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Uniqueness for positive solutions
of p-Laplacian problem in an annulus(*)

Eric NaBana(V)

RESUME. — A l'aide d’une méthode de tir et de quelques identités
de comparaison, nous donnons un résultat d'unicité pour les solutions
radiales positives d'un probléme de Dirichlet avec le p-laplacien dans un
anneau.

ABSTRACT.— By means of a shooting method and some comparison
identities, we give a uniqueness result of positive radial solutions for p-
Laplacian Dirichlet problem in an annulus.

1. Introduction and Results

We give here a uniqueness result for positive radial solutions of the
problem

{Apu + f(u,|z[) =0 inQ (P)

u=0 on 09
where @ = {z € R" | 0 < a < [2] < b}, and Apu = div(|Vu[P~2Vu),
l1<p<+4oo.
We start by transforming the radial equation of (P) into the form :

(|w'(s)|1"2w'(s))l + F(w(s),s) = 0.

Our uniqueness result is then derived by using some comparison identities
established here for a initial value problem associated to this second order
differential equation.

(*) Recu le 23 mai 1995, accepté le 10 novembre 1998
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In Nabana-de Thelin ([4], [5]), we give uniqueness results of positive
radial solutions of (P) for 2 a ball in R™. In this paper we essentially follow
the approach used in [5]. The difficulty is reduced to the obtention of the
comparison identities (I1), (I2) and (I3) in Section 2.

This kind of technique is associated to several names in the particular
case p = 2 (see for example : Kolodner [3], Coffman ([1], [2]), Ni [6], Ni-
Nussbaum [7]). It is important to remark that this method is made by the
first time for p # 2 in [5].

Let u(z) = u(|z|) a radial solution of (P). Then u verifies the following
problem

n—=1|,1/.\|P=2,1 ! n—1 _
{ (r |u' ()| u(r)) +r" 7 f(u(r),r) =0, a<r<b (L.1)
u(a) =0, wu(b)=0.
By making a change of variables of the kind
u(r) = w(s) and s=p(r),

then problem (1.1) is transformed into

{ (|w/(s)|P—2w/(s)>’ n F(w(s),s) =0, a<s<§p (1.2)
w(a)=0, w(B)=0,
where o and 8 depend on a and b.

For the remainder of this section, we first give a uniqueness result for the
problem (1.2).

THEOREM 1.1.— Suppose p > 2. Assume that F : R x [ar, 00 = R is
C! with F(0,s) =0 for s > a. Suppose that there exists M > 0 such that,
for0 < w< M and o < s < B, F satisfies the following conditions :

(C1) wg—i (w,8) = (p— 1)F(w,s) >0,

(c2) (s- a)%-l;i (,9)+ 25 Flw.9) 20,

(C3) %—f (w,8) < 0.

Then problem (1.2) has at most one positive solution.
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Theorem 1.1 is the fundamental tool in the proofs of the following
theorems which are generalisations of some results in [7].

THEOREM 1.2.— Suppose that n > p > 2. Suppose that f : (u,r) €
[0,00[ x [a,b] = f(u,r) € [0,00[ is C* and that f(0,r) = O for all
r€la,b].

Then (P) has at most one positive radial solution provided, for u > 0 and
a <r<b, the function f satisfies the following conditions

u-g—g(u, r)—(p-1)f(u,r) >0, (1.3)

p((n 1) - -’f(—’f_l)l*—l-) Fr) 2 (o= 16 —a )L ),
(1.4)
where p = (n —p)/(p—1) > 0,

p(n = 1)fu, )+ (= DreL (u,r) 2 0. (1.5)

THEOREM 1.3.— Let Q@ = {z € RP |0 < a < |z| < b} withp > 2.
Suppose that f : (u,r) € [0,00[ x [a,b] = f(u,r) € [0, 00][ is C! and
that f(0,r) =0 for allr € [a, b].

