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On a weakly hyperbolic equation
with a term of order zero(*)

NicoLa OrrU(1)

RESUME. — Nous étudions une équation faiblement hyperbolique du
second ordre, en supposant que les coefficients de la partie principale sont
fonctions analytiques qui ne dépendent que du temps. Nous démontrons
que, en ajoutant un terme d'ordre zéro c(t,z)u avec ¢ € C(R™t?), le
probléme de Cauchy reste bien posé dans C°.

ABSTRACT.— We study a weakly hyperbolic equation of second order,
supposing that the coefficients of the principal part are analytic and
depend only on time. We prove that if we add a term of order zero
¢(t,z)u, with ¢ € C(R™+!), the Cauchy problem remains well-posed in
c=e.

0. Introduction

In the literature many authors study the Cauchy problem in C* for a
weakly hyperbolic equation of second order

ute — Y a;j(t)ug;z; =0, (0.1)
tj
with
a(t,&) =D a;;(t)6i&; >0 (€ €RM). (0.2)

In [CJS] it is studied the case of analytic coefficients a;;(t) in [0, T],
showing that the Cauchy problem is well-posed. The same method works
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when we add a term of order zero ¢(¢)u to the equation, with the coefficient
e(t) in L1(0,T). It follows from the proof of the theorem in [CJS] that
the same conclusion holds if a;; € cl ([0, T]) and satisfy the logarithmic
condition.

/T—lgw—dt<Nlog(1+|£|)+C, VEER™. (0.3)
0 (l(t, 6) +1 -
Oleinik [O]] studies equations of the type:
un = Y_(aij(t, 2)ug,), +elt,z)u=0, (0.4)
ij

supposing that a;;(t, z), c(t, ¢) are of C* class in [0, T'] x R", satisfying
(2) and

> al;(t, @)+ C D aij(t,2)Eik; > 0 (0.5)

1] i
or

=Y " dl (¢, 2)8is + (T - )71 aij(t 2)€gj > 0. (0.5')
i 1

Then there is also well-posedness in C*°. If a;;(¢) are analytic, Oleinik
conditions (5), (5’) may fail to hold, for example take a(t, &) = (& — t€2)%.

Kajitani [Ka], in a recent paper, considers the equation
Pu= [6? ~ " aij(t, 2)82,0z, + ) aj(t,2)0z, | u=0, (0.6)
tj J

with coefficients in C1([0, T']; C*).

Posing (€)% = 1+ 3; 512, he assumes (2) and that there is f(t,z,£) €
C*®(R x R™ x R"™) such that

|al(t, z,6)| N 120 a;(t, 2)&;]
alt,2,6) + (Ft.2.0)"  \fa(t,,6) + (F(t,2,6))’

t
Alt,z,€) = ]0 f(s,,€)ds < C(log(€) + 1),

< ft,2,€),

19 (t,2,0)] < Cap (f(6,2,6) )T v, v g, 18 <1,

36>0 st. AZ—a(t,z,Az) > 6|(As, Ao)(t, 2,6)[%,
(t,z)e[0,T]xR", £ €R™.
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Then he proves that the Cauchy problem for (6) is well-posed in C*°. The
same result should be true in the presence of a term of order zero.

In this paper we shall study again the hyperbolic equation (4)

Uyt — Z aij(t)uxixj +e(t,z)u=0

j
with analytic coefficients a;;(¢) satisfying (2) and with the coefficient
e(t,z) € C([0, T]; C*) depending also on space variables. We prove that
there is C'°° well-posedness. We observe that there exist analytic coefficients
aij(t) which don’t verify Kajitani conditions (see the appendix). We show
the C° well-posedness also if a(¢,£) = a(t) Esz, with a(t) € C1([0, T)),
satisfying (2) and (3). We don’t know if this is still true for a generic
quadratic form a(t,§) = 3, a;5(t)&:€; -

1. The logarithmic condition

Let a;;(t) be analytic functions on [0, T'], satisfying (0.2).
We have the following results (stated without proof in [CJS]).

LEMMA 1.— The function

t— ay(t,§)

vanishes identically or has at most m roots in [0, T] for every € € R™,
where m is an integer independent of €.

Proof . — Lemma 1 is a consequence of the following statement:

“if ay(t), ..., ag(t) are real analytic functions on [0, T'], there exists an
integer m such that every linear combination of a;(2), ..., ax(t), which is
different from zero, has at most m roots. ”

Ifai(t), ..., ag(t) are linearly dependent we can eliminate some of them
obtaining an independent set. So we can suppose that a;(t), ..., ay(t) are
linearly independent.

