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Gauge transformations
of second type and their implementation.
II. Bosons

by

J. F. GILLE (%, **) and J. MANUCEAU (**¥)

Centre de Physique Théorique. C. N. R. S.
31, chemin J. Aiguier, 13274 Marseille, Cedex-2 (France)

ABSTRACT. — A necessary and sufficient condition for implementation
of some local gauge transformations in a class of irreducible representations
of the C. C. R.-algebra (« Weyl algebra ») is proved. Not all of the pure
states induced by these representations are unitarily equivalent to « physi-
cally pure » states ; it is shown that a state of the class we consider is unitarily
equivalent to a physically pure one if and only if a certain property (charac-
terizing the « discrete » states) holds. Unlike the fermion case, they are
quasi-free states which are not discrete. The discrete quasi-free states
are all equivalent to the only Fock state of this class.

I. PRELIMINARIES

A. The Problem.

In the following paper we consider gauge transformations of the second
type over a free Bose system. More precisely if n is a Weyl representa-
tion () of the C. C. R.-algebra A then it is equivalent to deal with a family

(*) Attaché de Recherches. C. N. R. S., Marseille.

(**) This work is a part of a « Thése de Doctorat d’Etat » presented to the Faculté des
Sciences de Marseille-Luminy, June 1974, under the number A.0.9921.

(***) Université de Provence. Centre Saint-Charles, Marseille.

(*) See further and [/] for the definition.
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298 J. F. GILLE AND J. MANUCEAU

{af, ag }ien Of creation and annihilation operators on an Hilbert space 3# ;
the gauge transformations of the second type we consider are
i

+ - —is8 ;-
@, a, — e g

al — e
with 4,0 on the real line.
Such a transformation is induced by an automorphism 7, of the C. C. R.-
algebra A = A(H, o), which is described in the next paragraph. As in [3]
we look for irreducible representations of A for which the evolution 6 +— 1,
is implemented by a (strongly) continuous unitary representation of the
real line § +— U, Such are the head lines of the programme sketched by
Dell’Antonio in [4]. We solve fully the problem in the case where the gene-
rator of t, is diagonalizable.

B. The Boson C*-algebra and some
of its Gauge transformations of second type.

Let (H,, 6) be a separable symplectic space, i. €. a real vector space
equipped with a regular, antisymmetric, real bilinear form, which turns H,
into a locally convex topological space whose topology is defined by the

semi-norms:
P:pZ'//HlO'((Palﬁ)l (P,'lleHo

We suppose from now, except mention of the contrary, that H, is complete
for this topology; we call H, g-complete.

Let A(H,, o) be the algebra generated by finite linear combinations
of éys, Y € Hy, such that:

olo)=0 if  Y+#o
oy(y) = 1

with the product law:

and

0y0, = e—ia(w'¢)5¢+¢

and the involution:
Oy > 0 =0,

Let Z(H,, o) be the set of non-degenerated representations n of A(H,, o)
such that the mapping:

l € R, }. — n(él,’,)
is strongly continuous.

Let #(H,, o) the set of states of A(H,, o). We define a norm on A(H,, o)

by:
x€A(Ho, 0), |Ix|l= sup Jo(x*x)

we# (Hp,0)
It is a C*-algebra norm [/A].
The closure of A(H,, o) with respect to this norm will be denoted
A, = A(H,, o) and we shall call it the C. C. R.-algebra (Some call it the
« Weyl algebra » [2]).

Annales de U’Institut Henri Poincaré - Section A



GAUGE TRANSFORMATIONS OF SECOND TYPE AND THEIR IMPLEMENTATION. II. 299

Suppose A is a densily defined linear operator on H = H,, such that:
i) dim (ker A) is not odd,
ii) | A| is a diagonalizable operator in a symplectic base (where
A =Jy|A| in the polar decomposition).
We choose a complex structure J of H, such that
J | (ker A)* = J,|(ker A)*-.
J|ker A is an arbitrary complex structure of ker A.
We shall write:
|A|=z}’kPHk’ lkER
keN
where Py, are the orthogonal projections on H; and H, a two-dimensional
real subspace of H, which is invariant by J, such that Hy, = @Hk and

keN

H = @Hk (From now we denote by @ the Hilbert sum and by @ the
keN
direct sum). We remark that some 4, are possibly not different.

