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Note on double reflection and algebraicity
of holomorphic mappings *)

JOEL MERKER (1)

RESUME. — Dans cette note, notre but est d’établir bri¢vement I’algébri-
cité d’une application holomorphe entre deux variétés CR réelles algébri-
ques en supposant qu’une condition de réflexion double, généralisant la
condition classique de réflexion simple, est satisfaite. Nous entreprenons
une étude compléte, supportée par des exemples élémentaires, de la com-
binatoire des différents théorémes possibles.

ABSTRACT. — In this note, our purpose is to establish shortly the alge-
braicity of a holomorphic mapping between two real algebraic CR man-
ifolds under a double reflection condition which generalizes the classical
single reflection. A complete study of various double reflection conditions
illustrated by simple examples is also provided.

The goal of this note is to understand double reflection for holomorphic
mappings f : M — M’ between real algebraic CR manifolds in complex
spaces of different dimensions. We plan to understand it in the general case,
that is with and without reducing, shrinking or stratifying the first family
of equations “f(z) € rar (f(Qz)) := V.,” (see below) which comes from the
first reflection.

Thus, let us quickly present the general problematics.
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Let f : M — M’ be a holomorphic map between two real algebraic CR
manifolds in C*, C" given by the vanishing of real polynomial equations
ps(2,2) = 0,1<j < d, ply(,7) = 0,1< j' < d', s0 that p/(f(2), f(1)) = 0
if p(z,@) = 0, and let Qg, @ denote Segre varieties.

It appears that two crucial observations yield heuristic insights into the
problem of finding sufficient conditions (C) such that: (C) = f is algebraic.

First, starting form the natural observation:

f(z) €rar(f(Q2)) »=A{uw' : Q@ D f(Q2)} =V, @

(intentionally, we do not specify w’ € U’ or w’ € C™: these two possibilities
will be studied hereafter), one is led to guess that the algebraic set V, (which
is parametrized by z) is a finite algebraic determinacy set for the value of
f(z) if dimy ;) V], = 0V 2. Effectively, this classical circumstance entails that
f is algebraic (see [1,2,7,13]; the set Vj is called the characteristic variety of
f at 01in [7]). As usual, this determinacy set V/, can be constructed simply
by applying the tangential Cauchy-Riemann fields of M to the equations

P (f(2), f(@)) =0.

The second canonical observation, which is due to Zaitsev [14], is as
follows:

f(2) € rar (F(Q2)) N 130 (f(Qa)) = Vo Nrapr (V) = X 5. (ID)

Analogously, one is then led to predict that f is algebraic, provided dimy )
X, & = 0 Vz,w such that p(z,w) = 0. We can justify our choice of notation
X, 5 (e.g. instead of X/ ) by the fact that the operator ra conjugates
the dependence with respect to parameters. We shall call identity (I) first
reflection and identity (IT) second reflection. For reasons explained below,
third determination r3,, or fourth r%,,, etc. provide no new information.

Also, let us mention a possible third approach ([8,14]). This approach
consists in choosing smaller algebraic sets W/, C V’, with nicer properties,
in particular to insure the holomorphic dependence with respect to the pa-
rameter z, in order to compute the second reflection ras(V?,) in an easier
way. Of course, such a shrinking of V’, in the form W/, is (and in fact must
be) constructive. Using only minors of matrices of holomorphic functions,
we will in this paper provide a uniform manner of constructing such a set
W/, in an unambiguous way. The core of the article is to discuss such a
shrinking.

This leads to a third type of determinacy:
f(z) S le Nra (W:‘,) =: le,ﬂ;' (HI)
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Through various statements and examples, our aim will be thus to com-
pare the three conditions of determinacy of the value f(z) by (I), (II) or
(II1), to ask which one is the strongest, to ask whether some are necessary,
to ask whether it is sufficient to require dimg,)V}, = 0 or dimy;,) X, ; = 0
or dimf(p)Z;Mﬁ = 0 for a single or all points p € M, etc. There will appear
a real combinatorics of possible statements. Among other things, we will
mainly establish that:

1. Determination of f(z) by W', is strictly finer than by V',.

By this, we mean that dim;,)W’, = 0, dim;(,)V} > 1 V 2 for some explicit
examples of f, M, M’, idem for 2, 3, 4, 5, 6 below. Such examples are
constructed in the paper.

2. Determination of f(z) by Z, ; is strictly finer than by W', (or by V).

3. Determination of f(z) by X!, 5 is strictly finer than by V.

2,

In other words, the inclusions X/, ; C V/, and Z ; C W, C V, are all strict
in general. However, none of the inclusion Z} ; C X, ;, and X], ; C Z 5 is
true in general, because:

4. Determination of f(z) by X ; can be strictly finer than by Z, ;.

Z,W

5. Determination of f(z) by Z,, 5 can be strictly finer than by X, .

To summarize, we are led to define a fourth determinacy set:
f(Z) € W; Nrae (V:U) = X,z,w N Z;,u'; =: Mlz,u‘)’ (IV)
for which we can establish the following:

6. Determination of f(z) by M, . is strictly finer than by X _ or by

Z,W Z,W
7
Z, W

In other words, the inclusions M’ ,, C X, ; and M} , C Z/  are all strict
in general.

Our goal is to find examples which exhibit the nonanalytic behavior of
X! o with respect to parameters and to explain why the various second
reflection conditions (II), (III) and (IV) are inequivalent. QOur work deliber-
ately forsakes the point of view of jets, about which the reader is referred
to the works [3,8,12,14].

This paper originates from questions the author has asked Dmitri Zaitsev
at the Mathematische Forschungsinstitut (Oberwolfach, Deutschland) dur-
ing the Conference Reelle Methoden der Komplezen Analysis (28.02/06.03
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1999). Then a substantial revision of [14] was done before publication.
The author also acknowledges fruitful conversations with A. Sukhov and
S. Damour.

1. Introduction and statement of results

1.1. General assumptions

The general assumptions throughout this article are as follows. We de-
note by Vea(p) a small open polydisc neighborhood of p € C™ and by
Ven (M) := UgemVen(q). Our object of study is a local holomorphic map
f : Ven(M) — C¥ which induces a map f : M — M’ between two real
algebraic CR generic manifolds in C*, C*'. We assume that M is minimal
in the sense of Tumanov at one of its points p (equivalently, (M,p) is of
finite type in the sense of Bloom-Graham). Even if some of our statements
remain true for M non-minimal, we shall not notify it for simplicity. Also,
n 2.

We set m := dimer M, d := codimg M, m’ := dimggM’, d’ := codimg M’,
whence m+d =n, m' +d' = n’. We assume that m > 1 and m’ > 1.

In suitable coordinates z € C*, 2z’ € C", we have p = 0, f(p) = 0,
M={ze€U:p(z,2) =0} and M’ = {2’ € U :p/(2,Z') = 0}, where U
and U’ are small polydiscs centered at the origin, and where p;(z,2) =
Z|u|,|V|<N pjaﬂ,Vzuzy’ 1<7< d, p;,(zl,zl) = ZI;L'[,IV’KN’ p;',u’,u’zlﬂzlu
1 € j' < d are real polynomials satisfying 9py A --- A 9pg(0) # 0 and
00} -+ N Oply (0) # 0.

We can assume that U = (eA)", ¢ > 0 and U’ = (¢/A)", ¢’ > 0,s0 U
(conjugate set) = U and U =U.
1.2. Reflection operator

Let Qg = {z € U:p(z,w) = 0} denote Segre variety (we maintain the
bar on w in the notation Qg, see [11] for arguments). For every subset
E C U, we define the action of the reflection operator:

ru(E) = {w € U:Qp D E} = NuerQu, 4(E) =ru(ru(E)), (1.3)

say, the first reflection of E and its second reflection across M. Their basic
properties are explained in Lemma 2.1:
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1.rm(E)NEC M.
2. ’I"M(’I‘M(E)) O FE.

Observe that ﬂkeNT’X/[(E) = ENrp(E). A similar rpy is defined across M'.
Now, let 2 € Qg. Let f : M — M’ as above. Then f(Q;z) C Q’T(-Z—)-. Also:
1. f(2) € f(Qu) C 31 (f(Qu))-

2. f(Qz) C Q’f(z) hence by (1.3)

f(z) € o (£(Qz)) = V. (1.4)

Consequently also:
£(2) € rar(£(Q2) NTAn (F(Qu)) = Vinran (V) = XL, (L5)

Also, a last notification:
e (£(Q) € gy F(Qu) C 130 (f(Qu)) C Qpgy- (16

Observe that 73,,, r4,,, . . . offer nothing more, because r2%,(E’) > E'. Notice
that the determination f(z) € rap (f (Q;))DQ}(U_}) coincides with (1.4), since

v (f(Qz)) C Q'f(u_}) by definition.
1.7. Organization

This expanded Section 1 will now be divided in several paragraphs
corresponding to various questions and answers that present themselves.
We shall shortly present all the problems, all the results, all the technical
lemmas, all the examples in the next paragraphs and we shall explain all the
major links between them. Finally, the precise checking of all the remaining
details and of all the technicalities will be postponed to Sections 2, 3 and 4.