Then (P) has at most one positive radial solution provided, for u > 0 and
a < r<b, the function f satisfies (1.3) and the following conditions

1 b by Of
P (p_—i —In (E)) flu,r)>1n (E)rs—r— (u,r), (1.6)
of »
pf(u ) +rel (wr) 2 0. (17)
If 3f(u,r)/0r = 0 in Theorem 1.2 and in Theorem 1.3, we obtain the
following corollary.

COROLLARY 1.4.— Suppose that n > p > 2 and that

, el/(-1) forn=p,
- < (p — 1)(n — 1)\(P~1)/(n~p)
a (W) forn>p.
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Then, the problem
{Apu+f(u)=0 in Q
u=0 on 0Q

has at most one positive radial solution provided

0<(p=1)f(t) <tf'(t) fort>0.

2. Proof of Results

We begin this section by giving a theorem on existence and uniqueness
of a positive solution of the following initial value problem :

{ (-1 P2 ) +r f (u(r),r) =0, a<r 1)

u(a) =0, u'(a)=d>0.

THEOREM 2.1.— Suppose that n > p and that the function f : (u,r) €
R x Rt — f(u,r) € R is C'. Then for each d > 0, the problem (2.1)
has a unique positive solution u(r) = u(r,d) defined in a mazimal interval
Jy C [a,+oo[. The function d — u(r,d) is C* and r — u(r,d) is C? if
1< p <2, and at all points r > a such that u/(r) # 0 if p > 2.

We prove this theorem in the Appendix.

2.1 Proof of Theorem 1.1

Let w(s,d) be a solution of the following initial value problem

{ (Iw'(s)lp_2w'(s))l + F(w(s),s) =0, a<s 2.9)

w(@)=0, w'(a)=d>0.
Consider the set
D = {d > 0 | there exists an s > 0 such that w(s,d) = 0}
and the map
T:d€ D — T(d) = min{s > 0 | w(s,d) = 0} .
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The domain D is open in (e, cc) and since w'(T'(d),d) # 0, it arises from
the implicit function theorem that T is C! at the neighbourhood of D’s
points and that

dw
% (r(d).q

T'(d) = ___w'(T(d), d) .

Put ¢(s,d) = dw(s,d)/0d. Then ¢ satisfies the following problem
reap=2 1) | OF _
{ (- D([W P 7) + 5o (e pe) =0, a<s oo

p(@)=0, ¢'(a)=1.

As in the proof of Theorem 2.2 in [6], we are going to show that T is strictly
decreasing on D. Since

yd ,
T'(d) = -%‘%’-}—) and w'(T(d),d)<0forallde D,

it is sufficient to prove that ¢(T(d), d) < 0.

Put 5
- v -
v= |w/|p 2w' and ¢ = 5d =(p- 1)|w/|p 260'-

Then, i satisfies the equation
v+ %Z‘(W,S)(P:O, s> a.
Note that, from the hypothesis F'(0,s) = 0 for all s > o and the uniqueness

of w(s, d), we deduce that v(s,d) # 0 at s > o for which w(s,d) = 0. In the
same way, if ¢(sg) = 0, then necessarily ¥(sg) # 0.

Now, for a given d > 0, put 8 = T'(d).
LEMMA 2.1.— Let X = (p— 1)vp — wep. Then
1) x'= (w3e(w,8) - (p- DF@w.)) ¢
and the function ¢(s) vanishes at least once in the interval (o, B).

Proof. — The identity (I1) is straightforward.
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Suppose that ¢ does not vanish in (a, ). Then ¢(s) > 0 in (e, B).
Integrating (I1) from o to 8, we obtain

Jé]
x(0) - x@ = [ (w03 @00 - - DF .1 ) e dt. 20
Since X is continuous on [, 8] with

X(e)=0 and X(8)=(p—1v(B)p(6) <0,

then, the left-hand of (2.4) would be negative while the right-hand remains
positive because of the condition (C1) of Theorem 1.1; this is a contradic-
tion. O

Since F(w,s) > 0 for 0 < w < M, and o < s < f3, there exists a unique
point 70 € (a, ) such that v(y) = 0, v > 0 on [, y0[ and v < 0 on
170, 8]

LEMMA 2.2.— Let Y = (3 — a)w'z/) _ ((S _ CY)'U),SO. Then, for all
s €[a, B\ {10}, we have

-2 2-p F
(12) Y’+Z_O(Y:S_Z; v<p+{(s—a)%—s(w,s)+p'F(w,s)}<p

with p' = p/(p—1). Let &g = min{s > a | ¢(s) = 0}. Then 70 < o-

Proof.— A straightforward computation gives the comparison identity
(12).

