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ABSTRACT. — We consider a uniformly bounded sequence { y; L)}
(j=1,2,...) of positive numbers depending on a parameter I.. The
numbers y; (L) become « dense » when L — oo in the sense that the weak
limit of the measure

Xole—v @]y (L) de
weak limit /= - = v (dc),

o PR

j=1

exists (¢ denotes Dirac’s delta), and their sum V @) =2Y/‘ (L) tends
j=1
tooco when L —co. In particular this situation arises when v, L) =c Il, )
(j=1,2,...), c(k) being a non negative continuous bounded function
falling more rapidly than k- as k — co.
Then defining the numbers

&= Y nOnL)...1 L),

i1 < /s ma s < in
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which are generated by the infinite product

T+ @1 =Y a2,
j=1 n=0
we study the existence of some limits of the type

n _ . 1 L. n _ . a!i

o(v)= 1m et 3(3)= o g
L>» b=
_"_zconst.

v L —const.
(L V(L)

We prove that a necessary and sufficient condition for the existence
of such limits is the existence of the limit measure v, and we find simple
relations among g, {, etc. The above problems have been suggested
in connection with some recent research in quantum statistical mechanics,
where they find some applications. Extensions to more general sequences
{77 (L)} are discussed.

1. Introduction and notations

The analysis of the mathematical structure of the thermodynamic
limit of superconducting systems has recently [1] given rise to some
problems which seem of interest for the pure mathematician. The
following situation has been met :

Consider a function ¢ (k) defined on the positive real axis and call

R.=!k:k= 2—L7Ej, j=1, 2, 3, 2 a lattice on the positive axis

with spacing 217} .

Given a positive integer n we define

(1.1) = Y ck)elk)... clk)
ky<kg...<kn
=% 3 ek e ). c k),
kit ks.. . Fkn

where k;e€R;.

These numbers are the coefficients of the power series expansion of
the following function :

(1.2) fr@=0+zc]=Nza; da=1

kERL n=0
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The assumptions on ¢ (k) such that (1.1), (1.2) make sense will be
discussed later in detail. For the sake of clarity in defining the problem,
in this section we make very stringent assumptions : we assume c (k)
to be a continuous bounded monotonic function decreasing at least
as k==, (¢ >0) as k— + oo.

The physical interpretation of the above objects suggests the inves-
tigation of the asymptotic properties of the numbers a; as L — o,
n — oo.

Simple combinatorial arguments using the decomposition of a permu-
tation into a product of cycles [2] lead to :

o) (@8 (an)

iU 251 T minj, 1’

(1.3) o = by (= 1)iticte-.

Ji+2ja+. o mim=n
where (')
L/ 1
149 =Y c@ky= 27(/ c(k)pdk)[l n O(E)]‘
kERL

It follows that

(1.5) ak:%([wc(k);—fr>n[l+0<%>]n
_ % (T]:_%<f0”c(k);—fr>"_2fowc(k)ﬁg—fr
x [1 + o (%)]_1 + 0, (L% L~

Therefore if L. -o0 and n is constant we see that the asymptotic
behaviour of a% is dominated by the first term of Equation (1.5). If
n
L
true since the number of terms contributing to the R.H.S. of
Equation (1.3) is rapidly increasing with n. Let us call T.limit (%)

L — oo but - tends to a constant value d << -+ oo, then this is no longer

the limit performed when L — o0, n —> oo, % —d, 0 =Zd<00. We

see that the study of the asymptotic properties of the coefficients ak
in the T. limit makes sense and is non trivial. A simple use of Stirling’s
formula shows that the logarithm of the first term on the R. H. S. of
Equation (1.5) is asymptotically proportional to L in the T. limit.

(') We shall often use symbols of the type O (z), O’ (x), O” (x), O; (x), to denote
functions which tend to zero as x - 0.
(®) « T » stands for « Thermodynamic ».
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This suggests asking whether the T. limit

(1.6) g (d) = T.lim L log a5,
exists.
The consideration of the « leading » term in Equation (1.5) suggests
asking whether the limit
L
1.7 ¢ (d) = T. lim a‘,f" ,

n n+1
>4

exists. Another interesting question is the following : suppose we
fix a point k; R, and define

1 K
(1.8) ak (k) = — ¥ ct)ek) . ctk);  a (k) =0,
ka,k/iz?‘ﬁ.,éikn

Ky
where Z means that the set { k,, ..., k.} contains k%; the nwe expect

that a% (k%) and af have the same asymptotic properties in the T. limit.
More precisely, we can ask whether the following limit exists

L L
(1.9) ou (ko) = T. lim 20,
%}d n
k?-) ko

k, being a positive number. If all the above limit exist, are they uniform
in d ? And can we find an « explicit » expression for their values ?

