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INTRODUCTION

The Cauchy problem in General Relativity has been studied from the
global in space point of view by Fischer and Marsden in [5], and by Hughes,
Kato and Marsden [8] in the case that the space manifold is R3. These
last authors also obtained results with weaker differentiability assumptions
than in previous work ([2], [3], [5], [7]). In the present paper we study this
problem for a general class of space manifolds. Our approach is based on
a new explicit expression of the Hawking-Ellis reduced equations, and the
introduction of modified Sobolev spaces. These spaces, which we call
E-spaces, are a suitable framework for the study of field equations involving
long range fields. Our method allows us not to make any hypothesis on the
behaviour of the metric g at spatial infinity stronger than that of bounded-
ness: only the derivatives (of order 0 < s < 3) are supposed to be square
integrable on the spacelike slices. Our proof of the existence and uniqueness
theorems uses directly the energy estimates instead of relying on the theory
of non-linear semigroups as in [8], without loosing generality concerning
the differentiability requirements. The estimation in time of some bounds
given here will be used in forthcoming papers to prove existence theorems
with appropriate data at t = — oo.
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242 Y. CHOQUET-BRUHAT, D. CHRISTODOULOU AND M. FRANCAVIGLIA

1. DEFINITIONS

Let M be a C®, n dimensional paracompact manifold, without boundary.
In order to have a scale for tensor fields on M, and a volume element, we
endow M with a C® positive definite metric e. In the case where M is non
compact we restrict (M, e) by the following hypothesis (*).

1. The radius of injectivity of the exponential mapping corresponding
to e is, on M, bounded away from zero.

2. There exist a compact subset K of M outside of which e is flat (that is,
has zero curvature).

Hypothesis 1 implies that M is a complete riemannian manifold. We

recall the definition of Sobolev spaces on (M, e) and some of their pro-
perties.

Let u be a tensor field defined almost everywhere on M. We denote
by | u | its e norm, function defined almost everywhere on M. We say that
ue LP(M) if | u | is p-integrable in the measure associated with e and set

|t lwany = f | u Pdu(e)
M

We denote by D the operator of (generalized) (?) covariant differentiation

in the metric e. The tensor field u is said to belong to WE(M) if its covariant
derivatives of order < s are p-integrable. We set

t/p
T LY )|
Mosl;lss
The tensor fields of a given type which belong to WP(M) form a Banach
space, which we will simply denote by W?(M) when no confusion can arise.

If v e WP(M) any of its contractions with the e-metric has the same pro-
perty. Under the hypothesis made on (M, e) the following continuous
embedding theorems are true (%), for an n-dimensional manifold M

p q np <h
(M WM) =LIM) , I<p<qa< —p ,» §<
@) W!M) = Ci(M) , s >;—j » lulegan = Sup | u()|

(1) These hypothesis are sufficient to imply the Sobolev imbedding theorems, and the
density of @2 = CY in H. Hypothesis 2 is not necessary (boundedness conditions on the

curvature and its derivatives would be sufficient, cf. [/]) but it will simplify the proof of
the existence theorem later.
(3) i. e. in the sense of distributions, cf. Lichnerowicz [10].

®) Cob continuous and e-bounded tensor fields.
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CAUCHY DATA ON A MANIFOLD 243

And the density theorem (%):
3) Cg(M) is dense in WI(M)

We list the simple continuous inclusion and multiplication properties
(consequences of the preceding ones) that we will use in the sequel, for

n=3,p=2(with H, = W?)

(%) H,M) = C(M) , H(M)<=LM) , 2<p<6.
(4 HyM) x Hy(M)->H,(M) , H;(M) x H{(M)— LyM),
by () >~u®v

We consider now the product M x I, with I an interval of R, which we endow
with the positive definite metric e ® 1. We denote by D the generalized
covariant derivative of a tensor field 4 (distribution on M x 1) in the
metric e @ 1 (note that Du = (du/dt, Du).

We introduce the following spaces (we always mean by tensor fields,
« tensor ficlds of some given type »).

DEFINITION 1. — Es is the space of tensor fields # on M x I such that:
(i) the restriction A, of & as well as the restriction (D*), of its derivatives
of any order |a| < s, to each M, = M x {r} is almost everywhere
defined and square integrable in the metric e. We set

1/2
A = § [ Z | D, 1) |2due)
t| al|<s

(if) The mapping I — R by t +— | 4 |M:, is continuous and bounded, while
I - R byt | & |¥ is measurable and essentially bounded.
}NSS endowed with the norm

| 1], = Ess Sup | 2 [}
tel
is a Banach space.

