JAN VAN GEEL

VYACHESLAV YANCHEVSKII
Indices of double coverings of genus 1 over p-adic fields

Annales de la faculté des sciences de Toulouse 6° série, tome 8, n° 1
(1999), p. 155-172

<http://www.numdam.org/item?id=AFST_1999 6 8 1_155_0>

© Université Paul Sabatier, 1999, tous droits réservés.

L’acces aux archives de la revue « Annales de la faculté des sciences de
Toulouse » (http://picard.ups-tlse.fr/~annales/) implique I’accord avec les
conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitu-
tive d’une infraction pénale. Toute copie ou impression de ce fichier
doit contenir la présente mention de copyright.

NumbpaM
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AFST_1999_6_8_1_155_0
http://picard.ups-tlse.fr/~annales/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Annales de la Faculté des Sciences de Toulouse Vol. VIII, n° 1, 1999

Indices of double coverings
of genus 1 over p-adic fields (*)

Jan Van GeeL() and VyacuesLav YancuEvskii(?)

RESUME. — Soit k est un corps p-adique, avec corps résiduel de carac-
téristique impair, O}, 'anneau de valuation discréte dans k. Soit C' une
courbe de genre un, donnée par une équation affine Y2 = h(X). Nous
étudions l'indice de C dans le cas h(X) = £f(X), avec £ une unité ou
un élément uniformisant dans Oy et f(X) le produit de deux polyndmes
irréductibles de degré 2 dans Oy [X]. Le théoréme 4.1 résume les résultats.

ABSTRACT.— Let k be a p-adic field of odd residue characteristic and
let C be a curve of genus one defined by the affine equation Y2 = h(X).
We discuss the index of C if A(X) = ef(X), where ¢ is either a non-square
unit or a uniformising element in Oy and f(X) is the product of two monic
irreducible polynomials of degree 2 over Ok. Theoreme 4.1 summarizes
our results.

1. Introduction

Let k be a local non-dyadic field of characteristic zero, O} the valuation
ring in k and v = vy the associated value function. In [5] the authors
investigated equations of the form

Y? = h(X)

with h(X) = 3o h; X? a polynomial without multiple roots over such a
field k. It is well known that such equations define an affine plane curve C;”Lﬂ
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which is isomorphic with the affine part of a smooth geometrically connected
projective curve C}, over k (cf. [6]). Let degh = n. If n is odd C}, has one
point at infinity P, defined over k and the genusis ¢(Cy) = (n—1)/2. If nis
even then there are two points at infinity Peo, and P, both defined over the
quadratic extension k(1/hy) of k, in this case the genusis g(Cp) = (n — 2)/2.
So C}, defines an elliptic curve over k% (the algebraic closure of k) if and
onlyifn=3o0orn=4.

The index of Cy, I(C}), is by definition the greatest common divisor
of the degrees of all k-rational divisors on Cj. Let 7 be a uniformising
element in k and o € O} a unit which is not a square in k, then the square
classes of k are represented by {1, a, 7, ar}. The index is an invariant of the
isomorphism class of the curve, so we may assume that A(X) = ef(X) with
f(X) € O[X] a monic polynomial and € € {1, &, 7, ar}. Since Y2 = ¢f(X)
has always a rational point in some quadratic extension of k, the index of
C.y is either 1 or 2. Moreover the index is 1 if and only if C, ¢ has a rational
point over some odd degree extension of k. It follows that if f(X) contains a
factor of odd degree then I(C.z) = 1. The same is true if ¢ = 1, in that case
the curve has one or two rational points at infinity. So we may assume that
e € {a, 7} (the choice of the uniformising parameter being arbitrary). In
[5], the index of C,y is determined in terms of invariants of the polynomial
f, for all irreducible polynomials f of 2-primary degree. So if we restrict
to the class of curves C,s that define elliptic curves over k%, i.e., curves of
genus 1, then the index has been determined in all cases except when

F(X) = (X2 + 51X + bo) (X% + e1X + co)

with X2 + b1.X + bp and X? + ¢1.X + cg irreducible quadratic polynomials
over Oy.