Section 2 recalls and generalizes the results of [1], and is meant to
provide the basic technical tools for the proof of the main theorem of
the paper which is presented in Section 3.

The methods of Section 2 are combinatorial techniques used in [3], [1];
they give results stronger than usual since it is possible to give a closed
form to El;n L—tlog f* () [see Eq. (1.2)]. Clearly

im L log 1 () = [ ok} k
110 lim L logf(Z)—fo 2K tog [1 + z¢ ().

Section 3 can be read independently from Section 2 provided one
accepts theorem 1 and inequality (2.14). This Section is devoted to
the study of the following general problem : the questions raised in
Equations (1.6), (1.7), (1.8), (1.9) can be regarded as concerning the
asymptotic behaviour of sums over a set of points which becomes « uni-
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formly dense » on the positive real axis. A similar but more general
problem of « dense sums » can be formulated as follows : let L. denote
a real number and give for each L a sequence of positive numbers

{vvL)} G=1, 2,...); suppose ]
1.11) swpy;Q)=A<+o0; V(L) =¥7 (L) < + oo

i—=1
Consider then the infinite product

1.12) e =i +zv@ =X z=d

n=0
which implicitely defines the ak. Clearly if we choose v; (L) =¢ <2 7J >

we obtain Equation (1.2), and V (L) becomes equal to o} [see Eq. (1.4)],
which is asymptotically proportional to L.

Assume that V (L) —> o0 as L —> oo, and let us investigate the asym-
totic properties of the coefficients a} in the general case. Intuitively
we expect that the role before played by L will now be played by V (L).
Indeed we shall show that a necessary and sufficient condition in order
that Equations (1.6), (1.7), (1.9) hold [with L replaced by V (L)] is
that, defining a measure ., (dc) over the positive real axis as

(1.13) o) =X 0le — 1, VI gy

i—1
(0 denotes the Dirac’s ¢), the following limit exists :
(1.14) weak lim ¢ p, (dc) = v (do).
L>

In other words, for any continuous bounded function ¢ (¢) we must
have

(1.15) lim f o () e (d) = f T @) v (do).

Notice that, due to the identity f ¢ pr.(dc) =1, there are always (%)
0

convergent subsequences of measures even if the limit (1.14) does not
exist.
The fact that Equation (1.14) is a necessary and sufficient condition

for the existence of T. limits like T. limV 9 log a constitutes a strong

generalization of the analogous result obtained in [1] concerning the
case of a bounded monotonic function. As will be seen in para-

(*) Notice that because of (1.11) the integration is over [0, A].
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graph 4, given an arbitrary non-negative piecewise continuous
function ¢, it is possible to group together points of the k-axis at which ¢

assumes the same value, by means of the relation y; (L) = c<2—E—J>

Since the points v, (L) become « dense » when L. — o0 in such a way
that the limit (1.14) exists, we obtain the above mentioned generalization
of the results of [1]. Finally, the following extension of Theorem 1
of [1] is obtained : we prove that all the T. limits (1.6) through (1.9)
exist even when c is singular for k — 0, provided log[1 + ¢ (k)] is inte-
grable on [0, ¢] for some ¢ > 0.

2. This Section is devoted to the proof of the existence of the limits
[(1.6)a (1.9)]. Since part of the techniques used are standard in modern
statistical mechanics, and part of the details can be found in [1], we shall
omit the more elementary steps of the proof.

THEOREM 1. — Let c (k) be a non-negative decreasing function defined
on (0, 4 o) and suppose :

(i) log[1 + ¢ (k)] is integrable on [0, c] for some > 0;

(i) 2 ¢ (k) < 4 oo for some L and for k* > 0.

B>k
keRry,

Then the limits (1.6), (1.7) exist and the limit (1.9) exists in all
points k, where ¢ is continuous. Furthermore, defining

d* =inf{d:g(d)= —o0},

all the above limits are uniform in d for d belonging to any interval
[di, d:.], where 0 < d, < d, < d*.

Proof. — Let us prove first the following inequality
2.1) AN YW R

ny+ng=n

Since the lattice R,;, = { k:k = Ej,j =1,2,3,... } can be decomposed
as Ry UR;, where Rj is obtained simply shifting the points of Ry of

an amount 17—1: to the left, we can write
(2.2) al = > ockye(k). ..
ny=0 /(‘,<k,.“</c,,1
k,-eRL

ey X clk) e ). .. ek ).
i<k o <kl
ki €Ry
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Due to the decreasing character of ¢, when we substitute in the last
summation Ry in the place of R}, the value of the sum decreases. Setting
n — n, = n,, we obtain inequality (2.1). In particular for n = 2m,
and picking only the term with n, = n, = m, we have

2.3) as, > (a5,)
Let us set now G (L, n) = %log a%, and consider the sequences

2.4) L, =21L; n=2dL, fori=12...

where L, > 0 and dL, is integer. From (2.3) it follows that the sequence
{ G (L, ny) | is strictly increasing. Let us now assume that sup ¢ (k) < oo.