It is enough to prove that for every ¢ € [0, T'] there exists a neigh-
bourhood U ot ¢ and an integer p such that every linear combination of
ai, ..., a has at most p zeroes in U. The thesis follows from the compact-
ness of [0, T'].
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Let us suppose that there exists a number tg € [0, T'] such that for every
p there exists a linear combination by(t) = aj a1 + --- + ag pa; with at
least p isolated zeroes in |t — tg| < 1/p and let us derive a contradiction.

We can suppose that off’p + - 4+ azp = 1 Vp and that a3, —

1,0, -y QAkp = QAkQ for p — +o0o with a%0+ --c+az0 = 1, so that
bp(t) — bo(t) = Z "o @;,0¢;(t) uniformly together with all the derivatives.

We have that b; )(t) vanishes in a point t, 5, with [t, , —to| < 1/p for
h=0,...,p—1. Hence

B4\ = Tim b =
b t0) = lim 871, =0
So bo(t) = 0, contradicting the hypothesis that ai(t), ..., ag(t) are
linearly independent.

LEMMA 2.— There exist positive constants C, N such that (0.3) is
verified.

Proof. — By lemma 1, after fixing £, there are 2k + 2 points
0=s0<to<s1 <t < S5 St =T

such that a(s,€) is decreasing for s; < s < t; and increasing for {; < s <
Sj+1-
We can choose k < m/2+ 1. We have

T ays )|  _
/0 a(s,6) + 1 ds =

4 —ay(s,€) S+ ay(s,6) o _
‘Z/s, a(s,ts)+10l +E/ a(st,£)+1 do=

_ a(sjig) + a(8j+1,£) + 1
—Zl a(t,,s)+1"LZI A O+1 =

< (2k + 1) log(Co€? +1) <
< 2(m+3)log(|¢] + 1) + (m +3)log(Co + 1) ,

where Co = sup{a(t,£): |(|=1,0<¢t < T}.

- 528 ~



On a weakly hyperbolic equation with a term of order zero

2. Existence theorem

THEOREM .— We consider the equation

st — Zaz’j(t)ux,-a:j +e(t,z)u=0, (2.1)

i

with a;;(t) real analytic functions on [0, T, fulfilling (0.2). Let c(t,z) be
a function in C([0, T]; C®(R™)).

Then the Chauchy problem for equation (1) is well-posed.

Proof.— By the finite speed of propagation we can suppose c(t,z) €
C([0, T]; C(R™). Let us define the energy

B(t,6) = (I + (a(t, &) + 1)Iof?) k(t,€),

where v = Fu,

and o is a real number. Integrating we have:

£0 = [Et.e = [ [WF+(a(e.8)+ )P ke, de
£ <0 [ [0+ WP+ (1+8) bl e,

02 g [ [+ WP+ (4 V] e

Ei(t,6) = (2 RV + aj(t, &)|v]? + a(t, €) 2Rve’ +

|aj(t,0)]

o —
+ 2Rvv a4 1

o' — |ai(t, €)] Ivlz) k(t,€) .

To estimate the integral of the right hand side we need the following result.
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LEMMA 3.— The function k(t,€), continuous in £ € R™, is a temperate
weight function [Hor], that is

N
k(t,&+n) <kEEOC(+ )", V&, n, Vi (22)
where C, N are positive constants, which don’t depend on t.

Proof of the lemma.— Tt is enough to show that

t lal(s
kq(t,€) = exp (/0 _al(;,(§;?|1 ds)

is a temperate weight function, since

k(t, €) = k1 (t,6) "1 (1 +€%)7

where (1 + 62)0 is a temperate weight function, and the inverse and the
product of temperate weight functions have the same property. Now we
observe that taking k = [m/2] + 1 and

O=s0<to<si<t1 < <sp S =T, (2.3)
we have
k !
a(s 36) +1 (1(8 '-I—lag) +1 t |at(s’€)|
log —2>2—— +) log——>—— <ex / 42l s
28 1 E at;,0+1 =P\ a6 +1
and the equality holds for suitable values of s;, ;. Hence

k . .
ki(t,6) = sup{H a(s;,) +1 . H a(si+1,€) + 1 :s;, t; satisfy (3)}
3=0 7=0

a0+ 1 L Ta(t;, 6 +1
= sup kg, 41,3 (€

It remains to show that k¢, y 1;.1(¢,€) is a temperate weight function,
with constants C, N which don’t depend on {s;}, {;}. This follows from the
fact that a(s,£)+1 is a temperate function with constants C', N independent

of s.
als, &+ 1) +1 < 2a(s,€) + 2a(s, 1) + 1

< (a(s,&) + 1)2(a(s,m) + 1)
< (a(s,€) + DC(1 + Inl)?,
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C:2max(1, sup a(s,f)) .

