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On a class of non linear Schrodinger equations. III.
Special theories in dimensions 1, 2 and 3

by

J. GINIBRE and G. VELO (%)

Laboratoire de Physique Théorique et Hautes Energies (**),
Université de Paris Sud, 91405 Orsay Cedex, France

ABSTRACT. — This is the third of a series of papers where we study a class
of non linear Schrodinger equations of the form
iflﬁ: (— A+ mu+ f(u)

dt

in R", where m is a real constant and f a complex valued non linear function.
Here we consider the case of space dimensions n = 1,2 and 3. Under
suitable assumptions on f, we prove the existence of global solutions of
the initial value problem. These solutions are continuous functions of
the time with values in H'(R") n L*(R"). We also study the scattering
theory for the pair of equations that consists of the previous one and of

the equation

2 Caem)

ldt ( mju.
In particular, we prove the existence of the wave operators and asymp-
totic completeness for a class of repulsive interactions. The assumptions
made on f cover the case of a single power f(u) = 4| u|P~ 'u with various
restrictions on p and A. For the existence of global solutions, we require
p=>2and in addition p<Sifn=3and A1>0, p<1+4/nif 1<0.
For asymptotic completeness, we require A > 0 and p > 1 + 4/n, and in
addition p< 5 if n = 3.

(*) Permanent address: Istituto di Fisica A. Righi, Universita di Bologna, and I. N. F. N.,
Sezione di Bologna, Italy.
(**) Laboratoire associé¢ au Centre National de la Recherche Scientifique.
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288 J. GINIBRE AND G. VELO

0. INTRODUCTION

This is the third of a series of papers where we study a class of non linear
equations related to the Schrédinger equation. The equations we consider
are of the following type

g 0.1
1:1?— o + f(uw ©.1)

where Hy = — A + m, A is the Laplace operator in R", m is a real constant
and f is a non linear complex valued function.

In the first two papers we have developed a general theory for the equa-
tion (0.1) in space dimension n > 2, concentrating our attention on two
problems :

(1) Existence and uniqueness of solutions of the Cauchy problem.

(2) Asymptotic behaviour in time of the solutions, and in particular
scattering theory for the pair of equations consisting of (0.1) and of the
free linear Schrodinger equation

du

i i Hou. 0.2)
In [/], under suitable assumptions on the interaction and for initial data
in the Sobolev space H'(R"), we have proved the existence and uniqueness
of a global solution of the Cauchy problem for the equation (0.1). In 2]
for suitable interactions and for suitable initial data, we have proved the
existence of solutions of the Cauchy problem at infinite initial time and
thereby the existence of the wave operators, and established asymptotic
completeness for a class of repulsive interactions. The whole treatment
makes extensive use of three conservation laws: the conservation of the
L2-norm, the conservation of the energy and a third conservation law
which we called pseudoconformal conservation law.

The general theory developed in [/] and [2] is satisfactory in several
respects. First all dimensions n > 2 can be treated in a unified way. Second
the spaces where one proves the existence of global solutions are large
and natural in the sense that they are the largest spaces where the relevant
conservation laws make sense. These spaces are H'(R"), corresponding to
the conservation of the L2-norm and of the energy, and another space
called X (see (1.6)), corresponding to all three conservation laws. However
this general theory exhibits the following complication : the space where
one first solves the local Cauchy problem at finite time is different, in
fact larger, than the natural space (H'(R")) mentioned above. As a conse-
quence, while the solution remains in H'(R") for all times if the initial
data belong to H!(R", the continuity properties of the solution appear
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ON A CLASS OF NON LINEAR SCHRODINGER EQUATIONS. III 289

naturally in terms of a weaker topology, and continuity in H(R") is reco-
vered by an additional compactness argument. Another feature of this
theory is that the assumptions made on the interaction term f(u) include
(for n = 3) an unnatural coupled restriction between the behaviour of
f(u) for large and small values of u.

In this paper we develop a special theory for n = 2, 3 in which the global
Cauchy problem for the equation (0.1) is solved in H'(R") n L*(R"). In
such a theory the first complication mentioned above disappears and the
solution comes out naturally as a continuous function of the time with
values in H'(R") n L®(R"). Furthermore for n = 3, the unnatural restric-
tion which relates the behaviour of f(u) for large and small values of u
is removed. In contrast to the general theory however this special theory
does not extend immediately to higher dimensions (*). The present paper
contains also a treatment of the case of dimension n = 1. This case is espe-
cially simple since one can solve the Cauchy problem in H'(R). In order to
save space, this theory will be presented together with those forn = 2, 3. The
assumptions on f that ensure the solvability of the global Cauchy problem
cover the case of a single power f(u)=A|u |~ *u where p>2, and in addition
p<Sifn=3and >0, p<1+4/nif 1 <O0. Existence of the wave

operators is ensured if in addition p > (n + 1 + /2n + 1)/n and asymp-
totic completeness if in addition A > 0 and p > 1 + 4/n.

There is a certain amount of freedom in the choice of the spaces where
to look for solutions of the equation (0. 1), and the choice made here seems
to be one of the simplest. On the other hand for n = 1 one can develop
various theories in spaces larger than H'(R), similar to the general theories
of [1] and [2]. An example of such a theory with basic space L%(R) n L*(R)
is briefly described in the Appendix.

This paper is largely self-contained as far as the results are concerned.
However proofs will be shortened or even suppressed whenever they are
similar to those contained in [/] and [2], to which we send back the reader
for details and for a number of side remarks.

The paper is organized as follows. Section 1 contains some notation,
definitions, preliminary results, and in particular the list of assumptions
on the interaction term f. Section 2 is devoted to the proof of existence
and uniqueness of the solution of the Cauchy problem in a small time
interval. Section 3 contains the statement of the conservation laws and an
outline of their derivation. Section 4 contains the proof of existence of
global solutions of the Cauchy problem. Section 5 is devoted to the study
of the Cauchy problem with initial time in a neighbourhood of infinity

(*) The case n = 3 has been also considered by LiN and STrRAUSS, who obtain results
which partly overlap with those of the present paper [3]. The existence problem for n = 2
and 3 has also been studied in [4].
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290 J. GINIBRE AND G. VELO

and to the extension of the three conservation laws to infinite times. Sec-
tion 6 is devoted to the study of the asymptotic behaviour of solutions
and in particular to the proof that all solutions are dispersive for repulsive
interactions. Section 7 contains a brief description of the continuity pro-
perties of the solutions as functions of the initial time and of the initial
data. In section 8 we collect the results from sections 5, 6 and 7 concerning
the wave operators. In the Appendix we describe briefly an alternative
theory for n = 1 with basic space L%R)n L*(R).

1. PRELIMINARIES

In this section, we introduce the main notation and definitions that
will be used in this paper. Most of this material is common to this paper
and to [/] and [2] and it is already contained in sections 1 of [/] and [2] to
which we refer for more details. In particular, all the notation is thc same
as in [/] and [2] with the notable exception of the spaces X, Z .(.)and Y.(.)
which are slightly different.

We denote by n the number of space dimensions, which in this paper
can be 1, 2, 3, by || . ||, the norm in L? = LYR"), 1 < g < o, except for
q = 2 where the subscript 2 will be omitted. Pairs of conjugate indices are
written as g and g with2 < g < wand g~ ' + g~ ! = 1. H(R") will denote
the usual Sobolev space with norm defined by

ol = [lvll* + I Vol?. (1.1
We shall use extensively the following Sobolev inequalities :
Holly < agll Vol "ol (1.2)
which is valid for any g such that
2<gq< ™ if n=1
. (1.3)
2<qg<2nfn-2) if n=23.
with # defined by
/g =12 — (1 —n)/n (1.4)
(so that 12 <y <lifn=1and O <y <1 if n=23), and
1o lle < bl Vol o]l ~"4 (1.5)

which we will use for any ¢ > n and satisfying (1.3). Actually (1.2) also
holds (and will be used in section 4) for n = 3 and ¢ = 6 (i. . n = 0).
The free evolution, associated with the equation (0.1), is defined by

U(t) = exp (— itH,) .