Then, since Z ¢ (k) < o0, ¢ is summable (*) on [0, + o) and we have
kER

< > c(k)>"
keRr L~ ” dk\"
L L ).
@.5) ik <~ = ([ Cewar)
Hence using Stirling’s inequality logn !> nlogn — n, we obtain
the bound

(2.6) G(Lz,ni)éd[l —|—log}1fmc(k)§—1:r]’ Vi

Therefore the lim G (L;, n;) = ¢ (d) exists, and it is easy to prove,
i>w

using the arbitrarity of L,, that the same result holds when we take

the T.limit of more general sequences than (2.4). Inequality (2.1)

can be generalized as (see [1])

@2.7) s Y dndy

ny+ng=—n

and it can be proved without difficulty that this inequality implies the
concavity of ¢ (d) :

@2.8) gladi+ (1 —a)d]>ag@d)+ (1 —a)g(d); 0=a1.

(*) We have

/wc(k)dkézrﬂ Z ¢ (k).

Jaq
T ke,
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It follows the continuity of ¢ (d) as well as the uniformity in d of the
limit (1.6) for de[d,, d.], 0 < d, < d. < d*.
The limit

@9 p@=lm g/ @ = [ logll +z ®] 55

exists for all z > 0 since log[1 + zc (k)] << zc (k). On the other hand
the uniformity of the convergence of G (L, n) to ¢ (d) allows us to apply
the maximum term (or saddle point) method to find a relation between
p () and g (d) :

2.10) p() =1lim I%max log ak zr = max [dlogz + ¢ (d)]
L>=» 'fi<d* 0ld <l d¥

=d@)logz + gld @] (),

where we have called d (z) the value of d such that d logz 4 ¢ (d) is
maximum. Indeed there exists only one such value since p is every-
where differentiable (see [1]).

Differentiating the expression dlogz 4 ¢ (d) with respect to d, we
we obtain

@2.11) ¢'[d @)] + logz = 0.

Hence from Equations (2.9), (2.10) we obtain by differentiation

dp dd dg d(z _d@ _ [~ c dk
(2‘12)d‘z_ﬂ[l"g“Laa]d:d(;,Jr“z—‘“z—_ TFze® 27

0
i.e. :

@.13) d(2) = wl—jzrc—z(?@%,

which implies in particular that ¢ (d) is differentiable in d infinitely
many times and is analytic in d in a neighborhood of 0 <d, <<d<<d,<<d*.

Let us prove (%) the existence of the limit (1.7) : from a direct compu-
tation (see [1]) or also using the theory of entire functions (see [4]) one
can prove that

(2.14) ?IL > ak{1 n + 1 > a‘r;;tl .
An—q a, n a,

(°) It is easy to verify that af vanishes if ¢ has compact support and % is large

enough. From this follows the bound % < d*.

(*) This procedure is similar to that used by Dobrushin and Minlos (see [3]) for
proving the continuity of pressure.
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By repeated application of this inequality we find

L L
Ao _ an+a an” 1 an+1 a, \*
(2.15) S ;

L L
an an—a—o& 1 an—Hl an Ap—q

where « is any positive integer. Therefore

1

L L F
(2.16) af" > <‘ia¢_> = exp{f I%(log at. . — log ab).

—1 n

Letting L — oo, %—»d, ¥ ¢ we find

2.17) lim inf -2 @ Aexpg(d_‘_s)_g(d); e > 0.
L> an_, g
E-)d

Analogously from

a ar ain—a-H ar \*
(218) allfzx - a;I{—1“. a}z-—:x - (alrl—l> ’
we get
(2.19) 11m  Sup o " = expg(d) — g(d — 8); e > 0.
Il—l
i%«i

Letting now ¢—> 0 and using the diﬂerentiability of g(d) we find

L
(2.20) T. lim af"

n—1

where z (d) is the inverse function of d (z) [see Eq. (2.11)].

From the uniformity of the convergence of G (L, n) to g (d) it follows
the uniformity of the convergence of (2.17), (2.19), and then of the
T. limit (2.20), for deld,, d;], 0 < d, < d, < d*.