J defines a o-permitted hilbertian form s on H, (or H)

(s, @) = — oy, @) [1].

It is with that scalar product we use H, as an Hilbert space. A is the infini-
tesimal generator of a one-parameter strongly continuous orthogonal
group { Ty }og on Hy. By [1, (4.1.1)], we can define an automorphism 1,
of Ay with 74(0,) = O,y

IMPORTANT REMARK.

Let A = A(H, 0) = Ay. H is invariant by A and J therefore t,A = A
and v, can be restricted to an automorphism of A. All arguments and compu-
tations in the sequel are about A.

II. THE CLASS
OF REPRESENTATIONS WE CONSIDER

Let:

A = A(H,, o)
Let m; € #(H,, 6) be an irreducible representation of A, into the separable
Hilbert space ;. Let w, be such that w(5,) = e"¥¥¥ with §,€A,.
wy, is a pure state of A, [Z,(3.2.1) and (3.2.2)] to which corresponds, in the
Gelfand-Naimark-Segal construction, the representation =,, called the
Schrodinger representation, and the cyclic vector &, € #;.

Vol. XX, n° 3-1974.



300 J. F. GILLE AND J. MANUCEAU

It is well-known, since von Neumann [5], that ©, and =} are unitarily
equivalent, i. e. there exists a unitary operator U, on £, such that

VxeA, m(x) = U m(x)UF

Let n =®nk and n’ = ®n,". n and 7’ are representations of A

keN keN

into # = ®9ﬂ. Recall that each Q = ® Q,. Q, being a vector of i,
keN keN

determines an incomplete tensor product #¢ = ®“‘“’ A, with €(Q)

keN
the equivalence class of Q for the relation =

(QzQ’ iff ZH — (W] < +oo)
keN

The #s are invariant subspaces of 7’ and the restriction of n’ to those
subspaces, denoted by nj, are irreducible and therefore n’ is the direct
sum of the set of the =g,

Let U = ®Uk. It is a unitary operator on J# [6, lemma 3.1, def. 3.1].
keN

Clearly:

VxeA n(x) = Un'(x)U*
So every irreducible subrepresentation mg, of #’ is unitarily equivalent to
the subrepresentation m, of ©. Therefore we can restrict our study to the
consideration of the irreducible subrepresentations of 7.

ProOPOSITIONI1. 1 (cf. [3]) (). — mgq is unitarily equivalent to mng if and
only if Q and Q' are unitarily equivalent.

Proof. — Recall that Q = ®Q,, and Q' = ®Q," are weakly equiva-
keN keN

lent iff Z(l — (1)) < + . Suppose that Q and Q' are weakly

keN
equivalent. By [6, def. 6.1.1 and lemma 6.1.1], one can find for each
keN a v, eR such that

(e = (€7 Qien

Let U =®e‘"“lk. Then UQe #Y and we have:

keN
ng(x) = Ung(x)U*, VxeA.
(2) This proposition was previously stated by Guichardet [/6] for the fermions, and
independently by Klauder, McKenna, and Woods [/7] for the bosons. We keep our demons-

tration because of its connection with Powers’ methods.
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GAUGE TRANSFORMATIONS OF SECOND TYPE AND THEIR IMPLEMENTATION. 1. 301

Conversely, if Q and Q' are not weakly equivalent, let us denote:
wo(x) = (Q|me(x)QY) ,  xeA

wq(x) = (Q'| na(x)Q)

Let U, € #(#,) be a unitary operator such that U = Q and let

~ k-1 ©
0-® " Leue @),
7 1 3 k+1

and

U, = ”-1(Gk)
Let also E, ,, = @m Hy upm = H u,, We get:
i P
Vx € A(En,m’ O'), wﬂ’(x) = wﬂ(un.mxu:‘,m)

Let us denote:
Wpm = Wo | A(En,ma 6)

s

m

7ll:n,m = ® nk
T n
m

Qn,m = ® Qk
rid

VX€AE,m 0),  0nmlX) = (Qum| Tnm(X)0m)

As a product of irreducible representations =, ,, is an irreducible repre-
sentation [8] hence w,,, is a pure state [9, Lemma 2.4] implies that:

Il (@a — @a) | AEym 0) || = 2(1 — | @ (uy,m) I)*

m 3
=2(1 —ﬂ I(Qk|Qi)|2>

Nevertheless: k

LemMAIl. 1.1 (®). — Let
4= Q) 8,5 = 5

Then A =U¢V . If 0y and w, are two equivalent pure states of A then:

Ve>0 3ny, suchthat n>=ny = ||[(wy —w,)| A5l <e¢
We give the proof of this lemma in our Appendix.
(3) We are indebted to R. T. Powers for the proof of Lemma (II.1.1) which is crucial

for the sequel of the proof. See also [/8, Prop. 13] which provides a more general but far
less easy proof of Lemma (II.1.1).

