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ABSTRACT. — In a systematic way we show by construction that for

the Lie algebra Cl(n) of any real or complex n-dimensional classical Lie
group %l(n) there exists a (not always irreducible) representation y of
Cl(n), such that the inhomogenization ICl(n, y) of Cl(n) relative to y can

be expanded to Cl(n + N) for a certain value of N.

In each case we also

identify a linear Lie group %((n + N)™), isomorphic to the corresponding
inhomogenization S €i(n, y) of €l(n), which under this expansion globally

is being expanded to a linear Lie group &(n + N)™)

certain value of m.
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INTRODUCTION

Let us first recall the concept of an inhomogenization [/] of an n-dimen-
sional Lie group %(n, k), where the field k is either the real field R or the
complex field C. The group J%(n, k, y) of transformations

x; = DY(%n, k)x, + a, ayek, LI=1,...,n,
of an n,-dimensional vector space U, over the field k, = R or Cis an inho-
mogenization of %(n, k) relative to the representation y (irreducible or not)
of %(n, k). k, is the field and n, the dimension of y. The convention of
summation over repeated indices is used here and throughout, unless
otherwise stated.

It is seen that

IG(n, k, y) = T (n,, k,) & G(n, k),/A (n, k),

the semi-direct product of %(n, k)/#(n, k) by 7 (n,, k,), with I (n,, k)
the invariant subgroup. 2 (n, k) is the kernel of y and = denotes iso-
morphic to. $%(n, k), the usual « inhomogeneous %(n, k) » for %(n, k)
a linear group, is a special case of an inhomogenization of (n, k) as we have

IG(n, k) = IEG(n, k, 7o),

where 7, is the defining representation of %(n, k).

Let us now define the concept of expansion of a Lie algebra G. By
this one understands a process which roughly can be described as the one
of replacing some of the elements of G by new operators, which are certain
functions of the elements of G, and also adding further operators of this
form, such that the new set of operators close under commutation. The
new Lie algebra E(G) which is spanned by these operators is called an
expansion of G.

The expansion problem was first treated by Melvin [2] who expanded
the Poincaré Lie algebra to the de Sitter Lie algebra. Later several
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other authors expanded various special cases of the inhomogeneous pseudo-
orthogonal Lie algebras ISO(n,, n,; R) (Refs. 3-13) and some authors
expanded the inhomogeneous pseudo-unitary Lie algebras IU(n,, n,)
(Refs. 8, 9, 12, 13). Sankaranarayanan [4] obtained the expansion of
ISO(n; R) to SO(n, 1; R), Rosen and Roman [§] and Rosen [9]
of ISO(n,, n,; R) to SO(n, + 1, n,; R) or to SO(ny, n, + 1; R) and
furthermore of IU(n,, n,) to U(n; + 1, n,) or to U(ny, ny + 1).

The expansion problem for the symplectic Lie algebras was solved
by Nagel and Shah [/4]. They found that it is ISp(n, k, 2(10°~')) which
can be expanded to Sp(n + 2, k) in a similar way as the expansion of
ISO(n,, n,; k). The expansion of IUSp(2v,, 2v,) to USp(2v, + 2, 2v,) or
to USp(2v,, 2v, + 2) was solved by Nagel [15].

The expansion problem for the general linear Lie algebras has so far
not been treated explicitly in the literature. It was conjectured by Rosen
and Roman [8] that IGL(n, k) could be expanded in a similar way as the
expansion of IU(n,, n,). We show here that it is

IGL(n, k, [10"~ 1] 4+ [0""' —1])

which can be expanded in this way. The form of this expansion can be
found in a paper by Chakrabarti [/3] who, however, there treats a different
problem, namely that of expansion of representations of IU(n).

The method of expansion has been applied to various areas of physics.
In relativistic quantum mechanics it has been used to obtain a relativistic
position operator (Ref. 3). In connection with particle physics it has
been utilized to construct dynamical groups from symmetry groups
(Refs. 2, 5,6, 7 12). In representation theory this method has been applied
to obtain representations of the expanded Lie algebra from represen-
tations of the original Lie algebra. In particular it has been used to
expand representations of the homogeneous Galilei Lie algebra to repre-
sentations of the Lorentz Lie algebra and to expand representations of
the Poincaré Lie algebra to representations of the de Sitter Lie algebra
(Ref. 1I). It has also been utilized to obtain representations of non-
compact Lie algebras from representations of inhomogenizations of
compact Lie algebras (Refs. 10, 13).

We shall here in a systematic way by construction show that for the
Lie algebra Cli(n, k) of any real or complex n-dimensional classical Lie
group %l(n, k) there exists a (not always irreducible) representation y of
Cl(n, k), such that the inhomogenization ICL(n, k, y) of Cl(n, k) relative
to y can be expanded to Ci(n + N, k) for a certain value of N. In each
case we also identify a linear Lie group %((n + N)™, k), isomorphic to the
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corresponding inhomogenization .#%I(n, k, y) of %l(n, k), which under this
expansion globally is being expanded to a linear Lie group

E((n+ N)", k) = €ln + N, k)

for a certain value of m.