1.8. The results

The fundamental observation is that, as M’ is algebraic, both 75 (E’)
and 13, (E’) are complezr algebraic sets for any set E’, since in (1.3) all
the Q7 are. Therefore (1.5) should determine f as an algebraic map of
z if dimyyX] 5 = 0 for all z,w close to 0, z € Qg, a result which is
true and which was originally proved in [14] (preprint version) for Z .
An analogous result is due to Baouendi-Rothschild [1] and to Baouendi-
Ebenfelt-Rothschild [2] with use of V/, := 7)1/ (f(Q3z)) only.
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THEOREM 1.9.— If dimy,)V, = 0 or if dims,)X], ; = 0 Vz,w €
Ve (0) with z € Q. then f is algebraic.

Of course, the case dimy(,)V, = 0 is contained in the more general case
dimy(;)X] ; = 0, because we clearly have X/ ; C V. Our proof of Theo-
rem 1.9 will be achieved shortly, thanks to a partial algebraicity theorem
proved in [10,13]. We shall indeed establish that the condition dim () X[, 5 =
0,Vz,w € Vga(0), z € Qg implies that f is complex algebraic on each Segre
variety in some open set V := V¢~ (0) and then apply:

THEOREM 1.10.— ([10]) Let g € O(V,C) and let M be minimal at 0.
Then g is algebraic if and only if g|loznv is algebraic Vw € V.

We also obtain an equivalent version of Theorem 1.9:

THEOREM 1.11.— ([10,14]) If dim;)X], ; =0 Vz € M NVcn(0), then
f is algebraic.

Theorem 1.11 admits several applications and covers several known results
(e.g. [1,2,13,14]). In truth, some unexpected phenomena and some subtle
things are hidden behind Theorem 1.11. Our work is aimed to reveal most
of them.

1.12. First remarks and questions

This Theorem 1.11 will be deduced from Theorem 1.9 by proving that
there exist points p € M arbitrarily close to 0 such that dim,)X] ; =0
Vz,w € Ven(p), 2 € Qu, see Proposition 1.23 below. The main difficulty
here is that the set X[, ; is not in general holomorphically parametrized by
z,w € U, z € Qg, in the sense that there would exist analytic equations
such that X/ ; = {2':\j(2,w,2') = 0,1 < j < J}. In fact, the existence
of such equations would readily yield the following upper semi-continuity
property:

dim sy Xgo =0 = (dims X, ; =0, V2,w € Vga(0),2 € Qu). (1.13)
£(0)20,0 f(2) Pz,

And (1.13) above would immediately yield that Theorem 1.9 implies The-
orem 1.11. However, (1.13) fails to hold in general. Our goal is there-
fore to explore the properties of the map (z,%) — X ;. Let us denote
M = {z € Qp} = {(z,w) € U x U:p(z,w) = 0}, which is a complex-
algebraic d-codimensional submanifold of U x U, called the extrinsic com-
plezification of M. To be exhaustive, we wish also to compare the following
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twelve determinacy conditions:
CHM) : dimf )M, 5 =0V (z,w) € M C*(M) : dimypM, , =0Vpe M
C3(M) : dims()X, 5 =0 V(z,@) € M C3*(M) : dimy(,)X;, , =0 Vpe M
C3HM) : dimf(,)Z, 5 =0 V(z,0) € M C*(M) : dimy(,)Z;, ;=0 Vpe M
CHM) : dims(,)V, 5 =0 V(z,@) e M CHM): dimy,,)V, =0 Vpe M

and also:
Cp i dimppMy,; =0, Cp i dimpgX;; =0,
Cz . dimf(p)Z;),ﬁ =0, C’} : dlmf(p)V; =0.

As a preliminary in this exposition, we will first recall and state some of the
nice properties of the mapping z — V7.

1.14. Analytic dependence of z — V/,

By A,(U), we denote the ring of polynomial mappings from U to C,
or more generally, of holomorphic algebraic functions over U (see [1,2]). By
O, (U), we denote the ring of plain holomorphic mapping from U to C.
By a slight abuse of notation, we denote by O,(U) x A,(U) the ring of
functions g(z,w) which are holomorphic with respect to z and polynomial
with respect to w. Also, we write x € O, (U) if x is antiholomorphic with
respect to the variable w € U.

By the well-known process of applying the tangential Cauchy-Riemann
operators to the identity p'(f(2), f(w)) = 0 as p(z,%) = 0, one can estab-
lish that the map z — V/, is analytic (algebraic here because M, M’ are
algebraic):

PROPOSITION 1.15. — There exist J € N, and functions rj(z,w,2') €
An(U) x Op(U) x Ap:(U’), 1 < § < J, such that V (z,w) € U x U with
z € Qg, then:

v (f(Qz) ={2 €U :rj(2,w,2") =0,1<j < J} =V, = Si,w- (1.16)
Here, we write “vectorially” r for (ry,...,7s) and we have set:
St = {(2,w,2") €U x U x U :r(z,w,2') = 0}. (1.17)
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Then in (1.16) above, S ; simply denotes the fiber of S. Although the
equations (1.16) of V/, do depend in general of some @ such that z € Qg,
the zero-set V’, appears to be independent of @ provided (z,w) € M. This
is in fact clear because by its definition, it is the set equal to rpr (f(Qz)).
But the analytic equations 7(z,w,2’) = 0 justify the notation S! , (not to
be confused with V7). ’

Proposition 1.15 and the upper semi-continuity of the fiber dimension
of a holomorphic map immediately yield the following:

Ct = CH{MN(VxV)) and C§ = C*(MNV) for some V = Vga(0) C U.
(1.18)

COROLLARY 1.19.— If dimg(,)S] ; = 0 for some z € U and some
w € Q3, then there exists N C M a proper complex analytic subvariety
such that the map

Veur (f(2)) 2 2/ 1(z,w,2") € CY (1.20)
is an immersion at f(z), for all (z,w) € M\N.

This is of course equivalent to the generic rank of the mapping
MxC" 3 (z,@,2") — (2,@,7(2,,2")) € M x C’ (1.21)

be maximal equal to 2m+d+n’. Just one further remark. As M = {(z,2) €
M} embeds as a real algebraic maximally real submanifold of M, then
N N M := N is also a proper real analytic subset of M. In particular, after
applying the implicit function theorem to (1.20) near (p, ), we obtain the
existence of a neighborhood V, := Vca(p) and of holomorphic, partially
algebraic functions ¥/ (z,%) € An(Vp) X On(V,), 1 < v < n’ such that
fo(z) =V, (z,w), v=1,...,n/, 2 € Qg (using elimination theory, one can
even assume that the ¥/, are polynomial with respect to z). Fixing w, this
shows that f is algebraic on Segre varieties and Theorem 1.10 then applies
to show that f is algebraic. In particular, we recover the main theorem of
[2] with a slight variation. For further properties and knowledge about the
geometry of S! (the first reflection variety), we refer to [1,2,3,4,6,7,10,14].

1.22. Almost everywhere analytic dependence of (z,w) — X/, ;
Now, we present the way how (z,w) — X, ; varies:

PROPOSITION 1.23. — If dimy(,)X) ; = 0, Vz € M, then there ezists
a dense open subset Dpy C M such that
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(*) Vp € Dy, 3Up = Ven(p), Uy = Veu (0" = f(p)), 3K € N,,
3 (sk)1<k<kcs Sk € On(Up) X On(Up) X.An/(UI',,) such that, if S* = {r(z,w, z’)
= 0}, then

Vz,w€e€Up, 2€ Qu. Vw,z1 € Up, w € Q3,,
Uy NX, 5 C{z €Upir(z,w,2') =0,5(,21,2) =0} =:S2 5, (1.24)

and such that the graph of f over MM := {(z,w, z1) : p(2, @) = 0, p(w, Z1)
=0} intersected with U, x Uy, x U, satisfies

Ir(f) ={(z,w, 21, f(2))} = {(2,0,21,2"): 2 € Siwm} =82 (1.25)

Furthermore, there exist similar analytic equations r(z,w,2') = 0, s(w, 21, ')
= 0 such that

(xx) V (2,1, 21) € (MEM) N (Up x U, x Up), the map
Ve (£(2)) 2 2/ = (r(2,w,2),8(@, 21,2")) € CTHE (1.26)
is an immersion at f(z).

We invite the reader to notice that the dependence of S? is holomorphic
with respect to z and antiholomorphic with respect to w, which justifies
and explains the notation X'z@. This technical proposition, whose proof is
postponed to Section 3, appeals several remarks. The first one is: what is
the structure of the closed set M\Djys C M exactly ? Surprisingly, it is not
an analytic set, it is in general a subanalytic set. Leaving this question for a
while, we shall return to it in Examples 1.66 and 1.68 below. The second re-
mark is: we prove Theorem 1.9 without using Proposition 1.23. This propo-
sition is indeed used only to prove that Theorem 1.9 = Theorem 1.11. Next,
a third remark. As T'r(f) = S?, the projection 7 : §?(C U, xUpxUp x U}, ) —
Up x Up x U, is submersive. The zero locus S? = I'r(f) is smooth, but the
equations defining S? can be non-reduced. After taking the reduced complex
space Red S?, we obtain the immersion property () of Proposition 1.23 for
z,w,21 € Ven(p). Of course, the equations s(w, 21, 2’) = 0 of which Propo-
sition 1.23 asserts the existence are clearly those for r,,(f(Qy)), while as
before r(z,w, 2") come for 7p/ (f(Qz)). Now, we come to the most important
remark. Thanks to the analytic parametrization (1.24), we have:

<dimf (p) S;

e sy =0) = (dimf(z)Siwyzl =0, Vz,w,z1 € Ven(p) CUp).

