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Hamiltonian Poincaré Invariant Systems

by
Luis BEL

Universidad Auténoma de Madrid,
Departamento de Fisica,
Canto Blanco, Madrid-34

ABstraCT. — In a preceding paper we proposed a new definition
of Hamiltonian Poincaré Invariant Systems (H.P.I.S.). The main
idea of this definition is to keep Poincaré transformations canonical
and to require that the Poisson Brackets of relative physical positions
vanish. In this paper we generalize to any number of particles one
of our results. Namely, that for each H. P. I. S. the Induced System
at the Center of Mass is lagrangian. We obtain also for N = 2 the
general equations whose solutions would give all H.P.I S.

INTRODUCTION

The Predictive (*) Relativistic Mechanics (P. R. M.) of N point-like
structureless particles has been developed recently. In P.R.M.,
a system of N point-like particles is described by a Poincaré Invariant
System (P. 1. S.), i.e., an ordinary second order system of differential
equations with definite invariance properties. Two equivalent forma-
lisms have been used to write down these equations. In the Time-
Symmetric formalism a P. I. S. is described by a newtonian-like system

(*) The word Predictive is here used in contradistinction to the word deterministic
to emphasize that the physical systems being considered have a finite number of
degrees of freedom.
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58 L. BEL

of differential equations

i i
d;;ta:vfz; %292(1:?)’05) (i;j,k=192’3; a, b,C=1,2,...,N)

where the pl’s are restricted to satisfy an appropriate system of non
linear partial differential equations (D. G. Currie [1], R. N. Hill [2], [3],
L. Bel [4], [5]). In the Manifestly Covariant formalism the same
physical system is described by a system of differential equations in
Minkowski Space-Time :

dzi _ du .
_d—,? = U,; 'E =Eff (.’L‘FZ, ll,'.) (d, xBaY =03 19 29 3)

aR

where again the £%’s are restricted to satisfy appropriate equations
(Ph. Droz-Vincent [6], L. Bel [5]). Both formalisms have advantages
and inconveniences. In this paper we shall use the Time-Symmetric
formalism only.

One of the unsolved problems of P. R. M. is to give a convenient
definition of Hamiltonian P. I. S. (H.P.I1.S.). The first and natural
definition that was considered led to trivial systems only, i. e., to non
interacting particles (D. G. Currie-T. F. Jordan-E. C. G. Sudarshan [7],
J. T. Cannon-T. F. Jordan [8], H. Leutwyler [9], R. N. Hill[3]). The root
of the difficulty was first identified by E. H. Kerner [10], and clearly
exhibited by R. N. Hill [3], as lying in the assumption that the z.’s,
i. e., the physical positions, were assumed to have vanishing Poisson-
Brackets (P. B.) among themselves. Several new definitions which
permit to circumvent this « No Interaction » theorem have already
been considered. 'We may mention those of R. N. Hill-E. H. Kerner [11],
L. Bel ([5], [12]) and C. Frondsdal [13]. But we believe it is safe to say
that the status of the problem is still confusing and that general agreement
on a convenient definition of H. P. I. S. has not yet been reached.

The main idea in the definition proposed in reference [12] was to
keep Poincaré transformations canonical while dropping the commuta-
tion of the x!’s and requiring only that the P. B.’s of the relative positions
among themselves vanish :

[z, — ), 2l —z] =0.

This paper deals again with the implications of this definition. We gene-
ralize to any N and simplify the proof of the theorem of reference [12].
Namely, that for each H.P.I. S. the Induced System at the Center
of Mass in lagrangian. We establish for N = 2, the general equations
whose solutions would give all H. P. L. S. in the sense of our definition,
and we prove that, at the Center of Mass System, the Center of Mass
lies on the line joining the positions of the two particles and that the
motion of the system is plane motion.
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HAMILTONIAN POINCARE INVARIANT SYSTEMS 59