In sections 1-4 we treat the expansion problems for GL(n, k), for U(n, n,),
for SOy(n,, n,; k) together with Sp(n, k), and for USp(2v,, 2v,). Corres-
ponding equations in the four sections have been given the same number.
In the conclusion we give a precise definition of expansion of a Lie algebra,
and furthermore give the interrelations between processes of expansion,
contraction and deformation.

la. THE GROUPS J%%(n, k, N[10"~'] + N[0"~! —1])
Let us start with considering the inhomogenization [/]
FGL(n, k, N[10"" 1] + N[0"~! —1])

of the n-dimensional general linear group [I6] 9% (n, k), where [10"™]
is the defining representation of 4%(n, k) and [0"~! — 1] the represen-
tation contragradient to [10""']. + denotes direct sum and

N
N[0~ =Tt~ 1] & (10"~ 4 ... 4 (101,

JGL(n, k, N[10""1] + N[0"~! — 1]) is the group of all those transfor:
mations
x;j = ,T”vaj + a#j,

v

- 1 . .
xP=L""xt+a’, pyv=1...,n ij=1..,N,
of a 2Nn-dimensional vector space

U=V, @ Wy + Wy®V,, (1.1)
over k, where
£, e9%L(n, k),
a’, a,'e 7 (2Nn, k),

the 2Nn-dimensional translation group. Here ~and ® denote transpo-
sition and tensor product, respectively. We have that

IGLn, k, N[10""] + N[0"~! — 1)) = 7 (2Nn, k) B-4L(n, k).
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The generators
X, ~ L} (1.3a)

of 4%(n, k) and the generators
P’ ~a/, PJ~af, (1.3b)
of 7(2Nn, k) form a basis for the Lie algebra
IGL(n, k, N[10"~'] + N[0"~! —1])= T(2Nn) @ GL(n, k),

over k of #9.%(n, k, N[10"~!] + N[0"~! —1]). Here denotes semi-
direct sum. The generators of JZ.Z(n, k, N[10"~'] + N[0"~! —1]) satisfy
the commutation relations

[Xuv’ Xu'v’] = 5u'vXuv' - 5uv’Xu’v’ (
[X#v’ Piv,] == 5MVIP1'V’ (
[Xuv’ Pu'j] = 5u'quj’ (1.4
(Pr Pl =[P4 P/ = [P P =0.

The second order Casimir operator of GL(n, k) is given by
C,(GL(n, k) = X,'X 1.
In the defining representation [10"~!] of 4.%(n, k) we have
X, =XM (1.5)
where * denotes hermitian conjugation.

15. EXPANSION OF IGL(n, k, [10""'] + [0""! —1])

Our aim is to see under which circumstances we can expand
IGL(n, k, N[10"~1] 4+ N[0"~! —1])

to the Lie algebra of the linear group 4.%(n + N, k). Instead of consi-
dering the 2Nn-dimensional vector space (1.1) and the non-linear group
IGL (n, k, N[10"™'] + N[0"~! —1]), let us therefore extend this vector
space to the (n + N)?-dimensional vector space

Upen? = (V, + Wy ® (V, + W),
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over k and consider the group %((n + N)?, k) of all those linear transfor-
mations

v o K p—1v A —
X, =L L x5 wv=1 ..., n,

rntj o vy, ntj i +j s
X" =L x" + a)x, 1, i,j=1,..., N,

rov __ p-1ly u v n+j
Xpri = L7 Xpyi +a;’x,4"",

r ontj o__ n+j
Xp+i "= Xpgi

of U,+np Where
L, €b4L(n, k),
a’,a’ek.
It is seen that

Y(n + N2, k) = FGL(n, k, N[10"" 1] + N[0"~ ! —1)),

and therefore also has the Lie algebra given in equation (1.4).

We shall now show that out of the generators of %((n + 1)?, k) we can
construct certain new operators which obey the commutation relations
of GL(n + 1, k).

Let us to this end define the operators

2=i vp i
P:= PP,
N

Vo= 1 . v I3 v _l n v yvp U4
P = = 5 [CGLn k), PY] = {PUX,} = 5 (PIX,” + X,'PY),

ol

(X,P,J + PJX)"),

N =

=. 1 . .
P/ = E[CZ(GL(n, k), P/l = {X,P/} =
U/={P'P/} = {PX, P/}

(P#PJX,” + P#X,'PJ + PJX,'P# + X,'P#P,J),

NN

where { } denotes that the expression inside the bracket has been symme-
trized with respect to the position of the P, and P, relative to X,” and
to P,¥ (but not relative to one another as they commute) and then divided
by the number of terms. One easily verifies the following relation

PP/ =6/P? iff N =1, 1.7)

noticing that the left hand side has one independent component only
in these cases.
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In terms of the above operators we define

X;lv = Xﬂv’ )_(r'r+iv = Piv + A'Fiv/\/ - PZ’

)_(‘lln+j = P“j + ul_)”f / Pz’ )_(;+i"+j = — Uij/PZ’

where A and u are free parameters. For these operators we obtain the
following commutation relations, having made use in particular of rela-

tion (1.7)
(R Riv] = ,°R0 - 6,7 %,
[X;v’ X:w 1v’] = - 5uv,X;+1v,
[X:‘v’ )—(M'n+1] _ 6”'vx"‘n+l,
[X., X" 1] =0,
[X:u+lvs X;Hv] =0,
[)‘(‘r‘n+l’ )‘(‘r"n+1] =0,
[Rnit R 1] = 23, Ko = %),
[X;+1"+l’ X.’1+1v] = X:-+1v,
[X;Hnﬂ, X:ln+1] — _ )‘(;n+l‘

(1

(1.

(1
a
a

(1

(1

(1.

