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Local perturbations and approach to equilibrium

by

R. LIMA (*) and A. VERBEURE (**)

ABSTRACT. — For the Fermi Lattice system locally perturbed equi-
librium states are studied and conditions are found for approach to

equilibrium within an order /~* where o = n, or pinisa positive integer.

1. INTRODUCTION

We study the approach to equilibrium of a perturbed state by a local
perturbation. We start with a solvable model (bilinear Hamiltonian)
of a Fermi system. Its equilibrium state is well-defined. Then we
apply a local perturbation. The first problem is to establish the
perturbed equilibrium state (theorem 1 below). Then for those states
which tend to equilibrium (in particular for ergodic states) we study
how fast they tend to equilibrium. Sufficient conditions are given for

an approach to equilibrium faster then > where « =% or o =n;
n is a positive integer.

Technically we use the algebraic set-up and start with the C*-Clifford
algebra @ = @ (H, s) (see e. g. [1]) built on a real Hilbert space (H, s);
it is also the smallest C*-algebra generated by the set of elements

{B()|WeH}, where B is a real linear map of H into @ satisfying
the anticommutation relations

B¥),B (@)l =2sW¥|¢).1
1 is the unit element of @.
(*) Attaché de Recherche, C. N. R. S., Marseille (France).
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228 R. LIMA AND A. VERBEURE

In particular we are interested in the description of the Fermi lattice
system (F. L. S.). Let Z be the set of all positive and negative integers,
and { ¢, },ez an orthonormal basis of H. For any finite subset A of Z
consider the C*-subalgebra @ (A) of @ generated by the set

{Bi=B(¢r) | keA}; then @ is the norm closure of U @ (A) and
Aez
can be considered as the algebra of quasi-local observables of the lattice.
Let 0 : a€Z — o, be a mapping of the group Z of lattice translations
into the s-automorphisms ¢, of @& defined by ¢, By = Biya.
On the other hand, consider a time translations induced by the
following locally defined bilinear Hamiltonians : for each AcZ, the
hamiltonian H,a is given by

1) Hoa = Z v; B: B,
iLjeAN
the c-numbers v;; satisfy :
O vy =03 1, j€Z;

i) Yoy <oo; jeZ
i€Z
(lll) Vik, j+k = Ui, j for i, jEZ, keZ.

The details of the time evolution automorphisms will be given in
the next section.

2. THE EQUILIBRIUM STATES

Define o by oA () = "3 ze ™ for ze@ (z€C) (complex
numbers). The set {a|zeCG} is a group of automorphisms of &
(% -automorphisms if Im z = 0).

If { As}. is a sequence of finite subsets of Z tending to infinity in
the sense that is contains every finite subset then for each {€R (real
numbers), the sequence {a)}, tends strongly to a %-automorphism «;
of @ defining a strongly continuous one-parameter group of auto-
morphisms {€ R — aut. & ([2], Th. 7.6.2).

Lemma 1. — The set of automorphisms { o2 |z€ G} lends fo a group
of automorphisms { 2% |z€ G} densily defined on & as A flends to infi-
nily and

| o2 Bi) || Z exp (| 2| C),

C =Z| Vi — Dot |-

€L

where
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LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM 229

Proof. — For ke A, where A is some finite subset of Z, consider

a2 (By) = By + _;_IZB(DA%) +...+%B( Ko feen

where Dj is an antisymmetric operator on H defined by

2) s (¢x | DA 90) = 1 (i — vwi) for k, leA,
=0 for k or l¢A.
Note D = D;.
An immediate calculation shows that for all A,

| a9A Bo) (| < e#1¢,  with € =¥ 01 — v
lei
The existence of the limit : \lim a’A (By) = o (Bx) follows from the
A>o

fact that B (D} ¢) tends in norm to B (D" ¢z) as A tends to infinity
because | B (D% ¢x) ||* = s (D% 9« | D% ¢x) and that ol (Bi) is the
limit, uniform in A, of the sequence { f} (z) }x with

N
@ =B +3 S B (D4 0.
= Q. E. D.