Its relevant properties can be read in the following lemma (cf. lemma 1.2
of [1]).

Annales de ['lInstitut Henri Poincaré - Section A
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LeEmMA 1.1.— For any g = 2, for any t # 0, U(t) is a bounded operator
from L7 to L? and the map ¢t — U() is strongly continuous. Moreover
for all teR\{0} one has

U@l < @r i)y vl

for all vel? (for ¢ = 2, U(t) is unitary and strongly continuous for all
te R).

We shall also need the Hilbert space £ that consists of those ve H!
such that xve L? with the norm defined by

ollF = 1ol + I Vol + |l xv]l?. (1.6)
The free evolution maps ¥ into X. Furthermore, for all ve X,
xU(— tv = U(— t)(x + 2itV)p.
The space X satisfies the following property :

LEMMA 1.2, — (Cf. lemma 1.3 of [2]). Let ve X and let g satisfy (1.3).
Then for all teR, U(t)ve L? and U(t)v satisfies the estimate

100y < @ + [e]) vl (1.7)

where # is defined by (1.4) and the a,’s are constants depending only on n
and gq.

For any interval I of the real line R, for any Banach space 4%, we denote
by €I, #) (respectively %,(I, #)) the space of continuous (respectively
bounded continuous) functions from I to #. (I, #) is a Banach space
when equipped with the uniform topology and coincides with (I, %)
for compact I. For any interval I of the real line R, we denote by T the closure
of Iin R, where R is the compactification of R with two points + co and
—o0 (l.e. R=RuU{+0}u{—oco}) with the obvious topology.

We shall need the Banach space X = H}(R") n L*(R") with the norm

given by
Hvllx = Max (Il v lus [0 ]]) - (1.8)
For any interval I =« R, we define the following spaces :

T(M= %1, X)

7 ()= 6,1, H') n €(1, L")

7= 7,1, X) _
Zol)={ve,(I) : Sup Max [|| o9 s

(X + 1217 Max ([ o) |, 11 0(0) [1)] = |0 loy < 0 }

for some r such that r = 2forn = 1,2,3 and r < 6 for n = 3, with ¢ defined
by 1/r=1/2 (1 —¢)/n, so that 1/2<e<1 forn=1and 0 <eg<1
for n = 2, 3.
Y(I)= [ v :ve(I)and o(r) = U(t — s)u(s) for all s and ¢ in 1 .
Y(D)=ZDOnnYI) i=5b0.
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292 J. GINIBRE AND G. VELO

Z (D) and & ((I) are Banach spaces with respective norms
[0k = Sup [0(0)[Ix

and | v |o; defined above, Z(I) and & (I) are Fréchet spaces when equipped

with the topology of the uniform convergence on the compact subsets of L.

As a consequence of the Sobolev inequality (1.2), for n = 1, X = H' and

, = &, Furthermore Y(I) is equal to Y,(I) and isomorphic to H for all L.
If I and J are two intervals of R, we shall use the notation

by = Sslellp | &(s) |y (1.9
| @ li0s = S:iP | #(s) los (1.10)

for the norms in the Banach spaces %,(I, Y,(J)) and %,(I, Y(J)) respectively.

We stress again that the spaces defined above are different from those
denoted by the same symbols in [I] and [2]. We have kept the same notation
because they play the same role as the previous ones. Note also that the
relation between X and 2 and &, on the one hand and between Z'. and Y.
on the other hand are the same as previously.

As in [I] and [2] we make the convention that the letter C, possibly with
subscript, shall denote a real non negative constant depending only on
the dimension of the space n and on f, but independent of any time, interval,
or other functions appearing in the same equation. Constants C without
subscript may vary from equation to equation, constants C; with the same
subscript i are the same in all equations where they appear.

The assumptions made on f will be taken from the following list:

(Hla) f is a twice continuously differentiable function from C to C,
with f(0) = 0 and f’(0) = 0, where f’ stands for Jf /0z or df /0Z.

(H2 a) If n=2, 3 : there exists a real number p, with 2<p, <(n+2)/(n—2)
such that for all zeC

| f'(2) < C(lz]| + 1277, (1.11)
Under assumption (H1 a), assumption (H2 a) restricts only the behaviour

of df/dz and 0f/0Z at large |z |.
(H2b) f satisfies the estimate

| ") <Clzl*"?  for |z|<T, (1.12)

where f”(z) stands for any of the second derivatives with respect to z and Z,
and p, satisfies
p; — 1 > Max (1/(1 — &), (4 — 2¢&)/n) (1.13)

with the same ¢ as in the definition of the spaces Z o(I).
(H3) Forall zeC, f(z) = f(2). For all zeC and all weC with |w | =1,
f(wz) = of (2).
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If f is continuous, it follows from (H3) that there exists a (unique) real
function V(z) = V(| z|) with V(0) = 0 such that

f(2) = aV(z)/oz. (1.14)

(H4) f is continuous and satisfies (H3). Furthermore, there exists a
real number p; and a constant C; such that

I1<py<1+4/n (1.15)
and, for all p >0,
Vip) = — Cy(p® + pP*1). (1.16)

(H5) f is continuous and satisfies (H3),and, for all zeC, V(z) =0
and W(z) < 0, where

{W(ﬂ)= (n + 2)V(p) — (n/2)pV'(p) for all p >0 (1.17)
W(z) = W(| z|) for all zeC. '
Remark 1.1. — The assumption f’(0) =0 in (H1a) is unnecessary

for n = 1 as will be clear in the subsequent estimates. In any case, if (H3)
holds, a linear term in f can be included in the free evolution H, so that
this condition does not restrict the class of admissible f’s.

Remark 1.2. — For n = 2 the condition (H2a) can be weakened to
requiring only that f be bounded for large values of z by a power series
with suitably restricted coefficients.

Remark 1.3. — The optimal value of ¢ in (H2 b), namely that giving the
weakest restriction on py, is ¢ = (3 — \/2n + 1)/2. For this ¢ the restric-

tion on p, becomes
pr>m+1+./2n+ 1)n. (1.18)

As in [/] and [2], in the proof of the conservation laws, we shall need to
regularize the basic equations. For this purpose we shall use functions h
and g from R" to R satisfying the following assumptions :

(h1) h is even, positive, he L' and || k||, = 1.

(gla) ge%',0< g<1and |Vg|< 1.

For any h and g satisfying (h1) and (g1 a) respectively, we introduce a
subscript v which can represent either the pair (h, g) or g or the empty
set. Then the regularized interaction is defined by

{hx[gf(hxv)]}(x) if v=(h g
[AOIx) =1 8(x) f(v(x) if v=g (1.19)
S ((x)) if v=0
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294 J. GINIBRE AND G. VELO

and, correspondingly, if f satisfies (H3) and is continuous,

g(x)[V(h * v)](x) if  v=(h g
[V.)]x) = { gx)V(u(x)) if v=g (1.20)
V(v(x)) if v=0.

2. EXISTENCE OF LOCAL SOLUTIONS

In this section, we recast the Cauchy problem for the equation (0.1)
in the form of the integral equation

u(t) = U(t — to)ug — iJ” dt U(t — 1) f(u(r)) 2.1

to

and we prove the local existence and uniqueness of solutions by a fixed
point technique.

Let ¢, t, € R and let v(t) be a family of complex valued functions defined
on R" and depending on a parameter teR. We define the operators
G,(ty, t,) by the formula

[Gi(ty, L)1) = — iJ.

t

t

dr U(t — 1) f(v(7)) (2.2)

where the f, are defined by (1.19).

We first derive some properties of these operators. For this purpose,
we introduce the following notation. If f satisfies assumption (HI a),
we define a continuous non decreasing function R(p) from R* to R™ by:

R(p) = Sup Max (| 9 /02% |, | 8°f /0z* |, | 8°f [020% ). (2.3)

Clearl
A S - S <aMax {nIRUzD} - nl 24
d
o | £(z) = fz)| < 2Max R(1z]) |2, — 2| 2.5)

for all z, and z, € C, where f” stands for df /0z or df /0z.