Let us now consider the limit (1.9); from the definition (1.8) of aX (k)
it follows that

3

(2.21) D ak (k) 2 = zc (ko) ]+ zc@l
Py
Therefore

>k (ko) 2
(2.22) n=0_ —

N e
n=>0

z ¢ (ko)
1+ zc(ko)
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From the existence of the T. limll:log al; z¢ it follows that o z,

considered as function of n, is strongly peaked around the value n = d (z) L.
for L large. The same result holds for a% (k,)z". Let us now take

the T. limit of both sides of (2.22) keeping k, fixed ( this is possible for

instance letting L — oo along the sequence L;=2!L,, L,> 0, and

assuming k, € U RL,)- Since only terms with n ~ d (z) L are domi-
i=1

nating in each summation, it is not surprising that

al (k) z(d)c (k)
(2.23) T lim = = T @ e (k)

n_ n
EAd

A rigorous proof of (2.23) has been given in [1] and therefore is omitted.
The proof follows from (2.14), (2.20) and implies also the uniformity
in d. On the other hand we will show later that

L L L
(224) .aL(Q — a; (ko) _ 1 a;

e — S 2 B e — e (k) |

Assume now that k, is a continuity point for c. Then Equations (2.23),
(2.24) and the uniformity of the T. limit (2.20) imply Equation (2.23)

also for k, not belonging to the set U Ry. The T.limit (1.9) exists

i=1
and is clearly uniform in de[d;, d;], 0 <d,<<d,<<d*, and in k. It
remains only to prove the inequality (2.24) : From the definition (1.8)
we have

2.25) ab (k) = %c(ko) ) e ). e (k)

kiE k)
kiilio
1 ~
S [c(k)c(ko) N ck)e k). .. clns)
Rtk
ki #koy k

tol) Y ck)ek)...c (kn_l)].

kAR
kiF ko k

Subtracting the analogous relation obtained interchanging k, and k
we obtain

(2.26)  aj; (ko) — a; (k)
- %[c (ko) — c(k)]ﬁ 3 clk)e k). .. c k),

kit kj
ki ko k
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from which (2.24) follows. Therefore our theorem is proved under the
hypothesis sup ¢ (k) < 0.

Let us now drop this restriction, so that ¢ can be a non-summable
function. We notice that inequality (2.7) still holds, while (2.6) has
to be replaced by a different upper bound since ¢ might be not-summable.
If we could find such an upper bound the proofs given before would
hold unchanged.

Let d=% and 0 =% < 1; define » = 2 = d and
/=O for k>X,

o) (k
‘ ()\:c(k) for k= x;

(2.27)
= c (k) for k> x,

=0 for k=«

We denote by a;", a;" the expressions obtained from af replacing c

no

respectively by ¢, c¢it. Clearly from (1.1) it follows that
(2.28) at =Z ayt ail,.
k=0

Notice that ap® =0 for k¥ > nf since n{ is the maximum number
of distinct k’s that fit in [0, x]. Furthermore we can write

(2.29) at = N clk)e(k)...ck)

ky <keoo. <kp<n

h
= Z exp Z log ¢ (k)

ky<kgo..<kp<x i=1
= X exp Y log[c(k) +1]
ky<kgo..<kp<n k=x

é<nh£> exp%foxlog [c (k) + 1] dk,

L)

2.30 1L
( ) a,_, é (Il — h)!

)
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<c is summable on [x, + oo] since it is decreasing and Z ck)y <+ oo>.
(n — h)y "

Therefore, using Stirling’s inequality (n — h) I > )

/ » dk \ n—h
@31 = i("f)(%)

n—nh

h=0

X exp-z%f log[c (k) -+ 1] dk

ut Le wc(k)d_’f>"—"
= 2<Illz£)<_‘nf(1ﬁ—g)2—7i

h=0

Xexpz—IJEfoxlog[c(k)—kl]dk
=<exp%/ 10g[c(k)—|—1]dk>

<"(1 5., @2 >Q1 eLnf(lc(zo—)

which gives a bound for G (L, n) of the desired form.

The inequalities (2.14), (2.24) still hold since they are purely alge-
braic. Therefore the limits (1.7), (1.9) exist and have the same uni-
formity properties as before. The theorem is proved.

An interesting example is given by taking c (k) =k°, p> 1.
This example has been studied in detail in [5]. The coefficients a% have

np
the simple L-dependence al; = <2—LE> bn, where b, does not depend
on L. The existence of the above limits allows extablishing simple
properties of the coefficients b,, like for instance

1
(2.32) lim log b” ne :2%‘) +olog2nd, Vd,
no>w
0 dg
(2.33) lim g n = (2 7 d)? exp dd’ Vd,

where ¢ (d) = do [1 — log <2 dp sin 7—;—)], of course the right hand
sides of (2.32), (2.33) do not depend on d.
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3. Let us now consider the second problem mentioned in the intro-
duction, i. e. the problem concerning the asymptotic properties of general
« dense sums ». We shall prove the following theorem :

Tueorem 2. — Let {y; (L)} be a sequence of non-negative numbers
depending on a parameter L. Suppose :

(1) The limit (1.14) exists;
() supy; (L) <A < + o0
/s

i) ¥y @) =V L)< +ow;
@iv) glin V(L) = + oo.