DEerFINITION 2. — E; is the space of continuous and bounded tensor fields
on M x I such that Df e Es_l. We endow E; with the norm

[ flle, = Sup (I fllcg, | DFIIE,_)

E, is a Banach space.

(*) C? infinitely differentiable tensor fields with compact support.
o
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244 Y. CHOQUET-BRUHAT, D. CHRISTODOULOU AND M. FRANCAVIGLIA

2. EMBEDDING THEOREMS
AND MULTIPLICATION PROPERTIES

LemMA 1. — If I is a bounded interval of R, and s > n/2 + 1, E, is

identical to the space of tensor fields fon M x I with derivative Df e E
which have a continuous and bounded restriction to some 7, € 1.

s—1,

Proof. — Df e ]NES_1 implies a fortiori that for each ¢ the restriction
(Df), belongs to H,_ ;(M), thus (Df), € CJ(M)if s > n/2 + 1 and, moreover,
the injection H,_;(M) — Cg(M) is continuous; we have therefore

| D) g < CM, 9| DN, 3%, s>5+1,

the mapping 7 — | (Df), |cgm) is measurable and bounded, that is
DfeL®(l, Cy(M))

Iff,, C2(M) we thus have also fe CX(M x I) for any bounded interval 1,
since f is given by

fi=fu+ f Y
thus °
I/ lcomxny < 1fe lcgemy + {DCM, ) | Df I, _,

Note that we also have for all reI:

Ife = fio Iz < ID) [ DA,

The following lemma is immediate:

LEMMA 2. — If s > g+ 1, E; is an algebra.

The lemma that we shall use in the sequel is the following:

Lemma 3. — If 5 > g + 1 we have the continuous multiplication pro-
perty
E,x E,_, x E._, > E,_,,

by (u, v, W u® v @ w

PROOF. —If u€E,, veE, _;, weE, ;s> = + I thenv,eH,_ (M) < C)(M),
m am
e Ho (M) = o) while () € Hooe s, (57) € Hooe OO,
t t
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CAUCHY DATA ON A MANIFOLD 245

if m<s—1, thus, if s> g +1, (0 ® w), € H,_ (M) = CYM), and
u® v ® we CJHM) the proof relies now on the multiplication properties
of the spaces H, recalled above in the particular case s = 3 and the Leibniz
formula for D(¥ ® v ® w).

3. THE REDUCED EINSTEIN EQUATIONS

M is now 3-dimensional.

We use the « brackground » metric e X 1 on M x I, to write globally
the Einstein equations on M x I, for the contravariant form g of a lorentz-
ian metric, as a hyperbolic system, under the covariant gauge condition (°)

F=g.I(g)—T(ex1)=0
(i. e. F* = g"(Tly(g) — Thyle x 1))

(I'(g) — I'(e x 1) is the 3-tensor difference of the connexions of g and e).
The equivalence of this hyperbolic system, for initial data satisfying the
constraints, with the original Einstein equations will be proved along stan-
dard lines. It is called e-reduced Einstein equations.

THEOREM. — The e-reduced Einstein equations (in empty space) read:

1 .
ig.ng + P(g)(Dg, Dg) + g.g Riem(e x 1) =0

that is, in coordinates

1 a a X, 1 o Vi D
58D, Dyg™ + Pif7iD,e*'D,g" + 58 g’ URY, s =0

Pﬁf;;{,’;’ is a polynomial in g*° and g,,, that is a rational function in g** with

denominator a power of det g*°, while R,, ,* is the Riemann tensor of the
metric e x 1.

Proof. — This expression can be deduced from the classical formulas
in local coordinates as follows:

| RM = R+ L
with
An __1_ aff alglll

= + H*
0 =38 xoxt

(%) This condition, introduced by Hawking and Ellis [7] is equivalent to the introduction
of harmonic coordinates used previously (cf. [2]), when e is the euclidean metric.

Vol. XXIX, n° 3 -1978.



