ANNALES DE L’I. H. P., SECTION A

R.G. MCLENAGHAN

On the validity of Huygens’ principle for second order
partial differential equations with four independent
variables. Part I : derivation of necessary conditions

Annales de I'l. H. P, section A, tome 20,n°2 (1974), p. 153-188
<http://www.numdam.org/item?id=AIHPA_1974__20_2_153_0>

© Gauthier-Villars, 1974, tous droits réservés.

L’acces aux archives de la revue « Annales de I'. H. P,, section A » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1974__20_2_153_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré, Section A :

Vol. XX, n° 2, 1974, p. 153-188. Physique théorique.

On the validity of Huygens’ principle
for second order partial differential equations
with four independent variables.
Part I : derivation of necessary conditions (*)

by

R. G. McLENAGHAN

Depariment of Applied Mathematics.
University of Waterloo. Waterloo, Ontario, Canada

ABSTRACT. — Five necessary conditions are obtained in tensorial form
for the validity of Huygens’ principle for second order linear partial diffe-
rential equations of normal hyperbolic type in four independent variables.
They are derived from Hadamard’s necessary and sufficient condition by
expanding the diffusion kernel in a Taylor series in normal coordinates.
The transformation laws for the elementary solutions and diffusion kernel
under the trivial transformations are given and the invariance of the
necessary conditions under these transformations is investigated. The
conditions are employed to determine the self-adjoint Huygens’ differential
equations on symmetric spaces.

RESUME. — Nous donnons, sous forme tensorielle, cing conditions
nécessaires de validité du principe de Huygens pour les équations aux
dérivées partielles linéaires hyperboliques du second ordre 4 quatre varia-
bles indépendantes. Ces conditions résultent de la condition nécessaire et
suffisante de Hadamard et sont obtenues en développant en série le noyau
de diffusion dans un systéme de coordonnées normales. On donne les
régles de transformation des noyaux élémentaires et du noyau de diffu-
sion pour les transformations triviales et on étudie Iinvariance des condi-

(*) Supported in part by a grant from the National Research Council of Canada.
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154 R. G. MCLENAGHAN

tions nécessaires pour ces mémes transformations. Ces conditions sont
utilisées pour déterminer, sur les espaces symétriques, les équations auto-
adjointes satisfaisant le principe de Huygens.

1. INTRODUCTION

In this paper we consider second order linear partial differential equa-
tions of normal hyperbolic type for an unknown function u(x!, ..., x"
of n independent variables. Such an equation may be written in coordinate
invariant form as follows:

Flu] = g%, + Au, + Cu=0, (1.1

where g* are the contravariant components of the metric tensor of a pseudo-
Riemannian space V, of signature(+ — ... —)and ;a denotes the covariant
derivative with respect to the pseudo-Riemannian connection. The coeffi-
cients g*, A and C as well as V, are assumed to be of class C*.

Cauchy’s problem for the equation (1.1) is the problem of determining
a solution u of (1.1) which, on some fixed initial manifold S (!), assumes
prescribed values and prescribed values for the normal derivative. These
values are called Cauchy data. Cauchy’s problem for (1.1) was first solved
by Hadamard [/4] who introduced the concept of a fundamental solution.
Alternate solutions have been given by Mathisson [2]], Sobolev [28],
Bruhat [2], and Douglis [7]. Hadamard’s theory is local in the sense that
it is restricted to geodesic simply convex neighbourhoods of V,. The global
theory of Cauchy’s problem has been developed by Leray [/8]. The consi-
derations in the present paper will be purely local.

Of particular importance in Cauchy’s problem is the domain of depen-
dence of the solution. In this respect the equation (1.1) is said to satisfy
Huygens’ principle (or be a Huygens’ differential equation) if, for any Cauchy
problem, the value of the solution at any point x, depends only on the data
on the intersection C™(xy) N S of the past characteristic conoid with the
initial manifold S. The best known Huygens’ differential equations are
the wave equations

n

o*u o*u
Sy .
a=2

where n > 4 is even (see for example Courant and Hilbert [6], p. 690).
Hadamard in his lectures on Cauchy’s problem [/4] posed the problem,
as yet unsolved, of determining all Huygens’ differential equations. He

(!) Assumed to satisfy g*f,f, > 0, where f(x!,...,x") =0 is the equation of S.
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VALIDITY OF HUYGENS’ PRINCIPLE 155

showed that for such an equation it is necessary that n > 4 be even. Further-
more he established that a necessary and sufficient condition for the validity
of Huygens’ principle is the vanishing of the coefficient of the logarithmic
term in the fundamental solution. Hadamard wondered if every differential
equation might be transformed into the wave equation (1.2) by one or a
combination of the following transformations, called trivial transformations,
which preserve the Huygens’ character of the differential equation (?):

(a) a transformation of coordinates,

(b) the multiplication of both sides of (1.1) by a non-vanishing
factor e~ 2¢™ (this transformation induces a conformal transformation
of the metric: g, = €*%g,,),

(c) replacing the unknown function by Au where A(x) is a non-vanishing
function.

This is often referred to as « Hadamard’s conjecture » in the literature.

The conjecture has been proved in the case n = 4, g constant, A” and C
variable by Mathisson [22], Hadamard [/5] and Asgeirsson [/]. However,
it has been disproved in general by Stellmacher ([29] [30]) who provided

counter examples for n = 6, 8, ... and by Giinther [/3] who produced a
family of counter examples in the physically interesting case n = 4. These
examples arise from the metric

ds® = 2dx%x® — adx*dx?  (a, B =1,2), (1.3)

where a,; are functions only of x° and the symmetric matrix (aqp) is positive
definite. The above metric may be interpreted physically as a solution
of the Einstein-Maxwell equations for exact plane waves in the General
Theory of Relativity.

Giinther [//] has derived after lengthy calculations the following four
necessary conditions for the validity of Huygens’ principle:

C= : Ac, + : A A : R
- 2 sa 4 a + g ) (l 4)
H%,, =0, (1.5)

N 1
Sabk;k - EckablLkl = - 5<Hakku - ZHMHH) s (1.6)
3S(ab|k|ch) + Ck(abch)k;l = K(agbc) ’ (1 7)

where R, is the Riemannian curvature tensor, R,, = g“R,,., is the Ricci
tensor, R = g”R,, is the curvature scalar,

Ho = Apy s (1.8)

(3) Two equations related by trivial transformations are said to be equivalent. An equa-
tion equivalent to the wave equation is said to be trivial.
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156 R. G. MCLENAGHAN

1
Lab= _Rab+6gabR’ “9)
d Sabc = La[b;c] ’ (l . IO)
an
Cabea = Rapea — 2g[a[dLb]c] (1.11)

is the Weyl conformal curvature tensor. These conditions are invariant
under the trivial transformations. However, as Giinther [//] has pointed
out, they are not sufficient to characterize the Huygens’ differential equa-
tions. For example when R,, = 0 the equation (1.1) is equivalent to
g"u.,, = Ou = 0 with no further conditions on the g,,.

The present author [23] has derived the following additional necessary

condition for the case n = 4 and R,, = 0:
TS(chdl;mRkefl;m) = 0 s (1 . 12)
._Where TS( ) is the operator which forms the trace-free symmetric tensor

from a given tensor. This condition implies [23] that the only Huygens’
differential equation in four independent variables with R,, = 0 are those
arising from the metric (1.3).

Recently Wiinsch [32] has considered differential equations which are
infinitesimally close to the wave equation for n = 4. He derives necessary
and sufficient conditions for such an equation to satisfy Huygens’ principle
to second order. From these conditions. he singles out the one with four
free indices. He then constructs a tensor which he requires to be conformally
invariant and to reduce in the second order approximation to the expres-
sion with four indices in the aforementioned condition. Arguing that the
full necessary condition must be unique he gives a further necessary condi-
tion fox the self-adjoint equation

Ou+Cu=0 (1.13)
to satisfy Huygens’ principle. This condition may be written

TS(3Ckcdl;kaefl;m + 8Ckcdl;esklf + 4OScdkSefk - 8Ckcdlskle;f
- 24Ckcdlsefk;l + 4Ckcdlclmekam + lzckcdlcmej'lLkm) =0. (1.14)

Wiinsch’s derivation of (1.14) depends on the conformal invariance of
the tensor on the left hand side. However, it seems to the author that a
complete proof of this important property has not been given.

In this paper we derive the complete fifth necessary condition for the
validity of Huygens’ principle for the general equation (1.1), verifying
Wiinsch’s result in the case A* = 0. The invariance of the condition under
the trivial transformations is proved in § 6. The derivation of the necessary
conditions is based on Hadamard’s necessary and sufficient condition
extended to C* equations and is a generalization of the method employed
by the author in [23] to treat the case R,, = 0. This method is based on the
Taylor expansion of the diffusion kernel in normal coordinates about
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VALIDITY OF HUYGENS’ PRINCIPLE 157

some fixed point x,, using an appropriate choice of the trivial transfor-
mations to simplify the calculations. It seems that we are able to shorten
the derivation of the conditions (1.4) to (1.7) found by Giinther.