1. POINCARE INVARIANT SYSTEMS

Let 2 be the Lie algebra of the Poincaré group and let H, P;, J;, K
be a basis of P such that (?) :

@ [P,H]=0, [J,H]=0, [K,H]=P;
@ { [P, P;] =0, [Jis Pyl = nix Pk, [J6 J] = nijx J%,
[Ki, P;] = d;; H, [Ki J;] = nijx K, [Ki K] = — i JE

Let E, be the euclidean 3-dimensional space and EG the fiber tangent

bundle of all vectors 5 tangent to E, and with norm less than 1 (32 < 1).
We shall note V,y, and call the co-phase space, the 6 N-dimensional
manifold : V;x = (E.;)N. For each cartesian system of coordinates of E,,
trivially extended to V,y, each point A of V,y will have coordinates
(@, v]) (%), the xi’s being the coordinates of the projection of A into
the basis of Viy, i. e., (Ej)N.

Let £ (V) be the infinite dimensional Lie algebra of all vector fields

of Vi If Z, and Z, belong to £ (Viy), their Lie-Bracket (L. B.)
is defined by
3)

el L - - - 0
£, 2] = =0, =y — 2B g, 22 (d., — 51?)
where y* (A,B, ... =1,2,...,6N) is an arbitrary coordinate system
Of V(;N (5)0

DeFiniTION 1. — A Poincaré Invariant System (P. I. S.), with 6 N
degrees of freedom, is an homomorphism ¢ of 2 into the infinite dimen-
sional Lie algebra £ (V,y) such that

@ e(B)at = —a,  e(3)at =n,at,
) £(H)a, = — o,
(6) £ (K,) .’L’i, = — DZ Zaj.

() i, j, k=1,2,3. The summation convention will be used throughout. The
latin indices will be raised or lowered without change of sign. M is the Levi-Civitta
symbol. The speed of light in vacuum is taken equal to 1.

¢)abye ... =12 ...,N.
(*) The summation convention is also used for the indices AB,C,....
(*) A possible choice of yA is yi = xii, ey y:’N_“t = va,

gV vi, e yeN—3+t _ qu.
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60 L. BEL

> > > o> . .
H, P, J;, K, being the images by ¢ of H, P;, J;, K;, and £ being the

. - . . . . . _>
Lie derivative operator acting on functions, i.e., if Ze€ £ (V;x) and ®
is a function

@ 2(Z) o ==40,0.

When necessary we shall refer to (1) and (2) to remind the Lie Bracket

. > > > >
relations of the vector fields H, P;, J;, K.

Let us define p} as

(©) £ (H) v}, = — po

From (1), (4), (6), (6), and from

©) £(2)eE) - 2@)e(E)=2(2.2])
we obtain

(10) "

> ) > . .
{ £ (P/‘) v, =0, £ (J/’> v, =N v,
£ (R) v, = 8 — p vy — v, 0.

Therefore, the vector fields ﬁ, f’:, ji, I_Zi will be known as soon as we
know the functions p.

These functions are restricted by equations (2) to be solutions of the
following system of differential equations (*) :

oMb _ q. o [ ok O OB _ i k.
[l =0 (a5 ot ) =t s |
v (@), — xf)

— 2 vy + 0,

(11) o

o 5
d-'!;ff +[Uzsl Ua]' + P‘Z (xaj - xbi) — ¢a 6I] dl)z

where ¢, = 1.

For each solution of these equations, the system of second order
ordinary differential equations

dz, i dv, i
(12) "HT = Ups —d—t = ta (xln vc)
can be interpreted as the equations of motion of N point-like structureless

particles in P. R. M. (1], [2], [3], [4], [5]-

(°) The summation convention is used also for the indices a, b, c.
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HAMILTONIAN POINCARE INVARIANT SYSTEMS 61

2. HAMILTONIAN P.1.S.

a. Let o be a sympletic form on Vi, i. e., a 2-form (second rank

covariant skew symmetric tensor o,y = — o) with det ¢ £ 0 and such
that (") :
(13) de =0 or dA OBC + d]} gca —l" dc Tap = 0.

