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A nonlinear evolution equation
modelling the Marangoni effect :
existence of solution and numerical methods

ALFREDO BERMUDEZ(!) AND CARMEN RODRIGUEZ(!)

RESUME. — Dans cet article on démontre un théordme d’existence et
unicité pour une équation d’évolution abstraite, avec un opérateur non-
linéaire dépendant du temps. Le résultat s’applique A une équation aux
dérivées partielles modélisant I'effet Marangoni pour un fluide non-new-
tonien. On présente aussi une méthode de résolution numérique qui est
appliquée i des exemples tests.

ABSTRACT.— Existence and uniqueness of solution of an evolution equa-
tion with a nonlinear operator depending on time is proved. The result is
applied to a boundary value problem modelling the Marangoni effect in a
non-newtonian fluid. Numerical solution is also considered.

1. Introduction

In this paper we prove an existence and uniqueness theorem for a
nonlinear evolution equation in a Hilbert space of the type

%6) + A(u(t) + F()Bop(B*u(t) > () (L1)

where A is a nonlinear monotone operator, ¢ is a lower semi-continuous
convex function, B is a bounded linear operator and F is a function.

This type of equations appears when considering a mathematical model
of the Marangoni effect in a non newtonian viscous fluid.

(1) Departamento de Matematica Aplicada, Facultad de Matematicas, Universidad de
Santiago de Compostela, Santiago de Compostela - Espagne
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Evolution equations with nonlinear operators depending on time have
been studied in many articles : KATO [9], CRANDALL and Pazy (8], WAT-
ANABE [14], PERALBA [12], KENMOCHI [10]; ATTOUCH and DAMLAMIAN
(1], [2], BerMUDEZ, DURANY and SAGUEZ [6].

However, the results given in these papers cannot be applied to our situa-
tion. In particular, the assumptions required in ATToUCH and DAMLAMIAN
[1] are not satisfied in the case of the Marangoni effect.

In the present paper we. first recall a mathematical model for the
Marangoni effect in a non-newtonian viscous fluid and obtain a variational
formulation which corresponds to a particular case of (1.1).

Then we prove an existence and uniqueness theorem. For this particular
case we approximate the problem and use existence results from ATTOUCH
and DAMLAMIAN [1]. Some a priori estimates allow passing to the limit.

2. The physical problem

If a small drop of a soluble or partially soluble liquid having a smaller
surface tension than that of water is put on a free water-air interface, a
velocity field develops because of the surface tension gradient. This is the
most simple manifestation of the Marangoni effect.

From the mass and momentum conservation equations, assuming cylin-
drical symmetry and after some simplifications, RUCKENSTEIN, SMIGELSCHI
and Suctu [13] obtained the following mathematical model for the radial
velocity u :

( du a ou p—20u 0<t<T
at(’ Fa(”a“' 3:9) =0 0<.<1
p—2au F(t) o<t<T

Qv | 6o g ) = - z=0 (2.1)
u(t,L) =0 o<t<T
| ©(0,z) =0 0<z<L

where v and p are given constants, and F is a given function all depending
on the fluid (the case p = 2 corresponds to a newtonian fluid).

Note that if u is a solution of (2.1), —u is also a solution. Hence, we do
not have uniqueness.

On the other hand and from the physical point of view we are interested
in positive solutions, and any positive solution of (2.1) is a solution of the
problem :
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A nonlinear evolution equation modelling

Find a function u such that

- i) =0 8215
el o) e FOsuea)  225ST gy
u(t,L) =0 0<t<T
u(0,z) =0 0<z<L

Where G is the maximal monotone operator (see for instance BrREzIs [7])

in R given by
0 z<0
G(z)-{_% £> 0 (2.3)
Conversely, any solution of (2.2) is a positive solution of (2.1).

Multiplying by test functions and integrating by parts, the following
variational formulation can be obtained.

Find u such that

(5002~ u(9) + 6(2) — $(u(t)) + F@)e(=(0)) — Ft)o(u(t,0)) > 0
Vz € W1P(0, L) with 2(L) =0 and a.e. on (0,7)
u(t,L) =0

u(0,z) =0
(2.4)
where <o
wo{ 5.1 s e
and
$v) =2 / |—|’dz, v e WP (0, L) (2.6)

The variational inequality (2.4) is a week formulation of problem (2.2).