It is not known if the first five necessary conditions characterize the
Huygens' differential equations. However, in a symmetric space they
characterize the self-adjoint Huygens’ differential equations. Helgason [/6],
p. 68 observes that if V, is symmetric the evidence available seems to indicate
that Hadamard’s conjecture might hold for the equation [Ju = 0. We
show, however, the Hadamard’s conjecture is not true in this case.

2. THE NECESSARY AND SUFFICIENT CONDITION

In the modern version of Hadamard’s theory for the equation (1.1)
(see for example Friedlander [/0]) the fundamental solution is replaced
by the scalar distributions EZ(x), where x,, is a fixed point of V, and x is
a variable point in a simply convex set Q containing x,. These distribu-
tions, called elementary solutions, satisfy the equation

G[Ez ()] = 0,,(x), 2.n

Glv] = g%v.,, — (A%),, + Cv (2.2)

is the differential operator adjoint to F[u] and &, (x) is the Dirac delta
distribution. It has been shown [/9] that these elementary solutions exist

and are unique for C* equations. Furthermore [/0] for n = 4 they decom-
pose as follows:

EZ(x) = V(xo, X)6*(I(xg, X)) + ¥ *(x0, X)A*(xg, X). 2.3
In the above V is a C* function on Q defined by

where

1 L= dt

V(xo, x) = s—expy — ~ (&"Tp —8— AT )— ¢, (2.4
2n 4 Jo ST Tt

where the integration is along the geodesic joining x, to x, I'(x,, x) denotes

the square of the geodesic distance from x, to x and s is an affine parameter.

Let D*(x,) denote the interiors of the future and past pointing characte-

ristic conoids C*(x,). Then ¥ * are C* functions on D*(x,) defined as

follows:
G[¥'*]=0  when x e D*(xg) (2.5)

s(x)
¥ E(xg x) = SO X)J M 4

S 0

and

when xeC*(xy). (2.6)
The functions ¥'* are thus solutions of a characteristic initial value pro-
blem [/0]. The distributions §*(I'(x,, x)) are defined as

+ _ J oM(xe, x)) , xe€ C*(xo)
0*(I'(xo, x)) = { 0 e CFixy),

Vol. XX, n° 2-1974.



158 R. G. MCLENAGHAN

where 6( ) represents the one dimensional Dirac delta distribution.
The A*(x,, x) denote the characteristic functions on D*(x,).

Let S be a non-compact space-like 3-manifold in the convex set Q.
Then it may be shown on taking account of (2.3) and the results of Lichne-
rowicz [19] that a weak solution (*) of Cauchy’s problem for (1.1) in the
future of S is

u(xo) = J [V, — Vu, + u¥" T, — uVA)5™ (T(xo, X))
S
+ UV " (Dlxo, X)) + W70 = ¥ U — uV TAJA™ (xo, X)Jdx*,  (2.7)

where * is Hodge’s operator. It is clear from the above formula that Huygens’
principle will be valid if "~ (x,, x) = 0 for any x, and x € D™ (x,) since u(x,)
will depend only on the Cauchy data on the intersection C™(x,) N S.
Conversely if Huygens’ principle is true one can show that 7"~ (x,, x) = 0.
Thus a necessary and sufficient condition for the validity of Huygens’
principle for the retarded Cauchy problem is

YV (X, X) =0 Vxo and Yxe D7 (x,). (2.8)
Similarly it may be shown that
Y (xg, X) =0  Vxo and Vxe D*(xg) (2.9)

is a necessary and sufficient condition for the validity of Huygens’ principle
for the advanced Cauchy problem. A necessary and sufficient condition
for the validity of Huygens’ principle for both the advanced and retarded
Cauchy’s problem is

¥ (xp, x) =0  Vx, and Vxe D*(x,). (2.10)

In view of (2.10) it is clear that the validity of Huygens’ principle is equi-
valent to the elementary solution EZ (x) having support on the characteristic
semi-conoids C*(x,). The condition (2.10) is the generalization to C* equa-
tions of Hadamard’s necessary and sufficient condition [14].

It can be shown [23] that the condition (2.10) is equivalent to

[GIV]] =0, (2.11)
where [ ] denotes the restriction of the enclosed function to
C(xo) = CH(xq) u C(xy).

The function [G[V]] is called the diffusion kernel. This form of the necessary
and sufficient condition is more useful than (2. 10) both for the derivation
of necessary conditions [/5] and for showing that an equation satisfies

(®) If the data is C*, then (2.7) is a genuine solution.
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VALIDITY OF HUYGENS’ PRINCIPLE 159

Huygens’ principle [/3]. This is due to the fact that one has an explicit

form for V:
1 1 [* dt
V=—p 12 - | AT ,— ¢, 2.12
P CXP{4JO ,at} 2.12)
where
or |t
p = 8(g(x)g(xo))'" [det ,J (2.13)
0x%0x ¢

is the discriminant function and g(x) = det (g.(x)).

It should be pointed out that the condition (2.11) is also valid when
the coefficients of the differential equation (1.1) are merely sufficiently
differentiable (see Chevalier [4] and Douglis [8]).

3. THE TRIVIAL TRANSFORMATIONS

We now turn our attention to the transformations (a), (b) and (c) defined
in the introduction. Appropriate choices of these transformations will
simplify our expansion of the diffusion kernel. Excluding consideration
of (a) for the moment, we consider the effect only of (b) and the transfor-
mation Hadamard calls (bc) defined as follows:

(bc) Replacement of the function u in (1.1) by Au (4(x) # 0) and simulta-
neous multiplation of the equation by A~'.

This transformation leaves invariant the pseudo-Riemannian metric.

The transformations (b) and (bc) transform the differential operator F[u]
into a similar operator F[u] with different coefficients g*’, A and C and a
different (conformally related) pseudo-Riemannian metric:

Flu] = g%u-,, + A%, +Cu = 17 'e”2F[Ay]. (3.1

One has the following relations between the coefficients of F[u] and Flu]:

gab = e—2¢gab or éab = e2¢gab> (320)
Aa = An + 2 (]Og 'q'),u - (n - 2)¢,a > Aa = ~abAb ’ Aa = gabA,J ) (3 2b)
C=e2%C +2°104 + A” (log 4).,), (3.20)

It has been shown by Cotton [5] (4) that the necessary and sufficient
conditions for (1.1) to be equivalent to the wave equation (1.2) are

Cabcd= 0, (330)
Hab = A[a,b] = 0 N (3-3b)
1 1 n—2
€=C—-—-A°, —-AA*"——R =0. .
27 T T am ) (3-3¢)

(%) See also Giinther [/2].
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160 R. G. MCLENAGHAN

These conditions are invariant under the trivial transformations, since,
on account of (3.2), C% ., H,, and € transform as follows:

Cabcd = C%u , (3.4a)
Hﬂb = Hab N (3.4b)
€ = e 29g. (3.5

We shall now derive the relation between the elementary solutions for
equivalent operators. We first note that the transformations (b) and (bc)
of F[u], (3.1), induces the following transformation for the adjoint ope-

rator G{v] : _
(2 Glv] = Ae"™G[L™ e~ 29y] | (3.6)
If EX(x) are the elementary solutions of G[v], then
G[E;to(x)] = SXO(X) ] (3 '7)

where 3, (x) = e™"#®5, (x) is the Dirac delta distribution on V,. Combin-
ing (3.6) and (3.7) we have

G[AgA™1e" ™ EX(x)] = 6,,(%) . (3.8)
Thus by uniqueness of the elementary solutions we have
Ef(x) = 145'e? ™EL(x), 3.9
where Ay = MX,), in particular when n = 4
Ef(x) = Al5'e *?EL(x). (3.10)

Equation (3.10) enables us to derive the transformation laws for [V],
¥"* and [G[V]]. Using the decomposition of EZ(x) given in (2.3) we have

V6*£(Dxo, X)) + 7 EA%(x0, X) = Adg 'e™ 24(VE*(T(xo, X))
+ ¥V EAE(xo, X)) . (3.11)

We must first find the relation between 6*(T) and 6%(I") or equivalently
between &(T) and &(I). Since I' = 0 if and only if I" = 0 we set