The following definitions and results of symplectic geometry will
be used below ([14], [15], [16]).

DarBoux THEOREM. — For any given point of V,y there always exists
a local coordinate system, whose domain contains this point, such that o
takes the form () :

(14) ¢ =dy*\dyxa

where « =1, ..., N. Any system of coordinates for which o takes this
form is called a canonical system of coordinales. y* and ys.. are said
to be canonical mates.

The P. B. of two functions ® and Z with respect to ¢ is by definition
the function

(15) [@,Z] = — o148 9, ® 9, =,

o~! being defined by o—'4¢ g¢y = 04. Using canonical coordinates the
explicit expression for (15) is the usual one, namely :

(16) [Qq_#“____"_ﬁ

The P. B. is anticommutative :
17 [®, E] = —[Z, @]

and as a direct consequence of (13) we have for any three functions
(18) [@, [@2, D3]] + [@s, [®; @1]] + [@s, [@4, D.]] = O.
These equations being known as the Jacobi identities.

(") In general, for any p-form Q (covariant completely skew symmetric tensor
of rank p), the exterior differential operator d is defined by
1 «cs
(dg)A.,A...‘AP pISAOL A,, 9 Qp, ., .B,

where & is the kronecker tensor. The operator d has the property d? = 0.
(*) In general if = is a p-form and  a g-form, their exterior product is the ¢ + p-
form

1 BpCanano Cq
EANDy Ay, = p“—lqtaA, Ay AptaeAprg TBy.B, Cpcy
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62 L. BEL

If Z is a function of several other functions W,, then

19) [©, 5] = 9= [0, W,], with summation on ».
LemMA. — Given N independent functions y* such that
(20) [y* y#] = 0.

then there always exists N canonical mates Yy a, i. €., N new functions
such that (y*, Yn-o) is a coordinate system of Vi and such thatf o fakes
the form (14). These functions Y.« are only defined up to the transformation

, oS (y3
UN+a = UN+a + -_d(yi“).

Let us consider a transformation of V;x,
@1 yp=F @) PP =G"@"Y).

This transformation is by definition a canonical transformation if it
leaves invariant o. Or more explicitly if

(22) axw () = On G¥ Oy GN oy [G* ()] = oun (§)
with A’ = A,B’ =B.

—
For = to be the generator of a one parameter group of canonical
transformations the necessary and sufficient condition is that (°) :

>
(23) £ (‘E) c=0 or =€ 0(1 OAB + c"Cl; dA e + gacC dll =26 =
>
If = satisfies equation (23), then there exists a function = such that

>
(24) i(Z)o=—d=  or Etoy=—0yE.
Obviously, this function Z is defined only up to an additive constant.
Formula (24) can also be read from right to left, i. e., for each function =,

—

>
the vector = whose components are solutions of (24) satisfies (23).

>
(°) Given a p-form @ and a vector field £ a useful formula to know is

> > >

3(:} Q= 1(:) de + di(E) Q

_> s .
where l(E) is the interior product operator defined by

>

[i (3> Q]Aa~~-Ap =z pa,..ay

From this compact formula for the Lie derivarive of a p-form, and from d>=0

it is trivial to see that (E) dQ =de (E) Q.
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HAMILTONIAN POINCARE INVARIANT SYSTEMS 63

(=
by

satisfies (23) and ® is any function then

(25) e(E)e ==, o]

If Ei and _EZ satisfy (23) then

2z 2 (Z = - =
Eq, Ez]) g = 0 and l <|:|;1, h"—'.g:|) g = — d [-'_'q, &g].

b. For obvious reasons, which include preparation towards a quan-
tized theory or relativistic statistical mechanics, P. R. M. will have
to be developed by giving an appropriate definition of Hamiltonian
P.ILS. (H.P.LS.). A natural definition would be the following :

An H.P. L S. is a P. I. S. such that there exists a symplectic form o
satisfying the following conditions

@) £(H)o=0, £B)o=0 £()s=0 £(K)s=0;
(28) cAdxi Adx Adx} A ... A dxk A dx A\ dei = 0.
Conditions (27) express the Poincaré invariance of s. In other words,

> >
they express that the Poincaré transformations generated by H, P,

> >
Ji and K; are canonical transformations. Conditions (28) are equivalent
to saying that the P. B. of the z!’s among themselves vanish :

(29) [xL, 2] = O.