.8a)
8b)
.8¢)
.8d)
.8e)

-8f)
-8g)
8h)

(1.8i)

In order to remove the parameters A and u from the above commuta-

tion relations we finally define the operators
X, =Xy=X,",
Koo = 471K}, = AP + B /- P2,
X W=p R =y P+ Puj/\/j?,
Xpr"H =X, = — UJ/P2
We then obtain the following commutation relations
[XAP, XaP] = 60 BR,B — 6,K,5 AB=1,..,n+1,

which evidently are those of GL(n + 1, k).
We have thus shown that, due to relation (1.7),

IGL(n, k, N[10"~'] + N[0"~! —1])

by this procedure can be expanded to GL(n + N, k) iff N = 1.

expansion corresponds globally to the expansion of
Y(n+ 1% k)= SGL(, k, [10"1] + [0~ —1])
to a linear Lie group &((n + 1)*, k) = 9L (n + 1, k).

This
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By analyzing the commutation relations (1.8) we find that when taking
the limit Ap — 0 GL(n + 1, k) contracts [/7-19] to

T(2n, k)B(GL(n, k)+ GL(1, k))~IGL(n, k, [10"~]+[0""'—1]@E GL(1, k),
where + denotes direct sum, i. e. GL(n + 1, k) is an expansion of
IGL(n, k, [10"™1] + [0""! —1]))
but a deformation [20-23] of
IGL(n, k, [10"™1] + [0"~* — 1))@ GL(1, k) (see fig. 1).
IGL(n, k, [10""'] + [0""! —1]) ~» GL(n + 1, k)

&2 IGL(n, k, [10"™1] 4+ [0" 1 —1]) @ GL(1, k)

FiG. 1. — Expansion, contraction, and deformation diagram
for the general linear Lie algebras.

Here ~», —, and — denote expansion, contraction and deformation, respectively.

2a. THE GROUPS J%(n,, n,)

Let us start with giving a few well-known facts about the inhomogeneous
pseudo-unitary groups £%(n;, n,). #U(n,, n,) is the real Lie group of
those complex transformations of an n-dimensional complex vector space V,,
n=ny; + ny,

] x,=U'x,+a, a,=b,+ic, pv=1...,n
where
%uv € JIl(nl’ nZ)’

the n-dimensional pseudo-unitary group [/6], and where

b,, c,€R.
We have that

FIU(ny, ny) = I (2n, R) X %(ny, ny),
and leaves invariant the pseudo-hermitian form

(X=x,7—y)>=g"(x}— x}T, — y.),
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where * denotes complex conjugation and where the metric g** of V,

has the property
1...nl n1+1...n

g = g ~ B 2.2)

8, is defined by

and hence fulfils

e = &uw
The generators
L,=-1L,,
~ Y, (2.3a)
qu = Qvu
of %(n,y, n,) and the generators
R, ~ b, S, ~ ¢, (2.3b)

of 7 (2n, R) form a basis for the real Lie algebra
IU(ny, n,) = T(2n, R) A U(n,, n,),

of SU(ny, n,). The generators of S%(n,, n,) satisfy the well-known
commutation relations [8, 9]

[Luv’ Lu'v’] = gvu’Luv’ - gu’uva’ + gvv’Lu'u - gv'uLu’v’ (24(1)
[Luv’ Qu’v'] = gvu’qu’ - gu'uvi’ + gvv’Qu’u - gv’uQu’v’ (24b)
[qu’ Qy’v'] = - gvu’Luv' - gu‘uva’ + gvv’Lu'u + gv'pLu'va (246')

[L... R,] =g, R, —g,.R,, (2.44)
[Luw Sv) = &S, — 848w (2.4¢)
[Qu» Ryl = — g8, — &,.8,, (2.41)
[Quv Sv]1 = g,wR, + g,,R,, (2.4g)
[R*, R"] = [S*, "] = [R", $*] = 0. (2.4h)

The second order Casimir operator of U(n,, n,) is given by
CZ(U(nla nZ)) = thQv” - Luvaﬂ'
In the defining representation [10"~'] of %(n,, n,) we have

L, = —L», (2.5a)
= — Q. (2.5b)
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2h. EXPANSION OF IU(n,, n,) TO U(n, + 1, n,)
OR TO U(ny, n, + 1)

Our aim is to show that we can expand 1U(n,, n,) to the Lie algebra of
the linear group %(n, + 1, ny) or of %(n,, n, + 1). Instead of consi-
dering the n-dimensional complex vector space V, and the non-linear
group F%U(ny, n,), let us therefore extend V, to the (n + 1)-dimensional
complex vector space

Un+l=V"'|"W1, n=n1+n2,

and consider the real Lie group %(n + 1, R) of all those complex linear
transformations

’ v p— 5 —
X, = UX, + aXy41, @, =b, +ic,, pmv=1...,n,
Xpe1 = Xp41, of U, where

dil,‘v € U(ny, ny), bw W€ R.
It is seen that

Y(n + 1, R) = JU(ny, ny),

and therefore also has the Lie algebra given in equation (2.4).

We shall now show that out of the generators of 4(n + 1, R) we can
construct certain new operators which obey the commutation relations
of U(n,; + 1, ny) or of U(n,, n, + 1).