F=al+al?+ ..., (3.12)
where the q; are functions of x, and x to be determined. From the fact
that I" and T satisfy respectively the equations

g*r I, =4r , gof T, =41, (3.13)

we find, on substituting for T" from (3.12) in the second equation in (3. 13)
and equating coefficients of equal powers of I, the following differential
equation for a, :

s— + a, = e**. (3.14)
ds

Annales de I’Institut Henri Poincaré - Section A



VALIDITY OF HUYGENS’ PRINCIPLE 161
This equation has the regular solution at s = 0

1 s(x)
a, =~ f e?dt | (3.15)

S Jo

where one integrates along the null geodesic x,x with respect to an affine
parameter. Since it

o) = (;if>r=05(f‘) )
one has in view of (3.12) and (3.15)

() = ay 18(I) . (3.16)
Thus we may conclude from (3.11) that
[V] = A5 Ya,[Ae™29V] 3.17)
and .
Vi = )5l e 2y*, (3.18)

From (3.17) and (3.18) the transformation law for the diffusion kernel
may be deduced. Differentiating (2.6) yields

d[sv*] [ G[V] ]
disr=i_ _| s 3.19)
ds| V | | 4V |

For the transformed operator one has equivalently
d[37v*] [ G[V]]
—| ===, (3.20)
as|. vV | | 4V ]

-~

where 3 is an affine parameter along the generators of C(x,) = C(x,) (°)
related to s along a fixed null geodesic by

5= j e*?de (3.20)

0

In view of this and the transformation laws (3. 17)and (3. 18) equation (3. 20)

becomes
20 d sVt [ G[V] }
e —— == —.
ds| V 4551 Ae 2%V

Noting (3.19) we finally get
[GIV]] = 4 'a,[2e™**G[V]], (3.21)

which is the transformation law for the diffusion kernel.
We may immediately deduce from (3.21) that the property of being a

(%) The null conoids are identical since null geodesics are preserved under conformal
transformations.
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162 R. G. MCLENAGHAN

Huygens’ operator is invariant under trivial transformations since
[G[V]] = 0 if and only if [G[V]] = 0.

We consider now only the transformation (bc) which has the property
of preserving the pseudo-Riemannian metric. In this case one can show
using (2.4) and (3.2b) that

V=1"Vv. (3.22)
In contrast to (3. 17) the above relation holds at every point in some normal
neighbourhood of x,, not just on C(x,).

We are now in measure to specify how the trivial transformations will
be chosen. Consider first the conformal transformation (b). We note that
under a conformal transformation the tensor L, defined in (1.9), trans-
forms as follows:

-~

Lab = Lab - 2¢a;b + 2¢a¢b - gab¢k¢k > (323)
where ¢, = ¢ ,. Let x, be any point of V,. Then following Giinther [//] (°)
we can choose the derivatives of ¢ at x, such that

i,=0, (3.24a)
Lin =0, (3.24b)
Liapiety = 0, (3.24¢)

where L,, = L(x,) and so on. We assume from here on that this trans-
formation has been carried out and omit the tildes. Consequently at x,
one has

lu{uh =0 ’ R = 0 » ]U{uhcd = (o:ahcd ’

iJ{ab;cd = loznb;tlc ’ i‘ab:cd = Lab;dc ’

Ro=0 , Lape=— Ry, (3.25)
o o 5 O

DR: ’ DRab=_§Rnb__DLab,

o 4 o o o o
Lab;c = ES(ab)c > 3Lab;cd = Ss(ab)(c;d) - S(cd)(a;b) .

We now specify the choice of the transformation (bc). Following Hada-
mard [/5] we set for the same point x, as above

1 (s ds
Mx) = exps — 2 AT, — . (3.26)

(®) See also Szekeres [3/].
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Consequently A, = A(xy) = 1 and (2.12) and (3.22) imply

1
V=02 (3.27)

It is equivalent to state that A” given by (3.2b) (with ¢ = 0) satisfies

e dt
J AT, ,—=0
0 t

for all x e Q which implies in turn that

AT, =0. (3.28)
It should be emphasized that the transformation (3.26) depends in general
on the choice of the point x,. From here on it is assumed that the trans-
formation (3.26) has been made, implying that V has the form (3.27).
With this understanding the bars are dropped from the transformed
quantities.

Finally it remains to choose the transformation (a) namely the system
of coordinates in which to carry out the calculations. We choose a system
of normal coordinates (x*) about the point x, admissable in the convex
set Q. These coordinates are defined by the condition [26]

ZapX’ = 8apX" . (3.29)
In normal coordinates V takes the simple form [26] (7)
1 O\ 1/4
vé—(g) . (3.30)
2n\g
It is easy to show from (3.30) that
1
V,a ; - Z gbcgbc,a (3'31)
and 1
gv 2 —ZV)), (3.32)
where 1
V= (878 G + 8" 8ar 88 B e (3.33)
Consequently, if one defines
4G[V]
o= —-—", (3.34)
one has v
0=y + A% + 4A°, — 4C. (3.35)

From (3.30) we see that V(x,, x) # 0 for xe Q. Thus [¢] = 0 if and only

(7) £ signifies equality only in a system of normal coordinates.

Vol. XX, n°® 2-1974.



164 R. G. MCLENAGHAN

if [G[V]] =0 and we conclude that Huygens’ principle is valid if and
only if

[oxg, x)] =0 VxoeV, . (3.36)
In view of (3.17), (3.21) and (3.34) the quantity [¢] transforms as follows:
[6] = [e”%*%0] . (3.37)

4. THE TAYLOR EXPANSION OF o

Our objective now is to obtain a covariant Taylor expansion for G[V]
or rather ¢ about an arbitrarily chosen point x,. We shall determine the
expansion in terms of a system of normal coordinates (x?) with origin x,,.
This expansion may be obtained from (3.33) and (3.35) once the expan-
sions of g,,, g%, A® and C are known. In [23] the methods of Herglotz [17]
and Ginther [//] are used to obtain the following covariant expansions
for g, and g® to sixth order and fourth order respectively:

o 1o 1o 1 /o 8o o
* cd cde k cdef
ab — ba + < Rac X+ = Rac 1eX + = Rac e + = Ra R e X
8ab = 8ap 3 acdb 6 acdt; 20( dbies T g Racdk efb
1 o o o . o o .
+ %(Rncdb;efg ¥ 2(R“c‘"‘Rkefb;g + Rncdk;ekagb))xwefg

1 [<] 17 kel [} . o o X
+ 50_4(Racdb;efgh + _5— (RacdkRkefb;gh + Racdk;ekaghb)

8 O o O 11 [<] o
+ § RacdkRkeflnghb + 7 Rncdk;ekagb;h>xmefgh » (4' 1)

*

o 1 O 1 o
gab = gab _ 5 RaCdbxcd - g Racdb;exCde

1 4o o N\
20 (Racd ef 3 RacdkRkefb>x ¢ fa (42)

where x4 = x°x? and so on. Assuming that the conformal transforma-
tion (3.24) has been made, one obtains from (3.33), (4.1) and (4.2) the
expansion of y to fourth order:

3/o
Y X g(Rcd;ef CkcdlC ) dxel

i

o
d
+ _(Rcd;efg chle ef ; ) (C efg)

o
—_—

1 512 (90Rcd sefgh ™ -1 44chlekefl;gh + 32Cpcdkckeflclghp

o Q l ) 2 o o o
- 135chdl;eRk jg’;h)g(mxefgh) ~3 (RCd;e 179 CrarCre fl>C(cghdxef)xgh . (4.3)
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VALIDITY OF HUYGENS’ PRINCIPLE 165

We shall consider the construction of a covariant expansion for A,
Expanding in normal coordinates about x, one has to pth order

o o lo 10

Aa =Aa + a,alxal + —2‘—1 Aa,alazxalaz +..F —l Aa,al...apxalmap +.o. (44)

We are assuming that the transformation (bc) has been made as a specified
in (3.26). Consequently (3.28) is true. Now in normal coordinates [26]

gT , £ 2x". 4.5)
Thus (3.28) becomes .
AXx =0 4.6)
which is the same as that obtained by Hadamard [/5] in the flat space
case. Combining (4.4).and (4.6) yields

T S S LY
Since this must hold for all x € Q one has at x, (°)
A,=0,
'Z*(a,a,) =0 »
Awaren = 0, 4.7
;(a,a'l...;p) =0.