246 Y. CHOQUET-BRUHAT, D. CHRISTODOULOU AND M. FRANCAVIGLIA

where

H" = P}*30,6"0,8"°

with P57 a polynomial in g,,, ", and

1 or* or+
LA”E—( Mo VT + la_)
28 o T g
with
ra = gluri#
We now set:

F=T" - ¢T3,
and define the « e-reduced » Ricci tensor R{% by:
R = R — %(g““DaF’l + gD, F¥)
The tensor R{% can be written:

R = ig“" D,Dyg™ + f*

where f* does not depend on the second derivatives of g.
To compute the explicit form of f** we choose coordinates such that,

at a point x, the Christoffel symbols of e vanish: I';, = 0 (this is no restric-
tion). At such a point 9,6 = D,g* and D,Dyg" = 0%¢" + g**“0,I'}
while 0, = 0,F" + g”?6,I';,. In such coordinates, at the point x:

+ Pipii(e", 2,0D,g¥D,g”
+ %g“(“VaF”) + %g""g” 0,L),
We remark that, at the point x where T :,, = 0:
g'g"0,Ty; + 880,00 = 878" R’y 1p
(with R,; ;* the curvature tensor of e). Thus we have, identically now

v,p0, T a, 1 D
J* = Piphie™, 2.0Dsg"Deg” + 587 §*R’, 1
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CAUCHY DATA ON A MANIFOLD 247

4. DEFINITION OF A NON LINEAR MAPPING E, — E;

We associate with the reduced Einstein equations the linear system obtained
by replacing in all terms except the second derivatives, g by a given tensor
field y. That is:

1
(4'1) iyAuDlDugaﬁ +fal3(.y/1u’ ‘ypas Dpyl”) =0

Lemma. — If ye E(M x I) is a non degenerate metric and if s > 3,
the tensor /= (f*#) is in E,_,.

Proof. — It is a consequence of the expression of f*, of the lemmas 2
and 3 § 2 and the hypothesis that R", ,, vanishes outside a compact set ©).

DErFINITION. — We say that M, is uniformly space-like for y if there exist
strictly positive numbers a,, Ay, @, A, such that on M,.

(4-2a) Ay > 9 > ag
(4-2b) Ae(X, X)> — (X, X) > a,e(X, X)  for all vectors X.

Where y;* and y!l denote the perp-perp and parallel projections of y, on M
(notations of Kuchar), i. e. y°° and y"/. We note a = (aq, a,),A = (Ay, A)).

DEFINITION. — We say that y is regularly hyperbolic on M x I if M, is
uniformly space-like for 7 € I and if the numbers a,, A,, a,, A, do not
depend on 1.

We shall prove existence and uniqueness for the solution of the Cauchy
problem for linear equations of the type 4-1, in the space E,, by using a

]
refinement of the Leray-Garding-Dionne energy estimates (*) and written
here on M. x I.

5. FUNDAMENTAL ENERGY ESTIMATE

Let u = (ual__,pﬂ“"”") be a tensor field on M x I. We consider the
linear equation:
(5-1) y.D?u + «.Du + f.u=v

(®) Such a strong hypothesis is not required at this stage, but will simplify proofs later.
(") In the second order case see also earlier work of Sobolev [/]].

Vol. XXIX, n° 3-1978.



248 Y. CHOQUET-BRUHAT, D. CHRISTODOULOU AND M. FRANCAVIGLIA

that is, in coordinates

Ap B1..-Bq PB1-Bgsktytp Aredg 1o Bgottretlp, Aieihg o B1..Bgq
Y D).Duual...a,, +a a‘...a,,,ll..,}..,Dpum...u,, + ﬂa,...ap,i.l...qpuul...u,, - val...a,,

(thus a, 8, and v are given tensor fieldson M x I, with the indicated variance).

LemMA 5.1. — Hypothesis: (1) ye CJM x 1), Dye L*(M x I), and
y is regularly hyperbolic (inequalities (4-2))

2 e LM x I
(3a) BeL>M x 1) , (3b) BeEoM x 1)
@ veE,

(5a) ueE,(M x I) ,  (5b) ueE,(M x 1)
Conclusions :

Under the hypothesis (1), (2), (3 a), (4), (5 a) (case I) or (1), (2), (3 d),
(4) (5 b) (case 1I), a tensor field u satisfying 5-1 satisfies the fundamental
energy estimates written below (5-3 a, 5-3 b).