To this end we shall extend the metric g,, of V, to all of U, ., by the
following definitions

gn+lvEOngx+l7 En+1n+1 E'})GR (26)

We now note that U(n,, n,) and GL(n, R) are different real forms of
GL(n, C). Instead of solving our expansion problem from the beginning
again, we shall therefore derive the solution of it from the solution found
in section 1b for the expansion of IGL(n, R, [10""!] 4+ [0""! —1]) to
GL(n + 1, R). This can be done by utilizing that the basis (2.3) of

G(n + 15 R) = IU("I? ”2),

can be obtained from the basis (1.3) of IGL(n, R, [10""1] 4 [0"~! —1])
by a formal complex transformation for which equation (2.5) follow
from equation (1.5). The transformation is given by

Luv = Xuv - Xv;n qu = I(X;‘; + Xv;;)’
Rv = P; - va’ Sv = l(P\: + va)a
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where the indices i, j have been suppressed on P’ and P,/ as i,j = 1,
and where the metric g,, of V, and the metric y of W, have been used to
lower the greek and the suppressed latin index. The inverse transforma-
tion is
v 1 v i v v 1 v 4QV 1 -1 ;
X,' = E(L“ -iQ,'), P'= E(R —is"), P, = — Ey (R, +1iS,).

Let us now define the operators
T?= - 4P2=y"'(R,R" + S,8"),

- — - 1
Rv = 21(P\: - va) = Z[CZ(U(nla nl))’ Sv] = { SuLuv + R”va }7

_ o 1
S.=20i(P; + yP) = = L [Co(Ulmy, ny)), R = { = R¥L,,, + $Q,. },
V=—42pU={RR +5,8} = {-2R*S’L,, + R"R'Q,, + $*S'Q,, }

where { } denotes that the expression inside the bracket has been symme-
trized with respect to the position of the R* and S* relative to L,, and
Q,, and to R, and S, (but not relative to one another as they commute)
and then divided by the number of terms. In terms of above operators
we define

E;Iw = Luw Q;’Av = qu:
I::I+IVERV+}'RV/\/ _TZ, Q:I'FIVESV_*_lgv/'\/ _’1"2, Q:r+ln+IE _V/TZ,

where 4 is a free parameter. For these operators we obtain the following
commutation relations

(L Livl = gL — g0 Liv + 200 Loy — 80, Lo (2.8q)
(L Q] = 2 Qhv — 8, Qv + 8 Qs — 84uQls (2.8b)
Qu Q] = —gwLli — gLy + g Liy + 8,00, (2.80)
(Lo Lovivl = 8w Dhviy — 8vuliii (2.8d)
[L Qni1v] = 80 Qhs1y — 8uQis 10s (2.8e)
[Qu Lov vl = — 80 Qhs 1y + 8uQhs 10r (2.8f)
Qs Q1] = 8w Ly + 8Ly (2.8g)
(L Qri1nsdd =0, (2.8h)
Qv Qri1ns1] =0, (2.8i)
[E:H»lv’ I::.+1v'] = — Azgn+1n+|r'(:v', (2.8))

[I::.+1w Q;+1v'] = 22(* 8n+ 1n+1Q:’v’ + gw'Q;’w tn+ 1) (2.8k)
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[Qrs1v Qrirvl = — )'Zgn+ln+ll:(!v’? (2.8])
[Q::+ln+l’ t:.+1v] =0, (2.8m)
[Q;+1n+1, Q;n+1v] = - 2E:.+ 1v (2.8n)

In order to remove the parameter A from the above commutation rela-
tions we finally define the operators

L.=L,=L,,
Qu=Q =Qu
Liw=2"Lhn =R+ RA/- TP = = Ly,
Quity=27'Qpery = 2718, + 8,4/~ T2 = Quuuyy
Quitnss = Quirarr = — V/T?
which then satisfy

[Las Las] = gsa-Lap — gaalps + goeLaa — goalas,
[Lap: Qan] = g8a-Qap — g4aQsp + gapQaa — g8:aQuas:
[Qas: QA'B’] = — gpa-Lap — gaaLlpp + gBB’]:A’A + gB'AEA'B,
ALB=1,...,n+1,
where
gBA = 8aBs Lga = — Las, Qpa = Qap-

These commutation relations are evidently those of U(n, + Ny, n, + N,)
where
Y

— m — I

We have thus shown that 1U(n, n,) can be expanded to U(n, + 1, n,)
or to U(ny, ny, + 1).  These expansions correspond globally to the expan-
sions of 9%(n + 1, R) = S9%(n,, n,) to a linear Lie group

N, +N,=1, N, -N,

6ny + 1, ny; RY= U(n, + 1, ny)
or to
&y, ny + 1; Ry = U(ny, ny + 1)

By analyzing the commutation relations (2.8) we find that when taking
the limit A - 0 U(n,; + Ny, n, + N,) contracts [17-19] to

T(n) @ (U(ny, n,) + U(1)) = TU(ny, ny) @ UQ),

i. e. Un, + Ny, n, + N,) is an expansion of IU(n,, n,) but a deforma-
tion [20-23] of T(n) @ (U(n,, n,) + U(1)) (see fig. 2).
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U(n, + 1, ny)

N

oAUy, my) B U

/'
N 7
U(n,, n, + 17

FI1G. 2. — Expansion, contraction, and deformation diagram
for the pseudo-unitary Lie algebras.

IU(n,, n,)

3a. THE GROUPS J50ny, n,; k; N(10*~1))
AND S ¥p(n, k, N(10°~ 1))

Let us start with introducing the following notation for the n-dimensional
isometric groups

SO , Ny k 1
‘/”v/(nl’ ny; k) - { O(nl n, ) Vn _
yp(nl + nz, k) - l,
with
) 2 2v+1 1
n="1+"2={2: or Vi-_ v=12

Here S Oo(ny, n,; k) is the connected subgroup of the full pseudo-ortho-
gonal group [16] O(n,, n,; k) (with of course SOy, ny; C) = L0y(n; C))
and &p(n, k) is the symplectic group [/6].

