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for an Integral of Feynman-Type

by

Detlev BUCHHOLZ and Jan TARSKI (*)
I1. Institut fiir Theoretische Physik der Universitdt Hamburg

ABSTRACT. — Integrability of cylinder functionals is investigated, for
the Feynman-type integral as defined by It6. Several classes of unbounded
integrable cylinder functionals are specified. An inductive property of the
integral is established.

RESUME. — L’intégrabilité des fonctionnelles cylindriques est étudiée
pour I'intégrale de type Feynman, telle qu’elle soit définie par Itd. Quelques
classes de fonctionnelles cylindriques intégrables non bornées sont spéci-
fies. Une propriété inductive de I'intégrale est établie.

1. INTRODUCTION

In this note we establish the integrability of several classes of cylinder
functionals, for an integral of Feynman-type. These classes are characte-
rized in terms of order of analytic functions, or in terms of polynomial
bounds. The classes are of interest for the following reason: they are of a
general character, and include several families of unbounded integrable
functionals. The unbounded functionals which were known previously
to be integrable are primarily those which could be integrated in closed
form, like cylinder polynomial functionals.

The subject of Feynman-type integrals and of their physical applications

(*) Address during 1975-1976: Fakultit fiir Physik, Universitit Bielefeld.
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324 D. BUCHHOLZ AND J. TARSKI

was reviewed recently in [7]. The results that follow relate to 1td’s defini-
tion of the integral [2], and are only a modest contribution.

We recall that a cylinder functional on a linear space is one satisfying
f(n) = f(Pn) where P is a finite-dimensional projection. We will first
discuss the finite-dimensional integrals, corresponding to dim P = n,
and will turn to the problem of enlarging the space of integration in sec. 3.

For finite-dimensional integrals, we found it useful to modify slightly
t6’s definition. The following definition of &/, is in part more general
than It6’s (cf. sec. 3), since it allows distributions, but in part seems to be
more restrictive, since it requires a limit for a wider family of operators.
Furthermore, it is convenient for us to refer to the space SPE(R") of [3].
This space is invariant under Fourier transformation, and includes the
Gaussian functions e~ *B*> if Re B > 0. Its dual is larger than %, and
contains the various functions and distributions of sec. 2.

DEFINITION 1. — Let o/, be the class of distributions f in SR"Y for
which

}311'% jd"xe i(x—a,B(x—a))+1% ,<x,x>f(x) ((JE R") (la)

exists and does not depend on a. The n x n matrices B are restricted by the

conditions
B = BT, Re B > 0. (1b)

2. INTEGRABILITY FOR FINITE DIMENSIONS
We start with two simple lemmas. The proof of the first is omitted.

LEmMMA 2. — Let A satisfy (15). Then

i) A* and A™! also satisfy (1b).

ii) The quadratic form defined by A can be diagonalized by a real
(nonsingular) transformation.

iii) The mapping A — (A — i)~! — i maps the operators satisfying (1b)
into themselves and is continuous. In particular, if ||A]] < K < 1 then

T+K)TA<IHA =) —ill<( -KT'A]l 2

LEMMA 3. — If f*e .o/, then f e, (f being the Fourier transform
of f).

Proof. — An easy calculation gives

*
(CB fdnxf*(x)e}i(x,x)—T(x—a.B(x—aD)
= (2n)” n/2 fdnpf( )%Kp-p)-%(p—a.[(B—i)"—i]'(p~a)>, 3)
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where ¢y is defined by the condition that f= 1 integrate to one when
a = 0. Now, the limits B - 0 and [(B — i)”! — i]* — 0 are equivalent,
and therefore f*e o, implies f € o,

We next introduce the following classes of complex-valued functions
and distributions on R”.

(1) The first class consists of entire functions of order less than two,
i. e. satisfying

lg(z2)] < Cexp (M|z[*79) 4

for some constants C, M, and ¢ > 0.

(2) The second class consists of two subclasses:

(2a) the functions and distributions f of the form
f(x) = Dh(x), (5

where D is a differential operator of order m with constant coefficients,
and where (1 + | x|)"h(x) is integrable;
(2b) the functions f whose derivatives satisfy (A being the Laplacian
in R")
(1 =AY x) = (1 + x)Mi(x), (6)

where /e L, and N, M are nonnegative integers such that N — M > 3 n.

We conjecture that the classes (2a) and (2b) contain the spaces Oy
and O respectively (cf. €. g. [4]).