Proof. — In both cases we have identically (almost everywhere for each ¢)

(52)  Ouazyagy DDty 5

1
foelp

1 ij .
= 50, {y"0adtiouis, — Dl bD s, }

Apeealp ag.apj

1 1 2 ij
_ iatuﬁj.,-ﬂqatu;::‘..'t;,;at}'OO + = Diuﬁl..-ﬂqD u;ll :at‘y J

A eeslp 2 Ayeadp™]J
Bi...8 Apeenl 0i Bi...B Agennlt ij
— Oty 20 up, Dy — Oty 0t Djup g2 Dy

0i ij Bi...8 Ogeect
+ D, {0l B0t s + y ol BaD g e }

ag.ap—j

Thus since C§(M) is dense in H;(M), and (Du), € H;(M), by integration:

{y°°10,u|*—y"Du.Dju}du(e)= fM {y°°|0u|*>—y"Du.D;u}du(e)

M.

t ) . ')
+Jf {6,y°°|B,ulz—a,v”D,-u.Dju+2D,-y°']6,u|2+2D,-y"Dju.6,u}du(e)d‘c
0JM,

-2 f | {00 Du)+0u.(Bu) y dyu(e)d +2 f ' f (0.0 du(e)dt
0JM,

0JM,

We note that, in both cases

t
nm—%mwsijW%m
0

(®) Recall that indices are raised and lowered in the metric e.
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CAUCHY DATA ON A MANIFOLD 249
Thus in case I
(a2 < 20 [3o)? + 21 ﬂ(u Du |})?de
which leads to the familiar inequality:
53a) (1ul)? < Coll ul})? + f;cl(r)(nun%)ww fo’czm | urde
with Cy(¢) = C( Dy [ + [ I + 1 A1) + 21

Cy(t) =C,|v]o"

Cy, C,, C, are constants depending only on M, e, a, A.
The last integral can be bounded by:

t 1 1t
[exo i <5 [esian +5 [Quiryae
0 2 Jo 2 Jo
In case IT we write the fundamental energy inequality:
t
(536) (I Du 5)? < Col Dur [5°)* + f C@{(IDu 5% + ([u] ) fde
0 b

+ f ;Cz(r)d-c

wich C,(x) = C,(] « g + 1Dy IE + 181" + 1)

and
C(0) = Gyl v [§)°
Cy, Cy, C, depending only on M, e, a, A.

From (5-1) we deduce

UNIQUENESS THEOREM. — Under the hypothesis (1), (2), (3 a), (4) the
linear equation (5-1) has at most one solution u € E,, with prescribed
Cauchy data on M,.

Proof. — If u and w are two such solutions their difference u — w is in ﬁz
(it has Cauchy data zero); the energy estimate 5-3 a gives the conclusion.

6. SECOND ENERGY ESTIMATE

If u is a tensor field satisfying 5-1 its covariant derivative ' = Du satis-
fies (if the considered products are defined) the equation:

(6-1) y.D* + o« . Du’ + fu' =0

Vol. XXIX, n° 3-1978.



250 Y. CHOQUET-BRUHAT, D. CHRISTODOULOU AND M. FRANCAVIGLIA

with
o =0 x a+ Dy
(6-2) p = Da + B + y.ED Riem (e x 1)

v = Dv — Df.u + y.ZD Riem (e x 1).u
(in coordinates v’ = (D,,u;:"‘;") and 6-1 reads :
v*DiD, Dot 5 + oy 5;:“; 50D 5

+ D,')!MD)'D “ﬂ _I_ D aﬂﬂx ﬂq,#x '-"pD ulxmlq

®genlp,dy. JAg Bielp

«Bgsmr...ptp Al Ag wBastt1eip, Ai.Ag
Baq Ap,Ayadg D uul Hp + D Bal JApyAyg.. lquui...u,,
1eeePoesll 1oee,

+y (2 § R* 0,uDadpy 5 — R *usaa Dt

i

+ v‘”(ZZiﬂ . a,tDAuZi:::T,‘.’.ﬁq)
= Dgvg\ 4, — v (ZDARE PR ZDsz ,““ﬂ'....fa'.'..ﬂ.,)

In view of application to non linear equations we now prove:

LemMAa. — Hypothesis: the coeflicients of equation (5-1) are such that:
(1) yeC)M x I), Dy e L(M x I) and y is regularly hyperbolic.
2) aeE,MxTI)
(3) BeE,M x 1)
4 veE,M x 1)

Conclusion: every tensor field u e Ey(M x I) satisfying (5-1) satisfies
the second energy estimate:

(1 Du )" < i1 Dul})* + [} i1 Du

1)+ Cio(lul ) {de

+ f ‘Ci0)de
0

where Cj is a constant, C;(t), Cy(t) and C3(r) measurable functions on I,
bounded by numbers depending only on the norms of 9, «, f, v in the indi-

cated spaces. Note that Cy(r) = 0if = 0 and Riem (¢) =

M.