Unfortunately, as has been proven by many people ([7], [8], [9], [3]),
the only P. I. S.’s for which a symplectic form ¢ can be found satis-
fying (27) and (28) are those with p! = 0, i. e., the free, non-interacting,
particle systems.

c¢. It becomes then necessary to find a new definition of H. P. I. S.
The first new one to be proposed by T. N. Hill-E. H. Kerner [11] is just,
in our opinion, a boundary condition to be required, if possible, for
infinite inter-particle separation; the second one proposed by L. Bel [5]
does not convey enough information to be useful either. We still
believe that the definition we proposed in [12] does convey enough
information and this paper is essentially devoted to develop the conse-
quences of this definition.

DerFiNiTION. — An H.P.L S. is a P. L. S. for which there exists a
symplectic form satisfying the following two sets of conditions

@0 £(H)o=0, £@B)o=0, £G)e=0 2£(K)s=o;
@) 2l —ah, &l —x)]=0 or [z —a), z/ —x]] =0.
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64 : L. BEL

The choice of the numerical value of a, in the second writing, being,
of course, arbitrary. '
The idea is, thus, to keep the Poincaré transformations as canonical

transformations and to maintain only part of the restrictions contained
in (29).

Remark 1. — We may notice that in the 1-dimensional space case,
for two particles, the only P. B. (31) to be considered is

[, — 2 7y — 2] =0

which vanishes identically. Therefore, in this case, the second set of
conditions (31) are not restrictions at all. This case which is a very
degenerate one, has been extensively considered by R. N. Hill ([3], [17]).

d. Among the first consequences which can be derived from the Defini-
tion above, we may mention the following : using (24) we can associate

to each of the vector fields ﬁ, 13: 3,», ﬁi, a corresponding function H,
P;, J, K; such that the P. B. of these functions are exactly those of (1)
and (2), i.e., (1) and (2) without the neutral elements which
would be in general present because of the arbitrariness in the additive
constants mentioned above. Thus, we shall refer again to (1) and (2)
to remind the P. B. relations of the functions H, P;, J;, K,.

From (4), (5), (6), (25) and (30) it follows that

(32) [, Pl =05  [ah Jj]=nljx 2o
(33) [z, H] = v5;
(39) [x% Kj] = 05 %ajs

H, P, J; will be, of course, interpreted as the Total Energy, the Total
Momentum, and the total Angular Momentum. And

35) Ri=H"K!
will be interpreted as the coordinates of the Center of Mass.
We shall assume that
Ty = X\ — Tl Vi = vy — iy 2=2,...,N)

together with P; and R! is an admissible coordinate system of Viy.
It might be possible to prove this assumption. But were it not, it would
have to be introduced if we want, as it is the case, the dynamical systems
we are considering to have a newtonian limit.

VOLUME A-XvII — 1973 — N° 1



HAMILTONIAN POINCARE INVARIANT SYSTEMS 65

3. THE INDUCED LAGRANGIAN SYSTEM

a. Let us consider an H. P. 1. S. From (31) and (32) we have

(36) [fo)’ x(l')] =0, [xlt%?’ Pi] =0
where
(37) m(ix) = :#1 — xfx) (X, A=2,..., N)

According to the Lemma of paragraph 2 a, there exists canonical mates
of these 2N coordinates, xf,, P;, that we shall note n{ and Q/. In
terms of these 6 N coordinates, ¢ will take the form

38) o = dry A\ dni¥ 4 dQ! A dP..
From
(>
39) i(3,)o = —dp,
we obtain
(B)= -
(40) e(B)rr=0, £@)Q=—2.