Let us now consider the inhomogenization [/] SIM(ny, ny; k; N(10771))
of M ,(ny, ny; k) where (10°"!) is the defining representation of
M(ny, ny; k). S M (ny, ny; k; N(10°~ 1)) is the group of all those trans-
formations

x, =Mx+a), pv=1,...,n j=1,..., N,
of an Nn-dimensional vector space

Une =V, @ Wy, (3.1
over k, where
M€ My, ny; k),
aﬂj € J (Nn, k).
We have that

JM\(ny, ny; ks N(10°™1) = T(Nn, k) K My, ny; k),
and leaves invariant the non-degenerate bilinear form

(')—(i - xi, J_}j - yj) = g”v(yui - xui)(.}_;vj - yvj)s
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where the metric g** of V,, has the property

g™ =ng". (3.2)
8, is defined by

Av

28" =0, = 8"
and hence fulfils

8w = NEuv

Using the metric to raise or lower the indices of the metric itself, the follow-
ing non-trivial relations hold true

g =46, g,=ndt & =28uw
g, =96} gl =mnd’, gl=g"
The generators
M,, = — nM,, ~ ™, (3.3a)

of Mn(ny, ny; k) and the generators
P,, ~ a", (3.3d)
of 7 (Nn, k) form a basis for the Lie algebra
IM,(ny, ny; k; N(10°~1)) = T(Nn, k) B Mn(ny, ny; k),

over k of S M (ny, ny 5 k; N(10""!). The generators of £, (ny, ny; k; N(101)
satisfy the commutation relations

[Myva Mu'v'] = gvu’Muv' - gu'quv' + gvv'Mu’u - gv’uMu'va (34a)
[Mpv’ Piv’] = gvv'Piu - gv’uPiw (3 4b)
[P;, Pi,] =0. ‘ (3.4¢)

The second order Casimir operator of M,(n,, n,; k) is given by
C,(M,(ny, ny; k)) = MM
In the defining representation (10°~') of .##n(n,, n,; k) we have
M, = — M", (3.5a)
and hence from equation (3.3a)

M, = M~ (3.5b)
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3b. EXPANSION OF ISOq(ny, n,; k) TO SOq(n; + 1, ny; k)
OR TO SOq(n;, ny + 1: k)
AND EXPANSION OF ISp(n, k, 2(10°"1)) TO Sp(n + 2, k)

Our aim is to see under which circumstances we can expand
IM, (n,, ny; k; N(10°~1))

to the Lie algebra of the linear group . ,(n; + Ny, n,+N,; k), N, + N, =N.
Instead of considering the Nn-dimensional vector space (3.1) and the
non-linear group S.M,(n,, ny; k; N(10*~ 1)) let us therefore consider the
(n + N)-dimensional vector space

Upen =V, + Wy,
over k and the group %,(n + N, k) of all those linear transformations

X, =M%, +a/ X, pv=1...,n i=1 .., N,
’ —_
Xn+i'_xn+i’

of U, n where
M€ M(ny, ny; k),
a,ek.
It is seen that
%,n+ N, k) = FM[(ny, ny; k; N(10"™ 1)),

and therefore also has the Lie algebra given in equation (3.4).

We shall now show that out of the generators of .#.%0y(n,, n,; k) we
can construct certain new operators which obey the commutation rela-
tions of SOq(n; + 1, n,; k) or of SOy(ny, 1, + 1, k). We shall also show
that out of the generators of 7 (2n, k) X1 ¥ p(n, k) we can construct ope-
rators which span the Lie algebra Sp(n + 2, k).

To this end we shall extend the metric g,, of V, to all of U,y by the
following definitions

Enriv=0=g,,15

Entin+tj = Vij = MVji = NEn+jn+ir (3.6)

Let us now define the operators

1 .
P2 = —P, P,
N
where
Piv = yiijv’

ANN. INST. POINCARE, A-XIII-1 2
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By = - i[cz(Mn(nl,, ng: k), P,
={P!M,, } = _(PiuMuv + M,,P#),
-—{Pw 71 ={P#¢P;yM,, }
= Z(P,-“Pj“MM +PAMLP, + PPM, PA + M, PPP;) = — 1K

wvlj i

where { } denotes that expression inside the bracket has been symme-
trized with respect to the position of the P;” relative to M,, and to P,
(but not relative to one another as they commute) and then divided by the

number of terms. One easily verifies the relation

1 1
PP, =y,P? iff N= { , Yi=_ | (3.7

>

noticing that the left hand side has one independent component only
in these cases.
In terms of the above operators we define

M, =M,
M;l+lv = Piv + A'l_jiv/\/ - P27
M, finsj = — Kij/Pz’

where / is a free parameter. For these operators we obtain the following
commutation relations having made use in particular of relation (3.7,

[Mpvs ] - gvy M gu uM(:v’ + gvv’M:z'u — &v uM, (3861)

w'v
[M,m n+1v] = gvv’Mn+iu - gv’uMllz-Hva (3.8b)
[M,m n+m+]] =0, (3.8¢)
My o0 M4 o] = 22(= griime Moy + 8o Misimsd; (3.84)
[Mn+m+p M:1+|"v] = gn+jn+i'M:|+lv En+ir n+|M:1+jv’ (3.8¢)

[Mn+in+j’ Mn+i'n+j’] = gn+jn+i’M:t+in+j_’ - gn+i’n+iMn+jn+i"
+ 8nijn+ i Muwin+i — Cnt jm+iMutins s (3.8)
In order to remove the parameter A from the above commutation rela-
tions we finally define the operators