It is a consequence of the conditions (4.7) and the symmetry of A
in the indices a, ... a, that
o 2p o
= m Hala,,az...a,,_lj . (48)
Thus from (4.4) and (4.8) one has to fifth order
0 2o 1o 1 o
Aa x Habxb + SHab,cxbc + Z Hab,cdbed + 1—5 Hab,cdexbme
1 o
+ EHab,cde xPeel - (4.9)

It remains to replace the partial derivatives in (4. 9) by covariant derivatives.
We shall achieve this by expanding H,,x® covariantly. Let

a,ay...ap

a,ay...ap

VH = (H xbar-ap) (4.10)

absay...ap

(®) These are the relations obtained by Mathisson [22] and Giinther [//] from (3.2b)
by a suitable choice of the derivatives of log A at x,. However, there true origin seems to a
consequence of the choice (3.26).
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Then the following recurrsion formula is valid in normal coordinates:

P * p—1 p—1 1 p—1
VH=X(VH)—pVH—§X(G)G“VH, p=123 ... @&.l11)

where X(f) =f,x% G = (g,) and G™! = (g®). We further define

o

%Hp+k+l — (H xbal...apap+|...ap+k)’ 4.12)
where p =0, 1,2, .... The object will be to find the relations for p < 4
between the %Hw yand the H ., = %Hﬁ 1 - This is achieved by expand-
ing the %H to fifth order for p =0, ... 4:

abay...ap,ap+1...ap +

1 1 1
H=H, +H —-H -H —H,, 4.13
1 2t 5 s + e + 24 s ( )
1 1 1 11 11
VH = VH, + VH, +§VH4+8VH5, 4.14)
2 2 2 12
VH=VH3+VH4+5VH5, 4.15)
3 3 3
VH = VH, + VH; , 4.16)
4 4
VH = VH, 4.17)
and using the recurrence relation (4.11). For each p =1, ..., 4 the left

and right hand sides of (4.11) are expanded to fifth order by substituting
from the appropriate formulae (4.13) to (4.17). The required form is
obtained on noting that

p P
X(VHpx41) = (p + k + DVH 144, (4.18)
and that
1 2 o - 11 o 12 o 2 o
XOG™ = JRG ™ + 3 VRG™ 4+ SVRG ™ = —(R,G '), (4.19)
where p o
VRp+2 = (Rncdb;al...apxCdalmap) . (4'20)

On equating terms of the same order on opposite sides in the equations
just described the following four sets of equations are obtained:

for p=1:
1 1 1 o
VH,=H, , VH;=H;- SRZG_‘H1 ,

1 o

1 2 0 1
VH,=H,~ SR,G™'H,~ - VR,G™'H, , 4.21)
1 o

1 o 3 32 o 2 o
VH;=H;—R;G™'Hy~ S VR,G ™ 'Hy — T VR,G™'H, + = (R,G™'VH, ;
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for p =2:
2 1 2 1 1 o 1
VH3 = VH3 N VH4 = VH4 - §R2G‘1H2 5
4.22)
2 1 2 o 1 11 o 1
VH; = VH; — SRZG"VH_,, - EVR3G“VH2 ;
for p = 3:
3 2 3 2 1 o 2
VH,=VH, , VH;=VH; - SRZG‘lVH3 ; 4.23)
for p = 4:
4 3
VH; = VH; . 4.24)

These four sets of equations may now be solved for the H,,, in terms

of the %H‘,H. The solutions are

1
=VH2,

2 1 o
H3 = VH3 + §R2G_1H1 )
3 ) 1 11 o
H4 = VH4 + RzG—lsz + EVR3G_1H1 ) (425)

4 o 2 1 o 1 o 1
Hs = VH; + 2R,G™'Hy + £ (R,G™')’H, + 2VR,G ™ 'VH,
32 o
+ EVR4G_1H1 .

From (4.9), (4.20) and the above we may construct the following covariant
expansion for A, :

o 1 o 1 o 0
Hab;cxbc + Z (Hab;cd + § Rabckad>xb ¢

o 2
Aa ; Habxb + 3
3

15 2

1
72

1 H e e
nb cde + R Hl\de + 3 Rabc dee ede

1o
< abscdes T 2R Hu er T2 5 Rabc Rlde ka

3.

+ 2Rabc deef + < Rabc derf) bede] . (426)

(V3

According to (3.34) we actually require A®,; we shall also need A A%
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Using (4.2) and (4.26) we obtain to fourth order the following expansions,
assuming the conformal transformation (3.24) has been made:

2o 3 o o o
* . '
Aa,a = g b;cxb + Z(Hb(b;cd) - Cb(bckHIkId))xm
4 (o, 7w & Rb k) cde
+ 15 Hb.cae) — SC e Higjazey — 2R aH gy JX
5 o b o bk ) o b 1 o k o
+ 7 (Hprcder) — 4C%0 Hygsery + 3C 0 Cijae H|k|f))

- 6Rb(bck;dH|k|e;f) - 3Rb1bck;deH|k|j‘)xmeI H (427)
) o 4 o o
AaAa = HkaHkbxab + SHkaHkb:cxabc
1 o o o o o o o
+ ﬁ(ngaHkl);Cd - 3HkackbclHM + 8Hka;kac;d)xade . (4.28)

On account of (3.24) we have to second order

2 o o
Ag g, . = §H”bR,,Cx”x‘ =0. (4.29)

Finally the expansion of the scalar C is to second order

o o 1 o
CEC+Cx+ EC;,,,,x“b . (4.30)
The required covariant Taylor expansion for ¢ may now be obtained
from (3.35) upon making the appropriate substitutions from (4.27), (4.29),
(4.3) and (4.30).

5. DERIVATION OF NECESSARY CONDITIONS

Five sets of necessary conditions for the validity of Huygens’ principle
expressed in covariant form will now be obtained from the condition (3.36)
and the covariant Taylor expansion for ¢ constructed in § 4. The follow-
ing derivation is similar to that employed by the author in [23], the basic
method being the same as that used by Mathisson [22], Hadamard [/5]
and Giinther [//]. We shall proceed as follows: Huygens’ principle is
assumed for (1.1) and an arbitrary point x, is chosen. Consequently
[0(xo, X)] = 001 a(xg, X) = 0 Vx € C(x,), which implies the following condi-
tions hold at xy(see [23], p. 144):

=0, (5.1a)
a=0, (5.1b)

Qo Qo
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TS(0,,) =0, (5.1¢)
TS(G,0p) = 0, (5. 1d)
TS(%;abcd) =0 > (5 le)

where TS( ), one recalls, denotes the operation which forms the trace
free symmetric tensor from the enclosed tensor (®). From the Taylor series

expansmn for o we are able to evaluate a a ... in terms of R,,,,c,,, A,,,

Ha,,, C and their covariant derivatives. Beginning with (5.1a) we obtain
a condition, invariant under the trivial transformations, expressed in
terms of the above quantities. The condition must hold for all x =x,eV,
since x, may be chosen arbitrarily. The first condition and the subsequent
ones obtained in a similar way from (5.1b), (5. 1c), ... are used to simplify
the ones which follow. In every case we give the conditions in a form
invariant under the trivial transformation.

It is hoped that a relatively small number of these necessary conditions
will be sufficient to characterize the coefficients modulo the trivial trans-
formations, of all the Huygens’ differential equations. This was the case
for the equations considered by Mathisson [22] and by the author [23].

We shall now derive the conditions which arise from the successive
powers of x° in o.

I. Order of magnitude: [0]

From (3.35), (4.3), (4.27), (4.29) and (4.30) we find that
¢ =4C .
Thus, in view of (5.1a), the first condition is
C=0 (5.2)
with our special choice of the trivial transformations (see § 3). We desire

an expression of this condition in a form invariant under the trivial trans-

. . . - - Q
formations. Hence we are looking for an invariant which reduces to C

(°) For an arbitrary tensor M,, ..., one has explicitly
(5]
P
TS(Mal...a,) = M(n....n,,) - zg(ala; e ga2,~|az,-Maz,«*|...a,,) .

r=1

P
The M

@+ 1...ap

are obtained by solving the I:g] equations which result from contracting

both sides of the above successively with g%, gnas . go[8l-1a:H§]
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when the special trivial transformations have been made. Such a quantity
is the Cotton invariant € defined in (3.3c) which obeys the transformation
law € = e~2%¢. Under the special trivial transformations one has in view
of (4.27), (4.28), (4.29) and (3.25)

o o

€=C.

Thus, in general, the condition (5.2) is at x,

Since x, has been chosen arbitrarily, we obtain the first necessary condition

1 1 1
#=C—-A", —~AA"— R = .
S A%~ JAAT— R =0 (5.3)

which is, in effect, the condition (1.4) obtained by Giinther.