Then defining the coefficients a; by formula (1.12), the limits for

n . o s
L — o0, Y@ —d (that we shall still call T. limits)
L
3.1) T. lim gy (L) log ai; = g (d),
3.2 T. limc"l—;‘ =z (d),

n

exist for all d > 0 if and only if the limit (1.14) exists; if they exist
they are uniform in d for de[d,, d.], 0 < d; < d: < d* where d* is the
greatest lower bound of the set of d’s such that g (d) = — co.

Proof. — The idea underlying the proof is to construct, by using the
measure v (dc), a monotonic function k (¢) with inverse c (k) such that

the set {c(VzTi) ]>} j=1, 2, ... essentially reproduces the set
{v;(L)}. Then it will be shown that replacing v, (L) with ¢ <V2 (7;4) >
in the definition of the af the limits 3.1), (3.2), if existent, are not
affected and then use theorem 1 to prove their existence.
Let us first assume that inf v; (L) > %> 0. Let N be the set of
j, L

points (atoms) in the support (contained in [£, A)) of v (dc) which have
non zero measure. N is countable since v is normalized.
If E denotes an interval, then

3.3) fE“L (de) = { number of Y‘,’ (if))ntained inE} 1\\1;((]_‘]5;) < + .

This formula suggests the definition of the monotonic function

(3.4) k(c)=2nfwigt).
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Let c (k) be the inverse of k(c) [this function has discontinuities
where k (c) is constant but is otherwise unambiguosly defined]; k (c) = 0
for c> A and ¢ (k) =0 for k> k(0), but ¢ (k (0))>f > 0.

The set of points where ¢ (k) has discontinuities is at mostd enumerable;
to each of these points kj, (j = 1, 2, ...) there corresponds an interval
with endpoints c;, ¢;. Call M this denumerable set of ¢’ s. Divide the
interval [£, A) into the union of a finite number of semiopen intervals
[0 0uy) for i =1, 2, ..., 7.) such that 6,¢gMuUNfori=1,2, ...,
6z‘—H

9
that I}l;ri pL({d:}) =0, the weak convergence of cp(dc) to v (dc)

and log <& Then by the Alexandroff theorem (see [6]), and using

implies that
3.5) lim s, (de) = v (de)

L>o J18;, 8i44) 18, Gi+4) ¢

It follows that the number of y; (L) belonging to [d; ;) is asympto-
tically given by

3.6)  Nu([ ) = V (L) . (de)

P
(035 Oiqq)

=V(L)[ ﬁi’m»(fo + 01‘<sz)>]'

On the other hand in the interval [k (d:..), k (9;)] fall a number

@) N0 s) = TEkG) — k@] £4; 0ZAZ1,

of points of the set §V2 (TIZ) J } (=12, ...), and since
3.8) k@) — k (unr) = 27rf “—(gc—),
1855 Bi-ta)

we see that lim 1:& =1 for each interval [J;, 0:) such that

L>x» NL
k() — k (8i0) > 0. N
We shall now construct a new lattice of points { \—;?T) J } (G=12...)
with V- (L) < V (L) in such a way that :
A (5 R
O =@ =
(2) the number N; of points of the lattice falling in 8, [3,) is- not
greater than NL ([Si, 6i+1));
(3) no points of the lattice is a discontinuity point of c.
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k(3) — k (3

Let us set b, = o 1) fori=1,2, ..., .. We define

o1 )L 1.
3.9) V—(L):V(L)[l —  max ! <V (L)>’+V(L)],

4,6 >0 b:

where 2> 70, > 1. Relation (1) is clearly satisfied. Let us check
relation (2). We have

N —Ni =V (L) b +V(L)O( 1 >

\T(D)
—V(L)[l — L max {Oi<ﬁ2'+-\%] b + A,
L b >0 i

where [A| <1 and 7, > 1. Hence for L large enough

NL~NzEV(L)0( +V(L)IO< |+1+ax0.

v (L)> v (L)>

It remains to prove that it is possible to choose 7, in such a way that
also condition (3) is verified. Clearly there exists a real number A such

that all the — ( Jj=1,2, ... and k; denotes again a discontinuity point

for c) are lrratlonals, and any lattice with spacing r A (r rational) has
empty intersection with the set { k; |.