On the other hand, from the third equation (30) and from the fact that ni*)
and Q! are defined only up to a transformation

(x W, OS , N
(41) m™M = x4 oo, (b, Pr);  Qt=0Q'+ P, (xhy, Pa),
it can be seen that no generality is lost by assuming that

42) £(T) = mknte, e (3 ) Q= ity QL.

The first set of equations (40) express that n{® are functions of zi,
and v, only.
b. From (12) we have

d:cfx)
dt

dvfu) T
df = Hix) = P (%)

i ] i
= Uiy =V — V),

(43)

where pf,, as the pl’s, are, as a consequence of the first set of
equations (11), functions of z{y and v/, and may therefore be considered
as functions of iy, v{xyand P;. But since from (1) we know that the P,’s
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66 L. BEL

are constants of motion it follows that the solutions of (12) with initial
conditions such that P; = 0 will satisfy the system differential equations

i i
dxfx) i dv(%) gk

44) = Yo o = P

where the p#)’s are the functions of iy, and v}, obtained from the pi,’s
by putting in these P; = 0. We shall call the system (44). The Induced
System at the Center of Mass.

d. We shall prove now the following theorem :

THEOREM. — For each H.P.I.S. the Induced System at Cenler of
Mass is Lagrangian.

To prove that system (44) is Lagrangian we have to prove that there
exists a symplectic form o* :

(45) o* = daly A drt

where the n7™ are functions of z!,, and vl,, and such that

NS

(46) e(H*)o* =0
>
where H* is the vector field of V,x_,, the cophase space of the system,
defined by
>\ . = .

47) o (H*)ahy = — oy, £ (H*) vhy = — it
Let us prove that equations (46) are satisfied if we define n}™ as the
functions obtained from the ={® of (38), which can be considered as
functions of zfy, vl and P;, by putting in these P; =0, i.e., by

defining o* as the symplectic form induced by ¢ on any of the hyper-
surfaces X, with equations

(48) 3,: R!= (! (consts.), P;=0.
Let us consider, in general, the family of hyper-surfaces with equations
49) 2: Ri=(, P; = P; (consts.).
%A 0
The vector field H can be written as
> = =

where _ﬁL is tangent, at each point, to one of the hyper-surface £ and Hy
is transversal. Let us write, on the other hand, the symplectic form (38)
as

(51) g = 0y, + gr
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HAMILTONIAN POINCARE INVARIANT SYSTEMS 67
with
(52) o = dziy A\ drn, or = dQ? A dP..

From the first set of equations (30), we have

63) £(H) o= 2(f) o + £ (Fr)or + £(H) or + £ (Hr) or = 0.

But from

(4) c(H)P =0 cHR=H"P
it follows that on 2, :

(55) Hyy, =0, Hpx, =H~

On the other hand

(56) oLy, = o*.

Therefore, considering equation (53) on Z,, we obtain
—> ( (= 1
67 £ (%) o* + | 2 (H%) dQt |z, A dP, = 0.

And since the first term does not contain any term with a dP; product,
both terms must be null. Formula (46), and thus our theorem, have
been proved.

Let us consider now more precisely the hypersurface 2* with equations

(58) S*: Ri=0, P, =0.
From

> . >
(59) e(3)Ri=v R, £(J)P = nt Py

it follows, using similar notations as before, that on 2* :

> >

>
(60) Jirex =0, Jives = J

>
where J% is the vector field of V;n_,, identified to 2*, given by the
relations

>\ >\ )

61) () aty = nfat, 2 (35) o=tk ol

By similar arguments to those used before, it is easy to prove that
—>

(62) (3) o = 0.