LemMA 2.1. — Let f satisfy (H1 a), let h satisfy (h1), let g satisfy (g1 a).
Then. for any v, for any interval I, the maps (t,, 5, t) — G (ty, ty)v are
continuous from I x I x Z(I) to Y,(R). Moreover for any t;, 1, €L, t; < t,
for any compact interval L such that [t;, t;] = L = I, for any t € R, for any
vy, v,eZ(I), the G’s satisfy the following estimates :

[ {G (¢ t2)0)(8) = [G(t 1, £2)02](0) s
< CMl-aX {lv; LR v lL) Flog — o2l lty — t,] (2.6)
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and
HGty, 1)) =[Gty tx)ea)(0) |1
SCM,.aX o lR(vi L) oy = o, |0
« { Oeg ="+t =t if tefty, t;]

2.7
ey =tV =ty — e "™ if ¢ty t5]. @7

Proof. — The proof is similar to that of lemma 2.1 of [/], with however
different estimates for the quantity

¥ = [Gy(t1, 12)v1](0) — [Glty, 15)0,)(0). (2.8)

It follows from (2.4) and (2.5) that for all v, for all v, and v, € X and for
all g satisfying (1.3), f, satisfies the following estimates :

1 /(01) = fio2) Il < CMax R(|| ¢; ]],) Max [[o; ]l [0y — v, ]| (2.9)
and
1V A1) = VAlva) ll; < CMax R(|| 1;11,.)
X {M;dx o lllllvy = va |l + || Vo — Vo, )
+ Max || Vo[ | vy — vy [li } (2.10)

where [ = n/(1 — #) and 7 is defined by (1.4).
Now application of lemma 1.1 yields immediately

t

H\Pu.,<Cj deft =Tl Max R(|[ vf9)|I,0

t

x Max || o) [I; [ v4(z) — vx(0) || (2.11)
and
V¥, < CI dr|t — """ Max R(|| v(7) [].,)

x I Max | o) Il vy(2) = v2(x) || + || Voy(r) — Vou(z) |])
+ Max || Vo) | [ v4(z) — vy(0) ], } - - 2.1

By taking ¢ = 2 in (2.11) and (2.12), using the definition of & »(L) and
integrating over the variable 1, we obtain (2.6). For n = 1, (2.7) follows
from (2.6) by the use of (1.5) with ¢ = 2. For n = 2 or 3, one estimates
[I'¥ |l by the use of the Sobolev inequality (1.5) with q satisfying (1.3)
and in addition g > n (or equivalently n < 2 — n/2), and one uses the
estimates (2.11) and (2.12). The estimate (2.7) is obtained for the special
choice # = 1/n.

From lemma 2.1, one derives immediately the following corollary.
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COROLLARY 2.1. — With the same notation and assumptions as in
lemma 2.1, the G’s satisfy the following estimate:

G uty, t2)v1](t) — [G,(t1, t2)v2)(0) |Ix
<CoMax (| ty — t, |ty — 12 ['7)
X Miax { | v; lLR(v; ) } vy — vyl (2.13)

for all teR and all v, and v, in Z(I).

As in [1], we rewrite the equation 2.1 and its regularized version in
terms of G,. We define, for all v,

and [Fy(to)o](t) = [G\(to, 1)u)(2) (2.14)
[A(t0, uo)v)(2)
3 {[Fv(to)v](t) + U(t — toug if v=gorv=0@ (2.15
B [F(to)ol(t) + Ut — to)h*ug) if v =1(h, g (2.16)

where h and g satisfy (k1) and (g1 a) respectively. Then the equation (2.1)
becomes

A(to, uo)v =0 (2. 17)
and the corresponding regularized equations are defined by
Ato, Uglv =v. (2.18)

We now state some elementary properties of the equation (2.18).

LeEMMA 2.2. — Let f satisfy (H1 a), let h satisfy (k1) and g satisfy (g1 a).
Let I and J be two intervals of R, I = J, let t, € I, let u, € X be such that the
function t — U(t — tou, belongs to Y(J) and let ue Z(I) be a solution
of the equation (2.18). Then:

(1) The function

o) 1 s — [pw)ls) = U(. — s)uls) 2.19)
belongs to %(I, Y(J)) and satisfies for all s and s’ €I the relation
[(w)](s) — [pW)](s") = G, s)u - (2.20)

Furthermore, if [¢(u)](s) € Y,(J) for some sel, then
() e €, y,(J)-
(2) For any sel, u satisfies the equation
A(s, u(s)u =u. (2.21)
Proof. — Identical with that of lemma 2.2 of [/].
We now study the existence and uniqueness of local solutions of the
equation (2.18).
PROPOSITION 2. 1.— Let f satisfy (H1 a), let hsatisfy (h1), let gsatisfy (g1 a).

Annales de I’Institut Henri Poincaré - Section A
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Then for any p > 0, there exists Ty(p) > 0, depending only on p and f
(but independent of v), such that for any ¢, € R and for any u,e€ X such
that U(. — to)uge B(I, p), where I = [t, — To(p), to + To(p)] and B(I, p)
is the ball of radius p in Z,(I), the equation (2. 18) has a unique solution
in & (I). This solution belongs to B(I, 2p).

Proof. — 1t follows from corollary 2.1 that if we define Ty(p) by

4CoMax [To(p), To(p)'"pR(2p) = 1 (2.22)
we ensure that

| Ay(to, to)vy — Ay(to, Uo)v2 |y 1
= |F,(to)v; — Fylto)v2 i < 5!01 —vy | (2.23)
for all vy, v, in B(I, 2p).

From there on, the proof is identical with those of propositions 2.1,
2.2 and 2.3 of [1].

3. CONSERVATION LAWS

In this section, we state the conservation laws for the L2-norm and
the energy, and the pseudoconformal conservation law. We then briefly
outline their derivation. The energy function E, is defined by

E,(v) = || Vo|* + JgV(v)dx (3.1)
for all ve X and all g satisfying (g1 a).

ProposITION 3.1. — Let f satisfy (H1 q, 3), let g satisfy (g1 a), let J be
an interval of R, let t, € J, let u, € X and let u € Z'(J) be solution of the equa-
tion (2.18) with v = g. Then for all s and ¢ in J, u satisfies the equalities

o) 1| = [l u(s) (3.2)
Ey(u(t) = Eyuls)). (3.3)

If in addition x.Vge L* and xuyeL? then ue%(J, X) and for all s and
teJ, u satisfies the equality

|| xU(—= t)u(t) ||* + 4¢2 J gV(u(t))dx
= || xU(= s)u(s)||* + 4s? JgV(u(S))dx
+J '4rdr { J gW(u(z))dx + J(x.Vg)V(u(‘c))dx } . 3.9

Remark 3.1. — If u is a solution of (2.18) in Z(J), then by lemma 2.1,
U(. — toug e Y(J).
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298 J. GINIBRE AND G. VELO

Remark 3.2. — The statement xu, € L? is equivalent to u, € T if already
uge X.

Sketch of the proof. — The proof is similar to the proof of the same con-
servation laws in [/] and [2]. One first proves them for the regularized
equation, and then one removes the regularization by a limiting procedure.

One first shows (cf. proposition 3.2 of [7]) that if, for some interval I
containing t,, u, € Z(I) is a solution of the equation (2.18) with v = (h, g),
he & and satisfying (h1), then for all non negative integer [, u,e %'(I, H)
and u, satisfies the equation (3.3) of []. If in addition g has compact sup-
port and xu, € L?, then (cf. proposition 3.2 of [2]) also xu, € €'(1, H') and
u, satisfies the equation (3.1) of [2]. Here H' is the usual Sobolev space.
The proof is almost identical with those of propositions 3.2 of [/] and 3.2
of [2], with the only difference that F and ¢ are replaced by 2 and 1 respec-
tively in the estimates (3.5) of [/] and (3.5) of [2]. Such a u, is sufficiently
regular so that one can derive a regularized version of the conservation
laws, as expressed by propositions 3.3 of [/] and 3.3 of [2]. The proof is
a direct computation starting from the regularized differential equation
and it is identical with those of propositions 3.3 of [/] and 3.3 of [2].