M;w = 1\_/Ilv = Muv’

Mn+1v =" 1M;:+1v - l_IPiv + l—)iv/\/ - PZ = - r’Mvn-Ha
1\—/In+in+1 Mn+m+1 = Kij/Pza
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which then satisfy
[MAB5 MA’B’] = gBA'MAB’ - gA’AMBB’ + gss' Ma'a — 88aMas,
AB=1,...,n+ N,

where

8Ba = NEaB

Mgs = — 1M
These commutation relations are evidently for # = 1 those of

SOy(ny + Ny, n, + N,; k)

where
Yij
I Vij |

N, +N,=N=1, N, —-N, = =+ 1,
and for n = — 1 those of Sp(n + 2, k).
We have thus shown that by this procedure, due to relation (3.7),

ISOy(ny, ny; k; N(10"~1))

can be expanded to SOy(n, + Ny, n, + N,; k) iff N = 1. These expan-
sions correspond globally to the expansions of 4,(n + 1, k) = £S5 0(n,, n,)
to a linear Lie group ‘

Eny + 1, ny  ky =L Ony + 1, ny; k)
or to

Eny,ny + 15 k) = LOyny, ny + 15 k).

We have also shown that by this procedure, again due to relation (3.7),

ISp(n, k, N(10°~1)) can be expanded to Sp(n + N, k) iff N = 2. This
expansion corresponds globally to the expansion of

Y_(n+ 2, k)= 5Lp(n, k, 2(10° 1))

to a linear Lie group &(n + 2, k) = Sp(n + 2, k).

We shall now analyze the commutation relations (3.8) when taking
the limit A —» 0. For # =1 we find that SOy(n, + Ny, n, + N,; k)
contracts [/7-19] to ISOy(ny, n,; k), i. e. SOq(n; + Ny, n, + N,) is both
an expansion and a deformation [20-23] of ISOq(ny, n,; k) (see fig. 3).

For n = — 1 we find that Sp(n + 2, k) contracts to

T(2n, k) B (Sp(n, k) + Sp(2, k)) = 1Sp(n, k, 2(10*~ 1)) @ Sp(2, k),

i. e. Sp(n + 2, k) is an expansion of ISp(n, k, 2(10°~!)) but a deformation
of ISp(n, k, 2(10" 1)) @ Sp(2. k) (see fig. 4).
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SOq(ny + 1, ny; k) o
o3 1804(ny, 133 k)

\‘SOO(nl, n, + 1; k):'/:/

F1G. 3. — Expansion, contraction, and deformation diagram
for the pseudo-orthogonal Lie algebras.

ISOO(nh ny; k)

-0

ISp(n, k, 2(10"™1) ~» Sp(n-+2, k) > 1Sp(n, k, 2(10°™1)) @ Sp(2).

F1G. 4. — Expansion, contraction, and deformation diagram
for the symplectic Lie algebras.

4a. THE GROUPS JUFp(2v,, 2v,)

Let us start with giving a few facts about the inhomogeneous pseudo-
unitary symplectic groups SUSLp(2v,, 2v,). FUSLp2v,, 2y,) is the real
Lie group of those complex transformations

Xop = FLoaP'%pe + gy gy = by, +ic,, o, p=1,—-1, po=1...,v,
of a 2v-dimensional complex vector space

U,, =V, ® X,, v=v; + v, 4.1
where
Lo € UL P2vy, 2v,) = U(2vy, 2v,) N Fp(2v, C),

the 2v-dimensional pseudo-unitary symplectic group [/6], and where
by cap€R.
Here n denotes intersection. We have that

JIUSL P2y, 2v,) = FUQ2v,, 2v,) N IFLp(2v, C)
T 2T @, R)K UL p2v,, 2v,),

and leaves invariant the non-degenerate anti-symmetric bilinear form
(X — x5 —y) = G (Xsp — XapWVpo = Vpo):
and the pseudo-hermitian form
(X=x,5—y)=06"g"(x%, — x5)po — Voo)
when the metric G* of X, has the property -
GP* = — G*, (4.2a)
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hence

Guﬁ — Ga —a(sa —ﬂ,
and hence

G * = - G*,
The metric g°° of V, has the property

1..vy vi+1..v

1 /1

%
g =g"~

Vl + 1 - 1
v -1
The generators

Npa' = - Nd‘ﬂ ~ yﬂc’ap,
N;o' = N;pa r= 15 2a 3

of #Sp(2v,, 2v,) and the generators

Qa ~ bﬂa’

Q; ~ bﬁa’

Qg ~ C_ﬂaa

Ql~cy, VB=1lor —1
of T(4v, R)
form a basis for the real Lie algebra

IUSp(2v,, 2v,) = T(4v, R) B USp(2v,, 2v,),

(4.2b)

(4.3a)

(4.3b)
@.30)
4.3d)
4.3e)

of FUSFp(2v4, 2v,). The generators of FUSF p(2v,, 2v,) satisfy the perhaps

not so well-known commutation relations

[Npm Np'a’] = gap'Npo-’ - gp'pNaa-’ + ga'a"Np’p - go”pr’o’
[Npo" N;’a’] = gap’N;a' - gp'pN;o" + gdd"N;'p - ga’pr'a’
[N;m’ N;’a’] = 6’8('_ gap’Npo" - gp’pNaa" + go‘a"Np’p + ga”pr'a')

- srﬂ(gap’N:m' + gp’pNtao" + go’a’N;J'p + ga’pN:)'a);

(Noo» Qo] = £56Q, — 860Q0s

[Noo Q4] = £,0Q% — 8,,Q%

[NLo» Qo] = — £,0Q) — £,-,Q5

[N}, Q0] = 62,0 Q, + £,,Q,) — £°(8,0Q, + £4,Q%),
Qs Q.1 =[Q, Q] = [Q}, Q3] =0.