II. Order of magnitude: [1]

The condition (5.3) permits a simplification of the quantity . Noting
this in (3.35) one obtains the new value for

2
a%y—§R+2A“,a—AGA". (5.4)

From (4.3), (4.27), (4.28) and (5.4) we obtain

o 4 o
0= §Hka k
Thus from (5.1b) one has at x,
B, =0 (5.5)

for the special choice of trivial transformations. Now H*,, is vector which
obeys the transformation law

I?Ika?k = e_2¢Hka;k (5 6)

under a general trivial transformation, where 7k denotes the covariant
derivative with respect to g,,. Thus (5.5) is the general form of the condi-
tion at x,. Since x, may be chosen arbitrarily we recover the second neces-
sary condition of Giinther (1.5) which must be valid VxeV,.
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II. Order of magnitude: [2]

From (4.3) we have to second order

2 3 O 2 e} o o 1 o .
Y- g R i g(R(cd;ef) - §Ck(cd|lckef)l)gmxef - '3— R;cdx 4 . (5 7)

As a result of the special conformal transformation (3.24c)

o

1o 3
R(cd;ef) = gg(t.‘dR;ef) . (5.8

Taking account of this and (3.25) in (5.7) and expanding the symmetriza-
tion brackets yields

1

2«
_ZRX _
T3 0

2 o o o o
|: 2R - §(Ckmclckmdl + CimaCH™
+ Ckcml(ojkmdl + (O:kcmlcoikdm‘)]xw .

The last four terms on the right may be simplified using the symmetries of
the Weyl tensor allowing us to write

T %(_ R, - §cc) |
On account of the identity
CiimCH™y = %gchk,m,,C"’"'" 5.9
valid when n = 4, we obtain finally
2 & 1 1o
y — §R = — T(—)(ZR e + 6gc,,C,L,,,,,,C "'"‘) . (5.10)

Next we turn our attention to A” . By expanding the symmetrization
brackets in the second term on the rlght of (4.27) one obtains, if (5.7) and
the symmetries of H,, and C,,, are taken into account,

x1
,a 2

We recall that Ricci’s identities are

A H?, pxt . (5.11)

1 3 a
Xabifea) = 2 [R*caX + Rkbcdxak] (5.12)
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for an arbitrary second rank tensor X,,. Applying these identities to H,, on

the right-hand side of (5.11) and noting (1.5) one has to second order
A, 20, (5.13)

Combining (5.10), (5.13) and the first term on the right of (4.28) with (5.4)
we have to second order

1 ) o o 1 o o o
; - E(zR;cd + lOchde + ggcdcklmncklmn)xm .

Consequently (5.1c¢) becomes

[

o 2 o o o
TS(0) = = 5 TSR + SHHY) = 0,
which on account of (3.25) may be rewritten as
o ) o l o o o
Sears = — S(chde - chdeszl) . (5.14)

We note that (5.14) is valid at x, for the special choice of trivial transfor-
mations. It remains to find the form of the condition invariant under these
transformations. We remark that under a trivial transformation

_ 1o . 1
H, HY — chdelHk’ = e_2¢<chHka - chdelH“) , (5.15)

while

Scdk';fk = e (S — driChid’ + $:CESD) -
However, in view of (3.23) the tensor

B, = St — %C"M’Lk, , (5.16)
called the Bach tensor (see [27], p. 313), transforms as follbws:
B,=¢2B,. (5.17)
Furthermore at x, for the special conformal transformation
Boy = Sk .

Thus the general form of the condition (5. 14) at x, is
o 1 o o o o 1 o o o
Scdk;k - ECkcdlLkl = - S(chde - chaHleH> .

Again since x, may be chosen arbitrarily we recover the condition (1.6)
which is the third necessary condition found by Giinther and is valid
VxeV,.
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IV. Order of magnitude: [3]

2
We obtain the third order contribution to y — 3 R from the second
term on the right of (4.3). Expanding the symmetrization brackets yields

2 1 o [} O o . o .
(y - 3 R)[3] ; 4—5(_- 4R;cde + 2ch;kde + 2le;dke + 21{'«:;¢lell + Rcd;kke

o o o o O o Y ] o .
+ Rcd;kek + Rcd;ekk - 4RklmcR”md;e - chleM;e - 2chlekmel;m)xwe . (5 18)

To obtain (5.18) the following identities are required:

1
mlk — kim
Rklmc;cl...c,,R didy...dq — E Rklmc;cl...c,,R didy..dg > (5 . 19)
R RE", . =R RKm (5.20)
kemlicy...cp de; ej...ep — 2 kime;cy...cp d;ee;...ep * .

The first of these identities follows from the cyclical identity
Rigpea = 0 (5.21)

satisfied by the Riemann tensor while the second is a consequence of

Bianchi’s identitites
Rab[cd;e] = 0 . (5.22)

The first seven terms on the right-hand side of (5.18) may be considerably
simplified by applying the Ricci identities. Furthermore, on taking account
of the contracted Bianchi identities,

. R e = 2Ry » (5.23)
o1
Ry = SR (5.24)

one finds that (5.18) reduces to

2 1 o N ) o O o o
(y - 3 R)[3] ; E (3Rcd;kke - R;cde - 2chlekl;e - 4RklmcR”md;e)xa‘e . (5 . 25)

Further simplification occurs when condition III, (1.6), is taken into
account. It may be put into the following form in terms of the Riemann
tensor and its contractions:

3Ruy* — Ry = 6R o R¥ — 2RR,, + 30H, HY, + Qg , (5.26)
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where
1 -
Q=5([OR + R? — 3R, R¥ — 15H,H") .

Differentiation of (5.26) and symmetrization yields at x, on account of
the special trivial transformations

3R(cd;|k|ke) - R;(cde) = 6Rk(cd|l|Rk’;e) + 60Hk(c;dee) + g(ch,e) . (527)
Finally we shall need to take into account the identities (5.9). Writing
them in terms of the Riemann tensor and its contraciions one obtains

RimR*"; = 2R, 4R + 2R, R¥, — RR,, + Mg,,, (5.28)
where

1
M = (Ry;p,R¥™ — 4RyR¥ + R%).

Differentiation of (5.28) and symmetrization yields at x, on account of
the special trivial transformations

Ryjm( R0y = Rk(cdllle’;e) + &M, - (5.29)
Noting (5.27) and (5.29) the equation (5.25) simplifies to

2 4 o o o o
(y - § R)[3] ; §(ch;dee + gch’,e)x‘:de B (5 30)

where the exact form of I@I’,e is irrelevant.

We next consider the contribution to ¢ from A? . Expanding the symme-
trization brackets in the third term on the left-hand side of (4.27) yields
on taking account of (1.5) and (5.23)

2 o o 7 o o o o o o
Aa,a[3] ; I_S(Hbc;dbe + Hbc;deb + :_3 CbcdgHeg;b + 4ch;nge . 2Rcd;gng)XCde .

The right-hand side of the above may be put in the desired form by applying
Ricci’s identities to the first two terms and taking into account the condi-

o 4 o
tions (3.24b) and (3.25) noting in particular that R,.,, = — 3 Sigeys- One

obtains 8
A 3] = 2 (3SeuHY, + CHoghe (5.31)

Finally by combining (4.28), (5.30) and (5.31) with (5.4) we find

16

of3] £ .

3§ ﬁk ék II?I EO ]C/[l cde
cdk e + cd *tek;l + 4 gcd ,e X .
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Therefore, in view of (5.1d), we have the condition
TSGS.uH, + €, = 0 (5.32)

which is valid at x, for the special choice of trivial transformations. Now
it may be shown that under a general trivial transformation

TSGS.aHY, + Ct'Hap) = e 2TS(3S,, HY, + C*,'H,,) . (5.33)

Thus the tensor on the right-hand side of (5.33) is an invariant under the
trivial transformations and consequently (5.32) is the general form of the
condition at x,. Noting again that x, may be chosen arbitrarily we reco-
ver (1.7) which is Giinthers fourth necessary condition.

V. Order of magnitude: [4]

Lengthy calculations are required to simplify the fourth order contribu-
tions to . For this reason we shall break the work down into a number
of parts which will be treated separately. The procedures used here are an
extension of those used to obtain the first four conditions. Consequently
we shall only indicate the steps required and give the final result in the
different steps of the calculation.