We define @; and @~ through Equation (1.1) by letting k run through

. T . 27 . . L

the set of indeces v Js = J,» respectively. Finally let af

be the number

(3.10) ar= ¥ pO7L...7O),
J1<Jse oo <Jn

where the y* (L) are the elements of the countable set

e o= fd(Emnlvino

hk=1

and the points Y} (L) have been chosen in such a way that in each inter-
val [d;, 9:1,) the number of points belonging to the sets { v% (L)} and
{ v/ (L)} respectively are equal. This choice is clearly possible (and
can be performed in an infinite number of ways) since N > N{ in each
interval [d;, 0:41) [see condition (2)]. Therefore we can extablish a
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one-to-one mapping between the points y% (L) and y; (L) belonging
to the same interval [6,, 0iv1). Since the intervals [d;, d;,) have been

chosen so that log — 6 < ¢, we find

i+1
- i (L) H—l
e < )
i+1 Y/ (L)
and hence, using the inequality
N\
Ty
P o
min —= < ~Z max — for 2,>0, 7,0
o Ya S‘ o Yo
i Y2
o2
we obtain
ab*
3.12) e—i"éa—"LéeE".

Furthermore, from Equation (3.11) it follows that
3.13) ar =Y @, aY,

where the meaning of a}’ is obvious.
On the other hand for each interval [d;, 0;.1) wWe have

N =N = (N0~ 8) + (R = 8) = 07 () V @O,

& 1
because Ny — N, = O; (V (L)> V (L) since
lim N —1 and N — i =0, ( 1 >V(L)
L>w NL V (L)
since lim &) = 1. Taking into account that all y; (L) are not
Lre V- (L)
greater than A, we obtain the bound
(3.14) = ¥ @O 1L
K<k <k

[2 Y (L)]" i AV o(yg) |

= n! - nl
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where

*(v@) = § (vm)

Therefore

_ar 2 gy 43 () [2v oo (ym)|
ak_ k L—

k1 ’

where in the last step the inequality (2.14) has been used. Extending
the summation up to infinity, we obtain

az* @ 1
3.15) g exp[an AV(@L)O <V (L)>]
1 ~r av-, .
Since the limits T. lim log @k~ = ¢g(d) and T.lim = exist
vV-(@) @
V= > =m 7

and are uniform in d and independent on ¢ (see Theorem 1), it follows
that

] 1 *
3.16) T. hmV @ log ai* = g (@),

\(L)'*d

uniformly for de[d,, d:), 0 < d, < d. < d*. On the other hand from
Equation (3.12) we have

. 1 ak* ak*
3.17) ll‘{(rll)ilip T log - o lv‘fﬂ ;rif N (L) log ar zed,
v~ VL) (L) vig 7

so that finally we obtain

L
(3.18) T_) h;r;V (L)log at = g (d),

and by combining (3.17) with the uniformity and ¢ independence of
the limit (3.16) (at fixed ¢), we deduce the uniformity in de[d,, d.]
of the limit (3.18).

It is now clear the reason for introducing the spacing V—L?L): if we

had chosen V (L) in the place of V— (L), in some interval [¢;, d;..\) we

would have N > NL, in other intervals N << NL, so that it would have
been impossible to use a formula of the type (3.15).

ANN, INST. POINCARE, A-XVII-3 15



212 G. FANO AND G. GALLAVOTTI

Having proved the existence of the limit (3.18) we can easily obtain
the remaining results; we can write

3.19) f l"i(lTJrz—c)v(dc)= lim f log (1 + z¢) s, (d)

= Im &5 (L) 2 log[1 + z 7, (L)]

—'L_l:Tm Y@ (L) log l—l [1+zy; M)]

= max [g(d) + dlogz],

0Ld <d¥*

where in the last step we have applied the saddle-point method (see [1],
formulae (70), (71)]. The maximum is attained in only one point d (z);
g (d) is differentiable and we have

(3.20) ¢'1d )] + log z =0,
1
3.21) d(z):zfm»(dc),
.
3.22) T’.Lhm — =2z (d); 0<d<a*
o "

Formulae (3.20) through (3.22) can be proved by the same procedure
used for proving Theorem 1.

We drop now the condition inf v; (L) > £ > 0, assuming only that
L,j

the v-measure of the origin is zero. In the following we will see that
even this assumption is not needed.

Let ¢ > 0 denote any number such that v ({ ¢}) =0. We divide
the set {y; (L), j =1, 2, ...} in two subsets : the set of y; such that
v;> ¢ and the set of v; such that y; < e Then defining a%! in the
usual way but considering only the v; > ¢ and a%* by considering the
v; < ¢, we have

(3.23) ab = 'y ai?,
=0
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Therefore, by the inequality (2.14) we can write

: [ 3y <L)]*
Yi<t

at .
3.24) 1é(—1£¢7 ZZaLi = (aLi

k=0

= exp [ Z 0 (L)]
yj<e

k!

and since
(3.29) So0=vO [ cm@,
A

we have, by the Alexandroff theorem [6] applied to [0, ¢) :

(3.26) lim 5 (L) ORI fo "y (do).