Let H* and J% be the Energy and the Angular Momentum of the
Induced System (44). Since H, the Total Energy of the original system,
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68 L. BEL
and H* are given by
(63) i(H)o=—an, i(f*)o* = —an

using the decompositions (51) and (52), together with (55) and (56),
we obtain

-
(64) i (Fi*) o* + i (F*) orvs = — dy Hyw — {dy H 5
where
0 ; J ., 0 ad
(65) d]‘ = ()—xg; dil:(x) + m dl)(x), dT = m—ldRi + m dP,

Therefore, up to an additive constant :
(66) H* = Hyu.
And similarly, we could prove that

67) 3t = T

4. GENERAL EQUATIONS OF H.P.1.S. FOR N — 2

a. From now on we restrict ourselves to the simplest case where N,
the number of particles involved in the system, is 2. The problem of
constructing H. P. I. S. is equivalent in this case to the problem of
obtaining ten functions H, P, J, K; and six functions z, (a=1,2)
of the 12 variables z, Q, 7; and P; such that :

1. ¢ — 2, =2,

2. The Poisson brackets (16) of these functions among themselves
satisfy the commutation relations (1) and (2).

3. The Poisson brackets of «}, with P;, J; and K satisfy the commutation
relations (32) and (34), where in the latter the v/’s are defined by (33).

In fact, let us assume that we have found such functions x, and H,
Pi, Ji, K, satisfying the conditions 1, 2 and 3 above. To the latter,
we can associate, using formula (24) and the symplectic form

(68) o =dxi A\ dm, + dQ! A\ dP,,

ten vector fields ﬁ, ji, ﬁ, f{i who by construction will satisfy equa-
tions (1), (2), (4), (), (6), and (30). On the other hand equations (31)
will be satisfied as a consequence of condition 1 above, and the parti-
cular form (68) of . Therefore, all the conditions of paragraphs 1 and 2
involved in the Definition of H. P. I. S. will be satisfied.
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HAMILTONIAN POINCARE INVARIANT SYSTEMS 69

Were it necessary to construct the functions pf’s of (12) they could
be obtained from : .

(69) o = [24, [x2, H]]

by writting these P. B. in terms of z, and 0.

b. From (68) we have
(70) f [xl’ xi] =0, [#, =] = 611: [, Q'] =0, [, P;] =0;
(1Q,Q1=0, [Q,P]=24) [mP)]=0, [P,P;]=0.
From (42) and from similar equations, satisfied by ' and P, we obtain
that the functions J; are

(71) Ji = ny (x/ T8 + Q7 PF).
From [P;, H] = 0, we obtain

oH
(72) Q= 0
and from [K,, P;] = ¢;; H we get
73) Ki=H(@Q' +f)
where the f”s are independent of Q/ :

oft
(74) oY = 0.
From [K;, H] = P; and (73) we obtain

JH
(75) P = H= P, —[f,, H]
and from [K;, K;] = — n; J% (73) and (71) we get
0 df; .

@ o i H (P — [P - S)
where
(77) Si]'=x[7’:/'—x/’7’.','.

Equations [J;, H] = O tell us that H is a scalar function and this can
be satisfied, equivalently, by considering H as a function of the scalars :

j X = ((1:1 x")‘/'l, T = (7T[ ﬂi)l/z, P = (Pl Pi)l/z,

(78) ( (x TL') =z T, (x P) = i Pz’, (71, P) =, Pt

Equations [J;, K;] = n;;x K#, taking into account (73), give
(79) Ua 7] = n/k f*
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70 L. BEL

and these together with (74) tell us that f/ are the components of a vector
independent of Q!. Or equivalently, that f! may be written as

(80) [ =fn 2 + foy n* + fi) P!
where f(;) are functions of the six scalars (78).

¢. From (32) we get

@81) x, = Q' + pl,

with

3 90, . i ik
( 2) dQ/ = 0’ [Jh 941] = M.k Pas

equations that tell us that p’, are the components of vectors, indepen-
dent of Q. To meet condition 1 above, we must have

(83) o —ph =Xt

From (34), where the v.’s are defined by (33), we obtain, taking into
account (73) and (81) :

B4) o %l g o, f] = H (H P Tous — fo HD (oo — 7).

