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ABSTRACT. — The definition of metric tensor and the well known Ricci
theorem are modified. The Einstein tensor and Maxwell equations are
generalized. The field equations of gravitation and electricity are unified.
The introduction of a metric in the space with symmetric connection is
defined.

1. INTRODUCTION

The unified field theories as introduced by Einstein and others [1]-[8] are
still unsolved today. These theories, in general, are different modifications
of Einstein’s gravitation theory and Riemann geometry. Therefore, the
author believe that the modifications of these theories only may be the source
of difficulties. Hence the unified field equation derived in this paper is
based also on the generalization of Maxwell equations, the modifications of
Ricci theorem and the definition of metric tensor. It will be shown below
that the simplest coefficient of symmetric connection under which the
unified field equation can be derived is

o
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g is the Christoffel symbol formed with respect to the tensor pos
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® is an important universal constant and ¢, is the electromagnetic vector
potential. Consequently there are four postulates:

i) In the fields of gravitation and electricity, the coefficient of connection
of the space is symmetric and is defined by

ro =37
w = w

+ 2ze,,£%0 1
ii) The line element in this space is given by

ds? = e dx™dx", Emy = %(Amk + Aim) @
mk=1,2,34 x* = ict
where A is given by the solution of the equation:

. E}Aik
ik;m — axm

- Ahkl—‘;lm - Aihr‘I,:m =0 (3
The condition of integrability is
AuBl + AyBln =0 @

(2) and (3) are the evident modifications of the well known Ricci theorem
and the definition of metric tensor.

The semi-colon always indicates covariant differentiation with respect
to I'z,. The determinant of A,,; does not vanish so that

AikAmk = AkiAkm = 6:".

In the following sections the tensors A,,; and A™ always play the role of
lowering and raising the indices respectively.

iii) Since the energy and mass are equivalent, the electromagnetic field
is therefore equivalent to a gravitational field. Hence in the absence of
gravitation, the space-time of an electromagnetic field is not « flat » i. e.
the line element ds? # J,dx'dx¥, it is valid only in empty space. The author
therefore suppose that the line element is ds® = X, dx’dx*.

Hence the order of magnitude of the tensor X, is X ~ dy. Conse-
quently the space-time of electromagnetic field is « quasi-flat ».

iv) In the presence of gravitation, Maxwell equations are

Opm 09 mk
ka=¢m;k_(pk;m='a_);:_a—x:, F;k=0 (5)



A GENERALIZATION OF METRIC TENSOR 289
To remove the arbitrariness of ¢,, it is natural to impose the condition
¢ =0 6

It is evidently a modification of Lorenz subsidiary condition of electro-
magnetic potential. According to #ii) the Maxwell equations for electro-
magnetic field alone muste be

i - - 2}—m a_ rm
Fok = @mpk — Osym = —D% - b_)(f:' s Flkk =0 )]

where a solidus « | » indicate covariant differenciation with respect to I'g,

T o as" 1 - e x —a
rb’y = 3/3?% + 2xa3ﬁyx Pss Xik = E(Aik + Aki)a Aiklm =0, Ple = 0

o
and ; is the Christoffel symbol with respect to the tensor X;,
e . _
Fly = oF + T F*=0 Xy~ ?—&‘wo ~1%0~0
ox°? ox" oo
el 2,1 o T«
e
. Fly ~ DFG ~0
X

Since ¢,, ¢, must be determined from (5) (7) therefore (5) is multiplied
by Ay,
Am,‘F‘;‘: = F;;a = (AMF ms);a' = A*F msie — AM(Q’m;s = Ps;m)so
= Asa(¢m);sa - (Asa(ps);ma = Asa((pm);sa - (Pv;ma'
= Asa((pm);sa - (pc;am + (PaBam = AM((Pm):sa + (PaBam =0, by (6)
@(pm == (DaBmm 1_@ = Asa(---);so' (8)
The tensors A