Vol. XX, n° 3-1974. 21



302 J. F. GILLE AND J. MANUCEAU
Now, No=C, ® ... ®c"®® & €, = Cl, and A(E,,, o) = N,
n+
k
As 'ljrorol ﬂ [ (€% €%)| = 0 because Q and Q' are not weakly equivalent,
X n

H{wa — 0g) | 47| = lim || (wq — wa) | AE, . 0)|| = 2

Hence wqg and wgq are not unitarily equivalent. [

III. THE THEOREM
Let us denote by A, the field operator, defined by
Tl(Oy,) = €Arth), Y€ H,

We shall write the corresponding creation and annihilation operators, as:

1
a* () = E(Ak(lllk) — iAJY)
1
a () = E(Ak('l/k) + iAJYY)
Vk e N, we choose { y;, Y} } an orthonormal basis of H, and we shall use:
a =a*(yy) and a =a (Yi).
Recall that £, is a cyclic vector corresponding to the state w,

(0i(d,,) = e™¥@wed  for every @, eH,)
1 .
and that (&),.n, With & = —(a;} )&, defines an orthonormal basis of #,.
n
It follows that the Q, ’s of Sect. II can be written:

Q) = Zaié’! <Z|ak|2 = 1)

neN neN

From now, we shall denote ! = | o |2.

A. Statement.

A one-particle evolution 1, is implementable for the representation mg
if and only if the following condition holds (II1.A.1):

Bipi inf (3 — D% 1) < + o0
k.S Dens

Annales de I’Institut Henri Poincaré - Section A



GAUGE TRANSFORMATIONS OF SECOND TYPE AND THEIR IMPLEMENTATION. II 303

If this occurs, a strongly continuous one-parameter group of unitary
operator (we shall call such groups SCOPUG),

{Woloms Woemg(d)” = L(HT),
exists such that:

VxeA, Vo e R o(Te(X)) = Wemtg(x)W _,

B. Proof.
B.1. SUFFICIENCY

Suppose
iBL inf (A2 — D% 1)< + ©
(k, ;DEN3
It is well-known that ([/], (4.3) and [10], (5.1)):
VxeA, T(te(x)) = Uy omi(x)Up g

with U, 4 a strongly continuous unitary representation of R into 3, such

that:

Uk,o = e;Nklko

N, = a*(Yx)a™(¥i) + a* (¥i)a™(¥i)
where ¥} € H, and y? = Jy..

Let us build
U =X Uie
keN

U, is a unitary operator on J [6, Lemma 3.1, Def. 3.1].
We get:

with

VxeA  m(tg(x)) = Upn(x)Ug !
Changing U, , into V, = €**U, 4, g€ R, V, = ®ka0 implements 1,

We choose 4, such that: keN

VkeN Arg (Q, |V, 62) =0
We get:

(| Vieg ) = (| Uy ) * = Z i, cos (24,8 — D)
Let us consider: G.h)eN?

1= (| Vie)? | = Z (B[l — cos 4,6(j — D]

keN (k, j,)eN3

=2 Z BiBi sin® (4,0( — 1)
(k,j,l)eN3
Vol. XX, n° 3-1974.



304 J. F. GILLE AND J. MANUCEAU
From our hypothesis

BiBL sin? (4,0 — D)) < + oo

(k,j,l)eN3

QIVQ) = ﬂ(ﬂk | VieC2)

eN

for small @ ’s,

converges to a real number different from 0 and V,2#® < #%. We note
now V, its restriction to 5. Hence:

VxeA  mo(tyx)) = Vma(x)VE

holds. Nevertheless, { V, }4g is not a group in the general case. A theorem
of Kallmann [/1] provides us the existence of such a SCOPUG {W,
in Z(#%) with:

VxeA VleR To(Te(X)) = Womg(x)W_,

Joem

B.2. NECESSITY

Condition (III.A.1) is equivalent to the both following conditions:

(II1.B.2.1) iB < + oo
(k, j,1)eN3
lAlG—21
(I11.B.2.2) z BB — D*2i < + oo
(k, j,1)eN3
|Ali—D <1

Suppose (II1.A.1) is false. Then either (III.B.2.1) or (III.B.2.2) is false.
Let us recall the two lemmas which prove that in the both cases 30 ¢ R
such that
iBi sin® (40 — D) = + oo
(k, JTEN
LEMMAIIL.B.2.3 (See [3, lemma 2.1]). — Let (" ken, 0 < 7, < 1, and let

A ER, [ 4] =1,
Then:

(Er,‘ sin? (4,0) < + o VOeIe"V,,(O)> = Zr,‘ < 4+ ©

keN keN

Let v be a bijective enumeration of N3, v(k, j, I) = m. Let us write r,, = BiB
and u, = A4 — ). If (II1.B.2.1) is false, we get therefore:

rm =+ 00 = 30eR
meN

Annales de I'Institut Henri Poincaré - Section A



GAUGE TRANSFORMATIONS OF SECOND TYPE AND THEIR IMPLEMENTATION. 1. 305
such that:

Z"m sin? (u,0) = 2 BiBi sin® (400 — 1)) = + 0.
me (k,j,1)eN3

LEMMA III.B.2.4 (See [3, lemma 2.2]). — If f:R - R, f(0)=0,
/ differentiable at 0 and f'(0) = 1, u, € R, (w)yn bounded, r, = 0, Vke N,
then:

(BIGVR(O) and Véel, zm r( i 0)? < + oo)
1

k
o0
- Z rnui < + o
1
. . k
The proof is obvious.

Let us return to the proof of main theorem. Let 6 € R such that

Bipy sin® (A 6(j — 1)) = +
(k. DeN?

Let us denote as in the proof of (II.1):

E.n= @1,
k

wn,m = wﬂ | A(En,m’ O')

VZe AE,m 0)  @Wpm(2) = (Qum | Tpm(Z)Q0m)

m,m is an irreducible representation, therefore w,, is a pure state.
We have:
“n,m(fo(z)) = Un,m,ﬂnn,m(Z)Un_,nllﬁ

m
— . Nk
Upmo = ® U Upp = e
k n

with

N, is a « number of particles » operator as in (III.B.1).
On the other hand, by a theorem of Glimm and Kadison [/2], an

U, m(0) € A(E, ,,, 0) exists such that:

O m(T(2)) = O n(th,m(0)2117, 1 (6))
Vol. XX, n° 3-1974.



306 J. F. GILLE AND J. MANUCEAU

Hence:
nom,02nm | T2V 6 m) = (T 43 OV | (2170143 () 2,m)
and [/3, corollary, p. 84]
MmO m = €2 U 6
| Ot m(O) | = | Qi | Upn,6n,m) |

ﬂ [ | Uy o) |

A theorem of Powers and Stgrmer [9, lemma 2.4] shows us that:
[l {(wq = @q°70) | A(E, m, 0) || = 2(1 — | wq(uy(0)) *)
We apply lemma (II.1.1) with:

#, =), &, o
Hi=C,®...®C, ®®

Ck=CIk’ 1<k<

So:

Obviously:
AE, ., 0) = N5
Therefore:
[ (wg — wqe°tg) N || > lim || (wq — wq o 70) | AE,,, 0)||

m.

’ ‘m 3
> lim 2(1 — n [ (%] Uk,er)P)
" n

Now:
[T — (| U Q) 7] = 2 BiBi sin® (4,0 — 1)) = + o
keN (k,j,)eN3
Therefore:
!’}IOI;I H [ (€% | Uk.OQk) |2 =0
X n
and:

VYne N [ (wgq — wgeote)| A5l =2

So, lemma (II. 1. 1) enables us to assert that wg and wg ° T, are not unitarily
equivalent ; hence there is no unitary operator Uye L(#*) such that:

VxeA Tig(t4(x)) = Ugng(x)Ug
7 is not implementable for the representation 7n,. [l

Annales de IInstitut Henri Poincaré - Section A
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IV. OTHER PROPOSITIONS AND REMARKS

There exists a unitary operator
Uy,e L(#  such that
VxeA ig(te(x)) = Ugna(x)U7

Nh=1{0eR

is an additive subgroup of R [3, IV.2].
2. If
i < +
(k,j,l)eN3
Jj#L
We shall say that representation 7, is a discrete one. Theorem (II1.A)
implies that every one-particle evolution is implementable for all the dis-

crete representations. The corresponding state w, will be too called a
discrete one.