REMARK. — If u € E,, Mo Clulb

Proof. — Du = u' € fEZ(M oo 1) satisfies (6-1). We apply to it the equa-
lity (5-2). But we now estimate

‘f 20" . B u'due) | <
M.

1)+ (1 p.Du 5
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CAUCHY DATA ON A MANIFOLD 251

We denote by C constants depending only on M and e, C, constants depend-
ing in M, e, a, A which vanish if Riem () = 0.
We have (cf. (5),§ 1) :
| B.Dulg= < Clp Y| Duli"
while (cf. 6-2)

(1 g 11?2 < 2() D [Y)? + 2] B[Y)* + C,

we also have

(o]

b2 <20 [¥)? + €U BINP(1 ulig) + Cofl u1Fy)?

7. MAIN ENERGY ESTIMATE

Analogous estimates can be obtained for the higher derivatives, with
appropriate estimates on the coefficients. In the case n = 3, the following
will be sufficient.

LEMMA. — Hypothesis 7-1

1) y€ E;(M x I) and is regularly hyperbolic.
2) aeE;M x )
€) BeE,(M x I)
@) veEy(M x )

Conclusior : every tensor field u € E,(M x I), satisfying 5-1 satisfies the
energy estimate:

(| Dui¥)? < Co 3 (| Du [¥0)? + f C, ()| Du|¥)2de

+ f(:cz(r)(nuugé)ldr + f(:C3(t)dr§
with
Cy(@) < G ((IDY 1592 + (||

C(1) < Cz(” ﬁl?t)z + e,
Cy(m) < G((J o 13)?)

where C,, C,, C; depend only on M and Cydepends on M, e, a,
A and e, e, vanish if Riem (e x 1) = 0.

& + (D3 + 1+ (B3 +e)

Proof. — Obtained as previously, by derivating 6-1.

We now express | Du ||5° with the values for ¢ = 0, u, and (d,u),,
through the equations (5-1) and their derivative; we set:

Uy = @, (6‘u)0 =y
(l e. yf — (pau...ap, (atual...a,)o _ wa,...u,)

Vol. XXIX, n° 3-1978.



252 Y. CHOQUET-BRUHAT, D. CHRISTODOULOU AND M. FRANCAVIGLIA
with
(7-2) @ € Cy (M), Dg e H,(M), Y € H,(M).

(Du), and (DDu), are known, and (d2u), is computed from 5-1. Analo-
gously the ¢ derivative of 5-1 permits the determination of (D’u), in terms
of ¢, Y. We have

(I Du |3°)? < 11(” Do lu,on)® + (1@ lcpmy)? + (14 o) ? + (0 W")Zi
where / is a number depending on M, e, a, A, | Dy ||“2"°, | HI;‘;, | Da ||:'°‘
I B 15"
We note that
Ilegony < 10 legon, + €1 Dulde
thus

t t
jo(n ulcgon,)dt < 261 @ |egony)? + C12 f (| Du [¥)2de

Finally the inequality may be written
t

(7-5) (D 139? < kol®) + k@) [ (| Du 3o
0

where k(r) and k(f) are positive numbers, continuously increasing with ¢
depending only on the norms of the coefficients and the norms of the Cauchy
datas.

If o =y = 0and v = 0, then ky(t) = 0. The same result is true when
B =0,0=0and only Dp =y = 0.

The inequality 7-5 implies that || Du |3 is bounded for every ¢ € I (finite),
by the solution of the corresponding equality, namely

(I Du [5)* < ko) + ka(0)
with
k) = K 0) exp K, (0 [ o) exp (= K (e

K, () = ﬂkl(z)dz.

8. EXISTENCE FOR THE LINEAR SYSTEM

THEOREM. — The linear equation (5-1) with coefficients satisfying hypo-
thesis 7-1, has one and only one solution u € E;(M x I), I arbitrary bounded
interval of R including zero, u taking on M, the Cauchy data ¢, ¥ satis-
fying 7-2.

Annales de I’ Institut Henri Poincaré - Section A



CAUCHY DATA ON A MANIFOLD 253

Proof. — Consider first a system of the indicated type, but moreover
with C® coefficients, and C® Cauchy data ¢, .

It is a globally hyperbolic system on M x I and it results from the Leray
theory (1952) that it has a C® solution v on M x L

If moreover Do, Y have a compact support K on M, and if § and v
vanish outside K x I, it results from the support properties of the solution
that Du vanishes (°) outside K’ x I, with K’ a compact subset of M.