3. A nonlinear differential equations :
existence of solution

Let V be a reflexive separable Banach space. Let E and H be Hilbert
spaces. We shall assume that V is dense in H and that the inclusion of V
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in H is compact. If we identify H with its topological dual, we have the
following classical inclusions :

VcHcV'

Denote by || || and || ||« the norms of V and V', respectively, and by | |
the norm in H.

In addition, we shall suppose :
(H1) BeL(EV)
(H2) ¢ : E — (—o00,+00] is a lower-semicontinuous (1.s.c.) proper and
- convex function.
(H3) ¢ : V — R is a differentiable functional in the Gateaux sense.
We consider in V' a seminorm [ | that satisfies
(H4)  There exists A > 0 and § > 0 such that

[o] + Ao| 2 Blvll VoV

(H5)  There exists a > 0 such that

d(v) > afv)f  WeV, 1<p<o

(H6) fe€ L?(0,T;H) andu,€ H
(H7) Im Ag'B*n dom (p) # 0
(H8) F e CY0,T] with F(t) > 0Vt >0 and F(0) =0.

We now consider the following problem : find a function u such
that

du - *
(S26),2 - u(t)) + 8(2) — $(u(t)) + F(t)o(A5' B*2) -
— F(t)p(Ag'B*u(t)) > (f(t),z — u(t)), V2 €V and a.e. on (0,T)
u(0) = uo
(3.1)
where B* is the adjoint operator of B and Ag the canonical isomorphism
from E into E’.

Remark 1.— If we take V = {z € WIP(Q1), 2(L) = 0} with 2 =
(0,L), H=L*(1), E=R, B given by :

B(a)(v) = av(0), a€E, vev,
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A nonlinear evolution equation modelling

f =0, up =0, and ¢ and ¢ defined as in (2.5) and (2.6) respectively, then
the problem (3.1) becomes the variational inequality (2.4).
We shall prove the following result.
THEOREM 1.— Under the hvypothc‘sié (H1) - (H8), there exists a unique
element u solution of (3.1) such that
u € LP(0,T;V)n L*(0,T; H)
du

VvF = € L*0,T;H)

Moreover if ug € dom (), then du/dt € L%(0,T; H).

To prove this theorem, we will use the following result from ATToucH
and DAMLAMIAN [1] :

THEOREM 2.— Let H be a real Hilbert space and (v(t,.)) tefo,T] @ family
of l.s.c. proper convez functions from H in (—oo,+00] satisfying :
(1) dom(9(t,.)) = D is independent of t.

(II) Vr > 0 3C, > 0 and a, € W11 (0,T;R) such that
Ve D, |z|<r and Vs,t €[0,T] |¥(t,s) — ¥(s,z)| <
< lar(t) = ar(9)I(9(ts2) + Cr).

Then, given uo € D and f € L?(0,T; H), there ezists a unique classical
solution of

‘;—’t‘ +3%(t,u(t)) 3 £(2), u(0) = uo (3:2)
Moreover
Vit % € L*(0,T;H) andVt>0, u(t) € D (3.3)
If ug € D then
| %':- € L*(0,T; H) (3.4)

and the map t — (¢, u(t)) is absolutely continuous on [0, T).

Remark 2.—1In (3.2), Yy denotes the subdifferential of 1 with respect
to the second variable. Recall that

v € BY(t, u) <= Y(t,w) — Y(t,u) > (.0 — u)

(see [3], [T])-
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Remark 3.— Notice that the assumption (II) is not satisfied by the
functional

B(t,4) = #(u) + F)o (A5 B (v) (3.5)
because F(0) = 0. Therefore, theorem 2 cannot be directly applied to the
variational inequality (3.1).

Proof of Theorem 1. — Existence : Let D be defined by

D={ueV:Az'B*u € dom(p)} (3.6)

If uo € D then there exists a sequence {uopn} of elements in D such that
limy, 00 %on = Uo.

We define the function F™ by

nre 1
F™(t) = F(t) + max(n, 90, uon)} (3.7
and the functional Y™ by
P"(t,u) = ¢(u) + F*(t)p(A5 B*v) (3.8)

From (H5) we have

1
min F'n

¥" (¢, u(t)) - ¥"(s,u(s)) < (F(t) — F(s)) i) (3.9

Thus, hypothesis (II) of theorem 2 holds and we can conclude that there
exists a unique classical solution u™ of

% +3yY"(t,u"(t)) D f(t), u™(0) = uon. (3.10)
Moreover dum
% € L*(0,T; H) (3.12)

and the map t — " (t,u"(t)) is absolutely continuous on [0, T.