In this paper we calculate the index I(C.s) for such polynomials f,
thereby completing the results of [5] for all curves C, s of genus 1. It follows
from the Riemann-Roch theorem that in case g(C,y) = 1 the index I(C.)
equals 1 if and only if C,; has a k-rational point. However the arguments
we will use only simplify slightly if we would use this fact. Therefore we look
for rational points in odd degree extensions of k, thereby avoiding the use of
Riemann-Roch. Since with f as above and ¢ € {a, 7} the points at infinity
of the curve C,s are of degree 2, the problem reduces to decide whether or
not the equation Y2 = ¢f(X) has a solution in some odd degree extension
of k. This is done by giving a complete analysis in terms of the p-adic values
of the coefficients bo, b1, co, ¢1. For the equations Y2 = a f(X) this is done
in Section 1, the equations Y2 = 7f(X) are treated in Section 2.
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So let
F(X) = AX) f2(X) = (X2 + 51X + bo)(X2 + e1X + o),

with f; and fo irreducible polynomials over Q. Since we may change
variables over k (the index being an invariant of the isomorphism class of
the curve), further taking into account that the choice of the uniformising
element is arbitrary and that we can interchange the role of f; and fa, we
may assume that the quadratic factors are in one of the following six forms:

fi(X) =x*- " ala f2(X) = (X - c7r't)2 — "2
AX) = X~ 7" d%a f2(X) = (X — en')? — 22" p24
AX) = X2—a?™1g f(X) = (X - en)? - 2280
fiX) = X = 2" a? f2(X) = (X = en’)? — 22" p2q
f(X) = X2 = 22 g2 F2(X) = (X = en')? — 22112

AX)=Xx% - AR N f2(X)=(X - m/t)2 2,

with a, b € O, ¢ € O3 U{0}, and where 7’ is a uniformising element which
can be chosen independently from the uniformiser 7 we fixed before. Note
that the last term in the above equations is exactly the discriminant A;
and As of f1 and fo respectively.

We will use frequently the following lemma and its corollary.

LEMMA 1.1.— Let k be a non-dyadic local field and 3, € Of. Let ¢ be
the quadratic form
o= 72+ B2% ++22,

over k. Then for the unramified extension, £ over k, of degree 1 or 3, there
is an isotropic vector v € £3, i.e.,

e(v) =0,
with coordinates in O.

Proof.— The reduction @ of ¢ defines a 3-dimensional form over the
residue field k = Fq. Since k is a finite field, @ is isotropic. If #k > 3 let
£=kF, if #k = 3 let £ = Fy7. Then by theorem 8 in [1, p. 394] there is an
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isotropic vector @ with non-zero coordinates, W = (¥, %2, %3) and Z; # 0
for i =1, 2, 3. Let w = (21, z2,z3) be a lift of @ to the unique unramified
extension £/k of degree 1 or 3 over k. Then p(w) = um, with u € 0,. So
a:% — umy + x% + zg = 0. But m'f —umy = z’12 with a:'12 a unit since £ is
non-dyadic. It follows that v = (2], 22, £3) is an isotropic vector of ¢ with
coordinates in O}. O

COROLLARY 1.2.— Letk, B and £ be as in the lemma. Then the equation
X? + 8= amod ¢*?
with a € OF, has a solution z € 0.

Proof.— Apply the lemma to the quadratic form Z12 + ﬂZ22 - aZg. Let
1, x2, x3 be the isotropic vector with z1, 22, 3 € O. Then z = z; /x5 is
a solution in Oj of the given equation. D

2. The equation Y? = af(X)

Let k be a non-dyadic p-adic field of characteristic zero. In this section
we consider the question whether or not the equation

Y2 = af(X) = afi(X)f2(X)

with f;(X), f2(X) monic irreducible polynomials in Ox[X] has a solution
in some odd degree extension of k. Since the uniformising element 7 does
not occur explicitly in this equation we may assume, as we remarked in the
introduction, that we have one of the following cases:

(1) A(X) = X2 - 12ma?a, fo(X) = (X ~ en?)? — 72"b2a,

(2) fi(X) = X2 =72 H1a2, fo(X) = (X - ent)? — 72"b2a,

(3) fX) = X2 —2?mHa2, fo(X) = (X — ent)? — 72n+1p2q,

4) A1(X) = X2 = x?™Ha?, fo(X) = (X - ent)® — x2nH1p2,

The cases A; = amodk*?, Ay = armodk*? and Ay = armod k*?,
Ay = armodk*? reduce to case (2) and (4) respectively, replacing the

uniformiser 7 by an. In case (4) the splitting fields of f; and f, are both
equal to k(+/7). It follows from proposition 3.5 in [5] that the index of
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the curve C,y is 2 in this case. The calculation of the index in the three
remaining cases is done in propositions 2.1, 2.2 and 2.3 respectively.

PRroPOSITION 2.1.— Let f(X) = f1(X)f2(X) with
fi(X) = X% = x¥a%q
f(X)=(X- c7|'t)2 .
where a, b € OF and ¢ € O} U {0}. Then

() I(Cap)=14fm#nort<mor X? —a2a # (x -cwt‘m)2 -b%a
over k;

(1) I(Coaf) =2 if m=n and t > m and X2 —a%a = (X —cxt-m 2 ¥
over k.

Proof.— Let £/k be any extension of odd degree of k and let e = e(4/k)
be its ramification index. Let m, be a uniformising element of £, then
(= m) = mjw with w € O;. Put & = 75, 5 € £. Then

fl(z) = nge(SZ _ a2w2ma)
fa(z) = (7%s — 1r§ewtc)2 - w?”ewznbza
= ngmesz — 27r£m+t)eswtc + wftewztcz - wf”e w?b2a .
Assume t < m. Then one verifies that

fa(z) € 22 fm<n
fa(z) = (rfew?e? — 72" w?™b20) mod wl?te"'l O; ifm>n.

In both cases the square class of f,(z) does not depend on the choice of
z = my*®s, i.e. does not depend on the choice of s € 0;.

Applying corollary 1.2 to the equation

s — a?w?mq,
we find £ unramified of odd degree over k and an element s € O7 such that

(s2 = a?w?™q) fo(x¢5) = a mod £*2 # lmod £2.
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It follows that af(z) = afy(z)f2(z) € £*2 so Y? = af(X) has an £-rational
point, i.e.,

I(Cyp)=1.
Ift>mor ¢c=0 then
1 mod ¢*2 fn>m
f2(2) = ¢ —b?amod £*2 ifm>n

s2 —b2amod*? if m=n.

We see that in case m # n, fa(2) mod £*2 is independent of the choice of
s. The same argument as in the case ¢ < m can be applied to obtain

I(Caf) =1
If t = m then
(s— cwt)2 - w?e("—m)b% modf*? ifn>m
fa(z) = { —b2amod £*? ifm>n

(s— cw"‘)2 — b2amod £*2 if m=n.

In case m > n the square class does not depend on s and as above we
conclude that I(Cns) = 1. On the other hand, if m < n, we take £ as
in corollary 1.2. Then my = m, w = 1. We choose s = ¢+ 7"~ ™v with
v? — b2a = a(c? — a?a) mod £*2. It follows that af(z) € 2,50 I(Cpoy) = 1.

We have already proven one part of point (i) of the proposition, namely
that m # n or t < m implies I(Cys) = 1. Now let m =n and t > m. Put

01(2) = 7% - da

72 — b ift>m=n
92(2) = { (22 —cw)2 —b2a ift=m=n.
The reductions §1(Z), §2(Z) are irreducible polynomials of degree 2 over k
since & ¢ k2. If §1(Z) # §2(Z) then §1(Z)g2(Z) has no multiple roots.
Using Weil’s bound on the number of points on a smooth curve over a finite
field one finds that for an odd degree extension £/k of sufficiently large
degree there exists an element # € £ such that ag1(Z)§2(%) € 2. A lift of
Z to an element of O}, with £ the unramified extension with residue field
2, then satifies ag1(z)g2(z) € £2. (In proposition 3.1 of [5] the argument
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is worked out in detail.) It follows that af(z) = an?™g;(z)g2(z) € £2 and
therefore
I(Chy) =1

in this case.