These equations have to hold for a =1 and 2.
Using equation (76), equation (84) with a = 2 can be written

Ja:

85) S =25 fl — H-' [, Hl @ — H (f; P — iP; + P, — S:)
where

(86) a; = py; — [

And substracting equation (84) with a = 2 from the same equation
with a = 1, we obtain

of; oH
67 S =mep 41 (SR ) + [ Hg |

We may summarize the preceding results as follows :

To construct H. P. I. S. with N = 2 we need to obtain functions H,
fi and «; of 2, =; and Py, solutions of equations (75), (76), (85) and (87).
ft must have the form (80); «' must have similarly, as follows from (79),
(82) and (86), the form
(88) of =y &/ + ap w/ + am P/
and H, f; and o«;, must be functions of the six scalars (78). Thus we
have, all together, seven unknown functions of six variables.
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5. THE INTEGRABILITY CONDITIONS

a. Obvious necessary conditions which could follow from equations (75),
(76), (85) and (87) would be the conditions expressing the integrability
conditions :

9 (OH\ _ 0 (oH\
oP/\gPi] — gPi\gP/ ) —

9 (9 o), 9 "_ff_"_ﬂ) 9 (9 _ 9\ _
oP*\oPi ~ aP/) T GPi\ 9P T 9Pi) T 9Pi\gP/ ~ gpt) =

d gd/ ad dd/ =0
JoP+\oPi) = oPi\gPt) —
0 (9fri_ O\ _ 0 (0f}\ 9 (9P\ ¢
oni\ 0Pt JP/ 0P* \ oni oP/\ort)

We have in hand all the elements to effectively calculate these integra-~
bility conditions. Instead, the integrability conditions

9 (9 _ 9 (9fi\ _,
oank \ ont oni\ onk

can not be calculated because none of the general equations say anything
about the derivatives of a; or H with respect to n’, and therefore, they
could not give rise to new necessary conditions.

b. It would be extremely difficult to work out equations (89) without.
using an appropriate technique. This technique exists though : the
exterior calculus for p-forms with values in a Lie Algebra. We present.
below the main results which will be needed, using a notation adapted
to the future use of these results.

(89)

Let Q and X be respectively a p-form and a g-form

Q= ilgil...ip dPi A\ ...\ dPY,
(90) #
z =q—in,...jqui'/\.../\de‘l

where SZ,,”JP, E,-,...;,, are functions of x/, n;, Q) P, a coordinate system
of a symplectic manifold. Therefore, we know how to calculate the P. B.
of any pair of these functions. We define the mixed exterior product.
[2, 2] as the p + ¢g-form with components :

1

91) (€2, 2k, 5y, = p-!q—a?,'.‘.'.i’i;,i,‘;;i R 2, )
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This mixed exterior product has the following properties :

92) [Q + Qo 2] =[Qy, 2] + [, 2],

L, and L, being both p-forms.

93) [2, Q] = (= 1y [, 2],

94) [2, 3 A @] =[2, S]A® + (— 1) 3 A [2, @]
where A is the usual exterior product symbol and @ is a r-form
(95) @ = Loy dPh AL AP

96) (— [, [2, @) + (— D7 [3, [@, Q)] + (— 1)7[@, [2, Z]] = 0.
And finally,
97) d[Q, 2] =[dR, 2] 4+ (— D)7 [L, dX]
where d is the exterior differential operator.

c. Using this formalism, equations (75), (76) and (85) can be written
(98) dH =H—'P —[f, H],
©9) df = — LT+ H= (AP —S),

(100) do; = [a, f] — H'[2j, Hla + H> (f;P —P;f+ P« —§)),

of _ Hg—p, _,joH CHlz!
(101) P H—2P,xz+ H }_B—w—i(a + x) + [os H]xS
where
f = [ dP;, P =P, dP;, o = a; dPL z = x; dP,
(102)

S=1S,dP\dP/, S;=S;dP-
The conditions expressing that H is a scalar are
{103) [SSH +dH AP =0

and the conditions expressing that f; are the components of a vector
are

(104) [S,fl—df AP =0
or
(105) [S,fl+dfi NP+ fAdP:=0
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or

(106) (S5 11+ m (P A f) — Prdf = 0.

a and a; satisfy the same equations.