We shall first consider the contribution to ¢ of fourth order from

2
y - SR. This involves the third and fourth sets of terms on the right-

hand side of (4.3). We shall work out the contribution from each set of
terms separately. We start by considering the two terms
5 o o

1 o
@ R(cd;efgh)gghXCdef - % R;cdefxmef . (5 . 34)

If the symmetrization bracket is expanded and the Ricci identities are
applied systematically one obtains

1 o o

m(SRcd;kkef = Riger + 6C*Ryyep + 16C*/R
+ 2Ckcd’Ref;kl - lzﬁkc;dee;f + 3ﬁkcdl;elo{kl;f)xwef . (535)

The fourth order derivatives can be transformed to second order derivatives
by means of condition IIL If one differentiates (5.26) and symmetrizes,
one obtains at x,, on account of the special trivial transformations, the
relation

o (e} O [} o o
k _ k1 ko1
3R(cd;|k| ef) — R;(cdef) = 12R (cd ;eRIkII;f) + 6C (cd lell:ef)
o o o [¢] o] o
k k
+ 60H, .0 H* ;) + 60H, . H ../, + Q. -
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On account of this the expression (5.35) may be written as follows:

126(12C od Ru er + 16C* cd Rek ar t 26 cd Ref w T 15R¥ od ; eRuf
- 12ch,dR 'e;f + 60ch;derf + 60ch;dee;f + gch;ef)XCdef . (536)

We now consider the terms
29 gh cdef
3 R,MCMR o am85X (5.37)
Writing out the symmetrization bracket one gets on account of (5.19)
~ 105 (BRyymc R4, s+ 2R i R¥ T st 2Rma R ot C* i Rypes
+ 2C* i Ryer,™ 7+ 2C Ry, Mt Ckclekefl;mm)XCdef . (5.38)
The following identities derived by applying the Ricci identitites to the
Riemann tensor will aid us in simplifying (5.38):
ka(cllledel;j)m = ka(c|lledel;mf) - 3C(cdlk|Cke|ml|(:lf)mp
+ 3CPa l menC )" > (5.39)
CHed Ryttt = Chea RIkMIeIlI n+ 2Cr (chkIC elml|Cf) ’
- C (cdlkC m|e|l|C Nr + C (ch ef) Ckmpl s (540)

o O o

C e Rpgepim™ = CRpey = 2 Raptyy + CedReppa
+ 482 i o C " = 2C i i C 1
+ 2C* Cm PCrn (5.41)
We shall also need the following identity which is obtained from (5.28)
by differentiating twice and symmetrizing:
ﬁmm(cﬁ“md;en = - f{klm(c;dﬁklme; nt &k{cdlﬁlkll;ef) + 2ﬁk(cd’;eﬁ|k1|; 5
+ 2RyeaRY, ) + Moy . (5.42)

If one makes the appropriate substitutions from (5.39), (5.40), (5.41) and
(5.42) and takes into account (5.20) (with p = 0 and g = 2) and (5.23),
the expression (5.38) takes the form

2 o . o o . o o . O
- Wg(— SRklmc de " e[ llckclekl'ef - 6Ckcd'Rek'lf + Ckcleef;kl
+ 10R¥ od eR“f + IORM,,R s + 207 cdkC C i

eml

+2CP 4 G Clm 4 4Ck JCm, pC SgC,,M;ef,x“’ef . (5.43)
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We next examine the undifferentiated terms
- kAl h.cdef 2 o Ak Ifg hycdef
2835 © el C et Camp8™ X+ 22 Cuopn gy Coed'x . (5.44)

This expression takes the following simpler form after one expands the
symmetrization bracket and takes into account the symmetries of the Weyl
tensor and the cyclical identity (5.21):

] o o . o [e] o . o
945 2CP 4 Cr, i C! et 32C% 4 C5 e C! o
+ 14C*k'C™, ,"Ck,,,p,,xc“ef . (5.45)
We now turn our attention to the terms
5 o o . o
- "5_6 Rk(cdl”;ekagl;mgghxcdef . (5 .46)

When one writes out explicitly the sum implied by the presence of the
symmetrization brackets and employs the identities (5.19), (5.20) (with
appropriate choices of p and g) (5.23) and the conditions (3. 25), the expres-
sion (5.46) simplifies to

1 o . o O [} Y o o} .
- 1—68 (8chdl;eRkl;f + 5Rklmc;dRMme;f + chdl;mRkefl;m)XCdef D (547)

2
Finally on account of (5.8) the contribution to ( — —R>[4] from the
terms 3

l o o
3 R(ef;g,,,Cgcd"x“’ef (5.47)
® oo o ) w
- ﬁa cdR;le ef xc e/ ) (548)

We may now combine the results of (5.36), (5.43), (5.45), (5.47) and (5.48)
to obtain

2 l o . [} o . e} o . [}
(V 3 R> 42 27680 (576C* .y Rypiey + 3744C* /R iy +216C* 'R, 1y
+ 180R%,L Ry, — 3600R . R, ; + 45R e RH™,
— 135Rka,,;mRkef’;'" — 240C"c,,kC"e,,,,C’f"'p + 480CPC,,,‘,C*,"6,C’,"',,
— 240C* /C", "C,,., + 10800H,,, H¥, + 10800H,,, H*, ,

+ GeaP, )xctes | (5.49)
where

P, = 180Q,., — 720M,,, — 126R,,,C*, ' .
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The followmg relatlons allow us to re-express (5.49) in terms of the tensors
Capeq and S,

> > kim ~ Akim 8op 12 Lo op
Rklm(C;dR ef) = Cklm(c;dc ef) — SC (cd ;eslkllf) + Eg(ch ;eLIkll;j) B (5 50)

D Dk tm __ % im0 K ppp- Ikl
Ricaitm R )™ = CreazmCren)" + 2 Sicd Sepw — 8l Ciijeryiml
9
1

o 1o o
4L Lyt — def)LklmL ;"'), (5.51)

o

. o 4 o, o 4 o .0 1 o .
Rk(chleH;f) = - gck(cdl;eslkllf) - §S(cdksef)k + Eg(chu;ele'l:D . (5‘ 52)

Taking account also of (3.25) one finds that (5.49) takes the form

2 . . . .
('}’ - = R>[4] = ﬁ(fﬁc d Sue, s+ 24C* S, py — 8CK . Sus
— 4OScd 'Sefk - 3Ckcdl;mckefl;m + Cklmc;dcklme s
14 op ok olm 28 op Ok °1m
_ —C cdkC emle P + ?C cdkC mele ’

14 o
3 CkcdlCmefnCh ! + 240ch der + 240ch dH e[

+ 8N, )xetes | (5.53)

where the Iile . are quantities whose exact form is unimportant.

We next consider the fourth order contribution to ¢ from A“,. Expand-
ing the symmetrization brackets in the last term on the right-hand side
of (4.27) yields, when (1.5) and the Ricci identities have been taken into
account,

1 o o O O o o o ]
Aa.a[4] x E(3Rck;derf - 3Rcd;kerf + 8ch;dee;f - 2chdl;eH!f;k
— 2Rk, HY x| (5.54)

If now one substitutes for R,,, and R, from (1.11) and (3.25), the rela-
tion (5.54) assumes the following form:

2 o o o o o o o 0
Aa,a[4] é '4—§<3Scdk;erf + 3ScdkHLe;f + Chcdl'erk‘l + Ckcleek;fl

lo o
- EngL” er l) cdef . (5.55)
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On comparing (5.55) with the derivative of the fourth necessary condition
(1.7), one sees that required contribution from A? , is

As [4] % % §(c,,<1°<e; ” - %ik,;ef—ik ,j)xfdef . (5.56)
Finally on combining (5.53), (5.56) and (4.28) with (5.4) we obtain
ol4] 2 5%4(86&,,@“2; S+ 24C S, 1 — 8CF 1S, — 40858,
- 3Co:kcdl;mékefl;m + (O:klmc;déklme;f - ?&pcdkékeml(o:l I
+ ?épcdkékmelél fmp - I—;ékcdtémef"ékmnl - Izﬁkc;deﬁk s
+ 160, ¥, + 84HF CuuHY, + N, x4/, (5.57)
where the Izl’ef are quantities whose exact form is not important.

The following identities proved in [23] are required to complete the
derivation of condition V:

TS(Cklmc;delme;f) = 0 s (5 '58)
TS(CpcdkaemlCIfmp)
1 i 1 '

= ETS(CpcdkamelC’fmp) = ETS(CkcdlCmep"CLmnl) . (5 . 59)
When these identities are taken into account, (5. le) becomes on account
of (5.57)
TS(3(0:kcdl;m(0:kefl;m + S&kcdl;eéklf + 4O§cdk§efk - Sékcdlgkle;f
—24C* IS, s + 12H, g HF, — 16H,H¥, , — 84H* Copo H') = 0. (5.60)

This is the fifth necessary condition which must hold at x, for the special
choice of trivial transformations. To find the general form of this condition
we must find a fourth rank tensor which is invariant under the trivial trans-
formations and which reduces to the left-hand side of (5.60) at x, when
the special trivial transformations are made. As shall be proven in § 6 the
following is the only such tensor:
t}fr:def = TS(3Ckcdl;kaefl;m + 8Ckcdl;esklf + 4OScdkSefk - 8Ckcdlskle;f

— 24C%'S, iy + 4CH/C gL + 12CF'C7 Ly

+ 12H, . H*, — 16H,. H*,., — 84H* C,,,, H', — 18H, H*L ). (5.61)
Under a trivial transformation it transforms as follows:

%cdef = e—2¢%cdef . (5‘62)

Vol. XX, n° 2-1974.