4.4a)
(4.4b)

4.4¢)
(4.4d)

4.4¢)
4.41)

4.4g)
4.4h)
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Here and in the following the summation convention is also applied for
the latin indices even though these only appear in the upper position.
The second order Casimir operator of USp(2v,, 2v,) is given by

C,(USp(2v,, 2v;)) = N, N#? + N7 N"°.
In the defining representation (10"~ !) of #<p(2v,, 2v,) we have

N, = — N*, (4.5a)

Ny = — N7, (4.5b)
and hence from equation (4.3a)

Npa+ = Ndpv (4.5C)

N7+t = — N2, (4.5d)

4b. EXPANSION OF IUSp(2v, 2v;) TO USp(2v, + 2, 2v,)
OR TO USp(2v,, 2v, + 2)

Our aim is to show that we can expand IUSp(2v,, 2v,) to the Lie algebra
of the linear group 4 p(2v, + 2, 2v,) or to AL p(2vy, 2v, + 2). Instead
of considering the 2v-dimensional complex vector space (4.1) and the
non-linear group FUFp(2v,, 2v,), let us therefore extend V; to

Uy =V, + Wy,
and consider the (2v + 2)-dimensional complex vector space
Usvez = Ujiy X, =V, + W, v="v; +

and the real Lie group 9(2v + 2, R) of all those complex linear transfor-
mations
x;p = yapﬁaxﬁa + bapxlv+1 + icapx—lv+1a
Xivt1 = Xgvt1» o, f=1, -1, p,o=1...,v,

of U,,., where
Lo’ € UL P24, 2v,),

b,, c., €R.

apr
It is seen that
42v + 2, R) = SUSLP(2vy, 2v,),

and therefore also has the Lie algebra given in equation (4.4).

We shall now show that out of the generators of ¥(2v + 2, R) we can
construct certain new operators which obey the commutation relations
of USp(2v, + 2, 2v,) or of USp(2v,, 2v, + 2).
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To this end we shall extend the metric g?° of V, to all of U, by the
following definitions

8&+16=0=g, 41, &+1v+1 =V€ER 4.6)

We now note that USp(2v,, 2v,) and Sp(2v, R) are different real forms
of Sp(2v, C). Instead of solving our expansion problem from the beginn-
ing again, we shall therefore derive the solution of it from the solution
found in section 3b for the expansion of ISp(n, R, 2(10* 1)) to' Sp(2v +2, R).
This can be done by utilizing that the basis (4. 3) of

G(2v + 2, R) = IUSp(2v,, 2v,),

can be obtained from the basis (3.3) of ISp(n, R, 2(10°~!)) by a formal
complex transformation for which equation (4. 5) follow from equation (3. 5).

In order to establish this transformation we first have to make the
following change of notation for the Lie algebra ISp(2v, R) from that
of section 3a

n—o 2y, ou-o(p), i-o
i.e
Muv - Map,ﬂw
Piv - Pa,[}tn

guv g gap,[ia = Gaﬂgpo"
Vi = Yap = Gup? = — GpaV = = Vg

where G, g,, and y are given by equations (4.2) and (4.6).
The transformation is then given by

N,, =M, *

po ap o’

1 _ E
Npo’ - Map,aa’
a
N2 =i E M, ™%
po ap o
a
3 .
Ny, =i E Map,_(m,

a

_Pﬂa,

Q ZP[} Ba>
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Q=i

Z
Qg = ZPB —Bo>
B

JOHN G. NAGEL

P,

and the inverse transformation is

no sum over «,

no sum over f,

Mayr = 5 (N, = iGN
1 a )
Map,—am = E(Ga Npa - lde),
1 o
Pype = 5(Qe = IG7Q;),
1
Py _ps = E(G""‘Q, - iQ)),
or
1 M a—a a
Mapaa' = E(NP —_ lG Ng )
—ag 1 — o 4 - a
Map = E(G N; — le, ),
1
P, = E(Qd — iIGF=Q3)
1
Pﬂ—ﬂd — 5((_}—1113(210 _ ina).
Let us now define the operators
1
Q= 4P = 4 5P P = 57N QQ + QQ)
where
Py, = Y"P, 4o
and

~ - 1
Q, =2Pj; = [Co(USp(2vy, 2v,)), Q,] = { QN

B

1
=2 [Co(USP(2vy, 2v,)), Q7] = { Q°Nj, +

QrpN po

anN;a }’

Q =2 5'1213,;_,,,, + 5’2i21‘)ﬂ“’p + 5'3iZPﬁ,_B,>
7 7

EszpN:,g } s
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(5”ZK:M + 5rZZ —a + 5’32 . —a>

— {QUQO‘ Qra + Srle Qra}

= {2Q"(Q*N;, + Q°N,,) — (Q¥Q* — Q°Q")N},

— &Q¥(2QN,, — Q"N,,) },
where { } denotes that the expression inside the bracket has been symme-
trized with respect to the position of the Q° and Q™ relative to N, and
N/, and to Q, and Q] (but not relative to one another as they commute)

and then divided by the number of terms.
In terms of the above operators we define