Finally let §1(Z) = g2(Z), then b = +a + a’n and necessarily ¢t > m. Let
£/k be an odd degree extension and let z = s, s € O] be any element in
£ Put mjw =m, w € 0. If r <0 then 7r[4rf(:v) € st 4+ m0, C £2 If
r > 0, then

a?b2w?ma2meo2 mod 72™et10, ifr>em =en
f(=) = ‘ ¢

s47rg” mod wg’"‘HOe ifr<em=en.

So it remains to consider z = 7;*®s, s € O;. But now b € ta + 7Oy, this
implies

F(X) = A(X)f2(X) = (X2 = 12™a%a)? + (X? - 7¥™a2a) ™ O [ X] .

And since 52 — a?q is a unit (otherwise the equation Z2 — a?a? would have

a solution in an odd degree extension of k, which is impossible since « is
not a square in k), it follows that

f(z) = 7pme(s? — ¢1201)2 mod 7,10,

is a non-zero square in £. We obtained that for every odd degree extension
£/k and any z € ¢, af(z) ¢ £*2, so

I(Cyy)=2

in this case. O

PROPOSITION 2.2.— Let f(X) = fi(X)f2(X) with
fi(X) = X7 - a?mtig?
LX) =(X- c7rt)2 S
where a, b € O and ¢ € O; U {0}. Then

(1) I(Cqy) =1 ift <min(m,n) orn < m;
(1) I(Cqy) = 2 if t > min(m,n) = m.

- 161 -



J. Van Geel and V. 1. Yanchevskii

Proof. — Assume t < min(m,n). Let {/k be the unramified extension
of odd degree determined in corollary 1.2. The uniformising element 7 in
k is also a uniformising element for £. Take £ = 7’s, s € O;. Then since
t < m,

vp(z? — 7¥™11a2) = 2uy(z) € 2Z.

It follows that

a2ts? _ p2mHl 2 o g2

for all s € O;. Choose s € O such that s = ¢+ 7" ~ts, this is possible
since t < n, with s’ € O} such that (apply corollary 1.2),

§? —b2a g e,

So
fo(z) = 7"(s'? - b%a) = amod £*2
and
f(2) = fi(z)f2(z) = amod £*2
Therefore

I(Cop)=1.

Next assume t > min(m,n) = n < m. Let £ be as before and take z = 7"s.
Then

fi(z) = 72ns? = g2mAlg2 @ 22 | p2ntlg,
fo(z) = (n"s - cﬂ't)2 — 2p2q € 72"(s? — b%a) + rntlo,.
Take £ as in corollary 1.2 and s such that s2 — b%a ¢ 22, then
f(z) = amod £*2.

Again we see that I(Coy) = 1.

This proves part (i). Assume ¢t > min(m,n) = m < n. Now let £ be any
odd degree extension of k and e = e(£/k) its ramification index. Let 7, be
a uniformising element in £ and, say, 7w = 7. Suppose £ = mys € £.

If n >t > m then for vy(z) # vy(ent) = et,

1r2vl(x-—c1r;wt)+1

fo(z) € (z - cwﬁewt)2 +m, Oy.
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But then
(z — entuwt)2e? 4 puellz=erputYe®)+1g,
if ’U[(a?) <m
f(z) € <
(.’E - cw}wt)2(_ﬂ.2m+1a2) + Wvl((l‘—w;w')2+2m+1 Ol
if v(z) > m.

Both possibilities imply o f(z) & £2.
If r = vg(z) = vy(crt = et) then

fi(z) € —x¥mtlg? 4 £2mt2g,

We claim that the valuation of fa(z) is even. If so, vg(f(z)) = ve(af(z)) is
odd, implying a f(z) ¢ £2. To see that the claim is true, note that v, (f2(z))
is even if

2up(z — emifuw') # 2ne.