(1.27)
We therefore obtain the desired semi-continuity property:

<dimf(z)X'z’2 =0,Vze ]\l> = <dimf(z)X’Z,m =0, Vz,we VCn(p),z c Qu',> .
(1.28)
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In summary, the reduction of Theorem 1.11 to Theorem 1.9 via Proposi-
tion 1.23 is completed.

1.29. Solvability of f over a dense open set

The fundamental remark is that after solving f(z) from (*x) of Propo-
sition 1.23 at ¢ € Up, p € Dy, i.e. solving f(z) from the collection of
equations:

ri(z,w, f(2)) =0, 1<j<J, sp(w,21,f(2)) =0, 1<k<K, (1.30)
where z € Qg, w € Qz,, we obtain:

COROLLARY 1.31.— Vp € Dy, Vg € Up = Vea(p), 3Wy = Vea(q),
AV, (2,0, 21) € An(Wg) X On(Wy) x On(Wy), 1 < v <1/, such that

f1(2) = Vi (z,w, 21),. .., fu(2) = U, (2,W, 21), (1.32)
Vz,w,z1 € Wy, 2 € Qu, w € Qs,.

Then equation (1.32) immediately shows that f is algebraic on each Segre
variety Qg N Wy: just fix @, 21 in (1.32) and let z € Q vary. Thus, again
Theorem 1.10 applies, as in 1.14 above.

1.33. Algebraicity of f
Theorem 1.11 admits the following main corollary:

THEOREM 1.34. — ([6,10,14]) If M’ does not contain complex algebraic
sets of positive dimension, then f is algebraic.

Proof. — Indeed, we have:

y 1) X, ;= (f(Q2) N 73, (£(Qz)) € M' (by rarr(E') N1y (E) € M
E").

2. Tm (£(Qz)), T34 (f(Qz)), X}, are complex algebraic sets through
f(2).

Consequently, dimy(;) X}, ; = 0V 2 € M necessarily holds under the assump-
tion of Theorem 1.34: Theorem 1.11 then applies. |

Remark. — The author obtains a completely different proof of Theo-
rem 1.34 in [10]. A similar proof is given in [6], but for M being Segre-
transversal instead of being minimal.
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1.35. Comparison of V/,, X/

We have now completed the presentation of the main steps in the proof
of Theorem 1.11. Next, we come to the comparison between the zero di-
mension conditions about V, and X ;. It is easy to see that there exist
many examples of f, M, M', U, U’ such that dimy(;)V, > 1, Vz € U and
dims ()X}, ; =0, Vz,w € U, z € Q. Consequently the condition C3(M) is
strictly finer than C1(M) (same fact about C?(M) or C*(M)). Here is such
an example (exercise).

Ezample 1.36. — Take M : 24 = Z4 + 4217 in (C%n,u)’ flz1,24) =
(21,0,0,24) € C*, and the hypersurface

i 20, a2 ror s
M': zj=zy +i21Z] +i21" 25 +i2/725 + 2525 + izh2%. (1.37)

It is also known that the second reflection is superfluous when n = n’ and
f is a biholomorphic map (¢f. [1,2,3,14]) or if one assumes directly that
dimf(z)V; =0 (Cf [7])

1.38. Comparisons between V/,, W/ Z’

zZ,Ww? X,z,ﬂ)

Yet another strategy (cf. [8,14]) consists in replacing (when possible) the
set S! = {(z,@,2'):7(z,w,2') = 0} by some smaller complex analytic set
St = {(z,w,2') : 7(z,@, 2') = 0} C S! such that:

1. 7 € An(U) x On(U) x A (U).

2. T'r(f) = the graph of f = {(2,@, f(2)):(2,%) € M} is contained
in S1.

3. S! is obtained in a constructive way.

The set S should really be given by means of an explicit construction,
because S! is the concrete datum from which one tries to deduce that 2’
is solvable in terms of z,w. Constructing such a set Sl one can hope that
dlmf(z)SZ & = 0. For instance, if I'r(f) is contained in the singular locus
Sing(S*'), which is computable in terms of r(z, @, z ), since S; is explicitely
given, it is possible to shrink S! and to replace it by S! := Sing(S!), obtain-
ing new, possibly finer equations 7(z,w, f(2)) = 0. In [14] (preprint version),
S! is also shrunk more again, still in a constructive way, in order that S!
becomes a “holomorphic family”. Therefore, there might exist many differ-
ent such S! depending on the way how S! is shrunk in a constructive way.
However in the end of Section 3 we propose a uniform unambiguous method,
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which uses only elementary tools: minors and the uniqueness principle (but
not passing to the filtration by singular complex subspaces).

If dim;(,)SL; > 1, denote W, ={2 e U:#(z,w,2/) = 0} =S 4
and

L, 5 =W, o Nra (W, ;) 2 € Qg, wE Q3. (1.39)
Then f(2) € Z, ; because

(1.40) flz) eW, , CV,
(W, ) D rar (V) (by rar (E') D ra (F') if E' C F)

(Wi z0) O (V) = 134 (f(Qa) O f(Qa) 3 £(2)
F(z) € W, o Nrar (W, z:

w zl) = Ly w2t

The gain in reducing S! — S! lies in the fact that one can easily insure that
(w,Z1) = rp (Wy, 5, ) becomes an analytic parametrlzatlon (or a “holomor-
phic family”) by having first a nice representation of W,

PROPOSITION 1.41.— ([8,14]) There exists N' C M a proper complex
analytic subset such that Vp = (zp,Wp) € M\N U, = Va(p), 3Ny, nh €
N, nf +nh) = n/, 3‘I> (z w,2') € An(2) X Op(w) X A (2}), (2,@) € Up,
(w,21) € Up, 1 < v < nf, such that

{(z,@, f(2)): (z,0) € M} C {(z,W,2"): 25 = ®'(2,w,27)}
C {r(z,w,2") =0}. (1.42)

In [8], it is established that the representation (1.42) is unique: the set {2 =
&' (z,w, 21)} being the maximal for inclusion among all the sets of the form
A = {2}, = V'(2,w,2])} (for some splitting of the coordinates ') satisfying
I'r(f) € A C S'. Let now p € M\(N := N N M) and let U, = V= (p) with
Uy, C Up x Up. The representation (4.2) yields after some easy work (see
[8,14]) that there exist K € N,, (sg)1<k<k € On(Up) X On(Up) X Aw (Uy,)
such that Vz,w € Up, 2 € Qg, Vw,21 € Up, w € Q3,

!

L,y ={7 €Uy :r(z,®,2") =0, s(d,21,2") = 0}. (1.43)

As in Proposition 1.23, we have got the analytic dependence of the map
(z,@) — Z 5 (again, the set Z] ; , does not depend as a set of z if
(z,w,21) € MﬁM and it coincides with Z, 5 which was defined in a set
theoretical way). We will come back later to the construction of &', see

Proposition 1.74 below.
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1.44. Fundamental remark

The constructiveness of a shrinking S! — S! is essential. One is temp-
tated to introduce S}, := the minimal (for inclusion) A, x Op X Ay~
set contained in S! satisfying I'r(f) C SL,;, C S!, i.e. the intersection of
all §1, even those which are not constructive, and to put me,z‘u‘,,zl' =
Stin.zw N "M (Shiinw.z,)- However, the equations rmin(z,@,2") = 0 be-
ing not known from the datum S' in general and not constructible in
an explicit way, it is quite impossible to deduce from f(2) € Zmin 2,2,
anything. Not to mention that anyway if f was algebraic from the begin-
ning, then rp,;, := 2’ — f(2) would have been convenient and the condition
dimy ;) Zmin, 20,2, = 0 (here dimy(;)S} ., . 5 ., = 0) then becomes surpris-
ingly tautological!

1.45. Properties of Z

Before entering into further discussions, let us summarize the properties
of Z, 5 as follows (see also Proposition 1.74).

THEOREM 1.46. — (1) The set of points where (z,w) — Z., . is not

Z,w
holomorphic is a proper complex analytic subset N of M. Let N := NNM.

(2) If dimf(,yZ, ; = 0 Vz € Vn(0) N M, then dimy(,yZ, , = 0 for z
outside a proper real analytic subvariety N1 of M\N.

(8) If dims(p)Zy, ; = O at some point p € M\(N U Ny), then f is alge-
braic.

Remark. — That the bad set N is analytic is a property which is spe-
cific to Z;, ;. For X|, ;, the bad set M\D)y is definitely not analytic, see
Example 1.68 below.

1.47. Discussion
We can now summarize the main result in [14] (preprint version).

THEOREM 1.48. — ([14]) If dims,)Z;, ; = 0 Vp € Vea(0) N M, then f
is algebraic.