1<z

Therefore from (3.24) it follows that

3.27) 0ZT. llmv DlEs ¢ @=2@ f "y (do),

v~

where we have denoted by ¢° and z* the quantities analogous to ¢ and z

dg
dd

when ¢ - 0 and f v (de) 230 by assumption, it follows that the limit
0

obtained considering only the y; > ¢. Since z° (d) = exp - is continuous

(3.18) exists also in this case, and is uniform. The existence of the
limit (3.22) follows easily applying the same techniques as before.

We now drop the condition that the v-measure of the origin is zero.
We set :

(3.28) s (L) = sup 1; (L) = max y, (L)

We consider first the particular case when lim yn. (L) =0, and
L>w

we keep the conditions (i) through (iv) of Theorem 2. Then we shall
prove that the limit

(3.29) T. lim g7 (L) log at = ¢, (d),

iG>

exists and is given by

(3.30) g (d) =d — dlog d.
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Let us prove Equation (3.30). We call « elementary mapping » a
mapping © of the sequence {v; (L)} into another sequence in such a
way that : (1) Only two y's, say Yo and yg (v« > yp), are modified.

2) Y« Sy 4 A, 18 5 Y8 —A (A >0). Clearly these elementary
mappings leave V (L) invariant. Suppose now for simplicity that
v
Ymax
needed). Itisclear that by means of an appropiate sequence of elementary
mappings it is possible to transform { y; (L) | into a sequence { Y} (L)}
having n,,. elements equal to y,., all others being zero. Let at denote

= Nnu IS an integer; (otherwise only minor modifications are

the expression E 1 (L)... ¥, (L). @) can be evaluated explicitly,

. J1<js o <jn
and gives -

@3.31) @F = e (L) (”n>

Let us now verify that under an elementary mapping the value of aj;
decreases. We can write

JiF Tk JiFTk
ji7%,8 Ji#a,B

(3.32) at = ll[YaYB 2 Vi () e Vo (L) + 70 Z i (L) e 7 (L)

1;¢1k JiF ik
JiA% B JiA %8

1 Y @O+ N YA(L)---Y/‘"(L)_J'

Under an elementary mapping, the variations of the second and
third term of Equation (3.32) cancel, the fourth term does not change
and the first term decreases since

(3.33) (Yz+A)(YB_A)=YaYp—A(Ya—Yp—|—A)<Ya'm.

v (L) ,

Therefore a% > a; on the other hand a}; = ——— - Hence

n —

v (L)”_

(3.34) log a ;- log at = log

\Y (L) rEY (L) (L)

Using Stirling’s formula, and the condition lim Ymax (L) = 0, it is easy

to deduce from Equation (3.31) that T.lim V}L) log af = ¢, ().

V(L)—>d

vay tends to the same limit, we obtain the result

n!

1
Since also —— Z () log
(3.30).
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Consider now the general case
3.35) v (dc) = ad (c) dc + (1 — a) v’ (dc); O<a<l,

where the v’-measure of the origin is zero. Suppose ¢, is a positive

sequence such that lim ¢, = 0 and such thatv'({sn}) =0form=1,2, ...
m>
(i. e. such that v’ has no atoms at the points ¢,,). From Equation (1.14)

and the Alexandroff theorem it follows that

(3.36) V—}—L—) Y o=+ a)f"',,f(dc) + 0, (i)
Y 0

JL<Em

Em

Notice that lim lv’ (dc) = 0. For given m, there exists an L (m)
my>® J
such that for L > L (m), 0<]1> < L dim L (m) = + o0, and the
m-> o

sequence L (m) is increasing. We call m (L) the inverse function of

L (m). Clearly m (L) > o as L -»oo; therefore limze,q = 0. Let
L>w

now £; (L) denote the characteristic function (thought as a function
of j) :

(3.37) £ (L)/ =1 if Vi L) < enws
: j

\ =0 if Y (L) é Em (L)

We decompose the sequence { vy, (L)} into the union of the two
sequences

@.38) v =v@Ly @)y v =v,O)[1-5D)]
Clearly defining the measures

g W (de) = ¢3¢ — v (L»V%;

j=1

(3.39) -
( W (de) =, o (c—7) (L))%»

j=1

we have, using (3.36) and Om(L)<Il;> < r-r%L):

(3.40) wegi( lim v§”’ (dc) = «d (c) dc; weak lim v{*’ (dc) = (1 — «) v’ (dc).
® L>w
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We denote by a;%, a;' the expressions obtained from a% replacing
{y; (L)} respectively by {v% (L)} and {y!(L)}. We have, as usual :

(3.41) at -—2 agt aily.