If 2vg(z — emjfw') = 2ne then z = en’®w’ + ur}®, with u € O}. From this
we obtain
fa(z) = uln2ne — abzwl?”e = 7rl?"‘e(u2 — ab?).

But u? — ab? is a unit (& is not a square in £), so v;(f2(z)) = 2ne, thereby
proving the claim.

Finally assume ¢t > n > m. If r < m then
f(z) € 71'?7.34 + ﬂ.gr+102

and so af(z) € £2.

For r > m we have vy(f1(2)) is odd. In order that z is the X-coordinate
of a rational point in C,¢(£), we need to have that v, (f2(z)) is odd too.
This can only happen if 2vy(7}s — emjew®) = 2ne, so 7}s — crifw!
with v € Oj. But then

— =N
—7|'£ v

fao(z) = Wl?ne(v;) - b2a),

which has even valuation since v? — b2« is a unit (& being a non-square in
£). We have shown that if v(¢) > min(m,n) = m < n, af(z) ¢ £2 for any £
over k of odd degree and all z € £. So I(Cyy) = 2 in this case. O
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ProOPOSITION 2.3.— Let f(X) = fi(X)f2(X) with
f(X) = X2 — g2m+1g2
fo(X) = (X - C7l't)2 — 2 tlplg
where a, b € OF and ¢ € Of U{0}. Then
(1) I(Cqyf) =1 ift > min(m, n);
(i) I(Cyns) = 2 if t < min(m, n).
Proof. — In the case t > n,

f(O) — 7l,2m+2'n+2a2b2a + 7r2n+2m+30k ’

so af(0) € k% and I(Cyy) = 1.

Put z = n}s, where s is in some extension L[k of odd degree, with
e(8/k) = e, mju = m, u € O;. We have the following posibilities for the
value of f(z):

2re
2ne+e

vy (fl(-’f))= 2me + e 2re

U[(f?(z))z 2’01(1’ - C)

2me + ¢
2ne+e

2uy(z —¢)

The only case in which z can be the X-coordinate of a point of Cyy over
¢ is when vy(fi(2)) = 2me + e and v (f2(2)) = 2ne + ¢, in the other
cases af(z) € £2. But then vy(z) > me and vy(z — emjfw’) > ne. Since
te < ne we must have vy(z) = te > me. Therefore we obtain already that
for t < min(m,n), I(Cyz) = 2. On the other hand if m <t < n (the only
case left), we take z = cm’ + 77t1 ¢ k and we obtain

f(:c) = 7l.2m+2n+2a2b2a + 7r2m+2n+30k ,

l.e.,

I(Caf) =1.0

Remark 2.4.— One can verify directly that in propositions 2.1, 2.2 and
2.3 the conditions for the index to be 1 are complementary to those that
imply the index to be 2. (So in these propositions the “if” may be replaced
by “if and only if”.)
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3. The equation Y? = 7f(X)

Let k be as before. We now fix a uniformiser 7 and consider the equation
Y? = nf(X) = ti(X)f2(X),

with f1(X), f2(X) monic irreducible polynomials in O[X]. As we saw in
the introduction we may assume that one of the following six cases occurs
(taking 7' = —7 and changing the sign of the coefficient ¢ if necessary):

2
A(X) = X? - 7?male f(X)=(X - c7rt) - b 2a
fi(X) = X2 —1?™a2q f2(X)=(X - c,,-t)z 4+ 2ntlp2,
fi(X) = X2 4 n2mH1q2 F2(X) = (X = ent)? = 727820
fl(X)=X2+7r2M+la2 fZ(X): (X—C"rt)2+7l'2n+1b2a
fl(X)=X2+1r2m+1a2 f2(X)= (X—C‘ll't)2+7l'2n+1b2

— X2 4 p2m+l 2
HX) =X+ 7" a%a f2(X) = (X = ent)? 4+ w27H1p2g

(The choice 7’ = —7 avoids making a distinction between fields k in which
—1 is a square and those in which —1 = amodk*2.) In the first case the
splitting fields of f; and f; are both equal to k( /) and in the last case
they are both equal to k(v/—aw). Proposition 3.8 in [5] then implies that
the index of Crs is 2 in both these cases. Propositions 3.1, 3.2, 3.4 and 3.6
determine the index in the remaining four cases.