s,)¢|=1

Since k is a temperate weight function, we have

/ G| k(t, €) dé =

2
d¢ <

= [ 0.6 |y [ a6 - mitran
< [ k0.0 gy [ € =l [ato) | an e s [ o) am
< oy [ e Pl - nlc(+1e - )Y dnd I
< [ kemlaem o g [l©)1+ 1) de e

< llell® [ ke, mlacn an < Jlef?2ce).
Hence

@) < 24|l @)
E(t) < £(0) exp((2 + supl||e(®)|])¢) -

This inequality remains true if we substitute a(t,£) with a(¢,£) + e€2, with
€ > 0. The corresponding equation, which is strictly hyperbolic, will
have a solution of class C®. If the initial data ug, u; € C§° (B(xo, ro)),
zo € R™, ro > 0, the solution has support in B(zg, rg + vet) at the time ¢
(”3 = SUpy |¢|=1 [a(t) 5) + €I£I2] )-

The energy estimates allow to bound the norms in H?® of the solution
u(e)(t, z), uniformly with respect to € > 0. There will be a solution of the
limit problem. The uniqueness can be proved by duality.

Remark. — We don’t know if the theorem is true for general a;;(t) of
class C! fulfilling (0.2), (0.3). If a(t,£) = a(t)€? the following lemma permits
to apply the theorem.
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LEMMA 4.— If a(t) is of class C! and a(t,§) = a(t)§2 satisfies (0.2),

(0.3), then
t |a(s)]€2
k(t, &) = exp (/0 a—l(;)(g)% ds)

is a temperate weight function.

Proof. — We have to verify that

t |a'(s)|(€ + n)? t |a(s)|e2
/O%E)%“S/(,J(s—g%dﬂm%(lﬂnl)w.

It suffices to show that

R, e
/0 a(s) (I + Inl)? +1 d /0 a(s)€2 + 1 ds < Nlog(1+nl) +C,

t1a'(s)| (2 1€l Inl + Inl?)
o a(s)(|E]+ Inl)® + 1
/t |a'(s)| 2 €] In]

o a(s)(j€] + [n))% +1

Let’s pose |€| = r|n|, if 0 < r < 1, we have

t |d()|rlnf? /t |d'(s)| Inl?
ds< [ =22 _ds < Nlog(1+n]) +C.

/0 a1+ 2P +1 = )y a@mPE+1 = g(1+nl)
If » > 1, we have

JLCILLL NS 3y Gl AP
0

a®) A+ r2E+1 =7 Jo a@rPmPEHL =

ds < Nlog(1+|n|) +C,

ds < Nlog(1+1n]) +C.

< %Nlog(l+r|17|) +C < Nlog(l+|ng|)+C.

This completes the proof of the lemma.

Appendix

Given a(t,§) = Y;7 ai;(t)6i€j, with a(t,€) > 0, a;(t) = a;i(t),
aij(t) € C!, we consider the following condition (due to Kajitani [Ka]):
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there exists a real function f(¢,£) € C(0,T; C*°) N C? such that
|ait, &)

< f(t,¢), Al

at, &)+ (ft,6)* ~ 169 (4D
T

/0 f(5,€)ds < Clog((€) +1), (A.2)

£, 6)| < Cf e, €))7, (A.3)

|7(8,6)] < C(f(1,€)*.

We exhibit a function a(t,£), analytic in ¢, which doesn’t satisfy Kajitani
condition.

Let a(t,&) = (€1 —t€2)%, 0 < t < 1. Suppose that & > 0, f > 1 (we
add 1 to f if necessary). Define E(O) = (1+t2, &), f(l) = (£2/2,€3), then
(1) implies that

2% < (f+£2)(4,69) <2£%(t,6©),  f(t,69) > Ve,
and (2) gives

meas {t : f(t,f(l)) > % %} ;1; 3/5_2 < C'(log(f(l)) +1).

Hence
meas {t : f(t,E(l)) > % %} —0as £ — +00.
In particular for some £; big enough there exists ¢ € [ 1] such that
£(t,€0) < (1/m) Y&, £(,6©) > Y& Hence
log f(t,¢%)) ~ log f(t,6M) =
gg (1, €0 4 0(c@ — ) )
= 14162 56
£t €D + (@ - M) ( e

with 0 < 6 < 1. Since 1+ £y — 3& < 1/2(1 +€2), we get the following
inequality in the point (¢, £() + 0(5(0) YIONE

V2 (e) /f > logm.
It follows that (3) is not satisfied for o = ey.
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