In order to find the T lim o~ V (L) log ot we use the maximum term
v (L)

method. Since Llim ¢mq = 0 we van apply Equation (3.30). Therefore
>

)
o —§ — ~.
(3.42) T. 11mV O log a}t = 0 — dlog 5

VlL)

Since v’ ({0}) =0 we know that the

. 1
T.1 [———1 };L] = gt (d
n lmd V(L)(l_a) Oga g ( )

VIOn—o)

exists. Therefore

— &

d— o
(3.43) Ky 11m v (L)log @l = (1 — %) gm( >

‘ (Li

It follows from Equation (3.41) that

0 d—3¢
3.44) T. hmV © log a} =Uiréa<xd [6 — Slog; +(1 —2) g“)(l — a)]’
V(L)—

and the maximum can be determined by differentiating the R. H. S.
of Equation (3.44) with respect to 6. The remaining results [Eq. (3.21),
(3.22)] follow easily.

Finally we notice that the conditions of convergence of ¢ p, (dc) — v (dc)
as L - oo is not only sufficient for the results of Theorem 2 to hold but
also necessary. In fact the measures c p; are positive and normalized
measures on the compact [0, A]. Therefore they form a weakly sequen-
tially compact set, and if there were two different subsequences conver-
ging respectively to v, and v. (v, Z v,), the limits

® A
1 . log (1 + zc)
V(—m‘logngo (11"“ Zr — [ Vi,e (dC) '—‘—C_“—’
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would differ over the two sequences and would yield different g (d)'s.

<Expanding the logarithm in powers of z we find that the transform

A
f v (dc) M uniquely determines u>.
0

4. Further results and concluding remarks

1. In Theorem 2 we have not included the natural generalization
of the formula (1.9). This generalization is provided by the following
Theorem :

TueOREM 3. — Let ¢ be a point internal lo an inferval (c, ¢,) where
k (c) is strictly decreasing and continuous. Then the above limit is uniform
in d for 0 < d < d* and has the value

aGilyy W] z@)ec
(3.45) T. lm; a’n =Tr:@¢
v
¥ (L)>

This result can be somewhat generalized to include also points which
are continuity points for both ¢ (k) and k (c). However we omit the
proofs related to these results since they easily reduce to the ones
presented for Theorem 1.

2. The results obtained in paragraph 3 allow us to drop the hypothesis
of monotonicity of the function ¢ that was used in proving the Theorem 1.

Indeed let c¢ (k) be a non-negative piecewise continuous function
defined for k> 0; we suppose that A = sup ¢ (k) < + o0 and sup

k>
¢ (k) k'+ < oo for some : > 0 and some k. ’

Weset vy, (L) =c¢ <2T ]> forj =1, 2, ... and we consider the measure
Dedle — v (L) de
(3.46) vy (de) ==
pRAU!
j=1

Suppose now that ¢ (c) is a continuous bounded function defined on

the interval [0, A]. We have
S () e[+(9)]
(3.47) f % (¢) vy, (de) = /= — .
(TJ)

l%s

~.
Il
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Hence the weak limit for L. - co of vy, exists and defines a measure v
such that

fc@ﬂmwk

f ¢ (k) dk

Therefore the numbers v, (L) are such that Equation (1.14) is satisfied,
and we can apply Theorem 2 : the limits (3.1), (3.2), (3.45) exist and
this implies the existence of the analogous limits (1.6) through (1.9).
In this way a strong generalization of Theorem 1 has been obtained.

(3.48) f@@ww—

3. Theorem 2 has been proved under the condition sup y; (L) < -+ co.
J, L

Of course it is possible to generalize this condition and replace it by
additional assumptions on the measures py, and their limits as L — oo.
These new assumptions can be found by considering the set {y; (L)}
divided in two parts :

(3.49) Jr={jv;,L)=1},
(3.50) J-={jry L)<l
Then we define
(3.51) V)= Ylog[l + 1 M)+ Xy @)
jert iel—

and we require that the measures

Moedlys (L) —clde
(3.52) vy, (de) = ¢ pu, (de) = -2

V(L) ’
converge weakly to a mesure v (dc) over all the bounded closed intervals
[0, A], A < + oo, and that sup f log (1 4+ ¢)—— s (dc) < - oo.

We do not reproduce here the purely technical calculatlons necessary
to prove this generalization of Theorem 2.

4. Finally we want to mention that it remains an open question
whether or not some of the results that we have obtained still hold
when the function ¢ [or the numbers y; (L)] are allowed to be negative.
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