A priori estimates I. — We first give the following.

LEMMA 1.— Let v € Im Ag'B* N dom (p) (v ezists by (H7)). Then,
the function

B(w) = p(w) - p(v) - (v, w — v)
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A nonlinear evolution equation modelling
where y € dp(v), is L.s.c. proper apd convez.
Moreover $ > 0, $(v) = 0, and 3@ is given by
05 (w) = dp(w) —y
Since u" is a solution of (3.10), we have
(2% 0),um() — 2) + $(u™(0) — $(2) + F () (A5 B*u™ (1)

- F*(t)p(A5'B*2) < (f(t),u"(t) - 2), Vz€V (3.12) |

u"(O) = UOn
Let Z € V such that Az'B*(2) = v. For z = %, add to both sides of the

inequality (3.12) the term —F"(t)(y,u"(t) —2). Since (—dz/dt,u"(t) — %) =
0, we can add it to the left hand side of (3.12).

Then we integrate betwen 0 and s > 0. According to lemma 1 and taking
into account (H1) and (H5), we obtain

%lu"(S) -2’ +a /0 ‘[u"(t)]Pdt + /0' Fr(O)3(A5 B u™(t))dt
< glon =2+ Lo [Ci e+ [
+/o‘ F* () llwll 1B*|| llw"(e)l|de+

+/: F™(2) [lvll 1B*|| I1zIl dt

(3.13)

From (3.13) and H4 taking into account that F™ € C1[0,T], and using
Holder’s inequality, we can write :

[u™()|? + ere0 /0 @) dt + 1 /0 " PR (035 B un(2))de
<artes([w@r)” +eu [ wor) s (3.14)
, +,05./: |u™(t)|2dt

where ¢;,¢2,¢3,¢4 and c5 are positive constants.
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Now, by Young’s inequality, we obtain :

|u™(s)|? + ¢co ‘/‘:[u"(t)]" + €10 /: F"(t)ﬁ(A;;lB"u”(t))dt

3.15)
8 1/ 8 (
< ester( / [un(@)Pdt) "+ cq / [un(2) 2dt
0 0
From this and using again Young’s inequality we have
8
|u™(s)|P < e11 + cn/ |u™(t)|Pdt (3.16)
0
because F*g > 0.
Now, by Gronwall’s inequality we can conclude
[u™(s)] < C1 (3.17)
which together with (3.15) implies
8
/ [v"()]Pdt < C; (3.18)
0
From (3.17), (3.18) and (H4) we deduce that
8
[ Iw@ied < cs (3.19)
0
and then .
/ F*(t)3(Ag'B*u™(t))dt < Cy4 (3-20)
0
Finally, by using (3.19) and Lemma 1 for (3.12), we obtain
T
/ (¢(u™(t)) + F*(t)P(A5' B*u™(t))dt < Cj (3.21)
o
and then r
[ e wne)iar < s (322)
0

A priori estimates II. — Multiplying (3.10) by F™(t) we obtain
020, 27 0) + ) (09" 0m0), S (1) = '(3 .
= (10, 2 0)

-212 -



A nonlinear evolution equation modelling

On the other hand we have

(34" (¢, u"(t)), (t) 7¢"(t,u"(t))—

(3.24)
 POplhg )
Integrating (3.23) between 0 and T and using (3.24) we deduce
T du™ 2
5[ P |G| a+ e m)
T
= F™(0)¢™(0,uon) + /0 F'(t)y™(t,u"(t))dt (3.25)

+ [ PO 0)a [ Por@enz o

Now, using lemma 1, (H8) and the a priori estimates I (note that
F™(0)"(0,u0s) < C7), we obtain

1 —1p+
3 [P0 | 0 e+ ey + P )
< dy — F*(T)*(y,u™(T) — v) + dy / F () | 20| ae
0
| (3.26)
where d; and d; denote positive constants. By using (H4), (H5) and Young’s
inequality we get

T n 2
& [ 0 | 0]t + @)l )P

» (3.27)
< do+ds |u™(T)|" + decfu™(T)P
Finally choosing a suitable ¢, we obtain
T
du™ |2
/ F™(t) I%(t)' dt < Cq (3.28)
0

Passing to-the limit (n = ‘c0).— By (3.17), (3.19) and (3.28), the
sequence {u"} has a subsequence {u*} such that