Now we consider perturbations of the free (bilinear) Hamiltonian
defined in (1). In particular consider the locally defined Hamiltonian :

(3) Hp = HOA + Vn’
where H,p is defined in (1) and V, is any monomial of order n in the B; :
Vn =Bi1B;, “ o Bi.

n

From [2] (Th. 7.6.2) it is clear that also the map
abd: zea M ge M
tends to a %-automorphism «, of & as A tends to infinity.
LEmMmaA 2 :

(a) For each finite subset ACZ and any B€R, exp (— B Hyp) is an
element of & and can be written in the form

e—?'lh — e—B"o.\ TA,B,

. 6 6’ ﬁ“—i & .
T, B = 1 + dﬁl dﬁg cee dﬁ 0\ V).
AB ,§1f0 V[ [ k!;llaiﬁz( )
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230 R. LIMA AND A. VERBEURE

(b) If A lends to infinity, Txg (TX)g) lends to an element Tg (Tg") of
the algebra &, such taht

Tg=1 +§ fo ﬁdﬁ. fo S’dﬁz fo m_idﬁkl[:!aggl V2.

(¢c) The group of %-automorphisms { a,|t€R} extends fo a group
of automorphism (not ¥-automorphisms). { a3 |B€R | densily defined
on & such that

ag () = ajg (Tg . Tg").

Proof. — (a) is proved in [4], Appendix I.
To prove (b) remark first that

: - £
fo Bdﬁl f ’ dg, . .. f ’ dBis Ll a3 (V2)

= L2 emicy

and
Tig =TX g
Hence for all A :
[ Tagll<exp[|2](ePoy],
| Tate | < exp[| 8] (efrey].

To prove the existence of the limit Ty in @ it is sufficient to remark
that Tx,g is the norm limit, uniform in A of the sequence { g} }»,

N k
g 8, Bis
A=1+3 [rda [ ds . [T da] ] Hdon
k=1 0 0 0 1

and that by lemma 1, each of the elements g\ has a limit if A tends to
infinity. An analogous argument establishes the limit Tg' in A.

Using analogous arguments to derive (a) (see [4]) with an imaginary
variable (— if) instead of the real variable 3, we get

a;\ (x) e a?‘/\ (TA\1 —a X Tj\l‘ _i[), reA.

As in (b), Ta,— tends to an element T_; of the algebra if A tends
to infinity. Then trivially

o, () = o) (T_yp 2 TZY), TEA,

The proof of (c) is complete if we prove that this expression can be
extended to a purely imaginary variable. For this it follows from (b)
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LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM 231

that «;g (Tg) exists, hence on all elements z€ @ in the domain of g,
a;3 is defined and given by

wg (1) = alp (Tgz T),  xea.
Q. E. D.

In the F. L. S. for any evolution {€R — a) : «) (B (¢x)) = B (e’ ¢x)
there exists a unique quasi-free state on @, satisfying the Kubo-Martin-
Schwinger boundary condition with respect to the evolution « [5].
The quasi-free state is uniquely determined as is well known see e. g. [1]
by an antisymmetric operator A on H given by

eBIDI _ o—BID)
A= Je{ﬂlnl T e Bl
D=J|D| (polar decomposition of D).

This state will be called the equilibrium state for that evolution.
Note by w, the equilibrium state linked to the evolution «! induced by
the bilinear Hamiltonian given above in (1) and let H,, ¢, 2, be the
G. N. S.-representation, respectively representation space an cyclic
vector induced by w,.

Now we look for the equilibrium state wg linked #, the evolution
1 — a,, induced by the Hamiltonian (3). We prove that

o en(Tg) _ (Rl M Ty T (1) 20)
@ PO =0T~ (@ [T (Tp) 20

Lemma 3. — With the notations of above and Tg, B€eR defined in
Lemma 3, we have

IL (Tg) = 2 1Ly (228, (Tgp) Tgp),
where ) is a constant.
Proof. — We prove that :
T, (Tg) T (2.5 (Tg) Ty,

commutes with a weakly dense subset of I, ()", hence it belongs to
the commutant II, (). Otherwise it follows from Lemma 2 (b) that
it also belongs to the algebra I, (@)", and w, being a factor state [6]
the lemma follows.