Let ¢ > 0 small enough and consider the function H defined by
1

t—a

dt.

HO=6-2) [

Then, (I2) can be put into the following form

H(s) v HE) [2-F oF '
(e?B)Y(s)) =e s—_—-(—y—vcp+ (s—a)-a—s(w,s)+pF(w,s) ®.
(2.5)
The existence of £g is given by Lemma 2.1, and we have ¢(s) > 0 for
o < s < & and ¥(&o) < 0. Suppose that & < 7; Then

v(s) >0 for all s such that o <s<&p.
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Integrating (2.5) from a + ¢ to & and by using condition (C2) in Theorem
1.1, we obtain

eH &)y (g) > eHEt)y(a4e) = Y(e+¢)>0.

Therefore
Y (é0) = (€0 — e)w'(0)¥(é0) > 0.

thus w’(&) < 0; this is a contradiction. O
LEMMA 2.3.— Let Z = w'y — v'p. Then :
oF
[ —
(1‘9) Z' = 83 (U),S)(p
and §o is the unique zero of ¢ in |, 8.

Proof.— The identity (I3) is straightforward.
Suppose that ¢ has others zeros in (a, 8] and let

1 =min{s > & | o(s) =0}.

Then, ¢ < 0 in the interval (£o,&;) and ¥(§1) > 0. By integrating (I3) frow
&o to &1, and by considering the condition (C3), we have

Z(&) = w' (&)Y (§1) > Z(&) = w'(&)
thus w’(¢1) > 0; a contradiction with the Lemma 2.2. O
It follows from Lemma 2.3 that ¢(s) < 0 on & < s < B. In particular
¢(T(d),d) < 0, so Theorem 1.1 is proved. O

2.2 Proof of Theorem 1.2

Let r = |z| and u(z) = u(r), a positive radial solution of (P). Then, u
satisfies the problem (1.1). Consider the following change of variables

u(r) = w(s),
_p—1 1\ (n—p)/(p-1)
= n———p (;) for n > p.
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Then problem (1.1) is transformed into

{ (|w'(s)|p—2w'(s)), + F(w(s),s)=0, a<s<p (2.6)
w(e)=0, w(B)=0
where

n:}l) (%)(n—P)/(P—I) and = 5:11) (%) (n—p)/(p-1) ;

the function F is given by

_( p-1 p(n-1)/(n=p) p—1\E-1/(n= p)(l J/(n=)
F9 = () (e (5) R
(2.7)

We are going to apply Theorem 1.1 to the problem (2.6) in order to obtain
the uniqueness of u, positive radial solution of (P). It suffices to show that
the conditions (C1), (C2) and (C3) of Theorem 1.1 are satisfied by the
function F defined at (2.7).

By a straightforward computation, we obtain an equivalence between
(C1) and the condition (1.3) of Theorem 1.2 on the one hand and between
(C3) and (1.5) on the other hand. Otherwise, (C2) is equivalent to

((e-va -"—(”T_"Q*—)ﬂu ">

>pp (s—a)r (ur) forall s € [a, A].