3. We have not the corresponding property of [3, (IV.3.1)] to conclude
that, if mg, is not a discrete representation and if { A, },.y has neither 0 non
infinite as accumulation points, then A% = aZ, ae R, (Z the additive
group of the relative integers) because (u,, = A(j — 1)),y €an have oo as
limit point even if { A, },.y does not. Cf. [4].

4. Physically pure states, quasi-free states and connected questions.

4.1. DEFINITION. — A state wq defined by

Q =®Qk, Q= Eam

keN neN
will be called a « physically pure » one iff af = 0 Vn # m(k).

4.2. PROPOSITION. — There exists a physically pure state wq. unitarily
equivalent to wq iff wq is a discrete state.

Proof. — Suppose wg, is unitarily equivalent to a physically pure state wq.
with
o=, G=eng®,  VkeN

keN

Recall that w, and wq. are unitarily equivalent iff (II.1):

(1= (@I < + o
keN '

Vol. XX, n° 3-1974.



308 J. F. GILLE AND J. MANUCEAU

hence:
(I=lag®>)= > (1 = Br®) < + 0
keN keN
Now,
Yas= ) mnez)y g
gl FA] n#m(k)
. l{e*l(k)
J m
and:
. 2
Y wn<( Y 8) =0 - oy
'j;ll n#m(k)
j,lim(k)
So:
D st < 1= g + 20— pry
gl
and: J#
Bifi < +
(k,j,l)eN3
J#l
i. €., wq is a discrete state.
Conversely, if
BiBi < +
(k,j,l)eN3
Jj#Fl
aisk= 1= 6= ) G- B = ) A )
gl neN neN neN
NE]
B = Byl — BY) < +
(k,j,1)eN3 (k,n)eN2
Let: J#l
1
M,‘={nel\||ﬁ2>5}
M= J({k} x My
keN
L=NxN-M.
Then:
(1-B)<+
(k,n)eM
fr< + o©
(k,n)eL

Annales de I’Institut Henri Poincaré - Section A



GAUGE TRANSFORMATIONS OF SECOND TYPE AND THEIR IMPLEMENTATION. II 309

Now Ly = { k| M, = @} has to be finite, because Zﬁ; =1 and:

neN

ZEﬂ;=CardL0< Zﬁz< + ©
€Lo neN (k,m)eL

In each M, we can choose an m(k) and we have:

Yi-mo< Y a-m<te

(k,n)eM
We can take:
o-gv, o=
keN
to see that:

Z(l - |(nk|n;)|)=Z(1 _ JBE®) < + o

keN eN

and so a physically pure state wg, is unitarily equivalent to wo. Il

Wq =®wnk,

keN

4.3. LEMMA. — Let

then wq is a Fock state <> wq, is a Fock state Vke N.
Proof. — Let wg be a Fock state, wg is a primary state; hence [/4]:

wn(5¢) = ¢ #5000

with s’ a o-allowed hilbertian structure on H.
If ¢ € H,, a real scalar product s, exists on H, such that:

wo(d,) = e @@ and 5 = —0oJ,

J; the only complex structure on H, such that s, turns out to be non nega-
tive (Jy; = y?). Therefore for every k € N, wq, is the Fock state on A(H,, o).
Conversely, if wq, is the only Fock state in A, = A(H,, o) for every ke N,
¢ € Hy, 0g(8,,) = e ¥+@ah) 5 = _ g0 J,. We take J a complex structure
of H such that J|H, =J, and we get wq(d,) = e ¥**? VYpeH with
§s=—0o0l.

4.4. COROLLARY. — Among the states of the type wq there is only one
Fock state.
Let wg be a physically pure state;

2-®n.
keN
Vol. XX, n° 3-1974.



310 J. F. GILLE AND J. MANUCEAU

Q, = &'®. Then Vp e H,

wn((j ) = e*%ll«tllzzm(k)_ﬂ_” @ ||2p
¢ Lo (m(k) — p)Ip1?

1
= exp <— EII @ IIZ)Lm(k,(Ilq)IIZ)

L, being the Laguerre polynomial of degree m(k) as an easy computa-
tion shows.