PrOPOSITION 3.1.— Let f(X) = f1(X)f2(X) with
fl(X) = X2 + 7r2n+1 a2
f2(X) -'-'(X _ 6)2 + 7l'2m+lb2 .

where a, b € O and ¢ € Ok. Let v be the valuation on k normalised such
that vi(7) = 1. Then

(1) I(Crf)=1if m#n or vg(c) < m;
(1) I(Cry) = 2 if m = n and vi(c) > m.

Proof. — Let vi(e) < m then
f(O) c 7r2n+1a2c2 + 7r2n+2m+20k c 7[.022’

so 7f(0) € k% and I(Crys) = 1.
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Secondly, let vi(c) > m and assume m # n. Take z = 7t with
t = max{m,n}. Then

f(z) = (rt + 72"11a?) ((wt - c)2 + 7r2m+1b2)
_ { pint2mt1p2 mod #2042m420, ifm<n
= | a2nt2amtl 2 mod £ 20 2mE20,  if mo> n.

It follows that 7f(z) € k2, s0 I(Crs) = 1.

Finally let vi(c) > m and m = n. Let £/k be an extension of odd degree
and ramification index e = e(£/k). Let 7, a uniformising element in £ and
vy the normalised valuation on £. Let z = s with s € OF. Then

4t

i) x2nt2m+202p2 od £2n+H2m+30, if t > me = ne
z) =
7y mod r?t'HOg if t < me = ne.

It follows that for all odd degree extensions £ and for all z € £, 7f(z) ¢ 2,
0 I(Cry) = 2 in this case. O
PROPOSITION 3.2.— Let f(X) = f1(X)f2(X) with
fl(X) = X2 + 7l.2n+1a2
f2(X) =(X = ¢)® = n¥™ab?,
where a, b € OF and ¢ € O. Let vy be the valuation on k normalised such
that vp(m) = 1. Then
(i) I(Crg)=1im>n;
(ii) I(Crg)=14fm<n and vg(c) < m;
(1)) I(Cry) =1 if m < m, vg(c) > m and ¢ — n2mab? € k2;
(iv) I(Crf) =2 if m <, vi(c) > m and ¢ — m2mab? ¢ k2.

Remark 3.3.— The condition ¢2 — 72™ab? € k? is equivalent with
—1 ¢ k2 in the case vi(c) > m.

Proof.— Let m > nput ¢ = 7™s. Choose £/k, unramified of odd degree
as in corollary 1.2, with s € O such that
s? — ab? € 02 if vg(c) > m
(s - N2 —ab? € 0;? ifuglc) <m
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with ¢ = 7'¢/, ¢/ € O, this is possible by corollary 1.2. It follows that

p2mantl( 2 _ ab?)a® mod rimtintlo, if vg(e) > m
f(z) = { x¥mtintl ((s - c')2 - abz) a?mod r?m+2nt20, it vi(e) =m
727 +12¢2 mod 727120, if vg(c) < m.

It follows that 7f(z) € £2, i.e. I(Crz) =1, in all these cases.
Let m < n. If vg(c) < m then (since automatically m # 0)

£(0) = #1422 mod r2+20, |

so 7f(0) € k? and I(Cyy) = 1.

Finally the case m < n and vi(c) > m. If ¢ is the X-coordinate of
a point of C ¢ over some odd degree extension £/k with odd ramification
index e = e(¢/k) and 7§w = m, then v;(f(z)) is odd. But

ve(f(2)) = v ((-’t:2 + 7l’2n+1a2)((:c —e)? - wzmabi’))

moreover the value of (z — c)2 — 7¥™qb? is even since ab? ¢ k2. 1t follows
from these observations that vy(z) > en. We obtain

if 'Uk(C) = m(<:> ’Ue(c) = me)
then f(z) I (ﬂ.l?ne+ew2a2)7rl2me(cl2 _ ab2) + 7‘.l?ne3+2me+e+1 Ol
if vg(c) > m (& vy(c) > me)

then f(.’l:) € (Wgne+ew2a2)7r3me(_ab2) + ,n.?ne+2me+e+l O[ .