This inequality is satisfied if f verifies the relation (1.4). Theorem 1.2 is
thus proved. O

2.3 Proof of Theorem 1.3

Let r = |z| and u(z) = u(r), a positive radial solution of (P). The change
of variables
u(r) = w(s),
s=-In(r) forn=p,
transforms the problem (1.1) into
1N P—2,, 0 ! —ps s\ —
{(lw @O w(e) + e fw,e) =0, a<s<h g
w(@)=0, w(f)=0
where o = —1In(b), and 8 = —In(a).
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Put
F(w,s)=e P f(w,e®). (2.9

It is easy to see that F' given at (2.9) satisfies the conditions (C1), and (C3)

of Theorem 1.1 if f verifies respectively the relations (1.3) and (1.7). The
condition (C2) is verified by F' if and only if

p(5--0) fwn 2 -ayrg @) frallsela, 4],

We observe that this last inequality is valid if f satisfies (1.6).

Then, the Theorem 1.3 follows immediately from Theorem 1.1 applied to
the problem (2.8). O

3. Appendix — Proof of Theorem 2.1

Let K be a compact in R? defined by
K={(y,r)|a<r<a+bpand |ul <o}

where 8 > 0 and g9 > 0 are fixed. Put

M = sup {( {n)sxexKlf(u )| (u, )eK

—f a0 r).}.

Consider E the Banach space defined by

= {(u,v) € (C°(la, a+5)), ]R)2

u(a) =0, v(a) = &P~ 1>0}
with the norm
[[(u, )| = max (|uf o5 [[v]lo)
where
Jullo =, max, Juc)]

Select dg > 0, such that |d — dg| < € < ¢p.
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Existence and uniqueness for (2.1) result from the study of fixed point of
the application Fy : (u,v) € E — (4, 7) € E where @ and ¥ are defined by

T gk 1_9 . n—1 p
a(r) = | — |v(@®)|P "“v(t)dt withk = —— and p' = ——,
a(r) /atk“’()' W dt with k=" andpf = L

r yn—1
o(r) = dP! —/a Zn_l f(u(®),t) dt

Let B = {(u,v) € E | ||ullo < € and |Jv — dP~1||p < ¢} a closed, convex
bounded subset in E.

Then for é < ég small enough and |d — dg| < ¢, Fy is a Lipschitz map of
B into itself with Lipschitz constant less than one. In fact for all (u,v) € B
we have

r
" “0 a<r<a+5/ tk Iv(t)lp ldt < 6" ”P 1 (6+dp 1)1’ -
and then
| Fa(u,v) = 0, 1) < sup (8(c + 5771 61)

Therefore F4(B) C B for 6 small enough.

Note that, for § small enough, there exists two constants ¢; > 0 and
c2 > 0 such that for all v € C°([a, a + 6]) with v(a) > 0, we have

c<u(r)<er, a<r<a+s.

Then, for v; € C%([a, a+6]) with v;(a) = dP~1 > 0, i = 1, 2, we obtain
[loaf?' =01 = oal? 5], < ct@or = vl

where ¢(p) = (p' — l)cgl—2 ifl<p<2 and c(p) = (p' - l)cil"—2 ifp>2.
For all X; = (uj,v;) € B,i=1, 2, we have

[Fa(X1) = Fa(Xa)|| = ma.x(||a1 = talg; 71 - '72”0)

< smax(e(p)|vr = vallo: MJur — ual],)
< 6max(e(p); M)| X1 - Xal|.
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The contraction mapping principle implies that F; has a unique fixed point
X = (u,v) in B. The functions u and v are in C*([a, a + §],R) and we
have

o) = (5)" T WP
V() =~(5)" F(ur),7)
u(@) =0, u(a)=d>0

and thus, u(r) = u(r, d) is the unique solution of (2.1).

By using the same arguments of classical theory on existence and unique-
ness for initial value problem for ordinary differential equations, we show
that u is uniquely defined on a maximal interval J; in [a, +oo[.

It is immediate to see that » — u(r) is C? on J; if 1 < p < 2, and that
r — u(r) is C? only at the points r such that u/(r) # 0.

To prove that d — u(r,d) is C1, we consider the following map
G:(d,X)€e]0,0[xE—X-FyX)€EE.
For all X € B and § small enough, we have Ker(DxG(d, X)) = {0g}.

Therefore, by the implicit function theorem for Banach spaces, we conclude
that the functions d — u(r,d) and d — u/(r,d) are C1. O
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