Let now ue Z(J) be the solution of the equation (2.18) mentioned in
proposition 3. 1. In order to prove the proposition, it is sufficient to prove
it for s and ¢ in a small neighbourhood of ¢, where ¢, is an arbitrary point
in J (and under the assumption that xu(t,)e L* for the proof of (3.4))
(cf. the proof of proposition 3.4 of [1] and 3.4 of [2]). In such a small inter-
val, the solution u can be defined by the contraction method of proposi-
tion 2.1, and furthermore the regularized equation (2.18) with v = (h, g)
also has a unique solution u, which can be defined by the same method. It
is therefore sufficient to derive the conservation laws for u from those
for u, by a limiting argument on h in the situation of proposition 2.1.
For this purpose, one picks a fixed function he &, h satisfying (h1) and
one defines a sequence { h;}, j=1,2, ..., by

h) = J"h(jx).

With the same notation as in proposition 2.1, one proves that u,, tends
touin %(I, L?) when j — co. The proof is similar to that of proposition 3.1
of [/]. It rests on the facts that

Ay, (to, uo)v = Alto, uolv
in 4(I, L?) when j — oo for fixed ve Z(I), and that
S,‘EJP 11 [Ag,,(to, to)011(t) — [Ay, ,(to, uo)v2](2) I |
<3 Sup [04(0) — w20 |
for all v, and v, in B(I, 2p), uniformly in j. These two facts are easily proved
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by the same methods as in the proofs of lemma 2.1 and proposition 2.1.
Now for fixed t €1, the convergence of u,{t) to u(t) in L? implies that

(1) lim [Ju (1] = [lu(®)1I,
thereby proving (3.2).
(2 lim | Vu, (1) 1> = Egluo) — JgV(u(t))dx,

since | gV(v)dx is a continuous function of v in the L2-topology for v

in a bounded set of X. By the same compactness argument as in the proof
of proposition 3.4 of [/], this implies (3.3).

3) }ljg [ XxU(= hup () 1 = |1 xU(— to)ug |2
+ 4t} J gV(ug)dx — 4t* J gV(u(t))dx

+ J ' 4tdr { j gW(u(t))dx + j(x. Vg)V(u(z))dx } .

0

The proof of this fact is similar to that of the corresponding fact in the proof

of proposition 3.4 of [2], using the continuity property of V mentioned

above and the analogous property of W. The only difference is that 7 and ¢

are replaced by 2 and 1 respectively in the estimates (3.24) and (3.27)
of [2]. By the same compactness argument as in the proof of proposition 3.4

of [2], this implies that u e (I, ) and that u satisfies (3.4) for all s and ¢

in I, provided g has compact support. In order to remove this last restric-

tion, one finally uses a limiting argument on g, which is of the same type

as that in proposition 3.5 of [2].

4. EXISTENCE OF GLOBAL SOLUTIONS

In this section, we prove the existence of global solutions of the equa-
tion (2.1). This result is obtained by establishing an a priori estimate on
the X-norm of the solution. The H'-norm is controlled by the conservation
of the L2-norm and of the energy, while the control of the L*-norm comes
directly from the equation (2.1).

THEOREM 4.1. — Let f satisfy (H1 a, 2 g, 3, 4), let g satisfy (g1 ), let J
be an interval of R, let ¢y, € J and let uy € X be such that U(. — to)u, € Y(J).
Then :

(1) The equation (2.18) with v = g has a unique solution in Z(J). This
solution belongs to Z ,(J).

(2) For all s and ¢ € J, u satisfies the equalities (3.2) and (3.3).
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(3) If in addition x.VgeL® and xuy € L? (or equivalently u, € X), then
ue%(J, X) and for all s and ¢ €], u satisfies the equality (3.4).

Proof. — 1t is sufficient to prove part (1) since once part (1) is proved,
parts (2) and (3) are restatements of proposition 3.1. Let I be a bounded
open interval, the closure of which is contained in J, let ¢, € I and let u € Z'(I)
be solution of the equation (2.18) with v = g. By a standard argument,
it is sufficient to obtain an a priori estimate for || U(t — s)u(s)||x for all s
and tel

By assumption (H4), lemma 3.2 of [1] and corollary 3.2 of [1], the conser-
vation laws (3.2) and (3.3) imply the uniform estimate

10 — s)uls) llu: < aMo(]] g [li:) 4.1)

for all s and te I, where M, is a continuous increasing function from R*
to R* with My(0) = 0, polynomially bounded for n = 2 or 3, depending
only on f and n (see theorem 3.1 of [/]). This settles the case n = 1, where
X = H.

In order to complete the proof for n = 2 and 3, we now derive an a priori
estimate for || U(t — s)u(s) ||, with s, € L. From (2. 18) and (2.20) it follows
that for all s, tel

U = s)uls) [l < [1UE — to)to oo + [ [Gylto, l(O) [l - (4.2)

By the Sobolev inequality (1.5) the second term in the r. h. s. of (4.2) can
be estimated as

H{Gylto, )ul®) 1o < by 11 [VGilto, sl 117 11 [Gylto, ) [lg™™*  (4.3)

with n < g < 2n/(n — 2). On the other hand, from assumptions (H! a)
and (H2 a), it follows that for all zeC

/@< Clz? + |z "), (4.4)

By Hoélder’s inequality, by (1.11), (4.4) and lemma 1.1, one has

S

I [Gyltos spul(®)1ly < CH dejt — "' {Ju@) 13z + llu(@) 1152

0

4.5)

and .
| [VG,(to, s)ul®ll, < C ” deft — 7!
X || Vu() || { [l u@) 1, + 11 u(@) |12~ ’m}' (4.6)

with # defined by (1.4) and I = n/(1 — ).
For n = 2, all the norms in the r. h. s. of (4.5) and (4.6) are estimated
in terms of the H!'-norm via the Sobolev inequality (1.2). Collecting the
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previous estimates, one finds after an elementary computation, for all s
and ¢ in I,

U@ — s)u(s) [lo < 11Ut — toluo |l
+ Clte — sI"{ Mo(ll u llu)* + Mo(lluo llu:)?}  (4.7)

for arbitrary ¢, 2 < g < oo (the constant C depends on g). This completes
the proof for n = 2.

For n =3, since p, < (n + 2)/(n — 2) =5 by assumption (H2a), we
can find a g such that

n=3<q<2n/n—-2)=6
P <1421 —n+2/(1+2y). 4.8)

We fix such a q. From (4.8) it follows that p,§ < 6, and therefore, by the
Sobolev inequality (1.2), by (4.1) and (4.5), we obtain

HGylto, shul®)1l; < Clto — sI" { Mo(ll uo llu)* + Mo(ll g [lus)2 } . (4.9)

Similarly, since 3 < I < 6, the expression || u(t) ||; in (4.6) can be estimated
in terms of || u(7) ||y:. The same estimate holds for || u(t) ||, 1)» provided
(p, — DI <L 6.If (p, — 1)l > 6, one obtains, by the Sobolev inequality (1.2),

(@) 118~ < Cllu(@) [~ [T u() [|22 7172077 (4.10)

and

Let now L be a compact subinterval of I containing ¢, and let
wl) = SS}Q_) U@ — s)u(s) |l - (4.11)

From the previous estimates we obtain
W(L) < Sup || U(t = touoll.o + MILIL + p(L)*  (4.12)

where M depends only on || ug |y, | L| is the length of L and

a=(p, —1-6/D3/qg=1[p, —1—2(1 =1+ 2n)2.

The condition (4.8) is equivalent to the condition o < 1, and therefore
implies the required a priori estimate for the case n = 3. This completes
the proof.

5. THE CAUCHY PROBLEM AT INFINITY

In this section, we analyze the integral equation
t
u(t) = Ui, — if dt U(t — 1) f(u(z)) (5.1)
to

for t, in a neighbourhood of infinity in R and we prove the existence of
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a unique solution in Zy([T, o)) for T sufficiently large by a fixed point
technique. We also prove the existence of the limit of U(— t)u(t) when ¢t
tends to infinity and we extend the conservation laws of the L?-norm, of
the energy, and the pseudoconformal conservation law up to infinite
time. Similar results holds in a neighbourhood of — oo. For simplicity,
we consider only the original equation (5.1) without regularization and
without cut-off. We recall that the quantities f, V and similarly G, F, A
and W for v = @ are written without subscript (cf. (1.19, 1.20)).