The remaining statements of the proposition follow from this. O

PROPOSITION 3.4.— Let f(X) = fi(X)f2(X) with
fi(X) = X? — 72" qq?
fo(X) = (X = )" + 72 Hap?,

where a, b € O, and ¢ € Oy,. Let vy be the valuation on k normalised such
that vi(m) = 1. Then
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(i) m<n and m < vg(c) then I(Crs) = 1;
(i) m < n and m > vi(c) then I(Crs) = 2;
(i) m > n and vi(c) < n then I(Cry) = 2;

(iv) m > n and vg(c) > n then I(Cry) = 1 if and only if 2 —1"aa? ¢
k2.

Proof.— We observe that in order for Cy to have a point (z,y) over a
field extension £ of odd degree over k with ramiﬁcation index e = e(¢/k) and
Tjw =7, vg(f(a;)) must be odd. Since vy(2z2 — 7*"aa?) € 2Z, otherwise &
would be a square in £, we must have 2up(z—c) > 2me+e, so vg(x—c) > me.
Moreover z must be such that 22 — 72"aa? ¢ ¢2. The latter is only possible
if vy(z) > ne. (If vy(z) = ne then z = 7§ w? s'? % with s € O}. By
corollary 1.2 we can choose £ and s such that s? — aa2 ¢ %)

First let m < n. If m < wi(c) then take £ as in corollary 1.2 and
¢ = 7" € £ (¢/k is unramified so 7, = ), such that s* — aa? ¢ 02,
The above conditions on z are satisfied so I(Crs) = 1. If vx(c) < m then
ve(z — ¢) > me implies vg(z) = vg(c) < me < ne. So the conditions for
Cry to have a point in some odd degree extension cannot be satisfied, i.e.
I(Crf) =2 in this case. (This proves (i) and (ii)).

Secondly, let n < m. If vg(c) < n then vy(x — ¢) > me implies
ve(z) = wy(c) < ne, so also in this case the conditions for Crs to have
an f-point cannot be satisfied and I(Crs) = 2 follows. If vi(c) > n, in
order to have 2uy(x — ¢) > 2me + ¢, we must choose z € £ to be of the form
z = ¢+ n%d with d € Oy, and 2k > m + 1. Now

fi(z) = (c+1rkd) — " aq?

= (c2 -7 ”aa2) mod w}"e'*'l Oy.
And we see that
nf(z) = nfi(z) fa(z) = ™ +2002(c? — 72" @a?) mod wf"e"'zme“‘l Oy
is a square if and only if c? — 72" qq? ¢ k2.0

Remark 3.5.— In case vg(c) > n the condition ¢ — mmaa? ¢ k? is
equivalent with —1 ¢ k2.
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PROPOSITION 3.6.— Let f(X) = f1(X)f2(X) with
fl (X) = X2 + 7|'2n+1 02
f2(X) = (X =) + 72t ap?,
where a, b € OF and ¢ € Oy. Let vi be the valuation on k normalised such
that vi(7) = 1. Then
(i) 1(Crf) =1ifvg(c) <m;
(i) I(Crs) =1 if vgp(c) > m and m > n;
(i4) I(Cry) = 2 if vg(c) >m, m< n.

Proof . — If vi(c) < m then
f(O) € 1r2n+1 a2c2 + 1r2n+20k
and so 7f(0) € k2, implying I(Cryp) = 1.
If vg(c) > m > n then

f(7rm) € 7r2n+2m+1a2 + 7r2m+2'n+20k

and we have the same conclusion.