This theorem also implies Theorem 1.34 (which is the main applica-
tion of double reflection). Indeed, a possible proof of Theorem 1.34 starting
from Theorem 1.48 above can be achieved exactly as we did supra in 1.33,
because the intersection Z;, ; = W, 5 N ra (W), 5) C M’ must also be a
zero-dimensional complex algebraic set.
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1.49. Reverse inclusions

Now, we return to comparison of Xz o With Z/, .. If dlmf(z)W
Vz € U (so second reflection is needed), one can expect that

zw/

(dimy()X] 5 =0, Vz) = (dimy(;)Z, 5 =0, Vz), (1.50)

i.e. that the study of Z’ . is sufficient to get a complete proof of Theo-

zZ, W
rem 1.9. Nevertheless, two inclusions of opposite sense enter in com-

petition
W, o C Sls and (W, 5) D rag (S;,w) (1.51)

so that it is not clear how

X, om =SianNrm(Syz) and  Z, g, =W, nry (W, ) (1.52)
could be comparable. Indeed, implication (1.50) is simply untrue:
Ezample 1.53.— There exist f, M, M’ such that:

dim ()X =0,Vz but dimg,)Z; >1, Vaz. (1.54)

Z,W,21 2,W,21

Ex([l)licitely, take: M : z5 = Z5 + 12171 in (C%Zlyzs)’ f(z1,25) = (21,0,0,0, z5),
and:

il a2, o2 1252 .52 42
M’ 2L =7 +i212) + 12y 247 + izl 1 2h2h +izg 2y + izl +  (1.55)

= B3
+zz3z4+zz3

In conclusion, the determination of f(z) by X/, ; . can be strictly finer than
by Z, .., (for the details, see Section 4). And quite surprisingly, it is also
true that determination of f(z) by Z,, ; can be strictly finer than by X/

Ezample 1.56.— There exist f, M, M’ such that dlmf(z)Zz o = 0Vzbut
dlmf(Z)Xmu 1 Vz. To be explicit, take M : 24 = z4 + 1217 in (C(z1 2a)

f(z1,24) = (21,0,0, 24) € C4, and:
M .z, =2, +i2}3 + 2, 205 + i 22 (1.57)
In summary:
(dims(,)X], 5 =0, Vz) £ # (dimg(,)Z, 5, =0, Vz). (1.58)
Consequently, it is justified to introduce:
M, =W, 5 Nrae(Vy,), (1.59)
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where
Q1
=8S;.5 (1.60)
for a constructive shrinking St of S. (Of course, different such shrinkings
may exist, which depend on the conditions that are imposed; the choice
S! = S! can always be done; our examples illustrate well the phenomenon.)

1.61. Comparison between M, ; and Z

2,

X e
Notice that M, ; = X, ;, N Z, ;. Now it is clear that:

(dimg )M, 5 =0, Vz,w,2 € Qg) < (dimy,yX, , =0, Vz,w,z € Qg)
(1.62)

(dimg )M, 5 =0, Vz,w,2 € Qu) < (dimsyZ, 5 =0, Vz,w,2 € Qu) -
(1.63)
Our examples also show that the reverse implications = are both untrue.

1.64. Summarizing tabulae

It is time to give a complete link tabular between the twelve conditions

C,,Cp,C3,C,CHM),C*(M),C3(M),C*(M),CH (M), C*(M),
C3(M),CHM).

Return to definitions. Here, p € M is a fixed chosen point, the origin in
previous coordinates. The point p is chosen arbltrarlly and is fixed. CJ
denotes: C’ s dimyp) M, 5 = 0, C s dimg () X5, 5 = 0, C’ sdimyg(p)Zy, 5 = 0
(L9 dlmf(p)V = 0. Henceforth CI(M) does not denote “CiVqge M,
but Vq € Dy”, i.e. over a dense open subset Djys of M. Idem for CIH(M).
Consequently, the implication C?(M) = Cj is a priori untrue, since p can
well belong to the set of points ¢ where C} is not satisfied.

First, we already know that if C7(M) is satisfied over an open dense
subset of M, then C7(M) is satisfied over an open dense subset of M, for
J =1,2,3,4, and conversely. We know this thanks to Propositions 1.15, 1.23
and 1.41. Therefore, if C}, denotes (CJ)1<j<a, C(M) = (C7(M))1<j<a, C(M)
= (C7(M))1<;j<4, the comparison of our twelve conditions which could have
been explored in a 12 x 12 tabular with 144 entries can be reduced to only
three 4 x 4 tabulars:
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[ x>+ TG [CM) [ CM ]

)

L C N x I x [ _x 1. (II * TG JL = T CON N[« TCM
e [ x T x T x [ \[LSI x TSI x TLEMI x 1]
Lem I x [T x M x_ 1

Our examples are intended to explain only the main nontrivial (non)

L=l S 1 G [ G | G |
LG lle=lle=] e [« =]
LG lezrle=]e=]«=]
LG [e=»llerlec=]e=]
LG [e»flerfere=]

[+ [CTAD) [ P00 [ (M) [ TR |
LG [«=]e=]««=]«=]|

LG [ «» e [[«= ]| «» |
LG [ +» &> [« [« = |
LG lerler e[« ]

[ =+ [CTM) [ M) T M) [CTM) |
[EM] == ]«"=«"=]
[CM[e="] = [« ]« ]
(M Je»[e="] « = [«7= ]|
[CM[e="[ec="[c=»"]«=]

implication links above. Those not in the articles are easier to find.

1.65. Nonanalytic behavior of (z,w) — X, ;

We give two examples of it.

(1) Example 1.66 shows everything: C} = CJ, 2 < j < 4.

(2) Example 1.36 shows everything: C7(M) # C}(M), 2 < j < 4.
(3) Example 1.53.

(4) Example 1.56.
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Ezample 1.66. — There exist f, M, M’ with f nonalgebraic such that
the function M 5 (z,@) — dimf(z)X;ﬁ, € N is not upper semi-continuous
at 0. Explicitely, take M : z4 = 24 + i21Z; in C?Zh“),

e e eo L2 o2
M':  zy=2Zzj+i21zZ] +i2320 + iz52h + 12/ 12575 + 12" 2525, (1.67)

. . , . ,
and f(z1,24) = (21,24 sin® 21,0, z4). Here, dimoXy o = 0, dimy)X) ; =1

Vz # 0, z € Qg. (Idem for M, . instead.) See Section 4. This example

zZ,Ww
therefore shows that X/, ; cannot be written as {z’:\(z,w,2") = 0} for

holomorphic A € Vgx(0) X Ve (0) X Vear (0) in general.

Ezample 1.68. — (See Section 4.) There exist f, M, M’ all algebraic
such that if 3 denotes the set of points (z,w, z1) € M#M in a neighborhood
of which (%) of Proposition 1.23 is not satisfied, then ¥ is not a complex
analytic subset of M§M but a real analytic subset.

1.69. Globalization of r,;/, 7“12\,,,

First, we notice that 7 (E’)(= Y}, (E’)) which we have localized in U’
could have been defined globally as follows:

v (B = {w eCV QL > E'}, (1.70)
because the p;, are polynomials. A variation of Theorem 1.9 would be:

THEOREM 1.71.— If dimyy[ry (F(Q2)) N (5 )2 (F(Qa))] = 0,
Vz,w € Ven(0), 2 € Qu, then f is algebraic.

(Identical proof). Suprisingly, Theorem 1.71 can be more general than The-
orem 1.9 because:

Ezxample 1.72. — There exist f, M, M’, U, U’ such that:

1. dimf(z)[rf{,,/,(f(Qz)) n (TM,)Q( fQs))] =1, Vz,welU, z€ Qg and

2. dim ) [r$h (F(Q2) N (S )2(F(Qa))] = 0, Vz,w € U, 2 € Qo

Explicitely (see Section 4), take U = A2, U’ = A%, the hypersurface M :
24 = Z4 + 12121, f(21,24) = (21,0,0,24) € C4, and

M’ : 2y = 2y + 2,2 + 2/ T(1 + 24) 2 + 623 (1 + 25) 2} + i2h2h2'2 + i2) 222

(1.73)
Conversely, Theorem 1.9 can be more general than Theorem 1.71 (exercise
left to the reader).
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1.74. About Z’

z,w?

!
Mz,'u_)

It is not difficult to see that all the three positive Theorems 1.9, 1.11
and 1.71 concerning Xz,ﬁ, extend immediately to be satisfied by Z/, ; and
by M, ,, once we have established the following result analogous to Propo—
sition 1.23:

PROPOSITION 1.75.— There erists a standard constructive way of
finding a variety S' = {(z,w,2') :7(2,w,2') = 0} contained in S* with
Fi(2,W,2") € Ap(U) x Op(U) X A (U"), 1 <j < J, J > J, such that

r(f) = {(z,, f(2)): (z,@) € M} C Sy, (1.76)
Sk ={(z,w,2'): 7 (2, @, 2') = 0, (2, w) € M}
and such that there exist a Zariski open subset Dpq :== M\N of M, N C M

complez analytic, dimc N < 2m+d—1, and an integer n}, 0 < n} < n’ such
that

(*) Vp € Dpm, IUp = Vm(p). 3U, = Ve (' = f(p)), such that
S, == (Up x Up) NS is smooth and the projection 7' §£,p — U’ is of
constant rank nj.