We first collect some preliminary estimates which give a meaning to
the expression (2.2), including the case where t, or ¢, is infinite. If f satis-
fies assumptions (H1 a) and (H2 b), we define a continuous non decreas-
ing function Ry(p) from R* to R™ by:

Rolp) = Sup |z 277 Max (|9%f /022 |, | 0°f/02° |, | 0°f /0202 1) (5.2)

Clearly
| f(z)) — fz)| < 4Max { |z, """ Ro(lzi]) } 2y — 221 (5.3)

| f1(z0) = f"(z2)] < 2Max {|z; " ?Roll ;D) } 12y — 22| (5.4)
for all z, and z, € C, where f” stands for df /0z or of /0z.

and

LEMMA 5.1. — Let f satisfy (H1aq, 2b). Then for any interval I = R,
the map (t,, t,, v) = G(t,, t,)v is continuous from I x T x Zy1)to Yo(R).
Moreover, forany t,, t, € I(t, <t,), for any interval L such that [t,, t,]J=L <1,
for any t € R and for any vy, v, € Zo(I), G(ty, t,) satisfies the following esti-
mates :

IfOo<t <t,:

1 [Gts, 12)v:1(2) — [G(ty, £2)02)(0) s
<C[A + t)t "= (1 4 t,)l i D)
X M'aX [l vi |5i__ lR()(l vi IOL)] | Ul —_— ])2 IOL (5.5)

G2y, t2)v,)(8) = [Gty, t2)02]0) I,

< C(1 + Max (ty, [t])F7H1 + 1)l + )/(1 + ¢1))

X Miax [lv; B R(1vilo) ] 101 — 02 loL (5.6)
and
[ [G(ty, t2)oJ(0) = [G(ty, £2)02)(0) |

< C(1 + Max (ty, [ £DFHL + ) 0((1 + )AL + ty))

X Miax [1v: 187 "Rl v; lo)] 191 — 02 low (5.7
where

» = Max [— g(pl —)42-61—(p — - s)] (5.8)

(o) = Sup j dt|1 —g/u~ e ! (5.9
1su<e Jy

Annales de [I'Institut Henri Poincaré - Section A



ON A CLASS OF NON LINEAR SCHRODINGER EQUATIONS. III 303

with 7 = Min (¢, 1 — n/4) (5.10)

and ¢, is the function defined by (5.9) with # replaced by ¢. (Note that y < 0
by assumption (H2 b)).

If t; <t, <0, one obtains similar estimates with ¢, replaced by — ¢,
and ¢, replaced by — ¢,.

If t, <0 <t, one obtains estimates of the same type by combining
the previous ones for the intervals [t,, 0] and [0, t,].

Remark 5.1. — It is proved in lemma 1.4 of [2] that the function ¢(c)
is increasing, #-Holder continuous and bounded.

Proof of lemma 5.1. — The proof is similar to that of lemma 2.1 of [2].
We have to obtain suitable estimates for the H', L" and L®-norms of the
quantity

¥ = [G(ty, t)v](1) — [GlEy, t5)0,]()
= — ij de Ut — 1)(f(v4(7)) — fvx(2))). (5.11)

1

Now "
N¥l<C J dr Max { ] v0) 112~ "Ro(l1 v(0) I10) } 11 04(7) = 0a(1) ]

1

by (5.3) and lemma 1.1,

t2
- < CJ dt(1 + |7|)pr—Dee-D
" x Max {|v; [t "Ro(l vilor) } 03 — 0200 (5.12)

by the definition of Zo(L) (see section 1). Similarly

V¥ <C J 2dr{M,.aX (o) 112~ Rolll 1) 11.0)]

X |1 Vo,(2) — Voy(1) 1] + Max [l v42) 1%~ *Ro(ll v47) |10) ]
x Max (| Vo) [} [124(2) — v5(1) | }

by (5.3), (5.4) and lemma 1.1,

. < CJ dt(1 + | t|)pr- =D
"’ x Max {|v; |61 "Ro(lvilon) } oy — valoL- (5.13)

The estimate (5.5) follows from (5.12) and (5.13) by integration in the
variable t.
On the other hand
12
IITII,SCJ de|t— 77!
o x| Miax { [vfz) [P~ 1Ro(| v{7)|) } (v4(7) = (D I
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by (5.3) and lemma 1.1,

rta
...<C drlt—r|£'1Miax||vi(r)|lgi;1
v x Max Ro(Il 041 [|0) [ 01(2) = v2(D) [l 7
by Hélder’s inequality,
rts
.<C| drjt -+ ||yt
v x Max {1v: 1B "Ro(l viloL) } 1oy — v2lor (5.14)

where y is defined by (5.8). In (5. 14), we have estimated || v; ||, by inter-
polation between || v; || and || v; ||, if p,7 < r and between || v; |, and || v; ||,
if p,7 > r. The exponent of (1 + |t|) that comes out naturally from this
estimate is

n
Max [_E(pl -1)+1-¢,—p(Q1 —8)]<y—— 1.
The estimate (5.6) now follows from (5.14) and from lemma 1.5 of [2].
Finally, by the Sobolev inequality (1.5), we have
IRZPEAIRE J14 R 3 (5.15)

with g satisfying (1.3) and in addition g > n, or equivalently n <2 — n/2.
By the same method as above, we obtain

V¥, <C j et — Tt { Max |l o) gk
% Max Ro([] 00 1) 1| Vou(0) — Vo,
+ Max || Voy(o) || Max [| o0) IF, =2
x Max Ro(l[ 00 1) 1| 040) = 020 gy 1u ) (5-16)

where 7 is defined by (1.4) and | = n/(1 — 1),

t2
..SCJ‘ de|t —|" (1 + ]!
" x Max { | v; 181" "Ro(l vilo) } 01 — vz lor (5.17)
where

B = Max l:——g(pl D 42—n,1—(p -1 —s)]. (5.18)

Similarly, one obtains the same estimate (5.17) for || ¥ |,, and by (5.15),
this estimate holds also for || ¥ ||,,. In order to obtain the ¢ dependence
stated in the lemma, we need to take n < ¢ (or equivalently g > r). This
implies f > y. It is then natural to impose that g = y. This is equivalent to

n > Min [a, 1—(p, — 1)(% — 14 sﬂ (5.19)
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which is satisfied for all p, satisfying (1.13) provided
n = Min [¢, 2 — n/(2(1 — €))]. (5.20)

One can easily find # satisfying this condition in addition to 5 < ¢ and
n < 2 — n/2. For definiteness, we choose # = Min (g, 1 — n/4). Then we

obtain
t2

||Tl|w<cj de|t— "0 + ||yt
" x M?-x {108 "Ro(Ivilon) } vy — vz lor (5.21)

which by lemma 1.5 of [2] implies the estimate (5.7).
In the case n = 1, the L®-norm of ¥ can be estimated in a much more
direct way:

t2

||\P||w$C'[ dr|t — ¢| 712
! Il N[iax {1v2) P~ 'Ry v40) 1) } (v4(2) — va(2)) |,

2
<Cj d‘t,t - T,—I/Z(l + Itl)max[—p,(l—s),l—p./Z]
151

x Max {|v; 18" "Ro(l vilow) } [0 — vz lor- (5.22)

This yields an estimate slightly different from (actually slightly better
than) that stated in the lemma.

