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Equivalence of ensembles
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Centre de Physique Théorique, C. N. R. S.,
31, Chemin Joseph Aiguier. 13 Marseille 9¢ (France).

ABSTRACT. — A thermodynamic limit of a quantum lattice system is
considered in the microcanonical,.the canonical and the grand canonical
ensembles. Itis shown that we can deduce some properties in one ensemble
if they are proved in another.

It is shown that the van Hove limit of the thermodynamic functions
exists in the canonical and microcanonical formalism and also a property
of convexity and monotony in the microcanonical ensemble.

1. INTRODUCTION

To describe macroscopic phenomena in equilibrium statistical mechanics,
one can consider several ensembles namely the microcanonical, the cano-
nical and the grand canonical ensemble. They differ essentially by the
choice of basic macroscopic variables.

It is interesting to show the equivalence of their formalisms, i. e. that
they describe macroscopic phenomena in equivalent manners. Actually
this allows us to show some properties in one ensemble if they are proved
in another. This article gives some such examples in the case of quantum
lattice systems.

We consider a quantum lattice system on Z’. We associate with each
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lattice site xeZ” a Hilbert space #, of dimension two, and with each
finite region A in Z* the tensor product

#) = QR)#

xeA

X

If A, = A, we can identify each bounded operator A on #(A,) with
A ® 15,4, On H(A;), where 1,,,,, is the identity of #(A,/A,). With
this convention one defines the algebra of observables by the following
2 =\_Jan)
AeZv
when /(A) is the set of bounded operators on #(A).

We note that the group Z' of space translations is a subgroup of the
automorphism group of &/ and we denote the action of this group by
AedA) - 1, Ae AN + a), acZ”.

We consider interactions, i. e. functions ® from the set of finite subsets
of Z¥ to o such that

1) D(X) e A(X), VX cZ
ii) (X) is hermitian
iii) OX + a) = 1,0(X), YaeZ®
d(X
iv) [|®]|| = ”N((X))” < 4+
X320

where the last sum extends over all finite subsets of Z* containing 0 and
N(X) is the number of points of X.

We denote by # the set of such interactions and %, the set of finite
range interactions, i. e. the dense subset of # containing those @ for which
there exists a finite Ay = Z¥ such that ®X U {0}) = 0 unless X < Aq.

We note ®<Y¥, @, YeZ if &X) < W(X) for all X = Z".

We consider a system of particles on the finite set A and the energy
operator Ug(A) e o/(A) corresponding to the interaction @, defined by

Ug(A) = Z‘D(X)
XcA
Further we denote by { ef?, ¢ } an orthonormal basis of #, for each
xeZ"
Now, for each finite region A < Z', we define a configuration | X )
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which is at once a subset { x;, . . ., x, } of A and an element of #(A) defined

by
X5 = (X) ek
xeA
where 6(x) = 1 if xe{x,, ..., x;,} and 0 if not.
If A, = A, we can identify every configuration | X ) of #(A,) with
[ XD ® daya, of H(Ay), where @a, s, is the vacuous subset of A,/A,.
Clearly the set of all configurations of A is an orthonormal basis of #(A).
We define projectors PN(A) e #(A), 0 < N < N(A), by
PMA) | XD = X)) if NX)=N
=0 if not

We consider interactions ¢ such that
VX <z, [¢(X), PYX)]- =0, N=01,..., NX).

In order to consider thermodynamic limits we denote by { A, },
m=0,1,2,... the sequences of cubes of Z with volume given by (2"L,)".
L, being any integer and being constructed in such a manner that A,
contains Z" disjoints copies of A,,_;. Next we shall consider the limit of A
going to infinity in the sense of van Hove (*).

2. ENSEMBLES

First we give a review of definitions and some results in the three
ensembles which will be used in the following.

2.1. The microcanonical ensemble.

In the microcanonical formalism variables are the energy per unit of
volume e, and the density n, 0 < n < 1.