Consequently, (x) implies that

(x%) Vp € Dpy := Dy N M, v, = Ve (p), EIU', = Ven (p' = f(),
dK € N,, H(Sk)1<k<1{, Sk G@n(U ) x On (U, ) X An/(U' ) such thatVz; €
Qw if Wi, = SL; N (U, x T, x U,) for any (w,z1) € M, and if

rMp, (B') :={w" €U, :Qy D E'}, then
rM, (W) = {(@,21,2') € Up x Up x U}, : s(w, 21, 2') = 0} (1.77)

_Proposition 1.75 shows that after shrinking the first reflection variety St
to S!, the crucial property (x) above is satified. This property is appropriate
to compute the second reflection 7y, (Wy, ) after localisation in a smaller
open subset Uz,) because it yields the convenient analytic dependence with
respect to the parameters (w, z1), as we have written in (1.77). We would
like to remind the reader that our examples show that there is a serious

difference between Proposition 1.23 and Prop051t10n 1 75 and a serious dif-

ference between applying operators 1‘1(\],[, or r]l{,,, or r§ M, Finally, by applylng
Proposition 1.75, we clearly obtain the Theorems 1.9 and 1.11 with Z
and with M, ; instead of X[, ;. The remainder of the paper is devoted to
explore the technicalities.
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2. Proof of Theorem 1.9

LEMMA 2.1.— (i) For any set E C U, ENry(E) C M and E C
TNI(TM(E)).

(ii) 2 € Qg iff w € Rz, 2z€ Qs iff € M, {weU:Qgyz D E} =
m11)€EC21ZJ~

(i) £(Qz) € Q-

(iv) p(z, @) = 0 iff p(w, 2) = 0.

Proof. — (ii), (ili) and (iv) are classical. Prove (i). If e € E and e €
rm(E) = NueeQw then e € @z, so e € M by (ii), i.e. ENry(E) C M.
Furthermore, by construction of rps(E),

rm(rmM(E)) = {Qz:z€rm(E)} =n{Q::Q: D E} DE. O (2.2)

Let M = {(2,w) € U x U:p(z,@) = 0}. Let £; = 3 ;_, aj,l(z,w)ai@,
1 < 1 < m, be tangent vectors to M which are the complexifications of
a basis of tangent vectors L; = Z;;l aj,l(z,i)g%, 1 < I € m generating
T%'M with polynomial coefficients and which commute.

__ LeEmMA 2.3.— There ezist J € N, and functions r;(z,%,2") € Ap x
On X Ap, 1 <j < J, such that V(z,w) € M

v (f(Qz) ={2' €U :rj(z,w,2') =0,1 < j < J} (2.4)

Remark. — Two sets {r;(z,w1,2") = 0} and {r;(z,ws,2’) = 0} for

different wq,we such that z € Qu,, z € Qu,, coincide and are equal to

ra (f(Qz))-

Proof. — By definition, rp (f(Qz)) = {w' € U": p/(f(w),w') = 0,YVw €
Q:}. Using Lemma 2.1 (iv), ra (£(Qz)) = {2 € U': p/ (2, f(w0)) = 0O,Vw €
Q:}. Equivalently, Q; > w — p/(2, f(w)) € C% vanishes identically as an
antiholomorphic map of w defined on the complex algebraic manifold Q5.
Thanks to the identity principle, this is equivalent to £Y(p'(2/, f(w@))) = 0,
Vv e N™ Put ry(2,@,2") := L7(p'(2, f())). Then ry € ApxOpx A,. By
noetherianity, a finite subcollection of the r,’s defines ra; (f(Qz))- O

LEMMA 2.5. — There exist K € N, and polynomials si(z') (depending
onw), 1 <k <K, such that

ra(F(Qu)) = {2 € U':s(2) =0,1< k < K}.
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Proof. — Simply because r3,,(f(Qq)) is algebraic, by the definition (1.3).
0

End of proof of Theorem 1.9. — Fix w. We prove that f|g.nv is alge-
braic. Indeed

1.Vz€Qp, mj(2,w, f(2)) =0,1<j < Jand si(f(2)) =0, 1 <k < K.

2. The set @ := {2/ :7rj(2,w,2') = 0,1 <7< J and s(2') =0,1 <k <
K} is zero dimensional at each point f(z), z e V, 2 € Qg.

By Theorem 5.3.9 in [4] (in the algebraic case), there exist Weierstrass
polynomials Pj(z,2}) = z;vN" + 2 1cken, Ak,j(z)zg-Nj-k, Ap; €Clz), 1 <
J <7/, such that ® is contained in ¥ = {(z,2') € VxV': Pj(z,2;) = 0,1 <
j<n'}. As (2, f(2)) € ®, we obtain that

()N + Z Ak,j(z)f;\]’—k(z) =0, z2€QzNV,1<j<n. (2.6)
1<k<N;

Equation (2.6) above yields at once that each map Q3 NV 3 2z — f;j(2) € C
is holomorphic algebraic, 1 < j < n’. To conclude, apply Theorem 1.10. O

3. Proof of Proposition 1.23

Proposition 1.23 relies upon the following statement (denseness of Dps
is then clear and (%) = (xx) also):

PROPOSITION 3.1. — Ifdims )X, ; =0,V2 € MNVca(0) = M NV,
then there exists p € M NV arbitrarily close to 0 such that dimf(z)X’Z’w =
0, Vz,w € Vea(p), 2 € Qu and (x) of Proposition 1.23 holds in U, =
Ven(p) C V.

As we have already observed, the main difficulty here is that there
does not necessarily exist holomorphic equations A(z,w,z’) such that
X, 5 =17 € U':A(z,w,2') = 0} as for example like there existed some
for rM/(f(Qz) {z/ e U :r(z2,2,2") =0}, z € M, z € Qz. To get such
a local parametrized family, we shall have to shift p € M from a certain
number of images by holomorphic maps of complex analytic sets. Our proof
shows that the set of p € M in a neighborhood of which X/, . should be holo-
morphically parametrized is a dense open subset of M. It will also clearly
show that the bad set can be at least as worst as a subanalytic set.

We will prove Proposition 3.1 with M, M’ of class C¥. For that purpose,
let V, := ry(f(Qz)) = {2/ € U':r(2,@,2") = 0} (in vectorial notations,
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r = (r1,...,77)) so that r3, (f(Qw)) = ra(V,,). Let us recall that the
representation of V/, by holomorphic equations r(z,w,z’) = 0 gives the
same set V’, for any choice of (z,@w) € M (c¢f. Lemma 2.3). Therefore the
introduction of a third point z; € Q4 yields a representation V! = {2’ €
U :r(w,z,2") =0}

From now on, we let z,w,z; € U, z € Qg, w € @3z, and we denote Si,w,
S}U,il instead of V', V7 . This is justified by the fact that although the set
{z' € U':r(z,w,2') = 0} does not depend on w, the equations r,(z,w,2') =
L[ (2, f(w))] = 0 do really depend on w. (Inspect for instance the identity
map C2 — C2, M — M, M = {2, = 2, +i2,71}.) The notation S} g simply
means a fiber over (z, @) of the set S! (even if (z,w) & M). We then write

i (Syz) = {7 € U’:p’(z',zl) = 0 V{’ satisfying r(w, z1,¢’) = 0}. (3.2)

We shall establish that there exist points p = (2, 2,) € M arbitrarily close
to 0, neighborhoods Uy, = Vcn (p), Uy = Vear (9 = f(p)) and holomorphic
functions s(w, 21, 2’) near (2p, Zp, f(2p)) in Up x Up X U}, such that:

Lo (Sy ;) C {7 € Uy, :5(w,21,2") = 0}, Yw, 21 € Up, w € Qz,, and:
2. rv(Shy,0) = {7 € U} i s(w,w,2') = 0}, Vw € U, N M.