By lemma 2 (c) there exists a dense set of elements x€ @ such that
(for convenience 3 = 1) :
o (2, () =y (7, (T1 2 TTA)).
Also

A == Aypp 0 Aypay a; = “?/q °oap
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232 R. LIMA AND A. VERBEURE

hence
I (2 (@) = o (2 (224 Tip) Tipp ¢ Tip 2%y (Tp))
and
I, (T,) I, (z) IL, (T7") = 1L, («®; 0 a; (2))
=1, (224 (Ti)) I, (T ) I ()
X My (T7) Mo (@22 (T74))-
Therefore

o (To)~* o (2242 (Tupe)) Tho (Ts) o (2)
= Iy () Iy (To)~* Mo (@242 (T1p2)) Mo (Tips)

for a dense set of elements II, (x) of II, (A)".

LemMmA 4. — With the same notations as in lemma 3,
I (75, (Trg2)) = p Mo (TG ) = 2 Mo (T )™,
awhere 1. is a constant.

Proof. — As in the proof of lemma 3 for a dense set of elements rea

{fput 3 =1) :
Mo (2—ipp (@) = Lo (2242 (T—sp 2 TZp))

and
%ipp o dyp (T) = .
Hence
I, (@) = 1o (2], (Tupa [ (T—rpp 2 TZN)] Ti))
= 1, (282 (Tu)) Wy (Type) Mo (2) Ty (T} Mo (o2f, (Tip))~
and
I, (27, (Tip2)) Wy (T_sp) €1 (@) N 1L (1)

By the factoriality of II, :

- Hg (T4 1/2)_1 = II() (alo/l (T1/3)) with IJ~€ C.
Q. E. D.

TueoreMm 1. — The functional wg defined by (4) on & is a state satis-
fying the K. M. S. boundary condition with respect o the evolution t — «,
linked to the Hamiltonian defined in (3).

Proof. — First we prove that it is a state. By lemma 3 for a dense
set of elements reQ,
_ wo (2218 (Tgp) T )
28 () = o s (o) To)
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LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM 233

By the invariance of w, for «} :

g () = wo (@182 (Tap) o (Tae :v)).
T T 0 (Tap afs (Tsp)

By the fact that », is a K. M. S. state for the evolution { — o :

ey = (U ()
8 T w (Tﬁ/z “ioﬁ/z (TB/'Z))

and by lemma 4 : i
ot - 20
@ (Tgi/z TB/?)
hence wg is a state.
That wg satisfies the K. M. S. condition with respect to the evolution
t — a, follows from the fact w, is a K. M. S. state for the evolution
t—> o) as follows :

wo (Tgy o (X)) = wo (Tg y a;’B (Tgz Tgl))
=, (Tgx Tg’ Tg y) = wo (T xy)

for all ye@ and a dense set of elements xeA.

3. APPROACH TO EQUILIBRIUM

In this section we consider the evolution and behaviour at infinity
of the state

o) pr = wg o af

this is the free evolution of the perturbated state. Because of the
particular form of the equilibrium state wg in terms of the state o,
(see theorem 1), an easy argument shows that the state p, tends point-
wise to the original state w, if the latter one is ergodic in the sense that
it is an extremal time invariant state.

A necessary and sufficient condition for ergodicity is that the spectrum
of the operator D is purely continuous ([3], Th. 1). In what follows
we suppose that the evolution « satisfies this condition, and we are
interested in the question, how fast the state p, tends to w, as f tends
to infinity. We do not give a general answer to this question, but
only consider the situation that the convergence is faster than any
rational power of £

Lemma 5. — For ergodic bilinear interactions as given in (1), the
approach in the weak sense, for local observables of the perturbed state p, (5)
lo the equilibrium state w, is majorized by homogeneous polynomials in

the functions
Fij (1) = s (9: €" 9))
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234 R. LIMA AND A. VERBEURE
in particular, if X =B, ... B,,,, then
lpe (X) — wo (X) |
tends fo zero if t tends to infinity, at least as fast as F;; ()*".