PROPOSITION 4. — The classes (1) and (2a-b) are included in f,. More-
over, the Fourier transform of a function in the class (2b) is an element
of the class (2a).

Proof. — For class (1) we rewrite the integral (la) in the form

fd"xe—“"-‘“""”f,,(x), U

where f,(x) = et <@ +ixaf(x | g). Since f,(x) is again an element of
class (1), we can proceed by diagonalizing the quadratic form < z, (B — i)z >,
and then by rotating the contours of integration into the complex planes.
The details are straightforward.

For the assertion about Fourier transforms, we start with

flp) =1 + p)™™1 — AMI(p), (8)

where I( p) is continuous and decreasing. The r. h. s. can easily by rearranged
to yield a sum of terms, each as in (5).

In view of Lemma 3, we now only need to show that class (2a) is included
in «f,. Let (m) be an n-index quantity with | ()| = m. Let D = ¢™ and
let || B|| < K. Then it is obvious that

| g ) —HxmaBE= ) | < o fa)(1 + | x|, ©)
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where c,(a) depends only on m, a and K. Now
J‘dnxf(x)es}i(x,x)(e—}(x—a,B(x—a)) — e @B E-a)

— (- l)mjdnxh(x)a(ﬁl)eﬂ(x,x)(e—-g(x—a,B(x—a)) — e @B G-a))  (10q)

and the integrand of the r. h. s. is bounded by
(Cm(@) + cul@)) [ Hx) [ (1 + [ x])™. (10b)

An application of the bounded convergence theorem now completes the
proof.

We mention two other properties of <,

By the bounded convergence theorem, complex Borel measures on R”
of bounded total absolute variation belong to «/,. Hence their Fourier
transforms also belong to &/, (cf. [2]).

Finally, one can easily show that the approximation procedure suggested
by Friedrichs and Shapiro for integrals over a Hilbert space [5] can be
adapted to functions in «/,. We forego a formal statement, as it would be
rather awkward. [Extend f from R" to J#, use increasing projections P,,
and integrate f(P,) with the normalized Gaussian factor N, e¥li ~(/mKuu
where o is fixed. As m — o0, one recovers the limit of (1a).]

3. ENLARGEMENT OF THE SPACE OF INTEGRATION

We now summarize It6’s definition (see e. g. [1] [2]). Let # be a real,
separable Hilbert space, and let du;, be the Gaussian measure on #
with the covariance operator T and the mean vector ae #. The ope-
rator T : # —» # must satisfy

tr T < oo, T =T*, T>0. (11)
The integral is now defined by
1(f) = Jim c7’ j dpir )<Y (), (124)
@ P
where
cr = j dﬂr,o("l)e%i“'") . (12b)
H

The limit is to be taken by following the partially ordered set of the T's
(where T > T” < T’ — T” = 0). The limit must also be independent
of a.

It is obvious that if dim # = n < oo, if f €4, and if f is a locally
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integrable function, then I( f) exists. (We did not include the analogue to c;
in Definition 1, since such factors would not affect the existence of the
limit in the finite-dimensional case.)

If dim 5 > n, perhaps infinite, the elements of ./, remain integrable
in the following way.

PROPOSITION 5. — Consider two Hilbert spaces, #, = #. Let f,: #, - C!
be a functional which is integrable (in the sense of It6). Then the functional
f 1 # — C' which is the result of extending f,,

S+ ) =filn),  meH, e, (13a)
is integrable over H#. The respective integrals are equal,
1) = 1. (13b)

Proof. — We start with a measure dyu; , as above, and we introduce the
following quantities, whose meaning is obvious:

”=;#1 +”2=PII+P2%5 ‘140)
o =0y + o n=mn,+1n,; (a, e H), (14b)
T,= PTP/#,, j=1,2. (140)

We next recall a theorem on decomposition of measures [6] [7]. This
theorem also applies to complex measures, if the total absolute variation
is finite. For the case at hand, it implies the existence of measures dA,;(n,),
depending on T and &, such that

T "[ dﬂr,a(n)e*“""')f(n)=C{.‘I dpr, o,(m1)
H L2
X e*“""’“)fl(m)J day,(n3) . (15)
#2
The measure d/,, here is normalized so that
Ay () =1 for  pr,, — almost all #,, (16)

and it includes the effect of the factors e*<"»"2> and c; /c;. Now, as one
considers lim (T — o) on the 1. h. s., this entails lim (T, — o0) on the
r. h. s, and by hypothesis, the integral over #, tends to the limit T,(f,),
independently of a,. The integrability over s and the equality follow.
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