LEMMA 3.3. — If the above conditions 1-2 are fulfilled, then dimy(,)X,

w

=0, (2,@) € Vm(p), if dims )X}, 5 = 0.
Proof. — Indeed, let Y, ;. = {2’ € U'r(z,%,2') =0, s(w, z1,2) = 0}
D X} 2 f(2). By assumption, dimg)Y} ,, = 0. Since Y/ .. is holo-

morphically parametrized, then dimf(z)Y;m—,,zl =0, Vz,w, Z; in some small

neighborhood of p in C" with z € Qg, w € @, Therefore dimy(,)X] ;, =0
also. O

Let us assume for a while that we have obtained a dense open set D)y
where the above conditions 1 and 2 are fulfilled. To complete () of Propo-
sition 1.23, it suffices to take S? := the irreducible component of Y/ =
{(z,@,21,2") € (MEM)N(Up,xU,xTy)) xUp, :r(z,w,2") = 0,5(w,21,2') =
0} containing the graph of f over (MfM) N (U, x U, x U,). S? is defined
by similar partially polynomial equations r € A,(Up) x O(Up) x An (Uy),
8 € On(Up) x On(Uy) x An:(U,,). The graph of f is in fact a local irreducible
component of S?, for reasons of dimension. Therefore, S? is smooth there
and (if the equations r = s = 0 are reduced) the rank of the mapping (1.26)
equals n’ almost everywhere, which completes the proof of Proposition 1.23.

a
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Consequently, it remains to establish 1 and 2 above. In fact, this can be
reduced to a statement which we now formalize in an independent fashion,
abandoning Segre varieties, see Lemma 3.7. Let A be the unit disc in C. Let
k€N, neN,, 11 € N, g: A*"x A" — C*"* be a holomorphic power series
mapping converging normally in (2A)" (¢, 2) — g(¢, 2), let

F:={(t,z) € A" x A":¢(t,z) = 0}. (3.4)

Assume that there exists a holomorphic map A : A®* — A™ converging
normally in (2A)" such that (¢,A(t)) € F, Vt € A*, hence n(F) = AF,
where m : A* X A™ — AF, (t,z) — t. Let n’ € N,, vra € N, let p :
A™ x A™ — C¥2 be a holomorphic series converging normally in (2A)™ 7
and denote for t € A*

Grlt] :={z € A" :p(z/,2) =0, Vz s.t. g(t,z) =0}. (3.5)

Let I* C A* be the maximally real set I* = (—1,1)*, I = (-1, 1). Introduce
the complex filtration F = Fy D Fs, D F3D> - D Fy 1 =0, F, #0,a>1,
of F by singular subspaces: F;1 = Fj sing. Assume also that:

Fo={(t,2) €A% x A™:go(t,2) =0}, 1<a<a,  (36)

with g, : (2A)**t" — C"1= converging normally and assume that all irre-
ducible components of F, are defined analogously. We denote by A(t,g),
£ > 0, the polydisc of center ¢, radius g, with £ € A®, ¢ << dist(¢, bA*). It
remains to establish:

LEMMA 3.7.— There exist t € I*, € > 0 and holomorphic equations
s(t,2') in Ag(t,g) x A™ such that:

1. Gplt] € {2’ € A™ :5(t,2') =0}, VYt Ag(t,g), and:
2. Gplt] = {2 € A" :5(t,2') =0}, Vte Ag(t,e)NI".

Proof. — First, Gr[t] = Gr,,.,[t] N GF,,., tln---NGp,,.[t] (Fo=
Fyreg)- Also,Va, 1< a<a, Grlt] = GFLNg[t] N--NGF,_,,.,t]NGE, [t].

Let F, = U%’: 1Faps ba € N,, denote the decomposition of F,, into irre-
ducible components. Then also:

Grlt] = N Gr.,,lt]. (3.8)

1<a<a,1<8<by

We have (see [C], Chapter 1):
Fapreg\(UyzsFay) C Faregs
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FoBreg N (UyzpFay) is a proper analytic subset of Fog reg,
Foreqg = U1<cba (Fap,reg\(UyzsFay)) and
GFa,reg [t] n GFa+1 [t] C mlgﬂsbaGFa{j,rcg [t]'

This yields
Grlt] = ﬂ GFopre,|t]- (3.9)

1<o<a,1<8<by
Denote now by Fi,...,F., ¢ = by +--- 4+ b, € N, the F,g’s which are
irreducible. So Gr[t] = Ni<y<cGF, .., [t]. Let F beone of the F,’s, 1 <y < c.

Now, we come to a dichotomy. Either the generic rank satisfies

gen rke(7|F,.,,) =k  or  genrke(n|R,.,,) < K. (3.10)

LEMMA 3.11. — Let F := one of the F,’s. If gen rk¢(7|F,.,) < &, then
the closed set T(F) := n(F ¢ A" x A") c A" (here, = denotes closure) is
contained in a countable union U, e, Ay of analytic sets A, = A with

0< )\ <k.veN,.

Proof. — Let F be a F, with gen rk¢(7|F,,.,) < . Since F' is defined
over (2A)**™ and irreducible, paragraph 3.8 in [C] applies. O

Hence the Lebesgue measure Mg, (7(F)) = 0. Furthermore, Vv, )\,g(Te N
A,) = 0, since I* is maximally real. Hence \.(7(F) N I*) = 0. Thus there
exists an open dense subset Br of I* such that for all ¢ € Bf, there exists
an open neighborhood Vax(t) with Vax(t) N 7(F) = 0. Consequently, all
irreducible components F., such that gen tke(7|k, ., ) < & can be forgotten.
Indeed, for almost all t € A*, F,[t] = 0, so for such ¢, F, makes no contri-
bution to the set Gg[t] defined by intersecting the sets {p(z’,z) = 0} over
those z € F,[t]. But of course, since there exist A : A® — A" such that
(t,A(t) € F=F,U---UF, VYt € A*, there exists at least one v such
that gen rkc(7|k, ,.,) = k. Let now T denote the dense open set of t € I*
such that F[t] = 0 for the 4’s with gen rk¢(7|F, ,.,) < k. We proceed with
gen rke(7|g, ,.,) = K, Vv = 1,...,c after forgetting other component and
renumbering the remaining ones. Fix F := a F,. Let C := critical locus
of 7|F,,,. Denote F = Freg\C. It is known that C extends as a complex
analytic subset of F' itself and that rkc(7|c) < & ([C], ibidem). Again for
an open dense set T of ¢ (still denoted by ), we have 7(C) # ¢ (Lemma
3.11).

Let Ap :zj(f‘), Br := n(F)NI*. Clearly, Ap is a nonempty subdomain
of A* (since F' is connected).
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If Bp = 0, F N w—1(t) makes no contribution to Gr,.,lt], if t € I*. We
can forget those components F since according to the desired conditions
1-2 of Lemma 3.7, it is harmless to add equations to GF,,, [t] for some other
t € Ap that are close to I but do not belong to I*.

Assume therefore that Br # 0. Again, by 7(I'r()\)) = A, there must
exist at least one F such that Br # (). Let m; := dim¢F. Chooset € BpNT,
which is possible since Bgr is open and T is dense open, choose £ > 0
with Ag(t,e) N I* CC ApNY. For all t € Ag(t,€), (7]z)7'(t) consists
of finitely many (m; — k)-dimensional complex submanifolds of F, since
7 1A, (t,£))NC = 0, whence 7 has constant rank x over FN(A, (t,€) x A™)
and since

(rlz) ' (t) C (xlF)7'(2) (3.12)

and the latter has a finite number of connected components. This number
can only increase locally as t moves. It is bounded on A (t, €) NT". Hence we
can find a new t € I* N A.(¢,g) in a neighborhood of which this number of
connected components is constant, say in A, (t,£)NI*. Denote again simply
this polydisc by A,(t, €)- T

Recall also that 7(C) N Ak(t,g) = 0, so GF,,,[t] = G3[t], Vt € Axl(t, ).

LEMMA 3.13. — Lett € I* such that there exists ¢ > 0 such that the
number of connected components of (7|z ~)71(t) is constant equal to § € N,
for all t € Ag(t,g) N I* and with A (t g) NI c Y. Then there exist
holomorphic equations s(t,2’) in Ax(t,€) X A™ such that

1. Gp,,[t] = Gglt] C {2/ € A" :s(t,2') =0} Vit € Ax(t,g)-

2. Gr,,[t] = G5lt] = {2/ € A" :5(t,2') = 0} Vte Aglt,e) NI*.
Assume for a while that Lemma 3.13 is proved. Then Lemma 3.7 holds
for one irreducible component F' of the F.,’s. Pick a second component.
Letting ¢ vary now in A(¢,£) (instead of A*), we can repeat the above
argument a finite number of steps and get Lemma 3.7 as desired. O

For short, let us denote A, := A(t,€).

Proof of Lemma 3.13. — Let Dy, ..., Ds be the components of (7T|F)_1(§).
These are (m; — k)-dimensional connected complex submanifolds of F' (be-
cause ™ : F — A* is submersive). Let p;,...,ps € D1,...,Ds be points,

let Uy, ...,Us be neighborhoods of py,...,ps in F with maps ®; : A" x
A™~* — U; such that ®;(0 x A™~*) = D; N Uj, ®;(q x Aml k) is
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the fiber 7~ 1(n(®;(¢ x 0))) € F, V1 < j < §, ¢ € A" and such that
m(2;(g x A™TF)) =gq.

After all the above reductions and simplifications, we now can prove the
main step in two lemmas:

LEmMA 3.14. — 1. Gf

reg

[t] C Gu,lt]N---NGy,lt] Yte A, and

2. GF,

oo lt] = G [t] N - NGuylt] Ve A NIF.
LEMMA 3.15. — FEach Gy, t] is equal to a set {2z’ € U’ : s;(t,2') =0},
where s; = a finite set of holomorphic functions.

Proof of Lemma 3.14. — Let D1t],. .., Ds[t] denote the connected com-
ponents of (7]z) 7 (t), t € A, N I*.