Proof. — We prove the lemma explicitly for observables which are
monomials of order two, i. e. m = 1 in the lemma. The generalization
to arbitrary order is trivial.

By lemma 2 : _
pc (B: B)) — w, (B: B))

= o (T3) (ITB) [wo (Tg B (€ 9:) B (e"* 9;)) — w, (T) wo (B: B))].

Using the time invariance of w,; in particular :

wo (B (" 95) B (e ¢,)) = wo (B: B))
we have
pe (B: B)) — wo (B: Bi)

Bi—t
= (TQ)Ef dﬁl B, j(; dB
x [wo <1‘[ g, (V) B (e 9) B (" <p,-)>

=1
;
— <1‘[a?l (Vn)> wo (B B,-)].
=1

atg, (Vo) = | 2%, @)

p=1

But

hence
e (BiBj) — o (B B/)

Bi—t
. (T@Z f " &5, f ds. . f dB
X [mo <[I 11 s BB (e 9) B (e cm>

=1 p=1
o (T T ) ) |
=1 p=1
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LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM 235

From lemma 1 :
[| efg, (By,) || < €8¢
for all [ and p.
Suppose for the moment V, =B,B, and put ojg (Bs) = Gugi)+s
for I=1, ..., k and s =1, 2, then using the recursion formula for
quasi-free states (see e. g. [5], Appendix) :

k
o (n a?fjl (B1) a?gl (Be) B (eDt CP[) B (eDt CP/)>

(=1

k
— @ <I[ alg, (By) 2, (B.,)> w0 (B: B))

(=1

2k
= Z |00 (Gr .. G Gy o v Gui) o (G B (€2)) 00 (G, B (€ 9,)) |,

m=1 m#iq

where G,, and G,, stand for G,, and G, omitted in the product.
The right hand side is majorized by

2k2k —1) ek=21BC £ (f),
with p
[ = max v (GuB (€ ) wo (Gy B (" 9)) | < €5
Hence

1 o 3 rknBC
1(9,~w0)(B,B,-)1éW<k:lk—lzk(2k_1)eu 8 )f(t)

1 P
= Too (T (ﬁ G )> 1.

In general, for V, a monomial of order n as in (3) :

where P = e8¢,

1 P g
| (o — wo) B:B)) | < Toe (T | <¢72T3 (e? )> f@®.

Hence the majorization is dominated by the behaviour of the function
£ wo (25 (By) B (€™ ).

By straight forward calculation, analogous to that in the proof of
lemma 1, we get

| wo (23 (Bp) B (e 9)) | < | F,,; (O |
C nCn
+ 8L Ep O 4o+ 8 E,, @+
where p; 2 p, P Z Dy Pis -
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236 R. LIMA AND A. VERBEURE

Remarking that the right hand side is convergent, the lemma follows,
Q. E. D.

From lemma 5, it follows that the approach to equilibrium is reduced
to the study of the asymptotic behaviour of the function

©) Fij() =s(9:€e9) (J€Z)
as ¢ tends to infinity.

Remark first that because of the translation invariance Fi; (f) depends
only on the difference 6 =|j —i|. It will become clear that the

asymptotic behaviour of Fi; (f) for large { does even not depend on 0.
Let a, = i (Vo — Von) and

N ; . AR .
@) g (@) = Z a, enr — 2 a, enr = 2 12‘ a, sin nzx,
n0 n>0 n>0

then for all ¢, elements of the orthonormal basis

{9; @) = e/=, z€[0, 27) Jjez
of £2 ([0, 2]) :
D 9) @ =g @ 9, @)

and
1 EX
oDl — —ibx plg(x)
) s (p: €V ¢)) 271']0 e—i9% elsl®) dx.
TueoreM 2. — Let H, be a bilinear Hamiltonian [see (1)] such that

the corresponding function g () [see (7)] is at least K-times differentiable
and also K is the maximum order of the stationnary points in the interval

[0, 2], then the function F,; (1) [see (6)] tends lo zero as {nﬂilTE if t tends
to infinity.