From remark 5.1 and lemma 5. 1, one derives immediately the following
corollary :

COROLLARY 5.1. — With the same assumptions and notation as in
lemma 5.1, for 0 < t; < t, < o0, G(t,, t,) satisfies the following estimate :

| G(ty, t)v1 — Glty, t2)0; lor
< Gyl + 4y Miax {1v: 18" "Ro( v;lor) } 1oy — v3lo- (5.23)

We now come back to the equation (5.1), which we rewrite as

Alty, figlv = v (5.24)
where the operator A(t,, fi,) is defined by
[A(to, To)v)(t) = U(t)ity + [Flto)](t) (5.25)

and F(t,) is defined by (2. 14). If ¢, is finite, A(to, .) is related to A(to, .),
defined by (2.15), as follows:

A(to, lg) = Alto, Ulto)io). (5.26)
We first consider the limit of U(— s)u(s) as s tends to infinity.
PROPOSITION 5. 1. — Let f satisfy (H1 a, 2 b), let I and J be two intervals
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of R (possibly unbounded), I = J. Let o€, let fipe H' be such that
U(.)ily € Yo(J) and let u e Z (1) be a solution of the equation (5.24). Then:

(1) The function ¢(u) defined by (2.19) belongs to %, Y,(J)) and can
be extended by continuity to a function in ,(I. Yo(J)) still denoted by d(u).
For all s, s’ eI, ¢(u) satisfies the relation

[pw)](s) — [pw(s") = G(s', s)u . (5.28)
(2) For all sel, u satisfies the equation
A(s, U(— syu(s))u = u. (5.29)

Let now I = [T, o0) for some TeR.
(3) There exists u, € H' such that U(.)u,(= [¢w)](0)) € Y,J), and u
satisfies the equation

A(oo, uJu=u. (5.30)

If in addition fige X, then u, e X. If t, = oo, then u, = .

(4) [p(w))(s) — U(.)u, belongs to Yo(R) for all sel and tends to zero
in Yo(R) when s — oo. Moreover, for all s 2 0, se 1, u satisfies the esti-
mates

10 — huls) — U@ |l < C(L+ 8)' 7@ u[BiRo(u lor) - (5.31)
and
11Ut — syu(s) — U@y I, + 11U = s)uls) — U@ |l
< C(1+ Max (s, [t )71 + 9)" u[BiRo(| u lo) (5.32)
where y is defined by (5.8).
(5) Ifin addition f satisfies (H3), then for all t € I, u satisfies the relations
u@ 1l = {lull (5.33)
E(u(t) = || Vu. 11> (5.34)

Sketch of proof. — The proof of parts (1) to (4) is almost identical with
that of proposition 2.1 of [2]. Part (5) follows from part (4), from proposi-

tion 3.1 and from the fact that jV(u(s))dx tends to zero when s tends to
infinity.
We next study the Cauchy problem at infinity.

PROPOSITION 5.2. — Let f satisfy (H1 a, 2 b). For any p > 0, there exists
T,(p) > 0, depending only on p and f, such that for any toel and for
any i, € H' such that U(.)ii, € Bo(L, p), where I = [T,(p), o) and By(l, p)
is the ball of radius p in Z (1), the equation (5.24) has a unique solution u
in ' o(1). This solution belongs to B(I, 2p). For fixed fi,, the map t, — uis
continuous from T to By(l, 2p).
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Proof. — It follows from corollary 5.1 that if we define T (p) by
2C(1 + Ty(p)"2py* " 'Ro(2p) = 1, (5.3
then we ensure that
| Alto, io)vy — Alto, Tio)vs lor

1
= | F(to)v, — Flto)vs lor < 5 vy — vy lor (5.36)

for all t, € T and all v; and v, in By(I, 2p). From there on, the proof is iden-
tical with those of propositions 2.2,2.3 and 2.4 of [2].

Remark 5.2. — There is some flexibility in the choice of the spaces where
to solve the Cauchy problem at infinity. One may for instance replace
Zo(I) by the more general space:

50 = {vey(D) : Sup { Max [1|o() s

T+ 1D @ s M+ 1N o)} < o0} (5.37)

for some 8,0 < é < 1. The assumption (H2b) has then to be replaced
by a suitable condition involving p;, 6 and & The weakest condition,
namely the smallest lower bound thereby obtained for p,, corresponds to

0=(/2n+1-1)2=6, and 6, <1 —e < J, for some suitable

depending on n. The range of values of r corresponding to the last condi-

tion is

m+1+/2n+1)n<r<2m+1+./2n+1)/n for n=1or 2,
14+./7<r<24+/7)3 for n=3.

Since however the lower bound on p, itself, as given in remark 1.3, is not
improved by the more general choice (5.37), we have used the simpler
space where d =1 — .

By strengthening the assumptions on f and ii,, we can extend the pseudo-
conformal conservation law to infinite times.

PROPOSITION 5.3. — Let f satisfy (H1a, 2 b, 3) with p;, > 1 + 4/n. Let
TeR, I =T, o), toel, fipe Z, and let ue 2 (1) be solution of the equa-
tion (5.24). Then

(1) ue¥(, ).

(2) Let u, be defined as in part (3) of proposition 5.1. Then u, € Z.

(3) For all tel, u(t) satisfies the relation

[| xU(= u(®) ||* + 4t* JV(u(t))dx
=] xuy || —J 41d1JW(u(r))dx, (5.38)

where the integral in the last term is absolutely convergent.
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(4) U(— s)u(s) tends to u, strongly in ¥ when s — 0.

Proof. — The proof is almost identical with that of proposition 4.1 of [2]
and will be omitted.

We now collect the main information obtained in this and the previous
section. For this purpose, it is convenient to introduce the following nota-
tion. Let p > 0 and let T,(p) be defined by (5.35). We define

I(p) = [T1(p), o0) (5.39)
K(p) = {(to, flg) : to € 1(p), U(.)iig € Yo(I(p)) and | U(.)do loyp < P ) (5.40)

and

K =_Jk). (5.41)

p>0

THEOREM 5.1. — Let f satisfy (Hla, 2a, 2b, 3, 4), let p > 0, let
U(.)iig € Yo(J) where J = [T, o0) and — oo < T < 0, and let (t,, fip) € K(p).
Then :

(1) The equation (5.24) has a unique solution u € Z,(R™), which can be
uniquely continued to a solution in % ,(J).

(2) There exists u, € X such that U(— s)u(s) tends to u, when s — o0
in the sense of proposition 5.1 (4), and in particular in X. If t, = oo, then
u+ = ﬁo.

(3) For all tel, u(t) satisfies the relations:

Hu@ 1l = Hull (5.33)
E(u(t)) = || Vu, |17 (5.34)

(4) u is uniformly bounded in Z((R*) and ¢(u) (defined by (2.19)) is
uniformly bounded in €,(R™, Y,(J)) if (¢, &) € K(p) for some fixed p and
if U(.)&i, remains in a bounded set of Yy(J).

(5) If in addition fiye X and p; > 1 + 4/n, then u, € Z, ue 4(J, ) and
U(— s)u(s) tends to u, strongly in ¥ when s — oo. Furthermore, for all
tel, u(t) satisfies the relation (5.38).

Sketch of proof. — Parts (1), (2), (3) and (5) are repetitions of previous
results. Part (4) is trivial for n = 1. For n = 2 or 3, the uniform boundeness
of u follows from proposition 5.2 and from the estimates derived in the
proof of theorem 4. 1. The uniform boundeness of ¢(u) follows from that
of uthrough (5.28) and lemma 5. 1.

6. ASYMPTOTIC BEHAVIOUR OF SOLUTIONS

In this section, we study the asymptotic behaviour in time of the solutions
of the equation (5.24). As in the previous paper [2], an important role is
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played by the pseudoconformal conservation law derived in section 3.
The main result is that for repulsive interactions in the sense of assump-
tion (HS5), all the solutions of the equation (5.24)in Z(R) are purely disper-
sive, namely they lie in % (R) (see proposition 6.1).

The first result connects the time decay of various norms of the solu-
tions of (5.24).

LEMMA 6.1. — Let n = 2 or 3, and let f satisfy (H1 a, 2 a) and the condi-
tion

| f'@I<clzl*™t for |z|<1 6.1
with p, > 1 + 2/n. (Here f’ stands for df /0z or df /0z). Let  satisfy 0 <d < 1
and pr=1+21+ d)n. 6.2)
Let t, € R and let %, € X be such that U(.)ii, € Y(R) and that

M, = SIEL;Rp (1 + e’ 1| U@t || < 0. 6.3)

Let ue Z,(R) be solution of the equation (5.24), let
M’ = Sup || Vu(t) || (6.4)
teR

(M’ is finite by the definition of Z,(R), see section 1), and:let u satisfy in
addition .
M, = Sup T+ 1e) "u@ll, < o0 (6.5)

for all ¢ such that 2 < g < 2n/(n — 2) and with # defined by (1.4).
Then there is a constant M depending only on f, My, M’ and the set
{M, }, such that

Sup (1 + 1D’ 1UE = u(s) |, <M < 0. (6.6)
S, t

Proof. — In the proof that follows, we make the convention (already
used in the statement of the lemma) that M without subscript or super-
script denotes a generic constant that may depend on f, My, M’, and the
set { M, }, but not otherwise on &, or u, and not on ¢,.