For each finite region A of Z* and interaction ® € &, we can define the
microcanonical partition function by

QRE, N) = Tre) { PY(A) Z Ea.(o,A)}
A(D,A)<E
where E = e.N(A), N is an integer such that 0 < N < N(A) and
{ Ad®@, A) };50 is the set of eigenvalues of Ug(A) repeated according to
multiplicity and { E; ¢ 4) }:> o is the corresponding set of spectral projectors.

(*) See, for example [4], p. 13.
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We define the microcanonical thermodynamic function, actually the
entropy, by

log O%(e.N(A), N)

e sm) =
sile, — | =
N@)/  N@A)
For each A = Z® and ® € # this is an increasing function of e and we
can define an « inverse » function [/],

N
e*<s’ m)

We can extend (*) this function by linearity with respect to the second
variable, to all n such that 0 < n < 1.
Furthermore we know that the following is true.
THEOREM 1. — Let ®eB. The following limits exist and are finite
s, ) = lim €2, (s, n)
e, m) = lim 2 (e, n)
Furthermore, if ®, Ye%#
| e%s, ) — e*(s, m)| < || @ — ||

The first statement is proved by combining the arguments of [/] and [2].
The last inequality follows from the following

| ufA] — p{B]| < |IA — B

where A and B are n x n matrices and { pfA] }i50 (resp. { ui[B] }iso is
the set of eigenvalues of A (resp. B) in increasing order and repeated accord-
ing to multiplicity.

2.2. The canonical ensemble.

In the canonical formalism variables are the density n and the inverse
temperature f.

For each finite region A = Z® and interaction ® € &, we can also define
a canonical partition function

ER(N, B) = T { PNA) exp (— BUo(A)
where N is an integer such that 0 < N < N(A).

(*) As in [2] for the canonical case.
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We define the canonical thermodynamic function, actually the free
energy, by

| _i__ —_ _ p-1 1 =
fA(N( nt ﬂ) =~ 5 g o2 BN )

and as in the microcanonical case one can extend this function by linearity
with respect to the first variable, to all nsuch that 0 < n < 1. Furthermore
we know that the following is true.

THEOREM 2. — Let ®e€ B. The following limit exists and is finite
£, B) = lim 12 (n, B)

Furthermore the fonction ® — f®@n, B) is concave and decreasing, and for
O, VYes
| f%(n, B) = f¥(m, B)| < || @ — P ||

The first statement is proved as in [2]. The proofs of the remaining
statements are identical to those of [3].

2.3. The grand canonical ensemble.

In the grand canonical formalism variables are the inverse temperature f

and the chemical potential u.
For each finite region A = Z’ and interaction ® € &, we can also define
a grandcanonical partition function

Z3(B, 1) = Tru) { exp (Bun(A) — BUg(A)) }
where n(A)e #(A) is defined by
VXeA  nA)|X)=NX)IX)

We define the grandcanonical thermodynamic function, actually the
pressure, by

PR(B, 1) = p~* log ZR(B, p)

N(A)
Then we know that the following is true.

THEOREM 3. — Let ® € #B. The following limit exists and is finite
PR, ) = lim pR(B, 1)

where A — oo in the sense of van Hove.
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Furthermore the function ® — p®@, ) is convex and increasing and
for ®,¥YeRB

| p°B, w) — p*B, W <@ — V|

See [3] for the proof of this theorem.

2.4. Equivalence of ensembles.

We shall consider the following connection between the above forma-
lisms:

THEOREM 4. — Let ® e B. Therefore

fom, p) = sup {un — p°(B, 1) }

In the quantum lattice system case we can prove, using only the previous
definitions the following statement

@.1) P°B. 1 = sup {mn—1°n B)

In particular, it is-easy to prove that

Vn, o<n<|, AcZ
4.2) PR(B, W) = pn — f(n, P)
From (4.2) and Theorems 2 and 3, we find immediately
@.3) 1o, By > sup { un = p*(B, 1)}