The only Fock state of the type wg, is constructed with Q, = &, Vke N.
The wg, ’s unitarily equivalent to the Fock state are such that

Z(l— 9 < + o0 (5,?=c,,,ﬁ£=|a,?|2,nk=zazc:). -

keN neN

4.5. DEFRINITION. — A quasi-free state on A is a state o for which
w(5¢) = e~ @@ tixie)

with s” a g-allowed hilbertian structure on H and y in the algebraic dual
of H.

4.6. COROLLARY. — Let wq be a quasi-free state and

a€C, ol = (dvi) + x(Wdy)
the following assertions are equivalent:

> < + oo.

) Zlck
keN
il) wq is a discrete state.
ill) wgq is unitarily equivalent to the Fock state w ®a=®

Proof. — iii) = ii) is obvious by Proposition (4.2).
i) = iii)

1
wg(d,) = exp [— ES’(fp, o) + ix(cp)}

1
Do = Wy © Cx with ws'(5¢) = exXp I:— Esl((p’ go)j|

and {(3,) = €*9%,. wq is pure, hence w, is pure and so is the Fock
state w, [15]).
We can easily see that

| l2) ()’
Q, = -k ;

Annales de I’Institut Henri Poincaré - Section A




GAUGE TRANSFORMATIONS OF SECOND TYPE AND THEIR IMPLEMENTATION. IIL 311

Indeed: Q] eiA(w)Q) = (Q] ei(a+(¢)+a‘(<o))Q)
= e—&sw.«p)(e—ia‘(w)g | ele” («p)Q)
= o~ 150.0) o is(ET Re i + Imeyi) 9)
If '

E le? <o, x= E (Re ek + Im )
1
eN

k

is continuous. So [/, (4.4.4)] is unitarily equivalent to the Fock state w.
ii) = i)
If wq is a discrete quasi-free state, we have

_ lewd?

e ?(q)
Q= E e s o = ————
'k L kSk k \/’—l—'

and ) (1 — fr™) < oo for a certain (m(k)j.n. Now, for n > 1

exp (— >-(ck)" Jn!

Therefore m(k) = 0 Vke N — L, L finite and Z(l — B9) < o which

keN

C 2 n _n _1
| ;l <nfe ¥/ /n'<(2n) *< 1.

keN
implies that H exp (— | ¢, |%/2) converges and is different from 0. In

keN
other words:

lel><c0. W
keN

4.7. ReMArRk. — In the opposite of the fermion case [3, IV.4.3] there
are non discrete quasi-free states; they are constructed with y no continuous.

Vol. XX, n° 3-1974.



312 J. F. GILLE AND J. MANUCEAU

APPENDIX

LemMA II1.1.1. — Let

A, ®A(Hk,a), then A Um

neN

If o, and w, are two unitarily equivalent pure states of A, then:
. _ il =
lim || (@, — ;)| 451l = 0.

Proof (R. T. Powers). — By [12], if w, and w, are unitarily equivalent, there exists an
ueA such that uu* = u*u =1, and Vxe A, o,(x) = w,(u*xu). Let 1 >¢> 0. IneN,
dbe A, with ||b — u|| <e. Since || b — u|| < ¢ b~! exists. Let u’ = b(b*b)~*. Then wenN,
and u'*u’ = w'u'* = I,, And )

u —ull <|1bb*b)™* —b|| +||b — u||
<IIBll 11G*0)~F = 1,0l + ¢
Nowif ||y — I,|| < 1: )
Ay =1

Nyt =1 ||-HZ (s~ yy
¢ 4 STy =5

and, for any ¢’ > 0, one can choose ¢ > 0 such that || (bb*)* — I, || < & because y s (yy*)*
is continuous. So:

’
”

' —ull <

+e=¢

Let o’ :
@', such that: Wh(x) = Wy *xu’)

oy — ol = sup | @,(x) — wi(x)]
X€
lixlf=1
= suk) | wy(w*xu — u'*xu’)|
lhell =1

< sup [lu*xu — u*xu + w'*xu — w'*xu’||
IIXII=1
<2u —u')| <2
Now:
0 | Ny =0y | A5
because, for ye 4 :
01(y) = w,(u*yu’) = wy(y)
Hence:
(@, — )| Ao =l(@] —w) | Al <2”. I
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