From the equation (5.24) and from (6.3) it follows that

UG — shu(s) Il < Mo(L + 17 + |1 [G(to, s)ul(®) Il (6.7)

for all t e R. By the Sobolev inequality (1.5), the second term in the r. h. s.
of (6.7) can be estimated as

1[G (o, 9)u)(0) |10 < by |1 [VGlto, SN 115 1 [Glto, Sl 1l; ™™ (6.8)

with n < g < 2n/(n — 2), or equivalently 0 < # < 2 — n/2. On the other
hand, from assumption (H2 @) and from (6. 1), it follows that for all ze C

[ f@I<C(zl* + 1217 (6.9)
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and
L@ <C(zP™t + ]z, (6.10)

By Holder’s inequality, by (6.9), (6.10) and lemma 1.1, we obtain:
J' dr|t — Tl""ZHu(T)HZ;'a
to -

J‘ dejt — " 1| Vu(r) || Z|Iu(f)llf’,§,-——1m. (6.12)

1 {G(to, syul(t) ll; < C 6.11)

and

1 [VGto, $ul(0) ], < C

o]

where [ = n/(1 —n). The condition p; > 1 + 2/n implies that p;,g > 2
and (p; — DI > 2 for j=1, 2.

For n = 2, both p;g and (p; — 1)! lie in the range of values of q covered
by the condition (6.5), i. e. 2 < g < 0. For n = 3, because of assump-
tion (H2 a), g can be chosen in such a way that p,g < 2n/(n — 2) = 6 by
choosing # sufficiently small, namely n < (5 — p,)/2. From now on, we
impose this restriction on #. One can then estimate (6.11) for n =2 or 3
by direct use of (6.5). One obtains

1 [G(to, sul®)1l, < M

0

j drle =< Z“Hrl)“"-w—“"“ . (6.13)
1
J

In order to estimate (6.12) however, one needs to consider two cases
separately.

First case. — (p, — 1)l < 2n/(n — 2). This covers completely the case
n = 2 and can be achieved for n = 3 if p, < 3 by choosing # sufficiently
small. One can then estimate also (6.12) by direct use of (6.5) and (6.4)
and obtain

1 VGolto, sul®)ll; < M t j dejt—p!
><Z(l + Tt (6.14)

Using (6.8), (6.13), (6. 14), the fact that p, < p, and the elementary estimate

j. dr|t — "Y1+ )t <CA + | t|ymxtn=Iatb=D (6.15)
which holds for g # 0, B <1 — 5, one obtains
IHGto, ul(t) lle < M(L + | [ymexr= 1A= mem iy, (6.16)
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(Here the condition f < 1 — 7 follows from p, > 1 + 2/n while the condi-
tion f # 0 can always be achieved by a slight change of 5 if necessary).

We now impose on # the additional restriction 7 < 1 — §. Then (6.6)
follows from (6.7), (6.16) and (6.2).

Second case. — (p, — 1)l > 2n/(n — 2). This case occurs only for n = 3
and cannot be avoided if p, > 3. One can always assume however that
(p1 — ) < 2n/(n — 2) = 6 without introducing additional restrictions on §,
by replacing p; by 1 + 4/n = 7/3 if necessary and by taking 5 sufficiently
small. The term with j = 1in (6.12) can then be treated as in the first case.
In order to estimate the term with j = 2, we use the inequality

Il () 182~ < 1l ul) 18271 [ u(z) |52 74 (6.17)

which implies
I [VG(to, spul®) ||, < M H de|t— "V {(L + |zt
to

U ) ) 2R | (6.18)
Let now
u(T) = |s|S|HBT L+ 11U = spuls) |l - (6.19)
Combining (6.7),(6.8), (6.13), (6.18) and (6. 15), we obtain for any T > | ¢, |
HT) <My + M { I’S'gpr I+ e+ hslgg (14 [e]y2u(T)™ } (6.20)
where

oy =0+ Max(n —1,1 - (p;, — 1)n/2) 6.21)

% =0 + (n/g)Max (n — 1, 1 — (¢/2)(1 — 1) — (p, — ¢/2)5)
+ (1 = n/ggMax (n — 1, 1 — (p; — D)n/2) (6.22)
a3 = n(p,/q — 1/2). (6.23)
We now show that by taking » sufficiently small, one can ensure at the
same time that «; < 0, a, < 0 and a3 < 1. The last condition is equivalent
to p,<@m+2)/n—-2+2n) =51+ 2y and can be easily satisfied
because of assumption (H2a). We impose in addition that n <1 — 6.

Then «; < 0 follows from (6.2). In order to ensure that a, < 0, it is suffi-
cient that in addition

1= —n) —(p, —q/26 < =9 (6.24)

Under the assumption (p, — 1)! > 2n/(n — 2) = 6, the condition (6.24)
is easily seen to be satisfied for # sufficiently small. The estimate (6.20)

then becomes
uT) < M, + M[1 + w(T)»] (6.25)

with 0 < a3 < 1. This implies that u(T) is bounded uniformly in T and
completes the proof in the second case.
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Remark 6.1. — The various conditions imposed on # in the course of
the proof are clearly compatible, since all of them are upper bounds on #.

Remark 6.2. — Assumption (H1 ¢) in lemma 6.1 is unnecessarily strong.
It would be sufficient to assume instead f to be €' with f(0) = 0. This is
the reason why we have written explicitly the assumption p; > 1 + 2/n,
although for n = 3 the assumption (H1 g) already implies p; > 2 > 1 + 2/3.
We now concentrate on the case of repulsive interactions.

PROPOSITION 6.1. — Let f satisfy (Hla, 24, 3, 5). Let toeR, let ige X
be such that U(.)i, € Y(R) and let u be the solution of the equation (5.24)
in Z (R) (see theorem 4.1). Then:

(1) ue%(R, X). For all g satisfying (1.3) and for all s and ¢ € R, u satisfies
the estimate :

10— $)uls) 11, <L+ [ 1) 11 xu0) |1 + 11 u(0) ||* + E@(O)]"/*  (6.26)

where # is defined by (1.4) and 4, is the constant that occurs in (1.7).
(2) Let n=1. Then for any &(1/2<e<1), u € Zo(R), and ¢(u) € €,(R, Yo(R))

ith
" ulon < 1) le.or < Clll xu(0) I + | u(0) [I* + E@(O)]". (6.27)

(3) Let n =2 or 3, let f satisfy (6.1) with p;, =>.1 + (4 — 2¢)/n and let
U(. )y € Yo(R). Then ue Z(R), ¢(u)e %, (R, Yo(R)) and both |u|ez and
| $(u) |p,or are estimated in terms of ||u(0)|ly and | U(.)i, [or uniformly
with respect to t,.

(4) Let in addition f satisfy (H2b) with p, > 1 + 4/n, and let u, be
defined as in proposition 5.1 (3). Then u, € X and for all t€ R, u satisfies
(5.38).

Proof. — The proof of part (1) is almost identical with that of part (1)
of proposition 4.3 of [2]. Part (2) is an immediate consequence of part (1).
Part (3) follows from part (1) and lemma 6. 1. Part (4) is a partial repetition
of proposition 5.3.

Remark 6.3. — There is some overlap between the various assumptions
made on the behaviour of f near the origin. For instance the condition (6. 1)
with p, > 1 + (4 — 2¢)/n is contained in (H2 b). On the other hand, the
condition p, > 1 + 4/nis closely related to assumption (HS5) (see remark 1.2
of [2]).

