g;) is given by

(51) n=n"—n = - 1 dQ = I(c,, ¢;) (prop. 11 in [2])-
47 g(S1)

. . . d; L
n* is the number of intersections g(S') N ¢, (fig. 5) where d—‘g; points in the

same direction as w, € T(R?) — T,(c,), x = g(t) € ¢c,. n~ is the number
of other intersections. Note that the quantized version of (51) is given by

l(cl, c'l) = nr%(cf. eq. (46)).

V. MAGNETIC MONOPOLE CHARGE
AS COUPLING CONSTANT

As proved in [2], proposition 14, the linkage property /(c,, c;) between

’ 0 . . . .
interacting 1-cycles ¢;, ¢, € C;(M) is related to the topological winding
number

(52) wo() = 41—n L (SZ)Z) . w=sin3d9Adp , CeCHS? S?);[2L [3]

which measures how many times S? is winding around the origine 0 € R3.
This relationship (cf. proposition 14, p. 424, ref. [2]) is given by

(53) ey c1) = kwo(Q)  keZ
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Since eq. (52) is just relationship (33), whenever ( = ;]5\, that is
w(p) # deg (¢) (by eq. (36)), so w($) = M.e by eq. (40). This is consistent
with the fact, that eq. (52) is a geometrization of Gauss’s law of electro-
statics (cf. eq. (2), sect. I). Hence the following interpretation for eq. (53)
holds:

The interaction between vortex-line-like particle structures c, and c; which

1 1
are associated with potentials (w, ¢,) and (o', ¢}) of the type (1), section I,
equals k times the coupling constant M.e.

Hence it turns out that (53) is the topological counter-part to the Lagran-
gian L = ¢j,A* corresponding to the principle of minimal interaction
(cf. table A, sect. I).

To sUMMARIZE. — A set-up of topological fields (1) in conjunction with
eq. (53) describes interaction with a coupling constant, provided there are
finite vortex-lines (fig. 1 a) terminating at Dirac monopoles (fig. 8 in [2]).

VI. CONCLUSION

A description of an elementary particle approach has been given which
consists of the following elements:

1) Non-linear interacting fields or particles are characterized in terms
of a « non-linear » configuration space M.

2) Field quantities are non-local.

3) The interaction set-up underlying this particle description is not
based on the conventional Lagrangian approach to Field theory.

4) Topological « scattering » is similar to Born scattering.

5) Quantal effects are characterized in terms of first quantization only.
Effects due to second quantization are « simulated » by the geometrical
structure of the configuration space.
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