40> Bus and X, will be determined below.
Similarly, if there is no gravitation

@‘ (;m = - aaﬁm (9)
where
T = A

It should be noted that the first equation in (5) are the same as the ordinary
Maxwell’s equation, this means that the electromagnetic field strength
is the same whether the space if flat or « quasi-flat ».
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2. A GENERALIZATION OF EINSTEIN TENSOR

By the generalized Bianchi’s identity
j’kl;m + Biimy + B_iimk;l =0 (10)
we get from (3) (10)
Bijktim + Bijimk + Byjmiy =0, By = AisBj'kl (089
(11) is multiplied by A"”A* we get
ABjii — A"By + A™Bly = 0
5an;k - Bfn;k + AjIB;fmI;k = 0, B:c" = AJkB]m
[6.B — By, + A"Bj,]Jx = 0 (12)

From (4) we get
AShAﬂ(AkhByml + AjkBZml) =0

AﬂB’;'Im = Akhma (13)
(12) becomes
[6nB — Bj, — A™By,],, = 0 (14
Let
P, =B + AYB,,, — 6B
then
Pt.=0 (15)
If
(ou =0 ;y = a ma = Rhm
By
o PE = Z(R’,f, - %5,’;1{) =2G*

G’,‘,,ER',ﬁ,—%&’,ﬁ,R

hence the solution of the equation Pﬁ; « = 0is Gk = A6k,

The tensor G is the well known Einstein tensor. Hence &,, represents
the gravitational potential. Consequently the tensor P¥ is evidently a
generalization of Einstein tensor. The equation G = A6% has been taken
by Einstein as the field equation of gravitation or

RE — %6,’;1{ — 25k (16)
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This fact suggest that the solution of (15) is the possible field equation of
gravitation and electricity, that is,

Pt = Co,
or:
BX + A¥B,, — 6B = C&* a7

3. THE UNIFIED FIELD EQUATION

From (17) put k =m we get B = — 2C.". Bf, + A*B,, = — Cd.
To determine C, let ¢, = 0 and compare with (16) we get C = 24

. BE 4+ AMB, = — 216 (18)
(18) can be written

Bym + A A™B,, = — 2AA,, 19)
or

(8! + AL A™B,, = — 21A,, (20)
Let

af =0+ AAY ol =00 + A AT
e 0By = — 2AA, (1)

Suppose the determinant of of, |oaf| # 0 so that o«"d’, = ol g™ = &,
(21) is multiplied by a
*. By, = — 21d*a,,
Let
W = a5A4n U = aAs
. By, = — 2A%,, 22)
This equation is taken by the author as the unified field equation of gravi-

tation and electricity.
(22) can be written in the form

1 22
ka + é Skm = - ; QIkm (23)

where

1 (o}, or%)\ or:, . .
=3 (5 + 58) ~ 5+ ThT - T
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Let
1 22
ka = éskm + '5 9Ikm
than
Fim + Qum =0, F™ 4+ Q" =0 4
~Fn+Qn=0 (25)

This equatioh is satisfied by
Fin=0 (26) Qn=0 @7

(27) is just a restriction of the choice of the coordinates, such a restriction
is evidently an analogue of the choice of coordinates given by Einstein
in his general approximative solution of gravitational field equation [8].
Therefore, Maxwell equation is a consequence of the unified field equation.
From (8) (22) we get

(D] om = 24 10° (28)
Since (22) (26) (27) must valid when there is no gravitation
B, = — 243, (29)
Hence
[5[0m = 200" (30)
Fin=0 Qfn=0

The tensors ¢, A,, are completely determined by
Bom = — 24U gms |E Om = — AUgn@’ @3 1)

for there are 20 partial differential equations (31) satisfied by 20 unknowns
Om> A,y Similarly, the equations (29) (30) with the boundary conditions

Om =0 Xpw = 5;10'
completely determine the tensors @, A,,.

4. DISCUSSION

The theory developed in this paper can be extended evidently to N-dimen-
sional symmetric connected space and is equivalent to an introduction of
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a metric in this space. Consequently, in a N-dimensional symmetric
connected space with

e ’
py — 'uv uv

where the tensor Cj, is known, we can define the metric tensors of this
space from the solutions of the partial differential equations
B,, = — 2A%,,.
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