If vg(¢) > m and m < n take £ any odd degree extension of k
with ramification index e = e(¢/k) and v, its normalised valuation, i.e.,
vg(m¢) = 1. First we remark that for z € £ with v,(z) < ne, nf(x) cannot
be a square. This since

rz? ((:c - c)2 + rzm+1ab2) ¢ 02,

since it either has odd valuation (if 2v(z — ¢) > 2m + 1) or it is congruent
to o modulo squares (if 2v(z — ¢) < 2m + 1). So assume vy(z) > ne > me.
This implies vo(z — ¢) > me and therefore

ve(mf(z)) is odd.

It follows that for every £/k of odd degree and for every z € £, f(z) ¢ £2.
Therefore I(Cry) =2. 0

Remark 3.7.— One can verify directly that in propositions 3.1, 3.2, 3.4
and 3.6 the conditions for the index to be 1 are complementary to those
that imply the index to be 2.
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4. Summary

Let
F(X) = AX) f(X) = (X2 4+ 01X + bo)(X2 + 1 X + o) .

It is easy to translate the conditions obtained in the previous sections to
determine the index of Cy¢ and Cry into conditions on the coefficients b1,
bo, c1, co. In this way we get theorem 4.1, thereby summarizing our results.

THEOREM 4.1.— Let k be a non-dyadic local field of characteristic zero.
Let

FX) = (X% 451X 4 bo)(X% + c1X + co)

be a polynomial over Oy, A1 = b% - 4b(2) =677 ¢ k% and Ap = c% - 4c(2) =
Soms & k2 with 81,62 € O; Put v = (bl - cl)/2.
(A) Let Cyy be the curve defined by the equation Y? = af(X).

(1) If A = amodk*? and Ay = amod k*? then I(Cyy) = 2 if and
only if

v('y) > 'U(Al) = ’U(Az) and 51 = 82 .

(2) If Ay = mmodk*? and Ag = amodk*? then I(Cyy) = 2 if and
only if
v(7) > min(v(A1), v(A2)) = v(A1).

(3) If Ay = mmodk*? and Ay = armod k*? then I(Cyf) = 2 if
and only if

v(y) < min(v(A1),v(Az)) .

(4) IfAr= rmodk*2 and As = wmodk*? then I(Cyy) = 2.

(B) Let Cry be the curve defined by the equation Y?=7f(X).
(1) If Ay =rmodk*? and Ay = wmodk*? then I(Cry) = 2 if and
only if
v(7) > v(A1) = v(A2).
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(2) If Ay = rmodk*? and Az = amodk*? then I(Cry) =2 if and
only if

v(y) 2 v(A1), v(A2) >v(Az) and 7% - Ay gk

(3) If Ay = amodk*? and Ay = armod k*? then I(Crys) = 2 if
and only if one of the following conditions hold:

(i) v(7) < v(A1) < v(A2),

(i1) v(y) <v(A2) < v(Ay).
(4) If Ay = rmodk*? and Ay = armodk*? then I(Crys) = 2 if
and only if

v(y) >v(A1) and v(A1) < v(Az).

(5) If Ay = Ay = amodk*? or if A = Ay = —armodk*? then
I(Cry)=2.

Remark 4.2. — We only summarized the conditions for the index of the
Cajf, respectively Crr to be 2. The complementary conditions yield that
the respective curves have index 1. So there exists a k-rational divisor D
of degree 1 on C. By the Riemann-Roch theorem one can find a function
h € k(C) such that D + (h) is a positive divisor which, since it has degree
one, must be a k-rational point.

A theorem of Roquette and Lichtenbaum [2] tells us that for any smooth
geometrically connected projective curve C over a local field k,

I(C) = # [ker(Br(k) — Br(k(C))]

with Br(k), Br(k(C)) the Brauer groups of k and k(C) respectively. It
follows that for the curves, Cy s and C, ¢, of genus 1 satisfying the conditions

summed up in theorem 4.1, this kernel equals {[Mz(k)] [H ]}, with H the

unique quaternion division algebra over k. ([D] indicates the class in the
Brauer group of the algebra D.)
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