Proof. — The theorem follows immediatly from [7] (p. 52) applied
to the integral (8). The result is independent of o. We remark that

the function ¢ (r) being odd, the contribution of the term t—lmlr,;) does
not vanish if g (x) has a stationnary point of order K.
Q. E. D.

TureoreM 3. — Lel H, be as theorem 1 and the function g (x) such that
there exists a finite sequence (Lo, ..., X)) :

Ozxo<x1<...<x[:ﬂ'
such that :

(i) The function g (x) is monotone and (K + 1)-times continuously
differentiable in the open infervals (i ir1) with i =0,1, ..., 1 —1
and ¢' (x) # 0 and g continuous.
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LOCAL PERTURBATIONS AND APPROACH TO EQUILIBRIUM 237

(ii) ¢ (x) has left and right points of contact of order K in each z;, i. e.
if g~ is the inverse function of ¢, then :
lim (9) @)= lim (g =...= lim_ (g™ () = 0.

Y glriso ¥>glr)Eo Y>glri)Eo
. .o 1
Then Fi; (t) tends to zero if t fends lo infinity as EE

Proof. — In each interval [x:, x4.] introduce the wvariable u by
iu = g (x) then

Fy () = %T f O (u) e du,

where

5 1e—n 1 49" (I1)
— p—i0(gY) (i) .
D (u) = e 0 ~du

If iu; =g(); j=0, 1, ..., [ then
& (@) =0 for n=0,1,...,K—1; i=0,...,1

Now the result follows from [7] (p. 49).
Q. E. D.

Remarks. — If in theorem 3, the function ¢ (z) satisfies condition (ii)
for all integers K, then the function F;; (f) is a ‘¢ rapidly decreasing ”
function of f as ¢ tends to infinity.

Although we only stated the results for the Fermi lattice systems,
the treatment can easily be generalized to the continuous Fermi system,
where H,x is the free Hamiltonian for the volume A ; for the interaction
we take a finite linear combination of monomials

BW, ...BWW,)

such that all W, belong to the domain of the operator D induced by
the free Hamiltonian.

The independence of the results on the local perturbation suggests
that the results remain valid for some strictly quasi-local perturbations.
The characterization of the most general perturbation such that the
perturbed equilibrium state is a K. M. S. state for the same von Neumann
algebra is an open question.

ACKNOWLEDGEMENTS

We thank M. Sirugue and D. Testard for useful discussions. One of
us (A. Verbeure) thanks sincerely Professors D. Kastler and A. Visconti
for theire kind hospitality at the C.N. R.S. of Marseille during the
month of November 1971, when this paper was achieved.

ANNALES DE L’INSTITUT HENRI POINCARE
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APPENDIX

As an example we treat the perturbed XY-model given locally by

N
(A1) Hy = — Y (J.oj 0}, + Jyoy o, +phos},
j=0
o7, o%, o3 being the ordinary Pauli matrices.

The Hamiltonian (A 1) is a particular case of (1). An explicit calcula-
tion of the operator D [see formula (2)] yields :

D*9)(x)=h(@o@; z=e, x€[0,2n]
where oL ([0, 2 7)) :
—h@=J,+J3, +@Eh+phJ.+I)E2+2) + T T, (" +2Y).

By a straightforward calculation, the function s (9; e"’ ;) is obtained
as the sum of integrals of the type (8), where g (x) is replaced by the
function h (z); then we can apply theorem 2; the equation for the station-
nary point is

dh(z) _dz d
dr ~ dx dz

h(z) =0, where z = e,

The solutions of this equation are
z, = en"ri (n=0,1, 2, 3).
These stationnary points are of order one (K = 1), because

@2 h (2)
dx?

=—z;.8uph(J.+J,) —32J.J, 0.

The asymptotic behaviour of s (¢; e"*¢;) is therefore of order ¢ '~
as ¢ tends to infinity.

In particular for X = B; By; it follows that
o (BxBr) — o (B By)

tends to zero proportional to ' as t tends to infinity, a result found
in [8]. Remark that in [8] only a perturbation of the type V., =B, B,
is considered. In lemma 5 we proved furthermore that the results
are independent of the perturbation as far as the perturbation remains
strictly local.
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