Then D;[f] N U; = ®;(t x A™~*) := U;[t] and

GF,

reg

[t] = Ggltl = Gp,lt] N---NGp,ylt] Ve A NI" (3.16)

Now, if p(z’,2) = 0 Vz € Ujt], by the uniqueness principle, then
p(z',z) = 0 on the connected complex manifold Dj[t], so Gz[t] = Gu,y[t] N
- Guspltl, Yt € A, NIF Ift € A \I*, the cardinal of the set of con-
nected components of (7|x)~' can be > 4, so G#(t] diminishes, Gx[t] C
Guiglt]N---NGupylt]. O

Proof of Lemma 3.15. — Let E; := ®;(A,. x 0) given by a holomorphic
graph z = @(t) over A,. Then Fj; is a transverse manifold to the fibers
of m. For each j, there exist vector fields L7, ..., LGl-n over U; with
holomorphic coefficients in (¢,z) commuting with each other with integral

manifolds ®;(t x A™ ~%). Then p(2’,z) =0V z € (r|y,)~*(t) if and only if
E)p(2,2)| 2=y = 0 Vy € N™17F,
Put s;(t,2') == ((Lj)7p(z’,z)[zz(;,(t))veNmrn and use noetherianity. O

Proof of Proposition 1.75.— Starting with S}, = {(z,w, 2’): (z,%) €
M, r(z,w,2") = 0} and I'r(f) = {(z,w, f(2)): (z,@) € M} C S},, we can
again formalize the data as follows. We take coordinates on M =2 A¥, =
2m+d. Let k e Ny, neN,, JeN,, 7: A" x A" - C7, (t,2) = r(t, 2) be
a holomorphic power series mapping converging normally in (2A)*, assume

T € Ok(A%) x Ap(A™), let
§={(t;z) € A" x A™ir(t,2) = 0}, (3.17)
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Assume that there exists A : A® x A™ — A™ holomorphic, converging in
(2A)* such that T'r(A) C S, let 7 : A¥ x A™ — A™ be the projection.

Let us inductively define a collection of S,’s, & € N,. First §; = S.
Next, Sq = {(t,2) € AF x A" :14(t,2) = 0}, 7o : A® X A" — Cl=, J, € N,,
Jo = Jo-1, Ta,j = Ta-1,j V1<) < Joo1, Ta,j € OK(AN) X .An(A") and
T'r(A) C S,

The construction of S,+1 consists in forming the Jacobian matrix of the
Ta,;'s With respect to z, Hy = (ag;’; )izfé‘:f, in taking (7q+1,5); := the col-
lection of all the minors é4,;(t, z), 1 < j < eq, of maximal generic rank over
A" x A™ of this matrix, where eo =: Jo+1 — Jo € N, is the number of such
minors. Then put (ra+1,5)1<j<dars = ((Ta,j)1<i<dar (OayjmJu) Jat1<i<Tan
and put

Sas1 = {(t,2) € AF X A":ir0y1i(t,2) =0,1<j < Japr}.  (3.18)

Of course, o415 € Oc(A%) X Ap(A™), Vi = Jo+1,...,Jaq1. Also if we
were starting with (z,@) =t € M, we would have got some 7411,;(2, @, 2')
depending on the two variables (z, @) even if we let (z,w) vary only in M,
hence getting new equations like the 7; of Proposition 1.75.

Then S,11 & So. Indeed by construction J,4+1 > J, and the zero-locus
of equations from a minor d,,; of maximal generic rank coincides with S
at each point (tp, z,) where 04(tp, 2p) # 0 but S,1 does not contain S, in
a neighborhood of such a point.

Thus there exists an integer a € N, such that S,1 = S, and S,41 D
Ir(A) or S, D I'r(A) and there exists a minor dq,;(t, z) such that I'r(X) ¢
{0a,; = 0}. The case Soy1 = S, and I'r(X) C Sa41 is impossible because
then dim¢ S, 41 = k > 1 and therefore its minors are nontrivial which implies
that Sg41 G Sa by the above remark.

Therefore S, D I'r(A) and I'r(X) ¢ {da,; = 0}.

At each point of the Zariski open subset {d4,; # 0} NT'r(A\) of I'r(X),
locally S, is given by equations of the form zo = ®(t, 2z1), (21,22) € C™ x
C™, ny + ny = n, because of the constant rank theorem. This proves (*)
of Proposition 1.75 in this context. Notice that we make localization in a
smaller open set, which is a neighborhood of some point (¢, A(t)) € I'r(A) N

{6a,; # 0}.

Next, we compute Gp[t] in case F(= S,) is given by {(¢,2) € A* x
A™:z9 = ®(t,21)} to get (**). This is a particular case of Lemma 3.15: let
L= 8%1 +®,, (¢, 21) 3%2 be in vectorial notation the basis of vector fields tan-
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gent to F. Then p/ (2, 21, ®(t, 21)) = 0V z1 if and only if L7p’(2,0,®(¢,0)) =
0 Vv € N™: these define analytic equations s(t, z’), which completes the
proof of Proposition 1.75. Notice that we make localization before comput-

ing Gplt]: this corresponds to taking W;, . = g%u,zl N(Up x Up x U},) and
v,
then r,7 (W7, . ). O

4. Examples
The general idea of all of these examples is to construct M, M’, f with
the reflection set S* = {(z,w, 2’) :7(2,w, ') = 0} containing two or more

irreducible components and to exploit this fact in order to exhibit rather
disharmonious phenomena.

Check of Example 1.53. — Let z € Qy,
25 = Ws + 121W7. (4.1)
Then 2’ € ra(f(Qz)) if and only if
o' (7, (w1,0,0,0,25 — iz;%1)) =0  Vw; € C,i.e. (4.2)
25 — |25 —i21W) + iWT 242y + iz =0 Vb € C.
From this follows 2{ = zs5, 2] = 21, 252} = 0. Therefore

st = {(z,ﬂ),z’):zgzz&zi :zl,zézflz()} (4.3)

V; = {(zh C‘.IZ’C{,‘}’(L 2’5) :Cé1 Cé € (C} U {(Zl,Cé,O, Czllvz5) : gév(:l € (C} (44)

Now, it is clear that I'r(f) is contained in

Shing = {(2,0,2') 125 = 25,21 = 21,25 = 0,2} = 0} := St (4.5)
SI4=1{(21,5,0,0,25): ¢, € C}. (4.6)

To compute 7ar+(SL, ;, ), we write
o' (W', w1,(5,0,0,w5) =0 V{3, i.e. (4.7)

o, 52 2 %
wh — Ws — i[wyd; + Tiwhwy + w3 =0 V.
From this follows wj = 0, w§ = ws + iwjw:. Therefore
rM:(S,luyzl) = {(w}, wh, 0, wy, W5 + iw|d) : wi, wh, wy € C} (4.8)
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and B B
S}Zﬁ, n S}mzl = {(21,¢5,0,0,25): ¢} € C}. (4.9)
In conclusion, dimy(,)Z} ; = V z. On the other hand,
V',w = {(wla Céa Cév Ov ’IU5) : Cé? CE,I € (C} U {(wla Cév 07 Czliv ’LU5) : Cé? Cé € (C}

(4.10)
and the equations of 7y, (V!,) are given by

P (W', (w1,85,8%,0,w5) =0 VoV (5 i0.e. (4.11)
wh ~ [@s + ifwi @y + DPwiwy + whl's +w'sls + w3l =0 VNV E
o' (W', (w1,85,0,84,w5)) =0 VYV, i.e. (4.12)
wh — [@s + ifwi @y + Drwhwl + w3l + Tyl =0 VIV,

From (4.11) we deduce wi = 0, wh = 0, wy = 0, wi = W5 + wjw;. From
(4.12) we deduce wi = 0, w§ = Wy + iw]w;. Therefore

rar (V) = {(w},0,0,0, w5 + iwjw) : w)y € C} = f(Qu) (4.13)
and finally
V’ZﬂT‘]\/jl(V;}) = {(21707 0’0325)} = {f(Z)} (414)
In conclusion, dimy ()X, ; = 0. This completes Example 1.53. O

Check of Fxample 1.56. — Here, if z4 = w4 + 1w 21,

St = {(2,w,2') : 2 = 24, 2] = 21,2525 = O}. (4.15)
Now, it is clear that I'r(f) is contained in S},
Siing = {(szv Z/) : zcll = 24, Zi = 21, Z; =0, Zé = O} (416)
Whence ~
St ={(21,0,0,0,25)} =W, , (4.17)
and finally
dimf(z)wlz,w = dimf(z)Z;)u—} =0 Vz. (4.18)

On the other hand,
SLo = {(21,¢5,0,22): ¢y € CYU{(21,0,{3,24): (b €CY =V, (4.19)
and the equations of rps/ (V),) are given by
p (W, (01,0,{3,Wa)) = wy — [g + i[wi @1 + Diwhws]] =0 V(G (4.20)
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pl(w/7 (12/1,47,2,0, 11_14)) - wfl - [U_)‘l + ’L[wllwl + w%wéwg“ =0 vc_é (421)
It follows only the equation wj = w4 + i[w}w; + Wiwhw}]. Therefore

rar (V) = {(wy, wh, wh, @4 + i[w) @y + wiwhws]) : w), wh, wh € C} (4.22)

V., Nrap(Vy,) = {(21,wh,0,24) :wy € C}U{(21,0,ws, 24) : w5 € C} =V,
(4.23)
whence dimy(,)X/, ; = 1 Vz. Example 1.56 is complete. O

Check of Example 1.66. Let us establish:

The function M 3 (z,w) + dimsyX} ; € N is neither upper semi
continuous nor lower semi continuous in general.