Now f®(., B) is a convex function of n, so for  and ® fixed
4.4) Vnel0,1] 3Iy,eR  Vie[0,1]1 20 ) =10 p) — mln — )
Therefore, for each n

3 {un — p®B, 1) } = pn — B, 1)

(4.5) = Han = SUp {an — [, B) }
= U,n — ”nl +f°(l, B)
> f®(n, p)

where we have used (4.1) and (4.4) and, in the second step, the fact that
we take a supremum of a continuous function on a compact. Combin-
ing (4.3) and (4. 5), the Theorem yields.
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Remark. — We have also proved that for each n, there exists at least
one u,€R, actually the angular coefficient of a tangent line in n, such
that

(4.6) [0, B) = pan — p®(B, 1)

Assuming differentiability of f®(., ) at n, i. e. no phase transition, yields
the standard thermodynamic relation

%, B
ALY

4.7 n

For sake of simplicity the case of derivative — co at n =0 and + oo
at n = 1 was excluded, but it is easy to derive, in this case, the same result
for n = 1 and we can take this formulas as definitions for n = 0. It is
easy to find a similar result in the opposite direction, starting with (4.1).

THEOREM 5. — Let ® € B. Therefore
e*(s, m) = sup { f°(n, B) + sp™" }

The proof is identical to the previous one.

3. OTHER PROPERTIES

Now we shall consider some properties which follow from the previous
sections.

PROPOSITION 1. — Let D€ %, f > 0 and n such that 0 < n< 1. Then
the following limit exists and is finite:

lim f0(n, p)
A—©
where A — o0 in the sense of van Hove.

First we prove the proposition for ®e %, Let A a finite region in
the lattice, AY, i = 1,2, ..., N,;(A) the translated of A, contained in A

and T, = UAS,?; using subadditivity of £®(n, f), we have

N(A)fX(n, B) — N (A).N(A,) SR (n, B)
< NA/T ) faran B) + All ¢ || [N, (A)S,, + NA/T,)]

where S,, = 2¥(2"L,)""! and A is the range of @, i. e. the diameter of A,,.
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Therefore Ve > 0 IM Vm > M and A large enough in the sense of

van Hove .
N, B < [ B +e< fon B) + 2
Furthermore VA
pun — pR(B, 1) < f(n, B)
But pR(B, u) tends to p®(B, u) when A — oo in the sense of van Hove,
hence Ve > 0 and A large enough in the sense of van Hove,

pn — p°B, 1) — e < fXm, B, Vu
Moreover
SO B)— &= sup { un — P°B, W} —e<fXm P

We extend the property to ® € # using the equicontinuity of f,® in ®.

PROPOSITION 2. — Let ®€ %, n such that 0 < n< 1. The following
limit exists and is finite

s, m) = lim eR(s, n)

when A tends to infinity in the sense of van Hove. Furthermore the func-
tion ® — €®(s, n) is concave and decreasing.

We prove the existence of the limit as previously. Concavity follows
from the concavity of f®n, ). Hence, if &, YeZand 0 < 1< 1

Ae®(s, n) + (1 — A)e*(s, n) > sup {0 B)+ (1 = 1)f¥(n, B) + sp~" }

>e ).(b+(1 l)‘l‘(s’ n)
Moreover, if ® < ¥
(s, n) = sup { f°(n, p) + sB7" }
> sup { f¥(n, ) + 587"} = €¥(s,m)

We can prove a similar proposition for the limit of s2(e, n), which exists
when A tends to infinity in the sense of van Hove and which is increasing
and convex with respect to ®.

REFERENCES

[Z] R. GrIFFITHS, J. Math. Phys., t. 5, 1965, p. 4447.

[2] M. E. FISCHER, Arch. Rat. Mech. Anal., t. 17, 1964, p. 377.

[3] D. W. RoBINsON, Commun. math. Phys., t. 6, 1967, p. 151.

[4] D. RUELLE, Statistical Mechanics. Rigorous Results, Benjamin, 1968.

Manuscrit regu le 11 décembre 1970.