180 R. G. MCLENAGHAN

Thus, on account of (5.60), (5.61) and (3.25), the general form of condi-
tion V at x, is o
'#cdef = 0 .

Finally, since x, has been chosen arbitrarily, we conclude that the fifth
necessary condition for the validity of Huygens' principle for the general
equation (1. 1) withn =4 is

Hoeger =0, (5.63)
where K 4, is given by (5.61).

The condition (5.63) reduces to Wiinsch’s condition (1.12) when A*=0
is assumed. It is remarkable that Wiinsch’s result agrees with ours when
one considers that he was led to it by studying Huygens’ differential equa-
tions infinitesimally close to the wave equation while we obtained it as a
consequence of Hadamard’s necessary and sufficient condition for the
equation (1.1).

It also should be noted that (5.63) reduces to the condition (1. 12) obtained
by the author when R,, = 0. This is because R,, = 0 implies H,, = 0
on account of (1.6).

6. INVARIANCE OF THE NECESSARY CONDITIONS
UNDER TRIVIAL TRANSFORMATIONS

In this section we wish to justify our procedure of obtaining the necessary
conditions using the special choice of trivial transformations (3.24) and
(3.26). In particular we wish to establish the invariance (5.62), under trivial
transformations, of the tensor #,,., which appears in condition V. We shall
also exhibit a second fourth rank conformally invariant tensor.

In order to justify our procedure it is sufficient to show that each necessary
condition may be expressed by the vanishing of some tensor which is
invariant under the trivial transformations. This is a consequence of the
transformation law (3.37) for o. If a fixed point x, is chosen and both
sides of (3.37) are expanded in normal coordinates ([g] = 0 is not assumed),
one obtains the following relations valid at x, (*°):

— ¢ 2%, (6.1a)

Qlo

G,= ¢ 0, — 20,) . (6.1b)
Ts(g;ab) : e“2¢TS(;;ab - 6;,a;5,b + 2;(4&,a2),b - ;S;ab)) ) (6 10)

(1°) The above relations are obtained by noting that normal coordinates (%?) with respect
to the metric g, are related to normal coordinates (x?) with respect to g,, on C(x,) by the
following formula:

X" = e 2%a,x%,
where q, is given by (3.15).
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The succeeding formulae in the above series have a similar form: the highest
derivatives of ¢ on the right hand side are followed by terms linear in the

lower derivatives. From (6.1a) we note that o is invariant, modulo the
factor e~ 2%, under the trivial transformations. If ¢ = 0, then from (6. 1b)
we have Eor‘,,, = e‘z”’;,a $0 ;,,, is an invariant vector under the trivial trans-
formations. Similarly if ¢ = ¢, = 0, (6. 1¢) implies TS(G: ;) =&~ >*TS(0,,)
and we conclude that TS(S;ab) is invariant under the trivial transformations.
In general if ¢ = 6, = TS(G,,) = ... = TS(,, ) = 0, we shall have
| TS(%T )=e" 2"’TS(&.,,I'_.,,F+ ). It should further be remarked that if the

s@y...dp+ 1 H

quantities TS(Q;‘,M%“) are simplified by using the previous conditions
assumed now to be valid in a neighbourhood of x,, then the simplified expres-
sion for TS((or;al_“apH) remains invariant under the trivial transformations
since the preceeding conditions are themselves invariant under the trivial
transformations. Thus we may conclude that each necessary condition may
be expressed by the vanishing of a tensor which is invariant under the trivial
transformations.

The above result justifies the use of a special choice of trivial transfor-
mations at x, to simplify the calculations. When the special trivial trans-
formations have been made at x,, the necessary conditions appear in a
reduced form which are not always invariant under the trivial transforma-
tions (see for example (5.2), (5. 14) or (5.60)). It thus remains to extend such
a condition to the invariant form. It should be pointed out that such exten-
sions are unique. To make things more precise consider, for example, the
derivation of condition V. With the special choice of trivial transformations
this condition is given at x, by (5.60). The tensor on the right hand side
of (5.60) is not invariant under trivial transformations (this will be seen
later in the section). Thus one must find a tensor J#,,,, which is invariant
under the trivial transformations and which reduces to the left hand side
of (5.60) at x, when the special trivial transformations have been made (11).
The tensor satisfying these conditions is unique for suppose H ciey 18
a second such tensor. Then their difference A, = #,4, — H cgey Wil

be invariant under the trivial transformations: A, = e” %A ,, ;. However
Ay = 0 since H#,,, and H#”,,,, both reduce to the same tensor at x,
when the special trivial transformation is made. Therefore #”,,, = K edes
since x, has been chosen arbitrarily.

It now remains to verify the invariance of #,,, under trivial trans-
formations. It should first be remarked that #,,,, can be broken up into

(") This conformally invariant tensor is of fourth order in the ga and of third order
in the A® Thus, by an obvious extension of a result of Szekeres [3/], it must be composed
of Cupe» Hap and their first and second covariant derivatives and the tensors L,, and g.
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three sets of terms: (i) terms involving only g,, and its derivatives (ii) the
terms TS(H*,C,,,H',) (iii) the rest of the terms involving the H,, ’s. We
shall denote these terms respectively by the tensors g}xfm,ef, sz;de ; and
%ﬂde - Explicitly we have
‘}fcdef = TS(3Ckcdl;kaefl;m + 8Ckcdl;esklf + 4OScdkSefk

— 8C*Spiesy — 24C*S pyy + 4C*IC L

+ lzckcdlcmeflLkm) ’ (6 . 2)
'{cdef = - 84TS(chdeelHlf) s (63)
r}:fcdef = TS( 1 2ch;derf - 16ch;dee;f - lSchdeLef) . (6 . 4)

Each one of the above tensors is separately invariant under the trivial trans-
formations. This is easily seen to be the case for %f;,,d since from (3.2a)
and (3.4a, b) one has

'}chdef = e_2¢‘yzfcdef . (65)

The verification of the invariance of chaef involves a straightforward

but heavy calculation. We shall require the transformation larw for the
Christoffel symbols under conformal transformations [27]:

~a a
{b C}:{b c}+26(bn¢c)_gbc¢a' (66)

By repeated use of (6.6), (3.4b) and (3.23) one obtains the following trans-
formation formulae:

TS(ch?derf) =e —2¢TS(ch;derf - 3chde¢e; 5 8ch;aer¢f

+ 15H H'%0.0,), (6.7)
TS(H, 7 H* 7 j) = e~ 2*TS(Hy  HE,,; — 6H,.  H" .0, +IH, H $.0,), (6.8)
TS(H, A, L. ) =e **TS(H, H* L., —2H, H" ¢, ,+ 2H, H'.0)).  (6.9)
From these formulae and (6.4) it is easy to show that

‘}fcdef = e—2¢'}3fcdef . (610)

We now prove the conformal invariance of the tensor Jlfc,,ef. The basic
formula is that giving the conformal transformation of C,, ... From (3.4a)
and (6.6) one obtains
cabcd';"e = - €2¢(Cabcd;e - 2Cabcd¢e + 2¢[acb]ecd + 2Cabe[c¢d]

+ 28.C"p1caPm + 2Cap"Ea1ePm) - (6.11)
It follows from (6.11) that the conformal transformation law for S, is

S be = Sabc - ¢kckabc > (6 12)
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when one notes that for n = 4 Bianchi’s identities have the form
Cdabc;d = - Sabc . (6 13)

Using (3.2a), (3.4a), (3.23), (5.9), (6.6), (6.11), (6.12) and (6.13) we find
the following transformation formulae for the various terms on the right
hand side of (6.2):