{«*} v in LP(0,T;V) weakly (3.29)
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{u*} > u inL®(0,T;H) weakly-star (3.30)
{\/F ii;‘Tk} —VF Zt—" in L?(0,T; H) weakly (3.31)
~ From (3.10). we get
FHO2(7,2(0) - 0*®) < PO (50,260 - w*(0) + F0%6(<(0)
~ F*(2)*6(u*(2)) + F*(2)°0(A5" B*2(t)) —
— F*(t)3p(Ag! B*uk(t)),Vz € L*(0,T; V)

(3.32)
Moreover, we have

T
a)  limsup(- /0 FH(t)29(u*(t) ) dt - /o TFk(t)%(A;B*u*(t))dt

T T
<- [ Fopewa- [ oot Bume  (339)
0 0

by using the lower-semicontinuity of ¢ and ¢.

b) lim sup /0 " PRy (%it’:(t),z(t) — k() dt =
- /0 " F? (S0, 2(0) — () e (3.34)

To prove (3.34) we consider the equality

PO} (B 0,040) = (VPO 0, P07 e)  (e3)

Moreover, we have the following facts :

i) (F"(t)s/ 2)'u*(t) is bounded in L%(0,T;H) since (3.17) and (HS)
hold. From (3.28) and (H8) we derive that F*(t)3/2du*/dt is bounded in
L?(0,T; H) and then we have

%(Fk (t)*/2u*(t)) is bounded in L*(0,T; H) (3.36)
ii) From (3.17) and (H8) we cam conclude that
F¥(t)3/2u¥(t) is bounded in L?(0, T; H) (3.37)
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Now, taking into account (3.36) and (3.37) and using a theorem on
compact imbeddings (see for instance [11] p. 57) we have

FF()3/2y¥(t) > F*/%u(t) in L?(0,T; H) strongly (3.38)

From (3.35), (3.31) and (3.38) we can conclude (3.34).

Integrating (3.32) between 0 and T and taking the limsup,k — oo, we
can pass to the limit in (3.32). Next, by classical arguments we obtain the
corresponding pointwise inequality a.e. on (0, T). Finally we can eliminate
the term F(t)2, because F(t) # O a.e and we can conclude that u is a
solution of (3.1).

Uniqueness. — It follows from the monotonicity of ¢’ and 9y in a classical
way.

4. Numerical solution

In order to solve the inequality (3.1) we shall make two discretizations,
one the variable ¢ and another one in the spaces V, H, R.

Discretizations in t. — Let M be a natural number and k = T /M. We
denote by u” the “approximation” of u at time ¢, = n k.

Introduce
(n+1)k
o= / £(t)dt and F™! = F(tny1)
nk

We obtain u™ as the solution of the following problem (P*) : Find {u" €
V : 0 <n< M -1} such that

un+l —u®
(——k—,z - u"“) +¢(2) — $(u™?) + FHp(A5  B*2) -

— Fn+l‘o(A;JlB¢un+l) > (fn-e-l’z _ un+l) VzeV
u° = Uo
It is known that this problem has a unique solution.

Discretization in space. — We solve the problem (P¥) for the particular
case of the Marangoni effect (see Remark 1).

For the discretization V and H, we use picewise linear Lagrange Finite
elements, more precisely we replace V and H by the following

Vi ={veC’°):v|k € P, VK € 4, v(L) = 0}
Hy={v : v[gke€e Py, VKemn}
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where 7 is a mesh of Q, with h = L/(N +1),N € N.

We consider the following discrete problem (P¥) Find {u} € Vs : 0<
n < M — 1} such that
upt? —uf 1 1
(BEUE oy uztt) 4 glen) — ™) + F*ola5 B o) -
— FPHo(Ag B ul ™) > (f* 2 —uptl) Vza€Va
u® = uon
(4.1)
For problem (PF), we also have existence and uniqueness of solution.

Let 4 be the operator in Hj, defined by
v(2n) = |2n[P %28 (4.2)

Note that 4 and G given by (2.3) are maximal monotone operators in
R? and R respectively.