7. CONTINUITY WITH RESPECT
TO INITIAL DATA

In this section, we describe briefly the continuity properties of the solu-
tions of the equation (5.24) with respect to the initial time and initial data.
These properties are very similar to those obtained in [/] and [2]. Indeed,
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the continuity in a neighbourhood of a given solution depends only on
the general structure of the theory, while uniformity of the continuity is
obtained whenever one can find a uniform bound on ¢(u). Here we state
typical results without proofs and send back the reader to sections 4 of [/]
and 5 of [2] for details.

We shall use systematically the following notation and convention.
For any interval J of R, we define the map & : v — v(0) from Y(J) to H?,
where v(0) is defined as v(0) = U(— s)v(s) for some (any) seJ. Clearly
@(v)e X if 0e J. The map & is one to one, and the inverse map is defined by

® Hvo) = U(. ) . (7.1)

In all subsequent propositions, it will be assumed that &, € (Y ,(J)) or
that i, € ®(Y,(J)) for some J. It will then be understood, except in remark 7.2,
that continuity properties with respect to #, are always expressed in terms
of the (Banach space) topology image under & of that of Y,(J) or of that
of Yo(J), and that joint continuity with respect to (t,, #,) is expressed in
terms of the product of the natural topology for t, and of the previous
topology for ii,.

Remark 7.1. — If n = 1, then for any J, & is an isometry from Y,(J)
onto H'. Furthermore, by lemma 1.2, T is continuously embedded in
(Y o(R)). This implies obvious simplifications in the following propositions.

PrOPOSITION 7.1. — Let f satisfy (H1 a). Let I be a bounded interval
and J an interval containing I. Let (¢, )€l x &(Y,(J)),let ue X (I) be
solution of the equation (5.24) and let ¢(u) be defined by (2.19). Then
there exists a neighbourhood % of (t,, %) in I x @(Y,(J)) such that for all
(to, o) € %, the equation A(tp, @ip)v = v has a (unique) solution «’ in #',(I).
Furthermore, the map (tf, ;) — ¢(u) is continuous from % to 6,(1, Y,(J)).
If in addition f satisfies (H2 a, 3, 4) then the continuity is uniform for ¢,
in a compact subset of I and i, in a bounded set of @&(Y,(J)).

PROPOSITION 7.2. — Let f satisfy (H1 a, 2 b). Let I be a closed interval
and J an interval containing I. Let (to, fig)e I x @(Yo(J))and let u e 2 o(I)
be solution of the equation (5.24). Then there exists a neighbourhood #
of (o, flp) in T x @(Yo(J)) such that for all (ty, ) € . the equation A(tp, fig)v=0
has a (unique) solution ' in Z (). Furthermore, the map (tf, ;) — P(u’)
is continuous from % to (I, Yo(J)).

Remark 7.2. — If in proposition 7.2 one adds the assumptions that f
satisfies (H3) and that p; > 1 + 4/n, then one can prove in addition that
for fixed tel, the map (¢, @) — «'(t) is continuous from

U (I x (B(Yo(T) N E))
into X. Here the topology on uj is the Banach space topology induced by
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the sup of the norms in @(Y(R)) and in %, and the topology on u(t) is the
natural topology of Z.

PROPOSITION 7.3. — Let f satisfy (Hla, 2a, 2h, 3, 4), let J = [T, «©)
with — oo < T < 0. For any (to, fig)€ K n (RT x &(Yo(l)), let ue Z(R™)
be the solution of the equation (5.24) described in thcorem 5. 1. Then the
map (to, il,) — $(u)is continuous from K n (R™ x &(Yo(J))) to G(R™,Y ().

The continuity is uniform for (¢, ﬁo)eU K(p’) for fixed p and for @, in
a bounded set of &(Y(J)). <P

PROPOSITION 7.4. — Let f satisfy (H1 a,2 a2 b, 3, 5) with p; > 1 + 4/n.
For any (to, fig)€ R x (Z 0 @&(Yo(R), let ue Zo(R) be the solution of the
equation (5.24) described in proposition 6. 1. Then the map (t,, fip) — o)
is continuous from R x (£ N &(Y,(R))) into %,(R, Yo(R)). The continuity
is uniform in (¢, @l,) for &, in a bounded set of = and in a bounded set of
DY o(R)).

8. WAVE OPERATORS
AND ASYMPTOTIC COMPLETENESS

In this section, we state the implications of the results of sections 5,6
and 7 to the theory of scattering. We recall that the wave operator Q.
is defined as the map u, — u(0) where u(¢) is the solution of the equation

Ao, u o =v. 8.1

The wave operator Q_ is defined similarly.

The wave operators (and possibly their inverses) will be considered as
acting either in the Banach space @&(Y,(R)) or in D(Yo(R)) n X. The latter
space will be equipped either with the topology induced by @(yo(R)) or
with the « natural » Banach space topology associated with the maximum
of the norms in &(Y,(R)) and in Z.

PROPOSITION 8.1. — Let f satisfy (Hla, 24, 2b, 3, 4). Then the wave
operators Q, map @(Yo(R)) continuously into itself. They are bounded
and uniformly continuous on the bounded sets of M(Y,(R)). If in addition
p, > 1 + 4/n, then the wave operators map T A (Y (R)) (equipped with
its natural topology) continuously into itself.

For repulsive interactions, the results of section 6 imply in addition
asymptotic completeness.

PROPOSITION 8.2. — Let f satisfy (Hla,2a,2b,3,5) withp, > 1 + 4/n.
Then the wave operators Q, are bijections of £ N &(Y(R)) into itself.
Both Q, and Q' are bounded on the bounded sets of N ®(Y(R))and
are continuous in the sense of the topology induced on X N @(Y,(R))
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by @(Yo(R)), uniformly on the bounded sets of Z N @(Yo(R)). Furthermore
Q. and Q' are continuous from X N @(Y,(R)) (equipped with its natural
topology) into itself.
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APPENDIX

In this appendix, we sketch an alternative theory in dimension n = 1, which is similar
to that developed in [] and [2] in the sense that the basic space X = L*([R) n L®(R) is larger
than H'(R). Most of the methods and results used in [/] and [2] or in this paper carry over
without change to this case with the exception of the treatment of the local Cauchy problem,
both at finite and infinite initial times. This requires minor modifications, which we present
below without proof.

In the assumptions made on f, the condition (H1 a) is replaced by the condition (H1)
of [{], namely:

(H1) f is a continuously differentiable function from C to C and f(0) = 0.

The basic spaces are X = L? n L™, Z,(I) = (I, X) and

Zo(l) = {veZyI) : Sup { Max || v(t)]l,
el (14 [eD* = Max (|| () |l o) 1) } = 10 lor < 0}

for some r, 2 < r < oo, and with ¢ defined by 1/r = 1/2 — (1 — ¢).
We first state the result concerning the Cauchy problem at finite initial time for the equa-
tion (2.1) or more precisely for the equation (2.18).

PROPOSITION A . 1. — Let f satisfy (H1) and the estimate (6. 1) with p, > 2, let h satisfy (h1),
let g satisfy (g1 a). Then the same conclusions as in proposition 2.1 hold.

The conservation laws for the LZ-norm and for the energy, and the pseudoconformal
conservation law are derived in the same way as in section 3. The first two laws yield the
existence of global solutions in the same way as in [/}, provided f satisfies (H1, 3, 4) and the
estimate (6.1) with p; > 2.

The solution of the Cauchy problem at infinite initial time is described in the following
proposition.

PROPOSITION A.2. — Let f satisfy (H1) and the estimate (6.1) with
py — 1 > Max (¢/(1 — €), 4 — 2¢) (A.1)

with the same ¢ as in the definition of & ¢(.). Then the same conclusions as in proposition 5.2
hold.

We remark that the weakest restriction on p, imposed by the condition (A.1) is

py>03+ \/T7)/2, corresponding to ¢ = (7 — \/ﬁ)/4. This restriction is weaker than that
given by (1.18) for n = 1.

For repulsive interactions (in the sense of assumption (HS)), all solutions of the equa-
tion (2.18) are purely dispersive and lie in & 4(R). The proof is the same as in section 6.
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