The Integrability conditions (89) are
(107) d@dH) =0, d(df) =0,
p 9
(108) dds) =0, d ((Ff) — 2 =o.

/

Let us work out, as an example, the first set of integrability condi-
tions (107). From (98) we get

(109) d (dH) = — H—dH A P — [df, H] + [f, dH]

and using again (98), (99) and (97), we obtain
(110) d@H)=—HMH'P—-[f,H)AP
| = AN AP =) B+ P [

Using now (92), (93) and (94), we get

(111) d(@H) = H> {[S,H] — [, HI A P} + %[[f, 1 HI —[f, [f, H]).

But from (93) and (96) it follows that the second line is zero. Therefore,
the integrability conditions we are looking for are equivalent to

112) [S,H] —[f, H A P = 0.

But these conditions are a consequence of (98) and (103). Thus, assu-
ming that H is a function of the six scalars (78), the first set of integra-
bility conditions (107) are satisfied as a consequence of equations (98)
and (99).

A similar calculation, but very lengthy in the case of the first set
of conditions (108), proves that the remaining integrability conditions (107)
and (108) are consequences of (98) to (105) (or the equivalent equations
to this last one).

Our conclusion is, then, that no more information is contained in
the Definition of H. P. I. S. for N = 2 than that information contained
in equations (98) to (104) [together with the analogous equation to (104)
for a.
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6. THE CENTER OF MASS FORMULA

a. Out of the equations (75), (76), (85) and (87), only the last one gives
information about the functions H, f; and «; themselves taken at P; = 0.
Let us make more explicit this information. Using (80), (88) and the
scalar character of H, f; and «; we obtain

(113) f& =a, =0;

of*
H* P (217;) =0, 2afy, + 1) + [«f), H¥],

(114) -
me o A6 — o @, 4 1)

where we have written
(115) [xis H*] = Dfn T + U?z) T

and the P. B. are those that correspond to the induced symplectic:
form ¢* defined in paragraph 2.

b. From (35) and (73) we have

(116) Rt = Q' + f*
and from (81), with a = 2, and from (86), we obtain
(117) Ri=ab — ol

And taking this formula for P; =0, from (113), we get
(118) Rf = —af,x + (1 + a}) T
Equation (118) tells us that, for P; = 0, the Center of Mass lies on the
straight line joining the positions of both particles.
From (67) and (71), it follows that
(119) J¥ =y ot wk
and therefore
(120) Jtzi=0.
Since by a space translation we can always make R} = 0 and thenz,,.
x5 and 2! are colinear, from (120) we see that in this frame of reference

(121) Jiz, =0, Jz,=0
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meaning that both orbits lie on a plane. This conclusion is obviously
invariant by space translations, and therefore general for frames of
reference with P; = 0, even though (121) are not.

c. It is clear that if the two particles being considered are identical,
which implies, in particular, that they have the same mass, from (118) it

follows that in this case af,, = L Substitution of this particular value

2
in (114) gives then
oty _o % _,

122) o(xn) on

and therefore, f, is a function of « only. But since from (41) and (73)
it follows that f*, has been defined only up to a transformation

=1 +2@

where 2 is an arbitrary function of z, we conclude that no generality
is lost by assuming f%, = 0. H* is then, in this case, the only function
which remains arbitrary to specify a particular interaction. The choice
of H*, which lies beyond the scope of this paper, will have to be made

on physical grounds.

Knowing «,, f% and H* equations (98), (99) and (100) would give,
at least, by formal power series expansions with respect to the variables P¢,
the functions «(, f;; and H.
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