From (4.1) we deduce the existence of q"'H € R and p?*! € Hj, such
h

that n+1 n+1
dup duy
n+1 -
it e(Zh-) —u=h (4.3)
gt € 6wl (0)) - wa uit(0) (4.4)

L, n+l n+1
uh du dvh n+1 n+1 _
/; vk dz + wI/; 1 dx —dz+wy up T (0)F" T uR(0) =

L ' dun X L u® L
=— / ort iz ——dz — gi T F o, (0) + / f—vhdz-f- / f"tlupdz
0 0 0

Yvp €1
(4.5)
where w; and w; are arbitrarily given positive constants.
. On the other hand, from (4.3) and (4.4) (see [4], [5]) we deduce
ntl _ w,; (U n+1)) 4 (1 — n+1 4.6
= (2 )) + (1 - p1)py (4.6)
G =p (Gw’ (Wt (0) + Azqi‘“)) +(1-p2)ap ™’ (4.7)

where '1,\ and G"‘” denote the Yosida approximations of ¥ — wil and .
G —wal respectlvely They are given by the following expressions

0 =55 (= T ) 4s)
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T
-J¢ 4.9
» (2) = Az (z mﬁ.—,(l——kzwz)) (49)
where J7 and JG, are the resolvents of the operators ¥ and G
1-X,w1 1—X,u,

respectively.

For «+ and G given by (4.2) and (2.3), we have

z
v = a—
J] (2) a|z|

where a is a solution of the equation x a?~! + & — |2| = 0 (we can compute
a by Newton’s method), and '

(4.10)

JS(z) = TV T ";2“" (4.11)

The formulation (4.5), (4.6) and (4.7) leads to the following algorithm

ard' € R and p}! € Hy, arbitrarily chosen,

L ,n+1 n+1
/ Zhr _y, dz + wy / duy dﬂdz + waufFH0) FV 1y, (0) =
o k o dz dz

£ 1d"h 1 pN+1 £ up £ 1
=— / Py 2z 92— ah T FV e (0) + / > vndz + / **londz
0 0 [0}

(4.12)

1 dun+l
Pt = 01'7,‘{',‘( I+ X p"“) + (1 —py)pptt (4.13)
gt = P2GY2 (up(0) + Aagit?) + (1 - p2)gpt? (4.14)

Note that (4.12) is a linear problem with a constant matrix which is
computed and factorized only once.

The convergence of (4.13) and (4.14) is proved in Bermudez [4].

The following figures show the numerical results optained for the test
examples

Test 1
v=1
T=15
L=2
p=2
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f(z,t) = —e~22(t — 1)e~e¢=1 _ g=2(e=(t=1)7 _ ¢-1)
F(t) = (01" — g2

u(z,0) =0

w(L,t) = e~ L(e~(t-D° ¢~ 1)

exact solution : u(z,t) = e~*(e~(t-1* — ¢~1)

Test 2
v=1
T=1.5
L=2

f(z,t) = e™%e" = (p— 1)(e~*(e' - 1))P!
F(t) = (et —1)P

u(z,0) =0

u(L,t) = e L(et - 1)

exact solution : u(z,t) = e~*(ef — 1)

- 218 -



0,612
0,528
0,497
0,350
0,262
0,175

0,0878
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Z RN
‘4
r/ \\\\
AN

A\
Test 1, p=2 ‘
u(0,t) 0<t<T
k=0.1

— exact solution
- - aprox. solution, N = 20

.—. aprox. solution, N =5

0,528
0,497
0,350
0,262
0,175

0,0878

Test1,p=2
k=0.1
' N — exact solution

- - aprox. solution, N = 20

.—. aprox. solution, N = §
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v,
3.8 Test 2,p=2 B ,I”
s k=0.1 /

» //

u(0,t) 0Lt<T J
Y/
2.8 — exact. solution /
4

\ - - aprox. solution, N = 20
1,8

1.
0,8

° 0,2 [0} 0,6 0,8 1, 1,2 1,8 1,6
“.
3.8,

Test 2, p=2
s k=0.1

u(z,t) 0<z<L

— exact. solution

- - aprox. solution, N = 20
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3.F Test 2, p=3
k=0.1
u(0,t) 0<t<T

2,5 — exact. solution
- - aprox. solution, N = 20

.—. aprox. solution, N =5

Test 2, p=3
s k=0.1
u(z,t) 0<z<L

— exact. solution

s R - - aprox. solution, N = 20

—~. aprox. solution, N = 5
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3.8 Test 2, p = 1.5 4
‘l
k=0.1 4
3 '/,
) u(0,T) 0<t<T p
A/

2,8 — exact. solution ; '-‘

- - aprox. solution, N = 20 ) i/

.—. aprox. solution, N =5

0,2 0,4 0.6 0.0 1, 1.2 1% 1,
“.
1.5
\_ Test 2, p=1.5
3. 3 k=0.1

u(z,t) 0<z<L

2.8
— exact. solution
2 - - aprox. solution, N =20

. aprox. solution, N =5
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