Ry, = N,,
Ny, =N,

(:+la = Qo’ + A‘Qa/\/ - QZ’
Vi1e = Qp + 2Q0// - Q%
NYiiver = — L7/Q%

where 2 is a free parameter. For these operators we obtain the following
commutation relations

[Npo" :1'0"] = ga’p’N;a' - gp'pN:ro" + go’a‘N;’p - ga pN;) ar (4 8(1)

[Npa’ N:)r’a’] = gap’N:)';r’ - gp’pN;’o’ + gaa’N:;’p — &s pN:;a, (4 Sb)

[Npaa N"‘; ] 6”(‘ gap'N:w' t gp’pN:ra’ _t gao”N:)’p 't go”pN:)'a)
rst(gop N:;ra’ + gp'pN::"a’ + gu’a‘Ng’p + ga'pN:z"a)a (4 SC)

[Npa’ v+ la’] = go’a'N(’+ 1p — go”pN(H- 1p> (4 Sd)
[di’ N;':l- la'] = gaa‘Ncr+ 1p — ga’pN;r+ 1p> (4 86’)
[Npa’ —v+ 10'] = - gaa’N:r-% 1p + ga'pN:»r+ 1o (4 Sf)

[Npa’ N;S+ la'] = 5's(gao'N:r+1p + ga’pN:’:ld) _
- £rm‘(ga-tx'l\lilu 1p + ga”pN;!-I» lq'), (4 8g)

[Nyo NIy yyed] =0, (4.8h)
[N;,’,, N;,’Hvﬂ] =0, (4. 8i)
[Nisio Noyio] = = 22841041 NG, (4.8))
[Nitio NV1o] = 22— 8ua1ve 1N + 200 NUipy1y), (4.8k)

[Nv+ 1o :'s+ la'] = - /12(5'ng+ 1v+ INz’nr' _ _
+ grﬂ(gv+ 1v+ IN:rra' + gao"N:t‘+ 1v+ 1)), (4 81)
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[N;r+1v+ 15 N:/+ la] =0, (4.8m)
[N’vr+ 1v+ 1> NCSHG] = - 2gv+1v+l(5rSN:’+la + 8m—('t+1a), (4.8n)
[N'vr+1v+1’ NCS+1v+1] = - 48”’gv‘+ v 1INV 1y (4.80)

In order to remove the parameter A from the above commutation rela-
tions we finally define the operators

N, =N,

po?
N}, = Nj,,
N,+1, = 47N}, 16 = Noysos
Niv1, = ANV, = NG,
N;+ v+l = I\ 1v+1>
which then satisfy

[NAB’ NA’B’] = gpa-Nap — gaaNpp + 288 Naa — 88aNap,
[NAB’ I-\-Ifs,'ls'] = gpa-Nap — 8aaNpp + Zoa'Nia — gaaNs,
[Nap Nap] = 0(— gsaNap — 2aaNas + 8o Naa + 25:aNap)
— &*(gpa-Niap + gaaNpp + gopNiva + g5aNip),
AAB=1,...,v+1,

where
gBa = 8am>
NBA = - NAB’
N;;A = NZB-

These commutation relations are evidently those of USp(2v, + 2v{, 2v, + 2v})
where
, Y

vy + vy =1, Vi =V, =—=+%
[

W e have thus shown that TUSp(2v,, 2v,) can be expanded to USp(2v, +2,2v,)
or to USp(2vy, 2v, + 2). These expansions correspond globally to the
expansions of %Q2v + 2, R) = SUSLp(2v,, 2v,) to a linear Lie group

EQRvy + 2, 2vy; RY = U Fp(2vy + 2, 2v,)
or to
E2vy, 2v, + 2; R) U P p(2vy, 2v, + 2).

By analyzing the commutation relations (4.8) we find that when taking

the limit 2 — O USp(2v; + 2v{, 2v, + 2v,) contracts [I7-19] to

T(4v, R) B (USp(2v,, 2v,) + USp(2)) = TUSp(2v,, 2v,) B USp(2),

i. e. USp(2v, + 2v}, 2v, + 2v4) is an expansion of TUSp(2v,, 2v,) but a
deformation [20-23] of TUSp(2v,, 2v,) B USp(2) (see fig. 5).
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USp(2v, + 2, 2v,),

\\\-\0
1USp(2v,, 2v2>< o 31USp(2v,, 2v,) @ USp(2)
7
USp(2v,, 2v, + 2)&”
FIG. 5. — Expansion, contraction, and deformation diagram

for the: pseudo-unitary symplectic Lie algebras.

CONCLUSION

As a conclusion of our development of expansion of inhomogenizations
of the classical Lie algebras we shall give the following general remarks.

1) An expansion E(G) of a Lie algebra G is a Lie algebra, the elements
of which are elements of an algebraic extension of the quotient division
algebra [24-27] of the enveloping algebra of G.

2) Expansion is not in general the inverse process of contraction [17-19]
in contrary to what implicity has been assumed in some of the literature.
If one first expands a Lie algebra G to a Lie algebra E(G) and afterwards
contracts E(G), then the contracted Lie algebra G’ = C(E(G)) is in general
of higher dimension than G, but such that G = G’

3) The true inverse process of contraction is deformation [20-23]. The
relation of expansion to deformation is the following one. For an expan-
sion E(G) of a Lie algebra G there exists a Lie algebra G’ 2 G and a defor-
mation D(G’) of G’ such that E(G) =~ D(G).
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