TS(Ckcdl?mékefl';"m) = e—2¢TS(Ckcdl;mckcdl;m - 4Ckcml;deefl¢m
— 8, C umCles™ + 4C;00, Cr '™ + 88, CF, 10 i
+ 6CaCr /'™ + 4¢,C,C', rm®™ — 12C 0 C ™ 1), (6.14)
TS(Ckcdl?egklf) = e—2¢(ckcdl;esklj - Ckcdl;ecm”qum
- 4Ckcdlskle¢f + 4C,y,C™ 0 1 Pm = BmC" S/
+ ¢mCmcdlClefk¢k) ’ (6 . 15)
Ts(gcdkgefk) = e_2¢TS(ScdkSefk - 2Scdkckefl¢l + d’kckcdlclefmd)m) ’ (6 16)
Ts(ckcdlgkle?f) = e_2¢TS(CkcdlSkle;f - Ckcdlckeml¢f;m
— CiomidChof'o™ — 48, C*lo, + ScaxCtopid' + 4Ckcdlckmel¢f¢m
- ¢kckcdlclefm¢m) s (6 17)
TS(Ckcd’Sefk?l) = e_2¢TS(CkcdlSefk;l - Ckcdlcmefk¢l;m - ¢mcmcdk;lckefl
- 4ScdkaefI¢l + Sklcckdel¢f + 4¢kckcdlclefm¢m - Ckcdlclmek¢f¢m) ) (6' 18)
TS(ckcdlékmel I~-”fm) = e—2¢TS(CkcdlemelLfm - 2Ckcdlckmel¢f;m
+ 2Ckcdlckmel¢f¢m — C*/Croriomd™ , (6.19)
TS(Ckcd’Cmefk i‘lm) =e _zd’TS(CkcaICmekatm - zckcdlcmefk¢l;m
+ 2¢,C* ., Cl, rm®™ = C¥'Crofimd™ . (6.20)
Employing the formulae (6.14) to (6.20) one finds that
]1? cdef = € _?¢=71f cdes + 2TSQ2C, 4, C*, '™ — 2Cmi;aCF ™
+ delckefl¢m¢m - 2¢kckcdlclefm¢m - 2Ckcdlckeml¢f¢m) . (621)
To show that '}1?“‘9 s is a conformally invariant tensor we must prove that

the second term on the right hand side of (6.21) vanishes. The fact that it
does follows from two further identities valid when n = 4 that may be
derived by the method of Lovelock [20]. This method for producing iden-
tities follows from the fact that in an n-dimensional space the generalized
Kronecker delta d5!::4=+* vanishes identically. Thus when n = 4 the expres-

sion ]
6;5;’::;Ckmpr;ecqun¢l (6 . 22)
vanishes identically. If one expands the Kronecker delta in (6.22) using

the definition
Oon =nlor ... &g

Vol. XX, n° 2-1974.



184 R. G. MCLENAGHAN

and takes the trace-free symmetric part, one finds, on account of (5.9),
the identity )
TS(Ckcm;deef‘¢m - Ckcdk;eckmfl(bm) =0. (623)

A similar procedure, when applied to the expression
5?,3:';‘3(:,"2",(:"5! p¢'¢q ’
yields the further identity
TS(Ckcdleefl¢m¢m - 2¢kckcdlclefm¢m - 2Ckcdlcke”'l¢ f¢m) =0. (6-24)

The identities (6.23) and (6.24) guarantee the vanishing of the second term
on the right hand side of (6.21) which thus becomes

‘}?cde/ = e_2¢91?cdef . (6.25)

This establishes the conformal invariance of the tensor Jlfcde s It now
follows that H 4, is invariant under trivial transformations since

‘#cdef = '}lfcdef + ‘;chdef + ‘y{cdef . (626)

It is worth pointing out that one can construct a second fourth rank

conformally invariant tensor from the transformation formulae (6.14)
to (6.20). This tensor is

Heper = TS(CroarnCFof™ + 4CK L S0y + 128,458,y
- 4Ckcd’Skle;f - 8CkcdlSefk;l + 2CkcdlckmelLfm

+ 4C*k Cm, rilim) - (6.27)
Under conformal transformations it transforms as follows:
Heyep = e *Hy,, . (6.28)

The tensors Jlfmf and H_,, , appear to be unrelated and provided explicit

examples of the polynomial conformal tensors studied by du Plessis [9]
and Szekeres [31].

7. DETERMINATION OF THE SELF-ADJOINT HUYGENS’
DIFFERENTIAL EQUATIONS ON A SYMMETRIC SPACE

In this section we apply the conditions I to V to determine the self-
adjoint Huygens' differential equations on a symmetric V,. A pseudo-
Riemannian space V, is symmetric in the sense of Cartan if

R =0. (7.1

abcd;e

These spaces, in the case of Lorentzian signature for n = 4, have been
determined by Cahen and McLenaghan [3]. They may be classified accord-

Annales de I'Institut Henri Poincaré - Section A



VALIDITY OF HUYGENS’ PRINCIPLE 185

ing to the Petrov type ([24] [25]) of the Weyl tensor C,,_,. In [3] it has been
shown that symmetric V, ’s are of Petrov type N, D or [—] (conformally
flat). We shall consider each of these cases separately.

Type N: In this case there exists a coordinate system (v, z, z, u) in which
the metric of symmetric V, has the form

ds* = 2dv(du + (2% + z%) + Bzz)dv) — 2dzdz , (7.2)

where « and § are real constants. If one deﬁne;
ka=1,, (7.3)
one has kCo =0, (7.4)
R = — 2Bk, , (7.5)
kak* = 0. (7.6)
We shall also need the following relations which follow from (7.1
and (1.11): Copesre = 0., (7.7a)
Rape =0, (7.7b)
R,=0. (7.7¢)

Now it follows from (7.4), (7.5) and (7.7) that condition III becomes in
a type N symmetric space

S ‘
H, H, — ZgakazH“ =0.

is implies that
This implies tha H, =0, (7.8)
from which it follows on account of (1.8) that there exists a function A
such that A, = A ;. Thus on account of condition I a Huygens’ equation
on a type N symmetric space is equivalent to the equation

g, =0, (7.9)

Now it follows from (7.4), (7.5), (7. 7) and (7. 8) that conditions IV and V are
identically satisfied. Furthermore, it is implicit in the work of Giinther [13] (1?)
that (7.9) is a Huygens’ differential equation on a type N symmetric space.
Since C,pey # 0,(7.9) is not equivalent to the wave equation (1.2). This shows
that Hadamard’s conjecture is not true for the equation (7.9) on a symmetric
space. Thus the conclusion of Helgason [16], p. 68 is false.

(!?) This is because (1.3) is the metric of a symmetric space if and only if a;, =0,
ayy = sin® (@ + b)'*x% and a,, = sin h*((a — b)"/>x°) with |b| < a constant and sui-
table restrictions on x°. This has been remarked by the author [23] for the case R,, = 0.
The metrics (1.3) and (7.2) are related by a coordinate transformation with « = g and
B = 2b.
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Type D: In this case there exists a coordinate system (u, z, z, v) in which
the metric takes the form

_ 2dudv 3 2dzdz
T (1= R+ Puv/8? (1 + R — Pzz/8)*’

where R, the curvature scalar, and f§ are constant.
In this case we restrict ourselves to the self-adjoint equation (1.13).

ds? (7.10)

1
Condition I tells us immediately that C = ER’ while condition III reduces
to
CkablLkl = 0 (7. ll)

on account of (7. 7). We need to determine C,,.,and L, for the metric (7.10).
To achive this we introduce the null tetrad (k,, m,, m,, n,) defined as follows:

ky=u,, (7.12a)
= (1 + (R = p)zz/8) 'z, , (7.12b)
n, = (1 — (R + Buv/8) v, (7.12¢)
It is easy to see that .

g n, = — g°mm, =1 (7.13)

with all other inner products being zero. One can now show that

1 B -

Rab - ZgabR = E (k(anb) + m(amb)) s (7 14)

E(ﬁ'lanb]k[cmdl + k[nmb]r—h[cld] + (k[a”m - m[ar;lbj)(k[cnd] - m[c';ld]))

Cnbcd =

+ complex conjugate. (7.15)
Using (7.13), (7.14) and (7.15) one can show that (7. 11) implies fR =0
from which we have R = 0 or § = 0. IfR = 0, (7. 15) implies that C,,c; =0
which is inconsistant with our hypothesis that our space be of Petrov

type D. Thus we must have = 0. On account of this and (7. 14) condition V

reduces to
TS(RC*.[/C,, ) =0. (7.16)

Employing (7.13) and (7.15) one finds that (7. 16) implies R = 0 which
is impossible. We conclude from the above that the differential equation

R
Ou+cu=0 (7.17)

cannot satisfy Huygens' principle on a Type D symmetric space.
Type [—]: In this case the symmetric space is conformally flat. According
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to Cahen and McLenaghan [3] canonical forms for the metrics are (7.2)
with « = 0, (7.10) with R = 0 and the following:

dx? + dy? + dz?

ds? = dr* — , (7.18)
R 2
[1 +ﬂ(x2 +y + 22)]
di* — dy* — dz?
ds* = —dx? 4+ e (7.19)
l___(tZ_yZ_ZZ)
24
d? — dx* — dy? — dz?
ds? = Yoy oe (7.20)

R 2
[1 —Zg(tz __x2 _y2 __22)]

As for the case of a type N symmetric space, condition III implies H,, = 0.
Thus in view of (1.4), a Huygens’ differential equation on a conformally
flat symmetric space is equivalent to the self-adjoint equation (7. 17) which,
on account of (3.3), is equivalent to the wave equation. This shows that
Huygens’ principle holds for the self-adjoint equation (7.17) on a conformally
flat symmetric space but not for the pure equation [Ju = 0 unless the curvature
scalar vanishes.

In a subsequent paper further consequences of the conditions I to V
will be discussed.
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