Consider now the system 5-1 with coefficients and Cauchy data satis-
fying 7-1 and 7-2, and a sequence of coefficients and data, vy,, «,, B,, v,
and ¢,, ¥,, all C®, with B,, v, of support K x I, Dg,, ¥, of support K,
a compact set, tending respectively to y, o, , v and ¢, ¥ in the appropriate
norms (cf. lemma (3)). We deduce from the energy inequality that the cor-
responding C® solutions u, have a uniformly bounded E;(M x I) norm.
We consider now the linear equation satisfied by a difference u, — u,,:

yn'Dz(”n - le) + an'D(un - um) + ﬁn'(un - um)
= (‘ym - Yn)Dzum + (am - <xn)'Dum + (ﬁn - Bm)'um + v, — Uy

The right hand side is in El, while v, — u, € E;. The second energy
estimate (cf. Remark) shows that this difference tends to zero in E,(M x 1)
norm, therefore u, tends to a tensor field u € E,(M x I), generalized solu-
tion of the given Cauchy problem. The fact that this « is indeed in E3(M x I)
is proved as follows (*°): since (Du,), is uniformly bounded in the H,(M)
norm, there is a subsequence (Du,), which converges weakly to some
f. € Hy(M). But since (Du,), converges (strongly) in H,(M) to (Du),, we
have f, = (Du),, thus (Du), € H,(M), and is uniformly bounded in H,(M)
norm for ¢ € I. It results from known theorems (*") that t — | (Du), la0m0
is measurable, thus finally, v € E;.

9. SOLUTION
OF THE REDUCED EINSTEIN EQUATIONS

If y is regularly hyperbolicon M x landy € E;(M x I)the equations 4-1
satisfy the hypothesis 7-1, with « = 8 =0, v = — f(y, Dy) € E,(M x I),
g = u. We can apply the previous results and associate with the Cauchy
data (¢, ¥) and lorentzian metric y a tensor g € E5(M x I), unique solu-

tion of 4-1 with Cauchy data (@, ¥), Do € H,(M), ¥ € H,(M), ¢ € CJ(M).

(®) It is in order to have this property that we have supposed Riem (e) zero outside a
compact subset of M.

(19) Cf. Dionne (1962) and Hawking-Ellis (1973) in the case of Hl"c.
(**) Cf. Bourbaki XIII, ch. 4, § 5.
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254 Y. CHOQUET-BRUHAT, D. CHRISTODOULOU AND M. FRANCAVIGLIA

If we suppose moreover that ¢ is a lorentzian tensor satisfying at each point
of M the inequalities 4-2 (i. e. M uniformly space-like for ¢), the same
property will be true of g when the interval I is small enough, i. e. I(T) < .
The solution of the Cauchy problem (¢, ¥) for 4-1 defines therefore, if
I() < &, a (continuous) mapping y > g from an open set Q of E;(M x 1)
into itself, where Q will be defined by inequalities of the type

[y NE;(MX n < k
y>a , —9IX, X) > ae(X, X)

Moreover the difference v = g, — g, of the images of two points yy, y,,
satisfies the linear equation

1 1
-1 5?1 Dy = —f(yy, Dyy) + f(y2, Dy2) + :’2()’2 - 71)D2g2

with Cauchy data zero.

The second energy esiimates applied to 9-1 shows that the mapping
y > g = F(y) is contracting in the E, norm if /(I) < ¢, thus it admits
a unique fixed point ‘ée E,. We obtain the result that g e E5 as for the
linear equation, § 8, from the fact that the iterates g, = F’(y) are uniformly
bounded in E; norm, thus (Dg,), is uniformly (in # and ¢) bounded in Hy(M)
norm, and therefore the sequence is weakly compact.

The g thus obtained is solution of the given Cauchy problem.
In conclusion we have proved.

THeOREM. — Let (M, e) be a 3-manifold satisfying the hypothesis of§ 1.
Let (¢, ¥) be Cauchy data for Einstein equations; g, = ¢, (9,8} = ¥,
with ¢ € CJ(M), Do € H,(M), ¥ € H,(M), M regularly space-like for ¢,
then the reduced Einstein equations have one and only one solution g on
some 4-manifold M x I, g € E5(M x 1), taking on M,, these Cauchy data.

Standard methods show that if the Cauchy data satisfy the constraints

and the initial gauge condition F, = O the solution obtained is a solution
of the full Einstein equations.
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