Proof. First, whenever dim ¢ gyra (f(Qo)) = 0, then dims,yrar (f(Qz)) =
0 too for z € Vgn(0) because of Lemma 2.3 and so there exists V = Vn (0)
such that dim;,yX, ; = 0 Vz,w € U, z € Qg. For instance, M = M’,
f = Id, M = {22 =22+ izl'z'l}.

Therefore (z,w) — dimy ()X}, ; could be continuous.

This is false. Indeed, let M = M’ = {23 = Z3 + iz121(1 + 2222)} C
C3, f = Id. First, M is Levi-nondegenerate at every point of C3\{2; =
0}, so dims(,) X}, 5 = 0 at those points. Let Qo = {(21,22,0): 21,22 € C},
v (Qo) = {(0,22,0):20 € C} = {g € C3:Q4 = Qo}, 50 rm'(Qo) = Qo =
{(21,22,0): 21,22 € C}, so rarr(Qo) N72,(Qo) = {(0,22,0):22 € C} has
dimension 1.

Therefore (z,w) — dimy )X, ; can be at best upper semi-continuous.
This is false. Indeed, let M = {(21,24) € C?: 24 = Z4 +iz1%1}, let
M =z, =2, +i2) 7, +izhzh + iz + 1228z + i 22, (4.24)
and
f(z1,24) = (21, 24510 21,0, 24),  f(M) C M’ (4.25)
Then Qo = {(21,0)}, f(Qo) = {(21,0,0,0)}. We claim that
L rar (£(Qo)) Nrarr (£(Qo)) = {(0,0,0,0)} and

2. TM’(f(Qi)) ﬂ’f‘%,‘,,(f(Qw)) = {(zl,zé,O,z4):z§ € (C} VZ,’LU, z e QU‘H
z # 0.
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This will show that (z,®) — dimy ;)X ; cannot be upper semicontinuous
in general.

Indeed,
rM’(f(QO)) = {(0,22,0,0)}U{(0, 0, Z3,0)} and T?\/I’(f(QO)) = {(2170? (()v O)})’
4.26

so 1 holds.

Let (21,24) # (0,0), let z € Qu, w = (w1, wy), 24 = W4 + 121@;. Then
f(Qz) = {(w1,(Za + iwlz:l)sin3 wi,0, 24 + iw1Z;) 1wy € C}. By definition,
rv (f(Qz)) ={72:p'(¢, f(w)) =0 Vw € Qz}. Write

P, f@w)=0 Vi, i.e. (4.27)
2y — |24 — W12 + 12501 + i25(24 — 01 21) sin® Dy +izhzhwd] =0 V.

We deduce equations zj = 2y, 2] = 21, 2526 = 0, z5z4 = 0, 2527 = 0.
Therefore if (21, 24) # (0, 0), then

v (F(Qz)) = {(21,25,0, 24) : 2 € C}. (4.28)
Next, 73, (f(Qw)) is given by
p' (', (w1, 05,0,@4)) = 24— [Wa+iz) D1 +iz325w7 +i250) =0 V(5. (4.29)
We deduce equations 25 = 0, 2} = W4 + i2]W;, S0

TIQW’(f(Q’LT))) = {(Zirzév 0,11—14 + 7;211’1171) : Z{?’Zé € (C}7 (21724) 7& (07 0)

(4.30)
Finally for such (21, 24) # (0,0),
i (F(Q2)) N1ip (£(Qa)) = {(21,23,0,24) 125 € C}, (4.31)
which shows that 2 above holds. This completes Example 1.66. O

Example 1.66 already shows that X} ; is not analytically parametrized
by (z,w). Example 1.68 also provides a supplementary reason.

Check of Ezample 1.68. First, let us take in (3.4): k = 2, n = 3,
A(t1,t2) = (t1,%2,0),

F ={(t,z) € A?xA?: (t123—t3)(21—t1) = 0, (t123—1t2)(20—t2) = 0, (4.32)
(t123 — t%)z;:, = 0} =FRUF, = F’I‘()\) @] {t123 — tg = 0}.
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Then the fibers Fot] = 0 if [t3| > |t1], say if t € T := A2N{|t3| > |t1]|}, and
Bt = {(z1,22,23) € A3:23 = t3/t;} if t € T := A?\T.. Clearly

Grlt] = {2 € A" :p(2, (t1,t2,0)) =0} Vi e A? (4.33)

and ,
Grlt)]={z € A™} (4.34)

ift € T, and
GRlt] = {2/ € A" : (8518%2p)(2',0,0,83/t1) =0 VK1V ks € N} (4.35)

if t € Tp. The border equals To N T, = {t € A2:|t;| = |t3|}. It is real
analytic, not complex.

Next, we build a mapping on the basis of this example. Let n = 3, n’ = 4,
M:z4 =24+ 12121 + 12229,
M': Zy =2 +il 225 — 2\ 2) + 2124 (2 5 — 2, 24) + 2,2, + 24 2], (4.36)

f(z1,29,24) = (21, 22,0, 24). Then one can check that the equations of S’z’u-, =
V!, are: 2 = 24, 2} = 21, 2h = 22, 24(23—2123) = 0, from which Example 1.68
follows. O

Check of Example 1.72. Consider f : C? 3 (z1,24) — (21,0,0,24) € C4,
M 24 =24+ izlil and
M': Zy = 2y +i2h 2 + iz s (1 + 25) 24 + 02 (L + 24) 2% + izh2ha'y + i2h 222,
(4.37)
Identify M with f(M) = {(21,0,0,24):(21,24) € M}. Take U = A? =
Ax0x0xA, U =A% We will first check 1 and 2 for z = w =0 € C2.

First, compute ra (Qo) by writing p/(2', f(21,0)) = 2 — [iZ1 2] +zz1 1+
23)23) so that equations of rp(Qo) are zj = 0, 21 = 0, (1 + 25)z5 = 0,
whence

rir(Qo) = {(0,75,0,0): 25 € A} (4.38)

S (Qo) = {(0,25,0,0): 25 € C}U{(0, 25, 1,0): 2, € C} := AL UAZ2. (4.39)

To compute (r¥;,)2(Qo), write p'(2/, (0,@h,0,0)) = 2} — i[w'3zh2}] so that
equations of (rY;,)2(Qq) are zj = 0, 2524 = 0, whence

(rir)?(Qo) = {(21,25,0,0): 21, 25 € A}U{(21,0,2,0): 2], 25 € A} (4.40)

(5 (Qo) N (r¥1)*(Qo) = {(0,25,0,0): 25 € A}. (4.41)
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On the other hand, (r}(&;’ )2(Qo) =S, (AO) nrS, (AO) where as above
o (AY) = {(21,25,0,0): 24, 2 € C} U {(2},0,25,0): 2}, 25 € C}.  (4.42)

To compute 5y, (A3), write p/(2/, (0,@h,1,0)) = 2, —-i{u_J’gzéz;; -I-w2z =0

V@) so that its equations are zj = 0, 2'5 = 0, 2324 = 0, whence r§ S (Ad) =
{(#1,0, 25,0): 2 € C, 25 € C} and

i (Qo) N (157 )%(Qo) = {(0,0,0,0)} U {(0,0,1,0)}. (4.43)

In conclusion, for z =w =0 € M, r%,",, (Qo)N (TM, )2(Qo) is finite whereas
dimo[rY{;, (Qo) N (rM,) (Qo)] = 1. Now, let z € Qg, z,w € A X0 x0x A,
(Z1707 07 24) € TM'(Q21,0,0,24) N (T%/)Q(le,o‘o,w‘l). As above,

r81/(Qz) = {(21, 25,0, 24) : 25 € A} (4.44)
S (Qz = {(21,25,0,24): 25 € C}U{(21,2h,1,24): 25 € C} := AL UAZ.
To compute (r%,)%(Qg) = {w' € A*:p/(w',Z) =0V 2 € TII{,I,(Q@}),(;lvfiie)e
first
P (W', (01, 25,0,%,)) = w)—[wg+iwjwy +zw1(1+w3)w3+zw2w3z’2] (4.46)
whence
(YN (Qa) = {(wh, wh, 0,4 + iwitdy ) : wh, wh € A, |ibg + iw)is| < 1}U

(4.47)
U{(w}, 0, wh, Wy + iwiwy ) : wi, wh € A, | + iwjwe| < 1}

rir(Q2) N (rf7)*(Qu) = {(21,wh,0,z0) 1w € A} (448)
On the other hand analogously
r%,_,n,’ (ALY = {(21,w},0,24) : wh € C}. (4.49)
To compute r%,",, (A2) = {w' e C*:p'(w',Z') =0 V2 € A2}, write
o' (W, (w1, 25,1, wq)) = (4.50)
= W — [ws + Wiy + 03 (1 + wh)wh + iwhwl s + iw' 3%

whence
r}?,,, (A2) = {(w}, 0, wh, Wy + fw)d) : wy,wh € C} (4.51)
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r$ (Qs) N (rS (A1) N (rS )2(A2) = {(21,0,0,24)} U {(2,0,1, ?11}5'2>

This completes Example 1.72. O
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